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Abstract: An effective integrated design optimization method is developed to reduce the maximum
von Mises stress around vent holes of a high-pressure turbine sealing disk. It mainly includes
four different shape designs (circular, elliptical, race-track, and four-arc) for holes, an updated self-
developed modelling and meshing tool, an APDL-based strength analysis, and a self-proposed
efficient switching delayed particle swarm optimization (SDPSO) algorithm. The main idea of SDPSO
is: (1) by evaluating an evolutionary factor and utilizing a probability transition matrix, a non-
homogeneous Markov chain is determined and auto-updated in each generation; (2) the evolutionary
factor and the Markov chain are used to adaptively select the inertia weight, acceleration coefficients,
and delayed information to adjust the particle’s velocity. The performance of SDPSO is evaluated
through two benchmark optimization problems with constraints. The results show that SDPSO is
superior to two well-known PSO algorithms in optimization capability, numerical robustness, and
convergence speed. Furthermore, SDPSO is used for the stress optimization of vent holes with four
different shapes. The results show that: (1) SDPSO is suitable and valuable for practical engineering
optimization problems with constraints; (2) the developed integrated design optimization method
is effective and advanced for reducing the maximum von Mises stress around the vent holes; and
(3) the four-arc hole has more tremendous advantages in reducing the maximum von Mises stress,
followed by the elliptical hole, the race-track hole, and the circular hole.

Keywords: particle swarm optimization (PSO); switching delayed particle swarm optimization
(SDPSO); stress concentration; stress optimization; vent hole; four-arc hole; elliptical hole; race-track
hole; circular hole; turbine sealing disk

1. Introduction

Vent holes, pin holes, bolt holes, and other holes are widely distributed in aero-engines,
airplanes, automobiles, ships, and other mechanical products. The shapes of these holes
may be different because of the diversity of service requirements. Circular holes are
the most common, and complex shapes such as elliptical and polygonal holes are also
widely used. Due to sudden changes in geometry and load, the areas near the holes are
prone to stress concentration [1], which may become a potential inducement to reduce the
product’s overall life. Especially for the high-temperature components of an aero-engine,
the alternating loads at high temperatures make it easy to produce fatigue cracks in the
high-stress areas around the holes [2,3]. These cracks may extend to nearby load-bearing
structures and eventually lead to structural failure. Therefore, it is essential to obtain an
accurate stress distribution near the holes.

The stress distribution around the holes has been extensively studied by analytical
methods [4,5], finite element methods (FEM) [6], and experimental methods [7–9]. Guan
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et al. [10] introduced a general shear–stress solution to the anti-plane problem of an arbitrar-
ily shaped hole that was reinforced with a functionally graded layer in a homogenous plate.
Shang et al. [11] investigated the high-temperature tensile behavior for film-hole plates and
found that the strain distribution obtained in situ by the digital image correlation technique
exhibits an X-like concentration around the hole. The FEM-based simulation was also
conducted to explain the in-situ experimental results. Using a self-developed theoretical
model, Duan et al. [12] investigated the circular hole–edge stress concentration of the long
glass fiber reinforced polypropylene composite. The corresponding physical tests were
also conducted under tensile loading monitored by a digital image correlation system. The
results showed that the theoretical predictions agree well with the experimental results.
The analytical methods mainly utilize the theory of complex variable functions and the
conformal mapping technique to obtain the stress distribution of a rectangular or infinite
plate with holes [10]. It may be insufficient to deal with the holes with complex shapes
or particular positions in practical engineering structures with advanced materials [13,14].
The experimental methods could measure the stress results closest to the actual situation.
However, the operation procedure is complex and inconvenient for newcomers, and the test
cost is relatively high and unbearable for most design tasks. With the rapid development
of computing technology, the accuracy and efficiency of FEM have been continuously
improved and recognized by academia and industry [15].

The FEM-based optimization has become popular in the shape optimization of holes to
reduce the stress concentration with the help of numerical optimization techniques [16,17].
Park et al. [18] carried out a FEM-based optimization for the shape and pattern of holes
and slits of a brake disk, which minimizes the concentrated stress and simultaneously
improves the cooling performance. Han et al. [19] proposed an equilibrium multi-objective
optimization model with self-regulated weighting factors for the optimum design of a
non-circular clearance hole on the front flange of a turbine disk. The stress decrease around
the hole and the minimal hole’s profile variation were considered in the equilibrium design.
Chen et al. [20] optimized a uniaxial symmetry non-circular bolt clearance hole on the
turbine disk based on FEM by selecting the maximum first principal stress as the objective
function. The results showed that the stress concentration is relieved, and the maximum
first principal stress and the maximum von Mises stress on the critical area are reduced by
30.39% and 25.34%, respectively. The author of [21] proposed a four-arc hole design method
for vent holes and adopted the traditional Multi-Island Genetic Algorithm to optimize
them. The results showed that the maximum von Mises stress is reduced to 963.435 MPa.
These studies mainly focus on the shape design of holes and have achieved good results,
but the selection and discussion of optimization algorithms are relatively few. Actually,
the optimization algorithm has a significant impact on the final scheme. An appropriate
optimization algorithm will help designers get a good design scheme at a fast speed.

Nowadays, swarm intelligence has been widely used to find globally optimal solu-
tions to optimization problems, such as the genetic algorithm (GA) [22,23], the artificial
bee colony algorithm (ABC) [24], and the particle swarm optimization (PSO) [25]. In
contrast to various evolutionary techniques, PSO is regarded as one of the best-accepted
techniques that are cheap in time consumption and simple for implementation. However,
the classical PSO algorithm has the defects of poor local search ability and low search
efficiency. To improve the performance of PSO, an adaptive PSO algorithm based on an
evolutionary factor has been proposed by Zhan et al. [26]. It could adaptively control
the PSO’s parameters, including the inertia weight and other parameters. Moreover, the
author developed a novel switching delayed PSO (SDPSO) algorithm based on the adaptive
switching strategy and the delayed information [27]. It dramatically improves the search
efficiency and convergence speed of the PSO algorithm. However, the conclusions were
obtained only through five simple unconstrained functions. The application of SDPSO in
practical constrained engineering problems has not been investigated.

An industrial high-pressure turbine (HPT) sealing disk was initially designed with
seventy-five circular vent holes, where severe stress concentration occurs. To handle the
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stress concentration and reduce the maximum von Mises stress of the initial circular vent
holes, this paper attempts to redesign and optimize the shape of the vent holes. Different
from the existing studies, an effective integrated design optimization method is developed.
The main contribution of this paper is: (1) developing an effective integrated design
optimization method for the shape design of vent holes of the HPT sealing disk to reduce
the maximum von Mises stress; (2) optimizing and comparing different shapes of vent holes,
and analyzing and finding out the best design scheme to meet the needs of industrial design;
and (3) investigating the practicality of SDPSO in engineering optimization problems with
constraints.

2. Vent Holes of HPT Sealing Disk

The HPT sealing disk is a crucial component of an aero-engine. It could prevent the
high-temperature gas from entering the disk cavity and affecting the service life of the HPT
disk. The main reason is that the typical structures on it, such as vent holes, regulate the
cooling airflow in each chamber. The vent holes are located at the outlet of the pre-swirl
nozzle, which is also a vital component of the pre-swirl system. Numerous studies have
shown that the vent holes’ radial position and total area could significantly affect the
pre-swirl system’s aerodynamic and heat transfer performance [28,29]. The vent holes are
obviously significant, yet the harsh working environment of high temperatures and high
rotational speeds make them bear large and complex mechanical and thermal loads. The
sudden change of the cross-section of the holes easily causes severe stress concentration.
The areas around the vent holes are thus easy to fail and belong to the hazardous strength
regions. It can be seen that the design of vent holes is a complex multi-disciplinary and
multi-part collaborative task.

An HPT sealing disk was initially designed with seventy-five circular vent holes, of
which the total area is st. This scheme fully meets the pre-swirl system’s aerodynamic and
heat transfer performance requirements yet violates the strength requirements. Figure 1
shows the von Mises stress distribution of the single-hole sector sub-model of the HPT
sealing disk [21]. We can see that the severe stress concentration happens around the vent
holes, and the maximum von Mises stress is much greater than the yield strength of the
selected material.
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3. Methods
3.1. Integrated Design Optimization Method

To reduce the computational cost of the FEM-based optimization, this paper selects
the cyclically symmetric sector sub-model of the studied HPT sealing disk as the analytical
model, as shown in Figure 2. The sub-model was proposed by the author, and its effective-
ness has been validated [21]. To fully consider the pre-swirl system’s aerodynamic and heat
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transfer performance requirements, the vent holes’ total area and radial position are strictly
limited to a small variation range. In optimization, the vent hole is located in the blue area
in Figure 2. To be noted, the area of the single vent hole is changed in optimization. The
number of the vent holes n and the sector angle of the sub-model are changed accordingly.
The change of the discrete quantity n may lead to some difficulties in geometric modelling,
mesh generation, and finite element analysis. These difficulties are solved by using the
developed integrated design optimization method. Figure 5 shows the flowchart of the
integrated design optimization method, which mainly includes four different shape designs
(circular, elliptical, race-track, and four-arc) for holes, an updated self-developed modelling
and meshing tool, an APDL-based strength analysis, and a self-proposed efficient SDPSO
algorithm. The details are introduced as follows:

1. Choose the shape of the vent hole as needed. This paper provides four different shape
designs for the vent hole, namely the circular hole, the elliptical hole, the race-track
hole, and the four-arc hole [21], as shown in Figure 3. The holes are described in a
cylindrical coordinate system, where r represents the radial direction, θ represents the
circumferential direction, and z represents the axial direction. The shape and position
of the circular hole are determined by the center (rc0, θc0 = 0, zc0 = 0) and the radius
rcr; while that of the elliptical hole are determined by the center (re0, θe0 = 0, ze0 = 0),
the axis ae, and the axis be; that of the race-track hole are determined by the center
(rr0, θr0 = 0, zr0 = 0), the side ar, and the side br. The four-arc hole is biaxial symmetric
and consists of four smoothly connected arcs. The large arc Al is tangent to both the
small arc As and the basic circle Ab. The shape and position of the four-arc hole are
determined by the center (rf0, θf0 = 0, zf0 = 0), the radius of the basic circle rfb, the
radius of the large arc rfl, and the radius of the small arc rfs.

2. Select the design variables according to the shape of the vent hole and determine their
variation ranges. For the circular hole, the two parameters rc0 and rcr are chosen as
the design variables. For the elliptical hole, the three parameters re0, ae, and be are
chosen as the design variables. For the race-track hole, the three parameters rr0, ar,
and br are chosen as the design variables. For the four-arc hole, the four parameters
rf0, rfb, rfl, and rfs are chosen as the design variables [21]. The variation ranges of
these parameters are determined based on the upper and lower boundaries of the
blue design region in Figure 2.

3. Calculate the area of the single vent hole ss, the number of the vent holes n, and the
sector angle of the sub-model 2π

n . The areas of the single circular hole, the single
elliptical hole, the single race-track hole, and the single four-arc hole are denoted
as scs, ses, srs, and sfs, respectively. Their analytical expressions are derived for the
convenience of calculating the number of the vent holes.

scs = πr2
cr

ses = πaebe

srs = 4arbr + πb2
r

sfs = 2
(

arccos rfl−rfb
rfl−rfs

)
×
(
r2

fl − r2
fs
)
+ πr2

fs − 2(rfl − rfb)×
√
(rfl − rfs)

2 − (rfl − rfb)
2

(1)

Considering the total area of the newly designed vent holes (namely n× ss) is limited
between st,low and st,up, the number of the vent holes n is calculated.

n = ceil
(

st,low

ss

)
(2)

where ceil(•) denotes a function that rounds the variable to the nearest integer greater
than or equal to it. Accordingly, the limitation to the total area could be transformed
as follows:

n× ss ≤ st,up (3)
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Then, the sector angle 2π
n is calculated and used to determine the geometry of the

single-hole sector sub-model in combination with the design variables of the vent
hole.

4. Automatically rebuild the geometry of the sector sub-model and generate the high-
quality hexahedral mesh by using an updated self-developed modelling and meshing
tool. The automatic geometry reconstruction and the high-quality mesh regeneration
are two core technologies of the FEM-based optimization. To ensure high robust-
ness, flexibility, and computational accuracy, the author develops a convenient and
unified modelling and meshing tool by using Tck/Tk Scripts. Based on the original
version [21], the current tool is extended to deal with four different shape designs for
the vent holes. The geometry of the whole-ring sub-model with no vent hole is con-
structed in advance. Once the shape and parameters of the vent holes are determined,
the single-hole sector sub-model will be built and partitioned into four revolving or
extruding bodies. The 2D high-quality quadrilateral elements are then generated on
the source faces of the regular bodies. The mapping/sweeping method is used to
generate the 3D high-quality hexahedral mesh for the four regular bodies by mapping
or sweeping the quadrangle mesh to the target faces. Particularly, the “trajectory
mesh” along the sweeping direction is constructed to solve the mesh compatibility
problem between neighboring bodies. Figure 4 shows the automatically generated
high-quality hexahedral mesh models for the single-hole sector sub-model with the
different shapes of the vent holes. We can see that the mesh quality in the areas
around the vent holes of the different shapes are consistent and high. It can avoid
the influences of mesh schemes on the stress distribution around the vent holes with
different shapes.

5. Automatically conduct the ANSYS APDL-based strength analysis and extract the
maximum von Mises stress σeq,max. FGH96 is selected as the material, which has
excellent thermal stability and endurance strength at high temperatures. The 3D
20-node SOLID 186 is selected as the computational element type of the sector sub-
model. To impose the displacement boundary conditions, the coordinate systems
of all the nodes of the sector sub-model are rotated into the cylindrical coordinate
systems. The cyclic symmetry conditions are imposed on both sides of the sector
sub-model. According to the variable dimension sub-model method developed by the
author [21], the displacement boundary conditions are applied to the cut-boundary
locations of the sub-model. The centrifugal, thermal, and aerodynamic loads are
applied according to the actual working environment. Notably, the temperature field
and the aerodynamic pressure are determined according to the analysis results of the
heat transfer and aerodynamic disciplines.

6. Check whether the optimization is converged. If not, the proposed SDPSO will be
employed to find a new design scheme, and Step 2 to Step 5 will be repeated. If yes,
the iteration will be terminated, and the optimal scheme will be obtained.



Appl. Sci. 2022, 12, 5395 6 of 22

Appl. Sci. 2022, 12, x FOR PEER REVIEW 4 of 24 
 

To reduce the computational cost of the FEM-based optimization, this paper selects 
the cyclically symmetric sector sub-model of the studied HPT sealing disk as the analytical 
model, as shown in Figure 2. The sub-model was proposed by the author, and its 
effectiveness has been validated [21]. To fully consider the pre-swirl system’s 
aerodynamic and heat transfer performance requirements, the vent holes’ total area and 
radial position are strictly limited to a small variation range. In optimization, the vent hole 
is located in the blue area in Figure 2. To be noted, the area of the single vent hole is 
changed in optimization. The number of the vent holes n  and the sector angle of the sub-
model are changed accordingly. The change of the discrete quantity n  may lead to some 
difficulties in geometric modelling, mesh generation, and finite element analysis. These 
difficulties are solved by using the developed integrated design optimization method. 
Figure 3 shows the flowchart of the integrated design optimization method, which mainly 
includes four different shape designs (circular, elliptical, race-track, and four-arc) for 
holes, an updated self-developed modelling and meshing tool, an APDL-based strength 
analysis, and a self-proposed efficient SDPSO algorithm. The details are introduced as 
follows: 

 
Figure 2. Cyclically symmetric sector sub-model of the studied HPT sealing disk. 

1. Choose the shape of the vent hole as needed. This paper provides four different shape 
designs for the vent hole, namely the circular hole, the elliptical hole, the race-track 
hole, and the four-arc hole [21], as shown in Figure 4. The holes are described in a 
cylindrical coordinate system, where r  represents the radial direction, θ  repre-
sents the circumferential direction, and z  represents the axial direction. The shape 
and position of the circular hole are determined by the center ( )c 0 c 0 c 0, 0, 0= =θr z  and 
the radius crr ; while that of the elliptical hole are determined by the center 

( )e 0 e 0 e 0, 0, 0= =θr z , the axis ea , and the axis eb ; that of the race-track hole are deter-
mined by the center ( )r 0 r 0 r 0, 0, 0= =θr z , the side ra , and the side rb . The four-arc 
hole is biaxial symmetric and consists of four smoothly connected arcs. The large arc 

lA  is tangent to both the small arc sA  and the basic circle bA . The shape and posi-
tion of the four-arc hole are determined by the center ( )f 0 f 0 f 0, 0, 0= =θr z , the radius 
of the basic circle fbr , the radius of the large arc f lr , and the radius of the small arc 

f sr . 

Figure 2. Cyclically symmetric sector sub-model of the studied HPT sealing disk.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 5 of 24 
 

 
Figure 3. Flowchart of the developed integrated design optimization method. 

2. Select the design variables according to the shape of the vent hole and determine 
their variation ranges. For the circular hole, the two parameters c 0r  and crr  are cho-
sen as the design variables. For the elliptical hole, the three parameters e0r , ea , and 

eb  are chosen as the design variables. For the race-track hole, the three parameters 

r 0r , ra , and rb  are chosen as the design variables. For the four-arc hole, the four 
parameters f 0r , fbr , f lr , and f sr  are chosen as the design variables [21]. The varia-
tion ranges of these parameters are determined based on the upper and lower bound-
aries of the blue design region in Figure 2. 

3. Calculate the area of the single vent hole ss , the number of the vent holes n , and 

the sector angle of the sub-model 2π
n . The areas of the single circular hole, the sin-

gle elliptical hole, the single race-track hole, and the single four-arc hole are denoted 
as css , ess , rss , and fss , respectively. Their analytical expressions are derived for 
the convenience of calculating the number of the vent holes. 

( ) ( ) ( ) ( )

2
cs cr

es e e
2

rs r r r

2 22 2 2f l fb
fs f l f s f s f l fb f l f s f l fb

f l f s

4

2 arccos 2

 =
 =
 = +
  − = × − + − − × − − −   − 

π

s πr
s πa b
s a b πb

r r
s r r r r r r r r r
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Figure 3. Schematics of four different shape designs for the vent hole. (a) Circular hole; (b) Elliptical
hole; (c) Race-track hole; and (d) Four-arc hole.
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3.2. Optimization Model

The maximum von Mises stress σeq,max of the sector sub-model of the studied HPT seal-
ing disk is selected as the objective. According to the above discussions, the optimization
models of the four different shapes of vent holes could be expressed as follows:
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1. Optimization model of the circular vent hole:

min : σeq,max
w.r.t. : rcr, rc0

s.t. :


2 ≤ rcr ≤ 8
216 + rcr ≤ rc0 ≤ 232− rcr
n× scs ≤ st,up

(4)

There are some couplings between the variation ranges of rcr and rc0 in Equation (4),
which will make the optimization process difficult to run. An ingenious transforma-
tion in Equation (5) is employed to obtain a decoupled optimization model, as shown
in Equation (6). {

rcr,s =
rcr−5

3
rc0,s =

rc0−224
8−rcr

(5)

min : σeq,max
w.r.t. : rcr,s, rc0,s

s.t. :


−1 ≤ rcr,s ≤ 1
−1 ≤ rc0,s ≤ 1
n× scs ≤ st,up

(6)

2. Optimization model of the elliptical vent hole:

min : σeq,max
w.r.t. : ae, be, re0

s.t. :


2 ≤ ae ≤ 8
2 ≤ be ≤ 8
216 + be ≤ re0 ≤ 232− be
n× ses ≤ st,up

(7)

There are some couplings among the variation ranges of ae, be, and re0 in Equation (7),
which will make the optimization process difficult to run. An ingenious transforma-
tion in Equation (8) is employed to obtain a decoupled optimization model, as shown
in Equation (9). 

ae,s =
ae−5

3
be,s =

be−5
3

re0,s =
re0−224

8−be

(8)

min : σeq,max
w.r.t. : ae,s, be,s, re0,s

s.t. :


−1 ≤ ae,s ≤ 1
−1 ≤ be,s ≤ 1
−1 ≤ re0,s ≤ 1
n× ses ≤ st,up

(9)

3. Optimization model of the race-track vent hole:

min : σeq,max
w.r.t. : ar, br, rr0

s.t. :


0 ≤ ar ≤ 10
2 ≤ br ≤ 8
216 + br ≤ rr0 ≤ 232− br
n× srs ≤ st,up

(10)

There are some couplings among the variation ranges of ar, br, and rr0 in Equation (10),
which will make the optimization process difficult to run. An ingenious transforma-
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tion in Equation (11) is employed to obtain a decoupled optimization model, as shown
in Equation (12). 

ar,s =
ar−5

5
br,s =

br−5
3

rr0,s =
rr0−224

8−br

(11)

min : σeq,max
w.r.t. : ar,s, br,s, rr0,s

s.t. :


−1 ≤ ar,s ≤ 1
−1 ≤ br,s ≤ 1
−1 ≤ rr0,s ≤ 1
n× srs ≤ st,up

(12)

4. Optimization model of the four-arc vent hole:

min : σeq,max
w.r.t. : rfb, rfl, rfs, rf0

s.t. :


3 ≤ rfb ≤ 8
10 ≤ rfl ≤ 50
2 ≤ rfs ≤ rfb − 0.3
216 + rfb ≤ rf0 ≤ 232− rfb
n× sfs ≤ st,up

(13)

There are some couplings among the variation ranges of rfb, rfl, rfs, and rf0 in Equation
(13), which will make the optimization process difficult to run. An ingenious transfor-
mation in Equation (14) is employed to obtain a decoupled optimization model, as
shown in Equation (15) [21]. 

rfb,s =
rfb−5.5

2.5

rfl,s =
rfl−30

20

rfs,s =
2(rfs−2)
rfb−2.3 − 1

rf0,s =
rf0−RL−8

8−rfb

(14)

min : σeq,max
w.r.t. : rfb, rfl, rfs, rf0

s.t. :



−1 ≤ rfb,s ≤ 1

−1 ≤ rfl,s ≤ 1

−1 ≤ rfs,s ≤ 1

−1 ≤ rf0,s ≤ 1
n× sfs ≤ st,up

(15)

3.3. Optimization Algorithm
3.3.1. PSO

The PSO algorithm is a new swarm intelligence algorithm proposed by Kennedy and
Eberhart in 1995 to simulate the foraging behavior of birds in nature [30]. In PSO, particles
in a swarm are produced in a d-dimensional space. The position of each particle in the
population represents a candidate solution of the corresponding optimization problem.
Different particles cooperate and compete to realize the search process in the optimization
space and find out the optimal solution to the problem. The position of the optimal
particle is finally obtained through a continuous iterative update of velocity. The velocity
and position of the ith particle are represented by vi (t) = (vi1(t), vi2(t), . . . , vid(t)) and
xi(t) = (xi1(t), xi2(t), . . . , xid(t)) , where t and d denote the number of iterations and the
dimension of the optimization problem, respectively. The velocity of the ith particle in the
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t+1th iteration, vi(t+1), is updated by using three vectors: (1) vi (t), the velocity of the ith
particle in the tth iteration; (2) pi = (pi1, pi2, . . . , pid), the best position pbest in the history of
the ith particle; and (3) pg = (pg1, pg2, . . . , pgd), the best position gbest of the whole swarm
in history.

The renewal equation of vi(t+1) is as follows [27]:

vi(t + 1) = wvi(t) + c1r1(pi(t)− xi(t)) + c2r2(pg(t)− xi(t)) (16)

where w is the inertia weight; c1 and c2 are the acceleration coefficients that are called the
cognitive and social parameters, respectively; and r1 and r2 are two random numbers that
are between intervals [0, 1].

Accordingly, the position of the ith particle is updated as follows:

xi(t + 1) = xi(t) + vi(t + 1) (17)

3.3.2. SDPSO

For high-dimensional or multi-modal problems, PSO is easy to converge prematurely.
The particle swarm falls into a local optimum at this moment, reducing the swarm’s
diversity. To prevent the premature convergence of PSO, the author proposes a new
switching delayed PSO (SDPSO) by adaptively adjusting the particle’s velocity with a
Markov chain and an evolutionary factor [27]. Moreover, the particle’s velocity in the
current iteration is also adjusted by the delayed information of pbest founded by itself and
gbest in the whole swarm according to the evolutionary states.

The renewal equation could be written as follows [27]:

vi(t + 1) = w(t)vi(t) + c1(ξ(t))r1(pi(t− τ1(ξ(t)))− xi(t)) + c2(ξ(t))r2

(
pg(t− τ2(ξ(t)))− xi(t)

)
(18)

where c1(ξ(t)) and c2(ξ(t)) represent the acceleration coefficients, and τ1(ξ(t)) and τ2(ξ(t))
represent the delay constants. The four parameters are determined by a non-homogeneous
Markov chain ξ(t) (t ≥ 0). The value of the Markov chain is selected in finite state space
S ={1, 2, 3, 4} by using a probability transition matrix ∏(t) =

(
π
(t)
ij

)
N×N

, where π
(t)
ij is the

transition rate from i to j, namely,

πij= P{ξ = j|ξ = i}, i, j= 1, 2, 3, 4. (19)

To be noted, π
(t)
ij ≥ 0 and

N
∑

j=1
π
(t)
ij = 1.

The searching process of SDPSO is divided into four states, namely convergence,
exploration, exploitation, and jumping out, which are represented by ξ(t) = 1, ξ(t) = 2,
ξ(t) = 3, ξ(t) = 4 in the Markov chain, respectively.

The value of ξ(t) is first selected according to an evolution factor Ef.

ξ(t) =


1, 0 ≤ Ef < 0.25,
2, 0.25 ≤ Ef < 0.5
3, 0.5 ≤ Ef < 0.75,
4, 0.75 ≤ Ef < 1,

(20)

The evolution factor Ef is defined as follows:

Ef =
Dg − Dmin

Dmax − Dmin
(21)

where Di = 1
s ∑s

j=1

√
∑d

k=1 (xk
i − xk

j )
2 represents the average distance between the ith

particle and other particles in the swarm; s represents the size of the swarm; Dmin and Dmax
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represent the minimum and maximum average distance in the swarm; and Dg represents
the average distance between the globally best particle and other particles in the swarm.

The value of ξ(t) is then randomly changed based on the probability transition matrix,
given as follows:

∏=


χ 1− χ 0 0

1−χ
2 χ 1−χ

2 0
0 1−χ

2 χ 1−χ
2

0 0 1− χ χ

 (22)

where χ is set to be 0.9 in this paper.
The tendency of the inertia weight w is the same as the evolution factor Ef. It is defined

as follows:
w(t) = 0.5Ef + 0.4, ∀Ef ∈ [0, 1] (23)

The initial values of the acceleration coefficients c1 and c2 are set to 0.9. In subsequent
iterations, they are automatically adjusted according to the evolutionary states given in
Table 1 [27].

Table 1. Strategies for selecting c1 and c2.

State Mode c1 c2

Convergence ξ(t) = 1 2 2
Exploitation ξ(t) = 2 2.1 1.9
Exploration ξ(t) = 3 2.2 1.8
Jumping-out ξ(t) = 4 1.8 2.2

The delayed information of pbest and gbest are also utilized to update the velocity
based on the evolutionary state. The strategies for selecting the delayed information are
summarized in Table 2 [27], where the delay constants τ1(ξ(t)) and τ2(ξ(t)) are selected
randomly; b•c denotes the floor function that returns the nearest integer less than or equal
to the variable; and rand denotes the random function that returns a single uniformly
distributed random number between 0 and 1.

Table 2. Strategies for selecting delayed information and parameters.

State Mode pbest gbest τ1(ξ(t)) τ2(ξ(t))

Convergence ξ(t) = 1 pi(t) pg(t) 0 0
Exploitation ξ(t) = 2 pi(t− τ1(ξ(t))) pg(t) bt·randc 0
Exploration ξ(t) = 3 pi(t) pg(t− τ2(ξ(t))) 0 bt·randc
Jumping-out ξ(t) = 4 pi(t− τ1(ξ(t))) pg(t− τ2(ξ(t))) bt·randc bt·randc

3.3.3. Performance Comparison

The performance of SDPSO and several PSO variants have been compared through
five unconstrained benchmark functions by the author [27]. Considering that the stress
optimization for vent holes has a constraint on the total area, this paper selects two new
benchmark optimization problems with constraints to evaluate the performance of SDPSO
and two other classic PSO variants, namely PSO-CK and SPSO [31]. The two benchmark
optimization problems (BOP) are taken from Mallipeddi et al. [32] and Liang et al. [33] and
defined as follows:
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1. BOP1: 10-dimensional optimization problem

min : f (x) = −

∣∣∣∣∣∣∣∣
10
∑

i=1
cos4(zi)−2

10
∏

i=1
cos2(zi)√

D
∑

i=1
izi

2

∣∣∣∣∣∣∣∣
w.r.t. : xi, i = 1, 2, . . . , 10

s.t. :


g1 = 0.75−

10
∏
i=1

zi ≤ 0

g2 =
10
∑

i=1
zi − 75 ≤ 0

x ∈ [0, 10]10

(24)

where z = x− o, o = [0.03085872,−0.07863229, 0.04865115,−0.06908983,−0.08791854,
0.08898264, 0.07414324, −0.08652759, −0.02061653, 0.05558611];

2. BOP2: 13-dimensional optimization problem

min : f (x) = 5
4
∑

i=1
xi − 5

4
∑

i=1
x2

i −
13
∑

i=5
xi

w.r.t. : xi, i = 1, 2, . . . , 13

s.t. :



g1 = 2x1 + 2x2 + x10 + x11 − 10 ≤ 0
g2 = 2x1 + 2x3 + x10 + x12 − 10 ≤ 0
g3 = 2x2 + 2x3 + x11 + x12 − 10 ≤ 0
g4 = −8x1 + x10 ≤ 0
g5 = −8x2 + x11 ≤ 0
g6 = −8x3 + x12 ≤ 0
g7 = −2x4 − x5 + x10 ≤ 0
g8 = −2x6 − x7 + x11 ≤ 0
g9 = −2x8 − x9 + x12 ≤ 0
0 ≤ xi ≤ 1(i = 1, . . . , 9)
0 ≤ xi ≤ 100(i = 10, 11, 12)
0 ≤ x13 ≤ 1

(25)

The parameters of the two benchmark optimization problems are set as follows:
the particle number s = 50 and the maximum generation number tmax = 200. The three
optimization algorithms (PSO-CK, SPSO, and SDPSO) are repeated 25 times for each
benchmark optimization problem to reduce the randomness, respectively.

Figure 6 shows the boxplots of the optimal values of the 25 repetitions obtained by
PSO-CK, SPSO, and SDPSO for BOP1 and BOP2, respectively. The boxplots provide a
graphical depiction of how the optimal values vary over the 25 repetitions. We can see that:
(1) for the two benchmark optimization problems, the optimal values obtained by SDPSO
are significantly lower than those obtained by PSO-CK and SPSO. (2) The variation of the
optimal values of the 25 repetitions obtained by SDPSO is also smaller than that obtained
by PSO-CK and SPSO.

The actual mean, minimum, and standard deviation values of the optimal values of
25 repetitions obtained by PSO-CK, SPSO, and SDPSO for each benchmark optimization
problem are shown in Table 3. The bold values in the table indicate the best results among
the three optimization algorithms. From Table 3, we can see that: (1) all the bold values
are distributed in the column of SDPSO. That is, the optimization capability of SDPSO is
better than that of PSO-CK and SPSO. (2) When considering the minimum optimal values
of 25 repetitions, both BOP1 and BOP2 show that SDPSO performs better than PSO-CK and
SPSO. That is, SDPSO has a more significant potential to find the globally optimal solution.
(3) When considering the standard deviation of the optimal values of the 25 repetitions, the
two problems show that SDPSO is more robust than PSO-CK and SPSO.
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Table 3. Mean, minimum, and standard deviation values of the optimal values of 25 repetitions,
obtained by PSO-CK, SPSO, and SDPSO for each benchmark optimization problem, respectively.

Problems Criteria PSO-CK SPSO SDPSO

BOP1
Mean −0.5513 −0.5469 −0.6344

Minimum −0.6675 −0.6586 −0.6684
Std.Dev 0.0578 0.0602 0.0195

BOP2
Mean −9.4227 −9.4800 −13.1658

Minimum −12.00 −12.00 −14.4300
Std.Dev 2.0889 2.0640 1.3983

Figure 7 shows the convergence history of the mean of the present optimal values of
the 25 repetitions obtained by the three optimization algorithms, respectively. We can see
that SDPSO could find better results with a faster convergence speed when compared with
PSO-CK and SPSO.
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In summary, SDPSO is superior to PSO-CK and SPSO in optimization capability,
numerical robustness, and convergence speed for optimization problems with constraints.
It has a more significant potential to find the globally optimal solution.

4. Results and Discussion

To investigate the engineering practicality of SDPSO and reduce the maximum von
Mises stress of the initial circular vent holes, the optimizations of vent holes with four
different shapes are conducted. Considering that the computational cost of the FEM-based
optimization is expensive, the particle number and the maximum generation number of
SDPSO are set to 20 and 50, respectively.

Figure 8 shows the convergence history of the optimization objectives (maximum
von Mises stress) of the four different shapes of vent holes. It can be seen that: (1) The
optimizations for the four different shapes of vent holes converge quickly, and the four
corresponding optimal schemes that satisfy the predefined constraints and possess the
minimum σeq,max are obtained. That is, the proposed SDPSO is an efficient algorithm for
the stress optimization of vent holes. It is suitable and valuable for practical engineering
optimization problems with constraints. (2) Compared with the initial circular scheme, the
maximum von Mises stresses of the four optimal schemes corresponding to the different
shapes of the vent holes are significantly reduced. That is, the developed integrated design
optimization method is effective and advanced for reducing the maximum von Mises stress
around the vent holes. (3) Among the four optimal schemes, the maximum von Mises stress
of the four-arc scheme is the minimum. That is, the four-arc hole has more tremendous
advantages in reducing the maximum von Mises stress of the vent holes, followed by the
elliptical hole, the race-track hole, and the circular hole.
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Table 4 shows the details of the initial circular scheme, optimal circular scheme,
optimal elliptical scheme, optimal race-track scheme, and optimal four-arc scheme. From it,
we can see that: (1) Compared with the initial circular scheme, the total area of the vent
holes corresponding to the four optimal schemes are strictly limited to a small variation
range, yet the number of the vent holes change significantly. Remarkably, the number
of holes corresponding to the optimal circular scheme increases from 75 to 124. (2) The
maximum von Mises stresses of the optimal circular, elliptical, race-track, and four-arc
schemes are reduced from 1313.146 MPa to 1145.819 MPa, 1031.590 MPa, 1042.111 MPa, and
927.395 MPa, respectively. Remarkably, the maximum von Mises stress of the optimal four-
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arc scheme is reduced by 29.376%. Obviously, the four-arc hole performs best, followed by
the elliptical hole, the race-track hole, and the circular hole.

Table 4. Details of the initial circular scheme, optimal circular scheme, optimal elliptical scheme,
optimal race-track scheme, and optimal four-arc scheme.

Schemes Design Variables (mm) Number of
Vent Holes

Maximum Von
MISES Stress

(MPa)

Difference of
Maximum Von

Mises Stress

Initial circular scheme rcr — — rc0 75 1313.146 05.800 225.360

Optimal circular
scheme

rcr — — rc0 124 1145.819 −12.697%4.507 227.493

Optimal elliptical
scheme

ae be — re0 66 1031.590 −21.409%8.000 4.733 227.267

Optimal race-track
scheme

ar br — rr0 90 1042.111 −20.640%1.923 4.198 227.801

Optimal four-arc
scheme

rfb rfs rfl rf0 56 927.395 −29.376%4.504 3.725 24.840 227.496

Figure 9 shows the von Mises stress distribution of the initial circular scheme, optimal
circular scheme, optimal elliptical scheme, optimal race-track scheme, and optimal four-arc
scheme. Combining Table 4 and Figure 9, we can see that: (1) The high-stress area of the
initial circular scheme is only distributed on the lower sides of the hole. In contrast, the
high-stress areas of the four optimal schemes are distributed around the holes. That is, the
von Mises stress distribution of the four optimal schemes are more uniform than that of the
initial circular scheme. (2) For the optimal circular scheme, the radius rcr is reduced from
5.800 to 4.507, and the radial position rc0 is increased from 225.360 to 227.493. It increases
the von Mises stress on the left and right sides of the hole and decreases the stress on the
bottom and top sides. (3) For the optimal elliptical scheme, the axis ae is increased to 8.000
and the axis be is reduced to 4.733. It also increases the von Mises stress on the left and
right sides of the hole and decreases the stress on the bottom and top sides. (4) For the
optimal race-track scheme, the side ar is increased to 1.923 and the side br is reduced to
4.198. It significantly decreases the von Mises stress on the bottom and top sides of the
hole. However, the stresses at the connections of the straight lines and arcs are increased.
(5) For the optimal four-arc scheme, the radius of the basic circle rfb is approximately equal
to the radius rcr of the optimal circular scheme. However, the radius of the large arc rfl is
large enough. It significantly reduces the stresses on the bottom and top sides of the hole.
Additionally, the smooth transitions between the large and small arcs reduce the stresses at
the connections. Therefore, the maximum von Mises stress of the optimal four-arc scheme
is significantly reduced, and the high-stress areas are fairly well-distributed around the
vent hole.

Figure 10 shows the von Mises stress distribution along the edges of the vent holes
of the initial circular scheme and four optimal schemes, respectively. Table 5 lists the
maximum, minimum, mean, and range (difference between the maximum and minimum
values) values of the von Mises stresses along the edges of the vent holes of the five
schemes. Combining Figures 9 and 10 and Table 5, we can see that: (1) Compared with the
initial circular scheme, the maximum von Mises stresses of the optimal circular, elliptical,
race-track, and four-arc schemes are significantly reduced by 13.469%, 18.906%, 18.079%,
and 27.097%. (2) The minimum von Mises stresses of the optimal circular, elliptical, race-
track, and four-arc schemes are increased by 4.528%, 21.319%, 22.973%, and 40.187%,
respectively. (3) The mean von Mises stresses of the optimal circular, elliptical, race-track,
and four-arc schemes only change slightly. (4) The range values of the optimal circular,
elliptical, race-track, and four-arc schemes are significantly reduced by 27.445%, 50.147%,
49.962%, and 79.352%. (5) Obviously, the von Mises stress distribution along the edges of
the vent holes of the four optimal schemes are more uniform than that of the initial circular
scheme. Remarkably, the optimal four-arc scheme is the most uniform and performs the
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best, followed by the optimal elliptical scheme, the optimal race-track scheme, and the
optimal circular scheme. (6) The more uniform the von Mises stresses around the vent
holes, the less the stress concentration and the smaller the maximum von Mises stress.
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Figure 10. Von Mises stress distribution along the edges of the vent holes of the initial circular and
four optimal schemes.

Table 5. Maximum, minimum, mean, and range (difference between the maximum and minimum
values) values of the von Mises stress along the edges of the vent holes of the initial circular and four
optimal schemes.

Schemes Maximum
(MPa) Difference Minimum

(MPa) Difference Mean
(MPa) Difference Range

(MPa) Difference

Initial circular
scheme 1272.098 0 556.080 0 818.125 — 716.018 —

Optimal circular
scheme 1100.762 −13.469% 581.258 4.528% 847.970 3.648% 519.505 −27.445%

Optimal elliptical
scheme 1031.590 −18.906% 674.632 21.319% 859.042 5.001% 356.958 −50.147%

Optimal
race-track scheme 1042.111 −18.079% 683.831 22.973% 858.025 4.877% 358.280 −49.962%

Optimal four-arc
scheme 927.396 −27.097% 779.550 40.187% 858.501 4.935% 147.846 −79.352%

Figure 11 shows the radial and circumferential stress distribution of the initial circular
and four optimal schemes. Combining Figures 9 and 11, we can see that: (1) For all the five
schemes, the high-radial-stress areas are distributed on the left and right sides of the hole,
while the high-circumferential-stress areas are distributed on the bottom and top sides of
the hole. (2) The maximum radial stress is much less than the maximum circumferential
stress for the initial circular scheme. However, the maximum radial stresses are close to the
maximum circumferential stresses for the four optimal schemes. (3) For all the five schemes,
the maximum von Mises stresses are close to the larger values of the maximum radial stress
and the maximum circumferential stress. (4) The reason for the better performance of the
four optimal schemes is: by changing the shapes and corresponding design parameters
of the vent holes, the maximum radial stress is adjusted to be close to the maximum
circumferential stress, and, accordingly, the maximum von Mises stresses at the left and
right sides of the hole are adjusted to be approximately equal to those at the bottom and
top sides. It could reduce the stress concentration and achieve uniform stress distribution.
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Figure 11. Radial and circumferential stress distribution of the initial circular and four optimal
schemes. (a) Radial stress distribution of the initial circular scheme; (b) Circumferential stress
distribution of the initial circular scheme; (c) Radial stress distribution of the optimal circular scheme;
(d) Circumferential stress distribution of the optimal circular scheme; (e) Radial stress distribution of
the optimal elliptical scheme; (f) Circumferential stress distribution of the optimal elliptical scheme;
(g) Radial stress distribution of the optimal race-track scheme; (h) Circumferential stress distribution
of the optimal race-track scheme; (i) Radial stress distribution of the optimal four-arc scheme; and
(j) Circumferential stress distribution of the optimal race-track scheme.

In summary, SDPSO is suitable and valuable for the stress optimization of vent holes
with constraints. The developed integrated design optimization method is effective and
advanced for reducing the maximum von Mises stress around the vent holes. Remarkably,
the adopted four-arc hole has more tremendous advantages in reducing the maximum von
Mises stress, followed by the elliptical hole, the race-track hole, and the circular hole.

5. Conclusions

To reduce the maximum von Mises stress around the vent holes of a high-pressure
turbine sealing disk, this paper developed an effective integrated design optimization
method, which mainly includes four different shape designs (circular, elliptical, race-
track, and four-arc) for holes, an updated self-developed modelling and meshing tool,
an APDL-based strength analysis, and a self-proposed efficient SDPSO algorithm. The
main idea of SDPSO is: (1) by evaluating an evolutionary factor and utilizing a probability
transition matrix, a non-homogeneous Markov chain is determined and auto-updated
in each generation; and (2) the evolutionary factor and the Markov chain are used to
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adaptively select the inertia weight, acceleration coefficients, and delayed information to
adjust the particle’s velocity. Two benchmark optimization problems with constraints were
selected to compare the performance of SDPSO and two popular PSO algorithms (PSO-CK
and SPSO). Furthermore, SDPSO was used for the stress optimization of vent holes with
four different shapes. From the results of this study, some findings could be summarized
as follows:

1. For the two benchmark optimization problems, SDPSO is superior to PSO-CK and
SPSO in optimization capability, numerical robustness, and convergence speed. SDPSO
has a more significant potential to find the globally optimal solution.

2. The optimizations for the vent holes with four different shapes converge quickly.
SDPSO is suitable and valuable for the stress optimization of vent holes. It is an
efficient algorithm for practical engineering optimization problems with constraints.

3. Compared with the initial circular scheme, the maximum von Mises stresses of
the optimal circular, elliptical, race-track, and four-arc schemes are reduced from
1313.146 MPa to 1145.819 MPa, 1031.590 MPa, 1042.111 MPa, and 927.395 MPa, respec-
tively. Remarkably, the maximum von Mises stress of the optimal four-arc scheme
is reduced by 29.376%. It could be concluded that the developed integrated design
optimization method is effective and advanced for reducing the maximum von Mises
stress around the vent holes. Particularly, the adopted four-arc hole has more tremen-
dous advantages in reducing the maximum von Mises stress, followed by the elliptical
hole, the race-track hole, and the circular hole.

4. The von Mises stress distribution along the edges of the vent holes of the four optimal
schemes are more uniform than that of the initial circular scheme. Remarkably, the
optimal four-arc scheme is the most uniform and performs the best, followed by the
optimal elliptical scheme, the optimal race-track scheme, and the optimal circular
scheme. It could be concluded that the more uniform the von Mises stresses around
the vent holes, the less the stress concentration and the smaller the maximum von
Mises stress.

5. By changing the shapes and corresponding design parameters of the vent holes, the
maximum radial stress is adjusted to be close to the maximum circumferential stress,
and, accordingly, the maximum von Mises stresses at the left and right sides of the
hole are adjusted to be approximately equal to those at the bottom and top sides. It
could reduce the stress concentration and achieve a uniform stress distribution.
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