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Abstract: This study constructs a nonlinear dynamic model of articulated vehicles and a model of
hydraulic steering system. The equations of state required for nonlinear vehicle dynamics models,
stability analysis models, and corresponding eigenvalue analysis are obtained by constructing
Newtonian mechanical equilibrium equations. The objective and subjective causes of the snake
oscillation and relevant indicators for evaluating snake instability are analysed using several vehicle
state parameters. The influencing factors of vehicle stability and specific action mechanism of the
corresponding factors are analysed by combining the eigenvalue method with multiple vehicle state
parameters. The centre of mass position and hydraulic system have a more substantial influence on
the stability of vehicles than the other parameters. Vehicles can be in a complex state of snaking and
deviating. Different eigenvalues have varying effects on different forms of instability. The critical
velocity of the linear stability analysis model obtained through the eigenvalue method is relatively
lower than the critical velocity of the nonlinear model.

Keywords: articulated vehicles; stability analysis; nonlinear dynamic model; snake instability;
eigenvalue analysis

1. Introduction

Articulated vehicles with small steering radius and positive maneuverability are
extensively used in mining, construction, forestry, emergency rescue, and other fields [1,2].
Articulated vehicles consist of two separate front and rear vehicles and an articulated
steering device connecting the both vehicles. This particular form of construction and
steering results in underdeveloped stability, specifically at high speed, and the snaking
instability phenomenon will occur [1,3]. This situation increases the operating burden and
danger for drivers and limits the speed and efficiency of articulated vehicles. Therefore,
the factors influencing the stability and snaking instability of articulated vehicles should
be studied.

Numerous studies examined the instability of articulated vehicles, and two research
methods for the stability analysis of these vehicles are currently available. The first ap-
proach assumes that vehicles travel at a constant speed, obtains the corresponding char-
acteristic equations by linearising the vehicle dynamics model and analyses the vehicle
state using the eigenvalue method [4–6]. The other approach uses numerical integration
methods to obtain responses to some arbitrary inputs [7,8]. The majority of the related
studies have used the first method for the corresponding analysis of articulated vehicles.
School and Klein [9] studied the steering system, simulation model and stability criteria
to gain an improved understanding of the closed loop stability characteristics. Horton
and Crolla [5,10] firstly invoked the eigenvalue method to judge the stability of articulated
vehicles. Snaking critical velocity is obtained when the real part of the eigenvalue is posi-
tive. He analysed the correspondence between articulated vehicle jack-knife and snaking.
Azad [4,11] provided an overview of lateral stability analysis. The influence of some ve-
hicle structure parameters on the stability of articulated vehicles is analysed. Gao [12,13]
studied the critical speed of articulated vehicles’ hydraulic steering systems with different
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hydraulic moduli of elasticity. Xu [3] studied the snaking mode under different conditions
by the articulated angle. Dudziński and Skurjat [14] analysed the effects of air content in
the fluid and vehicle drive form on the articulated angle. Eigenvalue analysis is limited
to linear or linearised models and is considered valid near the point of linearization [15].
Rehnberg [6] built a scaled test vehicle model, and verified the practicality of the stability
analysis method based on the linearised kinetic model. Stiffer steering leads to high fre-
quency of snaking, and flexible suspension negatively affects snaking stability [16]. Liu [8]
constructed a nonlinear vehicle dynamics model and used an integration method to derive
an analytical periodic solution of the system in the neighborhood of the critical speed.
Mu [17] showed that elastic torsional suspension can improve the roll stability of vehicles,
but the directional stability at high speed of vehicles with suspension is poorer than that of
vehicles without suspension. Lopatka and Muszynski [18] analysed the limited perception
of driver, which has insensitivity zones of the lateral and angular locations. Drivers rely
heavily on rotational motion and their senses to prevent vehicles from snaking; hence,
drivers have a significant impact on vehicle stability.

The current study constructs a nonlinear articulated vehicle dynamics model and
hydraulic steering system model. The nonlinear dynamics model, stability analysis models
and equations of state are obtained using Newtonian mechanical equations relative to
the previous generalised force approach, specifically by deriving the Lagrange equations.
The characteristics of snaking are investigated, and the causes of snaking are analysed
using multiple vehicle status parameters. The factors influencing the stability of articulated
vehicles are analyzed, and the influence of some new factors are specifically studied.
Vehicle instability can be in the snaking and deviating complex compound state. A better
analysis of vehicle stability can be conducted by combining eigenvalue curves with vehicle
status parameters compared with mere eigenvalue curves.

2. Modelling of Non-Linear Systems for Articulated Vehicles

Articulated vehicle structures are relatively complex, and different simplification
methods for establishing articulated vehicle dynamics models can be broadly divided
into two-dimensional planar models [10,19] and three-dimensional spatial models [20,21].
Two-dimensional planar models study the lateral, longitudinal and transverse motions of
vehicles on a plane. Tire forces are obtained through the vertical distribution of gravity,
axial load transfer and relevant experienced or semi-experienced tire models. Three-
dimensional spatial models involve substantially complex effects, such as roll motion
and suspension, and the models can directly calculate tire forces based on tire vertical
displacement and associated tire models. The vehicle coordinate system can be divided
into a one-coordinate [19,20] and two-coordinate [22,23] systems. The one-coordinate
system often takes the articulated centre as the coordinate origin. The relevant research
parameters can be obtained by dereferencing the excursions of the rotational inertia and
dynamic balance equations of the front and rear vehicles. The two-coordinate system
often considers the front and rear plasmas as the coordinate origin. The relevant research
parameters are obtained through coordinate transformation or constructing kinematic
relationships between the front and rear vehicles. One of the mathematical means for
modelling global dynamics is to construct generalised coordinates and generalised forces,
and derive the Lagrange equations [4,24]. The other method uses Newtonian mechanics to
construct mechanical equilibrium equations. According to dissimilar research questions,
the reasonable simplification of models and selection of appropriate modelling methods
can improve efficiency and obtain superior results.

The vehicle dynamics model is the research foundation of vehicle handling and sta-
bility characteristics. However, owing to the special steering mechanism of articulated
vehicles, front and rear vehicles coupling, non-linear influence of tires, axle load trans-
fer and other factors, accurate articulated vehicle nonlinear system models should be
established, including vehicle dynamics, tire and hydraulic steering models.
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2.1. Vehicle Dynamics Analysis and Modelling

The articulated vehicle dynamics model is simplified as follows based on this study’s
research objectives.

(1) The front and rear body centres are located on the longitudinal central axis, and the
vehicle is symmetrical with respect to the longitudinal central axis.

(2) The influence of the tire camber angle and return torque on wheel dynamics are
disregarded.

(3) Air resistance is disregarded, and the road surface is flat and two-dimensional.

The articulated vehicle dynamics model is shown in Figure 1. The force analysis of the
articulated vehicle is performed to obtain the equations of the equilibrium for the lateral,
longitudinal and transverse swings of the front and rear vehicles.

m1
(
v̇x1 − vy1ω1

)
= Fx1 + Fx2 + FOx1

m1
(
v̇y1 − vx1ω1

)
= Fy1 + Fy2 − FOy1

I1ẇ1 = MO1 + (Fx1 − Fx2)B +
(

Fy1 + Fy2
)

L1 + FOy1L2

(1)


m2
(
v̇x2 − vy1ω2

)
= Fx3 + Fx4 − FOx2 cos β− FOy2 sin β

m2
(
v̇y2 − vx2ω2

)
= Fy3 + Fy4 − FOx2 sin β + FOy2 cos β

I2ẇ2 = −MO2 + (Fx3 − Fx4)B−
(

Fy3 + Fy4
)

L3 +
(

FOy2 cos β− FOx2 sin β
)

L4

(2)

𝑂2

𝑦2

𝑥2

𝑣𝑦2  
𝑣𝑥2  

𝜔2

𝐹𝑂𝑦 2

𝐹𝑂𝑥2 𝛽 
𝑀𝑂2
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Figure 1. Articulated vehicle dynamics model.

Based on the structural and kinematic relationship of the front and rear vehicles, the
relationships between the front and rear vehicles are as follows:{

vx2 = vx1 cos β−
(
vy1 − L2ω1

)
sin β

vy2 = vx1 sin β +
(
vy1 − L2ω1

)
cos β− L4ω2

(3)

{
v̇x2 = v̇x1 cos β−

(
v̇y1 − L2ω̇1

)
sin β−

(
vy1 cos β + vx1 sin β− L2ω1 cos β

)
(ω1 −ω2)

v̇y2 = v̇x1 sin β +
(
v̇y1 − L2ω̇1

)
cos β− L4ω̇2 +

(
vx1 cos β− vy1 sin β + L2ω1 sin β

)
(ω1 −ω2)

(4)

β̇ = ω1 −ω2 (5)

Accordingly, the vehicle dynamics model can be obtained by combining Equations (1) to (5).
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(m1 + m2)v̇x1 =(m1 + m2)ω1vy1 + m2L4ω̇2 sin β−m2L2ω2
1 −m2L4ω2

2 cos β

+ Fx1 + Fx2 + (Fx3 + Fx4) cos β +
(

Fy3 + Fy4
)

sin β

(m1 + m2)v̇y1 =m2L2ω̇1 − (m1 + m2)ω1vx1 + m2L4ω̇2 cos β + m2L4ω2
2 sin β

+ Fy1 + Fy2 +
(

Fy3 + Fy4
)

cos β− (Fx3 + Fx4) sin β

I1ω̇1 = MO1+(Fx1 − Fx2)B +
(

Fy1 + Fy2
)
(L1 + L2)−m1

(
v̇y1 + vx1ω1

)
L2

I2ω̇2 = −MO2+(Fx3 − Fx4)B−
(

Fy3 + Fy4
)

L3 +
(

Fy1 + Fy2
)

L4 cos β + (Fx1 + Fx2)L4 sin β

−m1
(
v̇y1 + vx1ω1

)
L4 cos β−m1

(
v̇x1 − vy1ω1

)
L4 sin β

(6)

An analysis of snaking indicates that articulated vehicles move in a straight line.
Given that lateral and longitudinal accelerations cause axial load transfer, the transferred
load should be distributed in addition to self-gravity. The articulated vehicle vertical force
analysis is shown in Figure 2, and the vertical force of each tire is shown in Equation (7).

Fz1 =
(m1 + m2)g

4
(2k1 + 2k2 − 1)− k2(m1 + m2)a

′
xh

2c
+

(m1 + m2)a
′
yh

4B

Fz2 =
(m1 + m2)g

4
(1− 2k1 + 2k2)−

k2(m1 + m2)a
′
xh

2c
−

(m1 + m2)a
′
yh

4B

Fz3 =
(m1 + m2)g

4
(1 + 2k1 − 2k2) +

k2(m1 + m2)a
′
xh

2c
+

(m1 + m2)a
′
yh

4B

Fz4 =
(m1 + m2)g

4
(3− 2k1 + 2k2) +

k2(m1 + m2)a
′
xh

2c
−

(m1 + m2)a
′
yh

4B

(7)

where ax1 = v̇x1 − vy1ω1, ay1 = v̇y1 − vx1ω1, ax2 = v̇x2 − vy2ω2, ay2 = v̇y2 − vx2ω2, a
′
x =

m1ax1+m2ax2 cos β−m2ay2 sin β

m1+m2
, a
′
y =

m1ay1+m2ay2 cos β−m2ax2 sin β

m1+m2
, k1 = a

2B , and k2 = c
L1+L2+L3+L4

.

𝑂 

2
𝐵
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Figure 2. Articulated vehicle vertical force analysis.

The lateral and longitudinal linear velocities at the centre of each wheel are shown in
Equations (8) and (9), respectively.
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vtx1 = vx1 + Bω1

vtx2 = vx1 − Bω1

vtx3 = vx2 + Bω2

vtx4 = vx2 − Bω2

(8)

{
vty1,2 = vy1 + L1ω1

vty3,4 = vy2 − L3ω2
(9)

The angular acceleration, tire sideslip angle and longitudinal slip rate are shown in
Equations (10)–(12), respectively.

ω̇ti =
Tti − (Fxi + Fzi f )re f f

Iti
(10)

αti = − arctan
vtyi

vtxi
(11)

Sti =
vtxi − re f f ωti

re f f ωti
(12)

2.2. Tire Models

External forces on vehicles are mainly applied by the ground to the vehicle body
through the tires. Thus, the tire model affects the vehicle dynamics, and is often a non-linear
model. This study uses the Dugoff tire model, and the tire model is complementary to the
elastic basis analysis model developed by Fiala and the lateral force-vertical force synthesis
model of Pacejka and Sharp. The tire model provides a method to calculate forces under
the combined lateral and longitudinal forces [18]. The most important feature is that it is
fast and requires only a few parameters for calculation. The lateral and longitudinal forces
of tires can be obtained according to the vertical force, tire sideslip angle and longitudinal
slip rate. The model equations are as follows:

Fx = Cσ
Sti

1 + Sti
f (λ)

Fy = Cα
tan α

1 + Sti
f (λ)

(13)

where λ = µFz(1+Sti)

2[(CσSti)
2+(Cσ tan α)2]

1/2 , f (λ) =

{
(2− λ)λ λ < 1

1 λ ≥ 1
. Substituting Equations (7)

to (12) in Equation (13) obtains the tire lateral and longitudinal forces for each wheel.

2.3. Hydraulic Steering System Model

The hydraulic steering system model has a significant impact on the stability of
articulated vehicles. When articulated vehicles travel in a straight line or at a fixed radius,
the inlet and outlet ports of the steering valve are closed, and the hydraulic steering system
is equivalent to a torsion spring acting at the steering hinge point and connecting the front
and rear bodies [12]. The hydraulic steering model is shown in Figure 3.

The lengths of the left and right steering cylinders and the lengths of the two cylinders
when β = 0 are as follows:

L1L2 =
√

R2 + r2 − 2rR cos (θ + β)

R1R2 =
√

R2 + r2 − 2rR cos (θ − β)

L =
√

R2 + r2 − 2rR cos θ

(14)
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Figure 3. Hydraulic steering system model.

The force arms corresponding to the thrust of the hydraulic cylinders on both sides
are as follows: 

h1 =
Rr sin (θ + β)

L1L2

h2 =
Rr sin (θ − β)

R1R2

(15)

{
Vc1 = V0 + A1(L1L2 − L) + A2(L− R1R2)

Vc2 = V0 + A2(L− L1L2) + A1(R1R2 − L)
(16)

where Vc1, Vc2 is the fluid volume of the P1, P2 chamber, V0 is the volume of the fluid in
the initial position, A1 and A2 are the cross-sectional area of the rod less and rod cavities,
respectively, Q1 is the amount of oil supplied to the steering cylinder and Q2 is the amount
of oil discharged from the steering cylinder.

Q1 = (A1h1 + A2h2)β̇ +
Vc1

Kc

dP1

dx

Q2 = (A1h1 + A2h2)β̇− Vc2

Kc

dP2

dx

(17)

When the articulated vehicle is travelling straight or at a fixed radius, Q1 = Q2 = 0:
dP1

dx
= − Kc

Vc1
(A1h1 + A2h2)β̇

dP2

dx
=

Kc

Vc2
(A1h1 + A2h2)β̇

(18)

The left and right hydraulic cylinder forces are as follows:{
FL = P1 A1 − P2 A2

FR = P2 A1 − P1 A2
(19)

The hydraulic steering system has a torque on the articulation points of the articu-
lated vehicles:

MO1 = −MO2 = −(FLh1 − FRh2) (20)

2.4. Model Simulation

On the basis of the nonlinear dynamics mathematical model of the previously de-
scribed articulated vehicle, the articulated vehicle dynamics simulation model was built
in the MATLAB/Simulink simulation environment. The simulation model includes the
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vehicle dynamics, tire, driver, hydraulic steering system and vertical force calculation
models. The parameters in the model are shown in Table 1.

Table 1. Parameters of the vehicle dynamics model.

Parameters Values Parameters Values

m1 6980 kg reff 0.875 m
m2 9767 kg Cσ 2× 105 N/m
L1 0.25 m Cα 5× 104 N/rad
L2 1.35 m R 0.45 m
L3 0.2 m r 0.55 m
L4 1.459 m µ 0.8
B 1.15 m A1 0.002826 m2

I1 32,977 kgm2 A2 0.002112 m2

I2 13,228 kgm2 V0 0.0015 m3

Iz 117 kgm2 KC 7× 108 Pa

To verify the snaking, the vehicle travels at an initial speed of 5 m/s (disregarding
rolling friction) and exerts a pulse moment interference on the articulated points. The pa-
rameters of each vehicle are in a state of oscillatory convergence with decreasing amplitude,
as shown in Figure 4. Owing to interference, the ground exerts lateral forces on the tires,
thereby generating lateral and angular accelerations about the z-axis in different directions
and amplitudes for the front and rear vehicles. The front and rear vehicles produce lateral
and angular velocities about the z-axis, and the vehicle’s swing angle changes accordingly,
thereby resulting in the snaking phenomenon. Owing to vehicle structural parameters,
ground and speed, the swing angle is in a state of oscillatory convergence, while the
snaking oscillation is in a steady state. Ideally, if the friction between the ground and
tires is zero, then the entire snaking oscillation system of the vehicle is oscillating without
damping, and the swing angle should be an equal amplitude oscillation. If the snaking is
unstable under the influence of vehicle parameters, ground, speed and other factors, then
the swing angle and corresponding parameters will oscillate and diverge.

Numerous reasons can be cited for snaking, the most important of which is the
compressibility of the hydraulic fluid in the hydraulic steering system, thereby results in a
certain degree of stiffness of the hydraulic steering system. Other vehicle parameters also
affect the stability of vehicles, such as the position of the centre of gravity, tire stiffness,
hydraulic system characteristics and other factors. Ideally, when the road is completely flat
and in the same condition, the lateral and longitudinal forces on the ground are identical
for each tire, thereby substantially producing snaking. However, the fact is that roads will
not be in ideal condition, the forces acting on the wheels will be different and non-structural
terrain will increase the occurrence of snaking. When drivers operate vehicles under the
road surface or other external disturbance, they will have a poor driving experience and
misuse the steering system to suppress the effect of the swing or deviation. However, this
situation alters the steady state and increases snaking, thereby creating a vicious cycle.

To investigate the effects of velocity variation and different loads on the swing angle,
several sets of simulations were performed. As shown in Figure 4e, the vehicles are all in
steady state at three different velocities of 2 m/s, 5 m/s and 10 m/s. As the vehicle velocity
increases, the convergence rate of the swing angle gradually decreases which means the
vehicle stability tends to decrease as the velocity increases. The vehicles are also in steady
state at three different loads of 20%, 60% and 100% load factor of the front vehicle, as shown
in Figure 4f, the amplitude of the swing angle decreases with the increase of the load factor.
The oscillation frequency of the swing angle is lower at high load factor area than that at
low load factor area. Due to the influence of vehicle weight and the moment of inertia, the
relationship between the swing angle and load factor is not linear. Overall, the increase in
vehicle load factor is beneficial for vehicle stability.
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Figure 4. Simulation results: (a) lateral velocity, (b) lateral acceleration, (c) angular velocity, (d) angu-
lar acceleration, (e) variation of the swing angle regarding the vehicle velocity, and (f) variation of
the swing angle regarding the load factor.

The verification and analysis of the snaking phenomenon of the articulated vehicle
dynamics model shows the reliability of the entire vehicle dynamics model. Accordingly,
stability and snaking influence factor analyses can be performed.
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3. Stability Analysis Model for Articulated Vehicles

On the basis of Lyapunov stability analysis theory, the eigenvalue method is used to
analyse the relationship between vehicle parameters and stability. For the analysis, the
kinetic model developed in the previous section is linearised. The forward velocity is
assumed to be constant. In the event of snaking in articulated vehicles, the longitudinal
force is relatively small compared with the lateral force. Hence, the longitudinal force can
be disregarded. Moreover, the hydraulic steering system can be equivalent to a torsion
spring, as shown in Figure 5. It should be noted that we have enlarged the articulated
angle in the figure to facilitate interpretation, i.e., the actual β is not as large as shown in
the figure.

𝑂2

𝑦2

𝑥2

𝑣𝑦2  
𝑣𝑥2  

𝜔2

𝛽 𝑂 
𝑂1

𝑦1

𝑥1

𝑣𝑥1  

𝑣𝑦1  

𝜔1

2
𝐵

𝐹𝑦2

𝐹𝑦1

𝐿1𝐿2

Figure 5. Simplified model of vehicle dynamics.

The vehicle dynamics equation can be expressed as follows:

m1
(
v̇y1 + vx1ω1

)
+ m2

(
v̇y2 + vx2ω2

)
cos β = Fy1 + Fy2 +

(
Fy3 + Fy4

)
cos β(

I1 + m1L2
2

)
ω̇1 = M +

(
Fy1 + Fy2

)
(L1 + L2)(

I2 + m2L2
4

)
ω̇2 = −M−

(
Fy3 + Fy4

)
(L3 + L4)

β̇ = ω1 −ω2

(21)

Since β is considerably small that it is acceptable to assume cos β ≈ 1, then the first
equation in Equation (21) can be simplified to

m1
(
v̇y1 + vx1ω1

)
+ m2

(
v̇y2 + vx2ω2

)
= Fy1 + Fy2 + Fy3 + Fy4

The front and rear vehicle kinematics relationship is as follows:{
vty1,2 = vy1 + L1ω1

vty3,4 = vy2 − L3ω2 = vy1 − (L2 + L3 + L4)ω1 + (L3 + L4)β̇ + vx1 β̇
(22)

Tire forces can be expressed as follows:{
Fy = Cαα (23)
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Hydraulic systems can be equated as follows:{
M =

2Kc

V0
(A1h1 + A2h2)

2β (24)

In conjunction with Equations (21) to (24), the system dynamics differential equation
group is obtained with the equation of state as follows:

v̇y1
ω̇1
β̈
β̇

 =


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




vy1
ω1
β̇
β

 (25)

where a11 = 2(Cα1+Cα2)
(m1+m2)vx1

− 2m2L4(L3+L4)Cα2

(I2+m2L2
4)(m1+m2)vx1

+ 2m2L2(L1+L2)Cα1

(I1+m1L2
2)(m1+m2)vx1

,

a12 = 2L1Cα1−2(L2+L3+L4)Cα2
(m1+m2)vx1

+ 2m2L4(L3+L4)(L2+L3+L4)Cα2

(I2+m2L2
4)(m1+m2)vx1

+
2m2L2(L2

1+L1L2)Cα1

(I2+m1L2
2)(m1+m2)vx1

− vx1,

a13 = 2(L3+L4)Cα2
(m1+m2)vx1

− 2m2L4(L3+L4)
2Cα2

(I2+m2L2
4)(m1+m2)vx1

, a14 = 2Cα2
(m1+m2)

+ m2L4KR−2m2L4Cα2(L3+L4)

(I2+m2L2
4)(m1+m2)

−
m2L2KR

(m1+m2)(I1+m1L2
2)

, a21 = 2Cα1(L1+L2)

(I1+m1L2
2)vx1

, a22 =
2Cα1(L2

1+L1L2)
(I1+m1L2

2)vx1
, a23 = 0, a24 = −KR

I1+m1L2
2
,

a31 = 2Cα1(L1+L2)

(I1+m1L2
2)vx1

+ 2Cα2(L3+L4)

(I2+m2L2
4)vx1

, a32 =
2Cα1(L2

1+L1L2)
(I1+m1L2

2)vx1
− 2Cα2(L3+L4)(L2+L3+L4)

(I2+m2L2
4)vx1

,

a33 = 2(L3+L4)
2Cα2

(I2+m2L2
4)vx1

, a34 = 2Cα2(L3+L4)−KR
I2+m2L2

4
− KR

I1+m1L2
2
, a41 = 0, a42 = 0, a43 = 1, a44 = 0.

According to the Lyapunov stability conditions, the stability of articulated vehicles
is related to the real part of each eigenvalue of the equation of state. When the real part
of each eigenvalue of the equation of state is negative/positive, the vehicles are in a
stable/unstable state.

4. Analysis of the Stability Influencing Factors
4.1. Effects of the Centre of Mass Position

Owing to the wide range of engineering applications of articulated vehicles, different
loads and working devices can change the position of the centre of mass. In changing the
distance from the front and rear mass centre positions to the articulation point, stability
analysis theory is used to study the effects of the centre of mass position. The distance
between the front and rear mass centres was changed from L2 = 1.35 m, L4 = 1.459 m to
L2 = 1.85 m, L4 = 1.859 m and L2 = 1.05 m, L4 = 1.159 m. The eigenvalues and swing
angle are shown in Figure 6.

When L2 = 1.35 m and L4 = 1.459 m, the real parts of the eigenvalues of λ1 and
λ2 are positive, the corresponding oscillation of the swing angle is diverging, the swing
angle is increasing and the vehicle is unstable. The other two conditions have negative
eigenvalues, corresponding to the convergence of the swing angle, but the L2 = 1.05 m,
L4 = 1.159 m corresponding eigenvalues are significantly smaller, and the swing angle
converges rapidly. This result means that decreasing the distance between the centre of
mass position and articulation point is beneficial for increasing vehicle stability. When
the centre of mass position exceeds the position of the wheel axle, the parameter has a
significant impact on the stability of vehicles (i.e., may cause instability). Therefore, when
designing an articulated vehicle structure, the centre of mass should be positioned as far
inside the wheel axle as possible, and the distance between the centre of mass position and
articulation point should be as short as possible.
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Figure 6. Variation of the real parts of the eigenvalues and swing angle with the center of mass:
(a) real parts of λ1 and λ2, (b) real parts of λ3 and λ4, and (c) swing angle of the vehicle.

4.2. Effects of Torsional Stiffness

Engineering hydraulic oil modulus of elasticity can assume a fixed value, but leakage
from hydraulic steering systems, a certain amount of air in the fluid, hydraulic pipes and
other influencing factors, the hydraulic oil composite modulus of elasticity of the articulated
vehicle steering system will be substantially reduced compared with the ideal situation.
The stability of articulated vehicles under different elastic moduli of 0.1 KC, 0.2 KC, 0.5 KC,
1 KC, and the eigenvalues and swing angles are shown in Figure 7. The eigenvalues λ1,
λ2 are negative, while the two conditions with the lower modulus of elasticity at higher
velocity of the eigenvalues λ3, λ4 are positive. The analysis of the results indicate that
the higher the hydraulic oil composite modulus of elasticity, the greater the rigidity of the
hydraulic steering system, the more stable the vehicles and the faster the convergence of
the swing angle. However, the amplitude of the swing angle is not linearly related to the
elastic modulus, i.e., the higher the elastic modulus, the higher the oscillation frequency.
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Figure 7. Variation of the real parts of the eigenvalues, swing angles and lateral velocity with the
torsional stiffness: (a) real parts of λ1 and λ2, (b) real parts of λ3 and λ4, (c) swing angle of the vehicle
at 5 m/s, (d) swing angle of the vehicle at 15 m/s, (e) swing angle of the vehicle at critical velocity,
and (f) lateral velocity.

Kinetic simulations of two lower elastic moduli at the respective critical velocities
are performed separately, and the respective swing angles are in a steady state. When the
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velocity exceeds the critical speed of a certain range, the vehicle bending angle does not
oscillate with equal amplitude in the centre of line zero, but gradually deviates from the
state of the centre line of the oscillation with a type of amplitude gradually decreasing,
and the lateral velocities of the vehicle gradually increase. At the time the vehicle is in a
relatively deviating stage with snaking, the smaller the modulus of elasticity, the faster
the deviation. The stability analysis model differs from vehicle nonlinear dynamics model
owing to linearisation. According to the analytical curves, the critical velocity obtained by
the linearised model is relatively lower than the critical velocity obtained by the nonlinear
dynamics model.

4.3. Effects of Mass

Different loads on vehicles result in the front and rear masses being in a varying state.
The stability characteristics of the front and rear vehicles under 1.5 times the original mass
are studied, and the eigenvalues are shown in Figure 8. All eigenvalues are negative, the
articulated vehicle is in a stable state and changing the mass will not have a substantial
impact on stability in a certain range of vehicle parameters. According to the change in
eigenvalue curves, increasing the mass of the front vehicle will increase the stability of the
articulated vehicle, while increasing the mass of the rear vehicle will reduce the stability of
the articulated vehicle volume.
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Figure 8. Variation of the real parts of the eigenvalues with the vehicle mass: (a) real parts of λ1 and
λ2 and (b) real parts of λ3 and λ4.

4.4. Effects of the Moment of Inertia

The stability characteristics of the front and rear vehicles under 1.5 times the original
rotational inertia are studied separately, and the eigenvalues are shown in Figure 9. All
eigenvalues are negative and the articulated vehicle is in a stable state. Similar to the
effects of mass, stable vehicle parameters indicate that changing the moment of inertia
within a certain range will not have a significant effect on stability. According to the
eigenvalue curves, increasing the moments of inertia of the front and rear vehicles increase
and decrease, respectively, the stability of the articulated vehicle.
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Figure 9. Variation of the real parts of the eigenvalues with the moment of inertia: (a) real parts of λ1

and λ2 and (b) real parts of λ3 and λ4.

4.5. Effects of Tire Cornering Stiffness

Tyres are the component of the vehicle that directly contacts the ground and their
condition has a crucial impact on the stability of the vehicle. In addition, pressure is one
of the key parameters of a tyre. It is difficult or even impossible to establish a universal
model to accurately calculate the relationship between tire pressure and cornering stiffness
for different tires. Several related studies [25] showed that the relationship between the
cornering stiffness and the tire pressure is approximately linear under heavy load. As
articulated vehicles are mostly heavy construction vehicles which means the tires are
always under heavy load, so the cornering stiffness is very likely to increases as the tire
pressure increase linearly. Therefore, the effect of tires pressure on stability can be analysed
implicitly by analysing the effect of cornering stiffness on stability.

The stability characteristics of articulated vehicles under different tire cornering stiff-
ness conditions are studied, and the values are shown in Figure 10. All eigenvalues are
negative, and the articulated vehicle is in a stable state. According to the eigenvalue curve,
increasing tire stiffness will increase the stability of the vehicle. Therefore, in terms of
stability, tires with high rigidity should be chosen as much as possible when designing
vehicle matching.
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Figure 10. Variation of the real parts of the eigenvalues with the tire stiffness: (a) real parts of λ1 and
λ2 and (b) real parts of λ3 and λ4.
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4.6. Effects of the Hydraulic Cylinder Force Arm

The position of the hinge point of the hydraulic cylinder affects the stiffness of the
hydraulic system and also has an impact on the stability of articulated vehicles. The
stability characteristics of articulated vehicles with different force arms are studied, and the
values are shown in Figure 11. λ1 and λ2 are negative, while λ3 and λ4 are positive at high
velocity for the small force arms. The analysis of the results indicates that the larger the
force arm, the more rigid the hydraulic steering system and the more stable the articulated
vehicles. Moreover, articulated vehicles with small force arm will seemingly deviate with
high speed, thereby indicating that the vehicle is in an unstable state. Therefore, the force
arm should be designed as large as possible to increase the stability.
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Figure 11. Variation of the real parts of the eigenvalues with the hydraulic cylinder force arm: (a) real
parts of λ1 and λ2 and (b) real parts of λ3 and λ4.

5. Discussion

A nonlinear articulated vehicle dynamics model and hydraulic steering system model
are established in this research. By studying the curve characteristics of the swing angle,
lateral velocity, lateral acceleration and angular velocity and angular acceleration parame-
ters in the snaking phenomenon, the evaluation and analysis indexes of the snaking are
determined. The causes of the snaking phenomenon are analysed from the perspective of
mechanical principles and subjective and objective factors (e.g., drivers and environment).

5.1. Conclusions

A linearised stability analysis model was established to analyse the factors influencing
the stability of articulated vehicles. The centre of mass position, modulus of elasticity
of the hydraulic fluid, tire stiffness, mass, rotational inertia and hydraulic cylinder arm
have an impact on vehicle stability. An effective method for determining vehicle stability
was established by combining eigenvalue curves with vehicle condition. Stability analysis
indicates that the stability of articulated vehicles decreases with increasing speed regardless
of the state of these vehicles. Among the vehicle parameters, centre of mass position
and hydraulic system have a more substantial influence on the stability of articulated
vehicles than the other parameters. The real parts of λ1 and λ2 have a substantial influence
on snaking instability, while the real parts of λ1 and λ2 have a significantly deviating
instability influence. Articulated vehicles are in unstable and compound state of snaking
and deviating. The critical velocity obtained by the linearised model is relatively lower
than the critical velocity obtained by the nonlinear dynamics model. The eigenvalue curve
can be used to identify and compare the state of vehicles. An effective stability analysis
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method is formed to provide the basis for vehicle structural design and vehicle parameter
matching and control methods in optimising vehicle stability.

5.2. Limitation and Outlook

Owing to several limitations, no experiments were carried out in this paper. Considering
the safety factor, in the subsequent research, this study will focus on the development and
improvement of the unmanned articulated vehicle, and carry out experiments to verify and
correct the theory and simulation when the vehicle satisfies the experimental requirement.

Since the paper focuses on the transverse swing characteristics, the vehicle dynamics
model is established as a planar model, ignoring the three degrees of freedom of z, roll
and pitch, and simplifying some conditions; also, the stability analysis method used in
this paper linearises the equation of state, which has little effect when the swing angle is
small, but as the swing angle increases, the non-linear characteristics of the vehicle will
increase and linearisation is no longer appropriate. These issues can have a considerable
negligence on the accuracy and credibility of the analysis results and will be the focus of
our subsequent research.
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Nomenclature

c Distance from the centre of mass of the whole vehicle to the rear axle
Cα Cornering stiffness
Cσ Longitudinal tire stiffness
Fox1 Longitudinal force of the steering mechanism on the front vehicle
Fox2 Longitudinal force of the steering mechanism on the rear vehicle
Foy1 Lateral force of the steering mechanism on the front vehicle
Foy2 Lateral force of the steering mechanism on the rear vehicle
Fxj Longitudinal tire force (j = 1,2,3,4)
Fyj Lateral tire force (j = 1,2,3,4)
Fzj Vertical tire force (j = 1,2,3,4)
I1 Vehicle rotational inertia about the z-axis of the front vehicle
I2 Vehicle rotational inertia about the z-axis of the rear vehicle
L1 Distance from the centre of the front vehicle gravity to the front axles
L2 Distance from the articulated point to the centre of the front vehicle gravity
L3 Distance from the centre of the rear vehicle gravity to the rear axles
L4 Distance from the articulated point to the centre of the rear vehicle gravity
MO1 Torque of the steering mechanism on the front vehicle
MO2 Torque of the steering mechanism on the rear vehicle
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m1 Mass of the front vehicle
m2 Mass of the rear vehicle
O1x1y1 Front vehicle coordinate system
O2x2y2 Rear vehicle coordinate system
R Distance between the hinge points of the hydraulic cylinder rod

and articulated point
r Distance between the hinge points of the hydraulic cylinder seat

and articulated point
vx1 Longitudinal velocity of the front vehicle
vx2 Longitudinal velocity of the rear vehicle
vy1 Lateral velocity of the front vehicle
vy2 Lateral velocity of the rear vehicle
ω1 Angular velocity about the z-axis of the front vehicle
ω2 Angular velocity about the z-axis of the rear vehicle
β Swing angle
θ Initial angle of the hydraulic cylinder
µ Friction coefficient
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