
����������
�������

Citation: Kim, K.-H.; Lee, J.;

Kim, C.-H.; Kim, J.-H. Visual

Simulation of Turbulent Foams by

Incorporating the Angular

Momentum of Foam Particles into the

Projective Framework. Appl. Sci. 2022,

12, 133. https://doi.org/10.3390/

app12010133

Academic Editor: Enrico Vezzetti

Received: 20 October 2021

Accepted: 20 December 2021

Published: 23 December 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

applied  
sciences

Article

Visual Simulation of Turbulent Foams by Incorporating the
Angular Momentum of Foam Particles into the
Projective Framework

Ki-Hoon Kim 1, Jung Lee 2, Chang-Hun Kim 1 and Jong-Hyun Kim 3,*

1 Department of Computer Science and Engineering, Korea University, Seongbuk-gu, Seoul 02841, Korea;
penorchid@korea.ac.kr (K.-H.K.); chkim@korea.ac.kr (C.-H.K.)

2 School of Software, Hallym University, Chuncheon 24252, Korea; airjung@hallym.ac.kr
3 School of Software Application, Kangnam University, Yongin 16979, Korea
* Correspondence: jonghyunkim@kangnam.ac.kr

Abstract: In this paper, we propose an angular momentum-based advection technique that can
express the turbulent foam effect. The motion of foam particles, which are strongly bound to the
motion of the underlying fluid, is viscous, and sometimes clumping problems occur. This problem is
a decisive factor that makes it difficult to express realistic foam effects. Since foam particles, which
are secondary effects, depend on the motion of the underlying water, in order to exaggerate the foam
effects or express more lively foam effects, it is inevitable to tune the motion of the underlying water
and then readjust the foam particles. Because of such a cumbersome process, the readjustment of the
foam effects requires a change in the motion of the underlying water, and it is not easy to produce
such a scene because the water and foam effects must change at the same time. In this paper, we
present a method to maintain angular momentum-based force from water particles without tuning
the motion of the underlying water. We can restore the lost turbulent flow by additional advection
of foam particles based on this force. In addition, our method can be integrated with screen-space
projection frameworks, allowing us to fully embrace all the advantages of this approach. In this paper,
the turbulence of the foam particles was improved by minimizing the viscous motion of the foam
particles without tuning the motion of the underlying water, and as a result, lively foam effects can
be expressed.

Keywords: fluid simulations; foam particles; secondary effects; projective space; angular momentum

1. Introduction

In fluid simulations dealing with water, smoke, fire, etc., studies have been continu-
ously attempted to express turbulent flow by restoring details lost by numerical dissipation:
Particle-based fluids techniques such as MPM (Material Point Method) [1,2], FLIP (Fluid-
Implict Particle) [3–5], APIC (Affine Particle-In-Cell) [6,7], Polynomial PIC [8], and SPH
(Smoothed Particle Hydrodynamics) [9–11] are useful in creating splashes and expressing
free surfaces in detail, so they have been widely used in computer graphics in recent years.
Chen et al. proposed a particle-grid hybrid framework for synthesizing turbulent flow [12].
Zhao et al. proposed a technique to express fluid turbulence more efficiently by upsampling
the grid structure [13]. Yoon et al. proposed a technique to express turbulent smoke by
upsampling the vortex particles method to a higher resolution grid [14]. Weissmann et al.
expressed vorticity using vortex filaments [15]. Barnat and Pollard expressed more accurate
vortex filaments by improving the resampling scheme proposed in the above technique [16].

Physically-based fluid simulations often deal with turbulent flows expressed in fluid–
solid interactions or large fluid bodies. Key issues in expressing turbulent fluids are the
generation and preservation of small-scale details: Methods have been proposed to solve
this problem based on physics [17–21] or noise and texture [22–24]. Depending on the
fluid materials corresponding to these issues, the expression technique should be modeled
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differently. For example, when expressing water, the motion of the main body and the
turbulent flow are important, but the secondary effects (e.g., splash, foam, bubble, mist,
etc.) resulting from it are also important. However, most approaches have a strong linking
structure in which secondary effects are expressed only by the underlying water simulation.
Since it is difficult to independently control the motion of the foam effects created in the
strong linking structure, even the motion of the underlying water needs to be modified in
order to control the motion of the foam particles in detail. The Navier–Stokes equation is
often used to simulate the splash or foam effects with complicated motion in wild water
flows. However, in the process of calculating the foam particles, it is necessary to check all
the water particles, so a huge computational cost and resources are required [25]. In addition,
since it is bound to the movement of water particles, it is difficult to properly express
intrinsic patterns or styles expressed in foam. Recently, Kim et al. expressed foam effects
efficiently using 2D projective space and expressed intrinsic patterns of foam by proposing
a clamping function based on curvature [26,27]. This method tried to express intrinsic
patterns by controlling foam generation like a curvature-based mask map. However, since it
does not affect the motion, it does not dynamically enhance the motion of the foam particles.

In the existing methods, it is difficult to express wave patterns or dynamic motion of
foam because the foam particles are advected while being strongly bound to the underlying
water simulation. In addition, it is difficult to intuitively control the foam effects because
the user has to modify the underlying water to control the secondary effects. In this paper,
not only foam particles are expressed based on the motion of the underlying water, but also
lively foam effects can be expressed by adding the angular momentum of water particles to
the foam advection process.

Problem Statement

Before entering into the details of the problem statement, the following summarizes
the shortcomings of the prior technique for realistically simulating foam patterns:

1. Foam patterns are generated only by the depth-based curvature difference, not by
water flow.

2. While this does not appear to be a mask map, it is difficult to depict detailed foam
motion for reasons (1).

3. It’s particularly challenging to convey the complexity of foam, which is largely depen-
dent on water velocity, such as the movement of a bubble being drawn in.

In general, secondary effects such as foam are based on the motion of water particles.
Among the various secondary effects, foam particles not only have intrinsic patterns,
but also exhibit dynamic and complex movements compared to water particles. Since it is
strongly linked to the underlying water simulation, if there is little movement of the water
particles, the foam particles are clumped. However, if the turbulence of water particles
is strongly applied to express the foam effect, the water flow itself is severely deformed.
Kim et al. proposed a curvature-based clamping function to alleviate the clumping problem
of foam [26,27] (see Figure 1).

As shown in Figure 1, intrinsic patterns of foam can be expressed using depth-based
curvature flow, but like a mask map, it only affects the foam generation process, so the
movement of foam particles still depends only on the underlying water. Recently, Kim and
Lee proposed a technique of advection according to the type of foam by dividing it into
wave and surface [26]. They expressed a cloud-like surface foam by adding a spring force
such as SPH, but still rely on the underlying water motion.

Figure 2 shows the results of the previous techniques that modeled foam patterns
based on curvature in more detail, and the wave patterns shown in the red line of Figure 1a
are shown as a chart. In the technique of Kim et al., foam patterns were modeled by
dividing the area where the foam particles would be generated and the area where the
foam particles would not be generated [26,27]. As a result, foam particles are generated
in the areas where values exist in the upper part of Figure 2, and they are not generated
in the ’No foam particles’ area. As mentioned earlier, this is a weight in the same way
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as the mask map, and this value does not affect the foam advection and only maintains
the foam pattern. In other words, it has no effect on the movement of the foam particles.
To address these issues, this paper proposes a method to enhance the advection of foam
particles by calculating angular momentum from water particles, which are the underlying
fluids. To implement the proposed method, the following sub-problems must be solved
from the input water particles:

1. Calculation of angular momentum from water particles. Tuning the motion of the
underlying fluids whenever controlling the foam effects is a very cumbersome task,
and as a result, it becomes difficult to model the scene in the manner in which the user
desires. Therefore, we calculate the angular momentum to advect the foam particles
without affecting the position of the water particles.

2. Advection of foam particles reflecting angular momentum. We reliably advect the
foam particles using the angular momentum calculated from the water particle.

3. Integration with existing foam effects techniques. Foam particles with angular mo-
mentum are integrated into the foam generation framework of existing techniques.

(a)

(b)

Figure 1. Extracted wave patterns. The color of each pixel indicates the curvature value (red: high,
blue: low). (a) Base water flow (red line: evaluation region, see Figure 2). (b) Intrinsic patterns of foam
with Kim et al. [26,27].

With the first sub-problem we can calculate the angular velocity from the water
particles. This process should be able to maintain angular momentum by integrating the
force without affecting the position of the water particles. This process calculates the force
for advection of the foam particles. It should be able to maintain angular momentum by
integrating the force without affecting the position of the water particles. Through the
second sub-problem, the foam particles are advected based on the angular velocity. In this
process, the angular velocity must be properly integrated into the linear momentum of the
foam particles so that the foam particles do not become unstable. Finally, since the angular
advection process can be flexibly integrated with the existing foam generation algorithm,
foam effects can be efficiently expressed.
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Figure 2. Curvature values at the evaluation region (see red line in Figure 1a).

2. Related Work

In this section, we briefly review the physics-based foam generation methods and
the screen space-based foam generation methods, which are closely related to the pro-
posed method.

2.1. Physically-Based Foam Modeling Approaches

Several studies have been published on the expression of foam effects in the field of
physics-based simulation. Takahashi et al. analyzed the motion of the underlying fluid
based on curvature and expressed splash and foam effects by applying the state change
rules to the area with large motion [28]. However, their method is not sufficient to express
various foam effects because it generates motion similar to grains of sand rather than foam.
Geiger et al. proposed a multi-layer method to efficiently process the foam generation
process and expressed foam, splash, bubble, and mist individually in each layer [29].
However, in this method, the quality of the result is low because the foam particles are
clumped, and it is not sufficient to realistically express the foam effects because its focus is
only on generating and rendering the foam without the advection process.

When using the Eulerian approach, secondary effects such as splash are expressed
usually using particle level-set [30] or marker-particle [31] techniques. Kim et al. introduced
a way to express splashes and bubbles without discarding marker-particles away from
water surfaces [32]. Since the foam particles generated through this method have a ballistic
motion, it was difficult to express detailed foam effects. Losasso et al. expressed splash by
improving this method through particle level-set technique, and applied SPH technique
to splash particles to improve ballistic-like motion [33]. This technique expresses diffuse
phenomena that are intermediate between air and splash particles, which are difficult
to express in existing particle approaches. However, this method focuses only on splash,
and foam effects are expressed using texture.

Mihalef et al. solved the dissolved gas problem based on SPH and realistically ex-
pressed carbonated drinks, which were difficult to express in the past [34]. Ihmsen et al.
proposed a unified framework that can express splash, foam, and bubble using only SPH,
a meshless framework [25]. However, since the quality of the results depends a lot on
the number of water particles, a huge number of SPH particles are required to produce
high quality results, and the calculation time increases accordingly. Additionally, since
the SPH kernel is isotropic, the foam particles are clumped. Wang et al. [35] improved
the method of Ihmsen et al. [25] efficiently by proposing a hybrid technique that mixed
SPH and Lattice–Boltzmann techniques. However, splash effects were mainly expressed,
and foam or bubble effects were insignificant.

2.2. Screen-Space Foam Modeling Approaches

The foam expression method using screen-space is being actively used in applica-
tions that require real-time performance, such as games and VR (Virtual Reality). Van der
Laan et al. proposed a framework for rendering water particles on screen-space to avoid
the tessellation problem found in grid-based approaches [36]. They mitigated the noise
appearing in the 2D screen-space projection process by using the curvature flow filtering
technique. In this method, foam effects were expressed using a simple noise texture, and re-
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alistic foam effects were difficult to express. Bagar et al. created more realistic foam effects
by treating different types of fluid as separate layers [37]. Although the screen rendering
technique has been extended in various ways, it is not sufficient to express realistic foam
movement because only 2D space is considered.

To solve this problem, Kim et al. improved the efficiency and quality of foam by
utilizing both 2D and 3D space [27]. First, they used 2D space to quickly find the location
where the foam particles would be generated, and inverse-transformed this space into
a 3D space to advect the foam particles in 3D space. Recently, Kim and Lee proposed a
technique for advection by classifying foam types into wave and surface [26]. The quality
of foam effects was improved by distinguishing between wave foams with distinct intrinsic
patterns and cloudy surface foams and advecting them in different ways. However, it was
difficult to control the dynamic foam effects because it only modeled the features appearing
on the surface and wave foam, and it is a structure that is coupled to the motion of the
underlying fluids.

3. Proposed Framework

In this paper, the water particles are advected by calculating the underlying fluid
simulation using the FLIP (Fluid-implicit particle) method, which is one of the hybrid
methods using the particle-grid method. For foam generation, the previously proposed
screen-space projection technique is used. The basic foam generation method is briefly
reviewed in Section 3.1, and then the proposed method is explained in detail. A list of
symbols is available in Table 1. The algorithm overview presented in this paper is depicted
in Figure 3. The first step analyzes/extracts the flow from the two-dimensional space, while
the second step advects the foam using angular momentum. The algorithm proposed in
this paper is executed in the following order:

1. Water particles advected using FLIP are projected onto screen-space through a pro-
jection matrix. Acceleration and depth values, which are physical quantities of water
particles, are projected at the projected location.

2. The angular momentum is calculated from the water particles. In general particle-
based simulation, since particles do not have volume or directionality, changes in
angular momentum due to torque are not considered. We model this force and use it
to advect the foam particles.

3. Using the projected acceleration map, the place where the foam particles will be
generated is quickly searched in 2D screen-space.

4. Through inverse transformation from screen-space to 3D space, foam particles are
generated in 3D space and advected based on angular velocity.

5. Some foam particles are removed based on their lifespan or momentum.

Figure 3. Algorithm overview.

3.1. Foam Effects Based on Projective-Space
3.1.1. Projection Map Generation from Fluid Particles

This section briefly describes the projective-space-based foam generation technique
used in this paper. First, water particles in 3D space are projected onto screen space, and two
maps are created that store the acceleration and depth values at the projected location,
respectively. The meaning of each symbol in the following explanation is as follows: W
and H are the horizontal and vertical pixel resolutions of the screen-space, respectively,
Nx × Ny is the resolution of the regular grid divided by the projection interval h, and r
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is the radius of the water particles. r is a user-adjustable value to get a map where the
values run smoothly after projection. As mentioned above, zij, which is the depth value of
the water particles, and dij, which is the acceleration, are stored at the projected location,
respectively, and each map is composed as follows: depth map Z ∈ RNx×Ny , acceleration
map D ∈ RNx×Ny . The acceleration dij of the water particle is calculated from the difference

in velocity between frames: |vt+∆t−vt |
∆t .

Table 1. Simulation variables and parameters.

Name Description Value

r Radius of water particle –
Z Depth map –
D Acceleration map –
P Projection matrix –
Q Inverse projection matrix –
xp, yp, zp Projected coordinate –
rx, ry, rz Projected radius –
dp Projected acceleration –
C Candidate region in 2D –
C∗ Final candidate region in 2D –
F Depth map based curvature –
τp Torque of water particle –
Lp Angular momentum of water particle –
ωp Angular velocity of water particle –
Ip Scalar inertia moment of water particle –
ωp f Relative angular velocity of water and foam particles –
H∗ Mean curvature of the depth map –
∆ t Time-step 0.006
α Angular momentum transfer 10.0
β Curvature threshold 0.1
k Weight for inertia moment 1

30
h Projective spacing 2.0
Nx × Ny Projective space res. 400 × 300

A particle x at 3D location [x, y, z, 1]T is projected onto 2D space using the projection
matrix P (see Equation (1)). 

x′

y′

z′

w

 = P


x
y
z
1

 (1)

To avoid distortion of z values during projection, perspective division is applied only
to the x and y coordinates. Using this method, the coordinates (xp, yp), zp where the 3D
fluid particle is projected and the projected acceleration dp are calculated (see Equation (2)).

xp
yp
zp

 =


W ·

(
1
2 + 1

2 x′/w
)

H ·
(

1
2 + 1

2 y′/w
)

z′


︸ ︷︷ ︸

projected coordinates and depth

,

xd
yd
dp

 =

 xp
yp
d


︸ ︷︷ ︸

acceleration

, (2)

where (xd, yd) is the index of the array in which dp, the acceleration on screen space, is
stored. The radius r of a particle in 3D space is projected using the following method (see
Equation (3)):
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rx
ry
rz

 =


rW
√

p2
1,1 + p2

1,2 + p2
1,3/w

rH
√

p2
2,1 + p2

2,2 + p2
2,3/w

r
√

p2
3,1 + p2

3,2 + p2
3,3

, (3)

where pi,j is an element of the projection matrix P. Both rx and ry were set to rp to obtain
isotropically projected radius values. There are three radius values in 3D and two in 2D via
the projection step; in this paper, the rx value is used to obtain the isotropically projected
radius value, and using the ry value is not a problem. What matters is that we use a single
radius value to represent isotropic property. Based on the virtual camera settings used to
compose the 3D scene, the projection matrix is constructed as a 4 × 4 matrix. Because this
procedure follows the basic graphics pipeline used by OpenGL and Direct3D libraries,
specific explanations are omitted.

Since a large number of fluid particles can be projected on the same node in screen
space, the depth and acceleration values are updated as follows (see Equation (4)):

zij ← min(zij, zp − rzhij), dij ← argmin(zij) (4)

where

hij =

√
1−

(ih− xp)2 + (jh− yp)2

r2
p

(5)

In the above equation, (ih− xp)2 + (jh− yp)2 ≤ r2
p is a condition for checking whether

the projected coordinate is affected by other nodes in the projection space. As the depth
buffer works, if zp − rzhij, which is the depth value of the projected coordinates, is smaller
than zij, zij and dij are updated using Equation (4). An example of the acceleration map can
be seen in Figure 4. (i, j) is the grid index in screen space. As shown in Table 1, the screen
space in this paper is composed of a grid with a resolution of 400 × 300, and (i, j) in
Equation (5) is the grid index near the projected location of the particle (xp, yp).

(a) (b)

Figure 4. Acceleration map projected onto screen-space (red: fast acceleration, blue: slow acceleration,
inset image: simulation view) (a) Frame 115. (b) Frame 243.

3.1.2. Foam Particle Generation

In this section, we extract 2D candidate regions where foam can be generated using
the projection map described above (see Equation (6)).

C =
{
(i, j, k)|d > γ, z ∈ Z, d ∈ D, (i, j) ∈ RNx×Ny

}
, (6)

where γ is the threshold used to find the fast flow region, and in this paper, it is set to 0.0001.
Z and D are the depth and acceleration maps obtained through projection. If the γ value is
reduced, foam is generated even in the slow flow region, and the user can easily control the
amount of foam generated by using this value. The ’Marching Squares’ algorithm [38] was
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used to triangulate the extracted 2D foam area, and as a result, the candidate group of foam
particles consists of 2D triangles. These triangles are transformed into 3D space through
the inverse transformation of Equations (1) and (2). The coordinates of the transformed
triangle are calculated with Equation (7).

x
y
z
1

 = Q


(−1 + 2xp/W)w
(−1 + 2yp/H)w

zp
w

, (7)

where

w =
1− q4,3zp

q4,1(−1 + 2xp/W) + q4,2(−1 + 2yp/H) + q4,4
, (8)

where qi,j is an element of the inverse projection matrix Q, and as mentioned earlier,
perspective division does not apply to zp [38]. The number of foam particles is determined
based on the Weber number. (It is recommended to read the paper of Kim et al. [26,27] for
more details.)

The next step is to calculate the wave pattern of the foam using the refined projection
map. First, we calculate flow-based curvature in the projected space using the method
proposed by Van der Lann et al. [36] (see Equation (9)).

∂z
∂t

= H∗, (9)

Here, t is the time-step, and H∗ is the mean curvature of the depth map calculated
in the 2D projection space. The depth map used in this process is Z. Since the method of
Van der Lann et al. [36] contains a noise pattern, it is necessary to repeatedly calculate
the curvature in order to weaken it. Since this method erases the change pattern of the
original curvature, in this paper, the wave pattern of the foam is calculated by modifying
Equation (6) as Equation (10).

C∗ =
{
(i, j, k)|d > γ ∩ f > β, f ∈ F, (i, j) ∈ RNx×Ny

}
, (10)

where F is the curvature of the depth map, and β is a threshold value for finding a high
curvature region, which is set to 0.1 in this paper. For advection of foam particles, the grid
velocity field and water particles calculated through FLIP were used. In this process, Kim
and Lee’s approach [26,27] was used as it is. (It is recommended to read the paper for a
more detailed explanation.)

3.2. Angular Momentum of Water Particle and Advection of Foam Particle

In general, when a force is applied to an object with mass, a change occurs in the linear
momentum of the object, and a torque is applied to an object with a volume depending on
the point where the force is applied, resulting in a change in angular momentum. In most
particle-based fluids, the change in angular momentum due to torque is not considered
because particles do not have volume and directionality. The absence of angular momentum
affects secondary effects that depend on the motion of the underlying fluids, causing viscous
motion. In this paper, the angular momentum of water particles is modeled by converting
the force acting on the neighboring water particles into a torque that affects the rotation of
the particles. The calculated angular momentum is advected by the particles and designed
to affect the foam particles. Angular motion through water particles is delivered to the
foam particles in the following order:

1. The force calculated by the neighbor water particles is converted into a torque acting
on the particles. The calculated rotation momentum is integrated with time to maintain
rotation.
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2. The rotation momentum of the water particles is applied to the force of the foam
particles and incorporated into the advection process.

3.2.1. Angular Momentum Calculation in Fluid Particles

Rotational momentum is generated by the torque(τ = r× f) due to the difference in
position(r) between the point of action of the force(f) acting on the object and the center
of the mass of the object. However, since the point of action of the force applied to the
water particles is the position of the particle, it has been considered to generate only linear
momentum without angular momentum. In this paper, it is assumed that the force applied
to the neighbor particle becomes the torque of the given particle, and the obtained torque is
as Equation (11).

τp = ∑
np
((xp − xnp)× fnp)Wp,np (11)

where τp is the torque applied to the particle. xp and xnp are the positions of a given
particle and its neighbor particle, Wp,np is the smoothing weight function of the two water
particles, and fnp is the force acting on the neighbor particle. × is a cross product operator.
We calculated the torque acting on the water particle using Equation (11), and based on
this, we update the angular momentum of the water particle by integrating with time as
Equation (12).

Ln+1
p = Ln

p + τn
p∆t (12)

where Lp is the angular momentum of the water particle, and ∆t is the time-step. The angu-
lar velocity of the water particle is calculated with Equation (13).

ωp = I−1
p Ln+1

p (13)

where ωp is the angular velocity of the water particle, and Ip is the scalar inertia moment of
the particle. In this paper, the inertia moment was calculated by approximating Ip = kmp,
and the value of k = 1

30 was used.

3.2.2. Angular Momentum Transfer to Foam Particles

The angular momentum of the water particles calculated earlier should affect the
momentum of the foam particles so that they rotate. To calculate the amount of change in the
linear momentum of the foam particle due to angular momentum, we calculate the relative
angular velocity between the water particle and the foam particle with Equation (14).

ωp f =
(x f − xp)× (v f − vp)

|x f − xp|2
(14)

where ωp f is the relative angular velocity of the foam particle around the water particle. x f
and xp are the positions of foam particle and water particle, respectively, and v f and vp are
the velocities of foam particle and water particle. In order for the angular velocity of the
water particles to affect the linear momentum of the foam particles, we update the velocity
of the foam particles as Equation (15).

vn+1
f = v∗f + α ∑

p
(ωp −ωp f )× (x f − xp)Wp f (15)

where v∗f is the velocity of the foam particle before angular motion is applied, and Wp f
is the isotropic weighting function between the foam particle and the water particle. α is
the angular momentum transfer constant of the water particle, and in this paper, it is set
to 10. Equation (15)’s aim is to transfer the water particle’s angular velocity (ωp) to the
foam particle’s linear motion. As a result, the difference in angular velocity was utilized
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to induce the foam particle’s relative angular velocity (ωp f ) to the water particle’s relative
angular velocity (ωp).

3.2.3. Dissolution

The lifespan approach is used as a condition to remove the foam particles. The lifespan
was maintained by accumulating the momentum of the foam particles in every frame,
and the foam particles with a lifespan below the user-defined threshold were deleted.
Recently, Kim and Lee proposed a method for efficiently reducing foam particles using a
screen density calculated using the number of foam particles [26]. This method can be an
add-on to our approach and is recommended for efficient reduction of foam particles.

4. Implementation

This study was implemented in the following environment: Intel i7-7700k 4.20 GHz.
CPU 32 GB RAM, and NVIDIA GeForce GTX 1080 Ti graphics card. A FLIP-based fluid
solver was used as the underlying water simulation, and a GPU-based preconditioned
conjugate gradient method was used as a numerical matrix solver to calculate the fluid
pressure. All momentum was stored in a FLIP grid using the ’Staggered Marker-and-Cell’
method [39], and the boundary particle method [40] proposed by Akinci et al. was used to
handle the collision between fluid and solid.

In this paper, the particles were rendered by ray-tracing without reconstructing the
surface of the fluid. The color of the water particles was set to (0.8, 0.5, 0.3), the color of the
foam particle was set to (1.0, 1.0, 1.0), and the alpha value was used as 0.07. Each particle is
projected into the image space to be rendered, and the pixels within a 3 × 3 range around
the projected position are updated with Equation (16).

pi,j =


pr

i,j ← cacr + (1− ca)pr
i,j

pg
i,j ← cacg + (1− ca)pg

i,j
pb

i,j ← cacb + (1− ca)pb
i,j

, (16)

where (pr
i,j, pg

i,j, pb
i,j) is the pixel color, (cr, cg, cb) is the particle color projected onto the image

space, and ca is the alpha value.
There are three radius values in 3D and two in 2D via the projection step; in this paper,

the rx value is used to obtain the isotropically projected radius value, and using the ry
value is not a problem. What matters is that we use a single radius value to represent
isotropic property.

Based on the virtual camera settings used to compose the 3D scene, the projection
matrix is constructed as a 4 × 4 matrix. Because this procedure follows the basic graphics
pipeline used by OpenGL and Direct3D libraries, specific explanations are omitted.

5. Results and Discussion
5.1. Validation Test for Angular Momentum

We conduct experiments in four scenarios to test the validation of the angular momen-
tum method proposed in this paper.

In the first experiment, the angular momentum proposed in this paper was applied
to rotational motion conversion (see Figure 5). The particles were placed in a normal
distribution in 2D space, and initial velocity and angular velocity were applied. In order
for the particle to rotate, the initial velocity of the particle, v0

p, was set as follows according
to the relative position based on x0, the center of mass of the area where the particles are
distributed: v0

p = (x0 − xp)×ω0 where ω0 is the initial angular velocity and was set to
(0, 0, 10) in the above experiment. The experiment in Figure 5a shows the result when all
particles move with angular velocity ωp = ω0, and the experiment in Figure 5b shows
the general particle-based fluids. In Figure 5a, as the particles continue to rotate while
maintaining their initial rotation momentum, the region is separated by centrifugal force,
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and it is confirmed that the rotation momentum of the separated region is also maintained.
In Figure 5b, it can be seen that the rotation momentum gradually weakens.

(a)

(b)

Frame 10 Frame 52 Frame 137

Frame 10 Frame 52 Frame 137

Figure 5. Angular momentum in the process of rotation. The related video has been submitted as
Supplementary Material. (a) With angular momentum (our method). (b) Without angular momentum.

Second, we tested the rotational motion of particles in a particle-based water simu-
lation (see Figure 6). In the falling water scene, rotational motion expressed when water
particles interact with each other was observed. In the figure, the particle color is set to
easily recognize the rotational motion, and when the falling water particles interact, it can
be seen that the rotational motion is strongly expressed in the swaying area. Figure 7 shows
a close-up of the part where the particles interact. In Figure 7b, the rotational motion of
particles is hardly expressed, whereas in Figure 7a, our method well expresses the particle
rotation by angular momentum that appears in the process of the particles interacting with
each other. This rotational motion also affects the foam particles, improving the detail of
secondary effects.

Frame 121 Frame 146

Figure 6. Two-dimensional water particle simulation with our method. The related video has been
submitted as Supplementary Material.

(a) (b)

Figure 7. Comparison of close-up views in Figure 6. The related video has been submitted as Supple-
mentary Material. (a) Our method. (b) Without angular momentum.

In the third scenario, we tested the rotational motion of particles in a particle-based
smoke simulation with buoyancy force (see Figure 8). It was designed to source smoke
particles after filling the simulation space with ghost particles. The smoke particle color
is expressed by diffusing the color instead of the smoke density in a way that diffuses to
nearby smoke and ghost particles, and the SPH gradient kernel (∇W) is used. Position-
based fluids [11] were used as the basic algorithm.
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(a) (b)

Frame 103 Frame 165 Frame 103 Frame 165

Figure 8. Comparison of 2D particle-based smoke simulation results. The related video has been
submitted as Supplementary Material. (a) Our method. (b) Without angular momentum.

In the fourth scenario, a two-dimensional experiment was conducted to check whether
the intrinsic patterns of foam particles were well expressed by the angular momentum
we proposed (see Figure 9). The movement of the water particles was controlled by the
wave function, and the experiment was conducted based on the same distribution of foam
particles. The wave function to move the water particles is as Equation (17)).

(xi, yi)←
(

xi0 + vx
0 t, y0sin

(
2π

x
λ0

)
cos(2π f0t)

)
(17)

where vx
0 is the velocity of the wave, and xi0 is the initial X-axis coordinate of the water

particle. λ0 is the wave length and f0 is the wave frequency. Both experiments are based
on the same wave and there is only difference in the presence or absence of angular
momentum. For this experiment, the initial angular momentum of the water particles was
randomly set in the first frame, and the water particles were designed to move while its
value was maintained.

(a)

(b)

There is rotation

Distributed in various forms

No rotation

Monotonous movement

Figure 9. Comparison of movement and pattern change of foam particles. The related video has been
submitted as Supplementary Material. (a) Our method. (b) Without angular momentum.

As can be seen from the experimental results, if angular momentum is not applied,
the foam particles only follow the motion of the water particles, so a monotonous pattern
that moves depending only on the water particles on the liquid surface appears (see
Figure 9b). However, if angular momentum is applied to the advection of the foam particles,
it can be confirmed that the foam particles continuously show dynamic movement due
to the angular momentum of the water particles (see Figure 9a). In particular, the angular
momentum is different according to the change in altitude such as wave crest, and this
causes the foam particles to be dispersed in various shapes than in Figure 9b. Similar
experimental results were also shown in Figure 2. As shown in Figure 2, different intrinsic
patterns are created depending on the location of the foam particles. However, while the
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previous methods are static methods like a mask map that does not consider the motion of
water, our method reflects the motion of water better. This characteristic is more evident in
the animation of successive frames than in single frame.

In the 2D validation test shown earlier, the position of water particles was updated
using angular velocity to show the effect of angular momentum. The angular momentum
technique proposed in this paper reliably expresses the rotational motion of particles in
various scenarios. In the next section, it can be seen that the turbulent flow of the foam is
improved by applying angular momentum to the foam advection process.

5.2. Foam Effects with Angular Momentum

Three scenarios were devised to analyze the angular momentum-based foam advection
technique proposed in this paper under various conditions. Based on these scenarios,
the quality of foam effects using our method was compared with Kim and Lee’s method,
which is a recent foam effects technique.

First, as a simple test scenario to prove the superiority of the proposed technique,
a scene in which water particles are sourced was produced. In this scene, the time-step was
set to 0.006 and more than 200,000 water particles were used. Figure 10 is a foam simulation
using the method of Kim and Lee [26]. When the sourced water particles interact with
the still water surface, angular momentum is strongly generated and rotational motion
appears in the foam particles as well. This phenomenon is similarly shown in Figure 7,
and the motion in which the foam particles are rolled more strongly by angular momentum
compared to the previous technique is well expressed (see A in Figure 10a). As shown in B
to D, most of the angular motions were expressed well, and in the wave crest (the highest
part of a wave, see Figure 11), remarkably lively foam particle motion was expressed.

(a)

(b)

Frame 32 Frame 97 Frame 184

Frame 32 Frame 97 Frame 184

Figure 10. Comparison of the rotating-emitter scene in water simulation. The related video has been
submitted as Supplementary Material. (a) Our method. (b) Kim and Lee [26].

Figure 11. Wave concepts.
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Figure 12 is a scene where two boxes stir water, and foam effects are naturally created
according to the movement path of the box. Due to the interaction of the water particles
and the box, the vortex motion was clearly conveyed to the foam effects (see A and B in
Figure 12). Additionally, as shown in C to E, the wave crest created by the interaction of
water particles clearly shows the motion as if the foam particles are being rolled in. As a
result, compared to the previous method that expressed foam effects in an over-cloudy
manner due to viscous foam particles, our method expressed the foam effects lively and
showed clear foam patterns.

Figure 13 is the foam effects that appear when an external force in the form of tornado
is added. If the previous results were generated by the sourcing of water particles or the
impact of the solid, Figure 13 is the foam effects that are expressed due to the external force
that is gradually strengthened. In addition, we examined how angular momentum affects
the foam effects by using an external force of an unusual form such as tornado. In the 38th
and 53rd frames of Figure 13a showing the gradual rotation, our technique expressed the
foam effects symmetrically, whereas the previous technique did not reflect the angular
momentum, so the effect of the tornado force was not well shown.

Figure 14 shows the foam effects created by the interaction of water particles inside the
U-shaped corridor. In this figure, the blue region is where there is no angular momentum,
and as the color goes from green to red, the angular momentum becomes stronger. It can
be seen that the angular momentum of the foam particles is also strongly expressed as the
water is bent into a curved shape by the interaction between the water particles and the
wall (see A in Figure 14). As mentioned earlier, angular momentum was strong in the wave
crest (see B and C in Figure 14), and foam particles that simply bounce into the air like
splashes have relatively weak angular momentum, so it can be seen that they are expressed
in blue (see D in Figure 14).

Figure 15 shows the difference of foam effects with or without our method. The red
particles are generated using the previous technique [26], and the white particles are
generated by advection based on angular momentum. Although the results were made in
the scenes of the same configuration, the difference in motion of the foam particles was
clearly revealed.

(a)

(b)

Frame 52 Frame 116 Frame 170

Frame 52 Frame 116 Frame 170

Figure 12. Rotating two boxes in water simulation. The related video has been submitted as Supple-
mentary Material. (a) Our method (inset image: simulation view). (b) Kim and Lee [26].
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(a)

(b)

Frame 38 Frame 53 Frame 112

Frame 38 Frame 53 Frame 112

Figure 13. Tornado scene. The related video has been submitted as Supplementary Material. (a) Our
method. (b) Kim and Lee [26].

Frame 47 Frame 89 Frame 144

Frame 163 Frame 195 Frame 230

Figure 14. Foam effects by fluid–solid interaction using our method as the water flows along the U-
shaped corridor (blue: no angular momentum, green to red: stronger angular momentum). The related
video has been submitted as Supplementary Material.

Frame 47 Frame 89 Frame 144

Figure 15. Motion difference with (white) or without (red) angular momentum-based advection.
The related video has been submitted as Supplementary Material.

We present a method to improve the detail of secondary effects without tuning the
original water particles. There are various methods for modeling turbulent flow in the
field of fluid simulation, but it is difficult to control secondary effects using them because
they are focused only on expressing the details of the underlying fluids. To make the foam
effects more turbulent, the motion of the underlying water had to be tuned, and in the
process, the motion of the original water was changed, so it was not easy to control both
the underlying water and the foam effects at the same time. As seen in the previous results,
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our method updated the force without affecting the position of the original water particles
by integrating only the angular momentum from the original water particles, and the foam
effects were expressed vividly by incorporating the force into the foam advection process.
Table 2 shows the parameters used to produce the experimental results in this study.

Table 2. Size of our example scene (Water: water particles, Foam: foam particles, Solid: triangles of
the solid, Grid res.: grid resolution).

Figures Water Foam Solid Grid Res. Projective
Space Res.

Projective
Spacing

Figure 5 1 k – – – – –
Figure 6 3 k – – – – –
Figure 8 45 k – – – – –
Figure 9 100 5000 – – – –
Figure 10 2.5 m 3.1 m – 1503 400 × 300 2.0
Figure 12 1.7 m 1.2 m 48 1503 400 × 300 2.0
Figure 13 1.7 m 3.5 m – 1503 400 × 300 2.0
Figure 14 1.2 m 3.3 m 70 1503 400 × 300 2.0

6. Conclusions

In this paper, the turbulent flow expression of the foam effect was improved by propos-
ing a technique for advection of the foam particles using the angular momentum of the
water particles. We experimented with foam effects under various scenarios and confirmed
that the detail was improved due to angular momentum-based advection compared to the
latest technique.

As the angular momentum becomes stronger, the foam effects appearing increasingly
cloudy in the previous method have been greatly improved by introducing our method.
The user can express the surface foam by controlling the angular momentum according to
the characteristics of the scene to be produced, but this is not a perfect solution. Another
trick is to apply our method only to the wave foam particles where the foam patterns are
clearly expressed, so that the angular momentum can be expressed while maintaining the
surface foam effects. In the future, based on LOD (Level-of-detail), adaptive, and anisotropic
characteristics, we will study a method to reduce the number of foam particles while
minimizing the quality loss of turbulent flow.

Supplementary Materials: The following are available at https://www.mdpi.com/article/10.3390/
app12010133/s1, Visual Simulation of Turbulent Foams by Incorporating the Angular Momentum of
Foam Particles into the Projective Framework.
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