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Abstract: Control of closed-kinematic chain manipulators (CKCM) with uncertain dynamics is a
tremendous challenge due to the synchronization among actual joints and end-effectors, limited
workspace, and nonexistent closed-form solutions of forward kinematics. This paper proposes a
synchronization control scheme based on the concept of sliding mode control (SMC) developed for
CKCMs called nonsingular fast terminal sliding mode control (NFTSMC) in conjunction with the
time-delay estimation (TDE) method to address the above issues. First, the cross-coupling error is
derived by combining position errors and synchronization errors to achieve the synchronization goal
and then used to form a sliding mode surface of the NFTSMC. After that, a control law is developed
based on the sliding mode surface to ensure faster asymptotic convergence of the errors of both
position and synchronization of the CKCMs in a finite and minimal time. Then, the TDE control
scheme with no prior knowledge of manipulator dynamics is employed to estimate the unknown
dynamics and disturbances and thereby reject the effects of chattering caused by the NFTSMC.
Lyapunov stability theorem is employed to show that the overall system controlled by the proposed
control scheme achieves asymptotic convergence of errors and system stability. The performance of
the proposed control is assessed by computer simulation on a 2 degrees-of-freedom (DOF) planar
CKCM manipulator and simulation results are presented and discussed.

Keywords: closed-kinematic chain manipulator (CKCM); sliding mode control (SMC); time-delay
estimation (TDE); nonsingular fast terminal sliding mode control (NFTSMC); synchronization control;
model-free control

1. Introduction

Closed-kinematic chain manipulators (CKCMs) for which its motion is achieved in all
degrees-of-freedom (DOF) by the combined motion of their active joints can provide higher
positioning accuracy and greater payload handling capability than the conventional open-
kinematic chain manipulators (OKCM) composed of serial linkages or rigid bodies [1–4].
Despite the above advantages, CKCMs possess several drawbacks such as synchronization
among actual joints and end-effectors, limited workspace, and nonexistent closed-form
solutions of forward kinematics. To address the above issues, the concept of synchronization
control has been considered, and as a result, there has been much effort in the development
and implementation of error synchronization-based control schemes for CKCMs. In a
synchronization-based control scheme, all joints are synchronously driven to improve
CKCM’s performance.

The synchronization concept was first introduced in [5], and it was applied to perform
tracking control of parallel robots [6–9]. Most existing synchronized control schemes are
model-based such as the computed torque control (CTC) [10], adaptive control [11,12],
and sliding mode control (SMC) [13,14]. In general, a SMC scheme consists of a driving
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component that forces the system’s trajectory to reach a stable hyperplane (sliding surface)
and a design of a sliding surface that assures the plant’s desired error dynamics. The imple-
mentation of the above synchronized control schemes requires a precise dynamical model
of the manipulator, for which its calculation is highly computationally intensive. Moreover,
it was concluded that an accurate mathematical dynamic model of CKCMs is difficult to
obtain. Consequently, the above model-based control schemes are not suitable for real-time
control of CKCM manipulators, particularly those with more than 2 DOFs. To tackle the
above dynamic modeling issue, the authors in [15,16] considered synchronized control
schemes that have simple structures and do not require knowledge of the manipulator
dynamics to implement their control laws. However, those control approaches proposed
for parallel manipulators can only achieve asymptotic stability, which requires infinite time
to converge to an equilibrium point. In order to assure finite-time convergence, the terminal
SMC (TSMC) scheme was proposed in [17–19]. Then, the advantage control scheme of
TSMC, called Nonsingular Fast Terminal Sliding Mode Control (NFTSMC), was introduced
in [20,21]. This developed control scheme can handle the singularity and fast convergence
of the system. Recently, the NFTSMC was combined with synchronization, and this control
scheme was applied to a parallel robot manipulator in [7]. It used the cross-coupling error
that combined both tracking errors among the active joints and synchronization errors
of a parallel robot to fix the actuator’s external disturbances and dynamic uncertainties.
Thus, the tracking performance of the robot improved significantly. However, the gains
of this control scheme are still selected based on conservative estimates of the dynamic
manipulator model. Thus, it leads to complications in the highly complicated model
in calculations.

Recently, a simple model-free controller called Time-Delay Estimation (TDE) was
applied to CKCMs to solve the above issue. The TDE has been employed to control robot
manipulators over the last decade because of its efficient computation capability [22–24].
It used time-delayed information to estimate unknown dynamics and disturbances in
a sufficiently small time-delay. Lately, the TDE has been combined with Nonsingular
Terminal Sliding Mode (NTSM) control [25] to provide highly robust and precise control
schemes for robots with a fast convergence finite time. To our best knowledge, control
schemes combining the TDE, the NFTSMC and synchronization have not been considered
for controlling CKCMs.

Based on the above analysis, a simple model-free synchronization control system for
CKCMs based on TDE and NFTSMC is proposed in this paper to pursue simplicity while
preserving the robustness of CKCMs.

Comparing to the existing control schemes approach for robot manipulators, the
contribution of this paper can be marked as the following significant points:

(1) Unlike the above-mentioned control schemes, the proposed control scheme TDE-based
NFTSMC with synchronization is proposed for the first time.

(2) A new control scheme is proposed based on the combination of TDE-based NFTSMC
and synchronization control.

(3) The proposed control scheme is to optimally synchronize the robot joints to minimize
the synchronization errors with a NFTSMC-based controller while the robot dynamics
and disturbances are estimated and compensated by a TDE-based subsystem.

This paper presents the computer simulation studies of the performance of the pro-
posed control scheme using Matlab-Simulink. Comparative studies with other existing
control schemes will be conducted.

The paper is organized as follows. Section 2 presents the structure of the proposed
control scheme. Section 3 presents the control scheme analysis without TDE while Section 4
presents the description of subsystems and discusses their simplicity and efficiency. The
stability and the stability provided by the control scheme is analyzed and discussed in
Section 5. Section 6 presents and discusses results of computer simulation conducted to
study the performance of the control scheme applied to control the motion of a 2 DOF
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CKCM manipulator in comparison with other existing control schemes. Finally, Section 7
concludes the paper with a summary of the paper and final comments.

2. Structure of the Control Scheme
2.1. Kinematic Scheme of the CKCM

The structures of the 2 DOF CKCM manipulator and the frame assignment are shown
in Figures 1 and 2, respectively. Figure 1 shows a two DOF CKCM manipulator, which is a
special case of the n-DOF CKCM manipulator. It consists of an end-effector platform and a
fixed upper platform interconnected by two links. All links act in a parallel manner and
share the same payload.
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Figure 2 depicts the frame assignment for the two DOF planar CKCM manipulator
with a two-dimensional coordinate system (x, y). From this figure, we obtain the following:

q2
1 = x2 + y2 (1)

q2
2 = (d− x)2 + y2 (2)

where d is the distance between the pin joints hanging the two actuators, (x, y) represents
the Cartesian position of the end-effector, and q2 and q2 are the length of the first and
second legs, respectively.

We see that (1) and (2) represent a closed-form solution for the inverse kinematics in
the sense that they can be used to determine the leg lengths q1 and q2 that yield a desired
Cartesian position (x, y).

Moreover, from (1) and (2), the Cartesian variables x and y can be obtained as follows.

x =
q2

1 − q2
2 + d2

2d
(3)

y =
−
√

4d2q2
1 −

(
q2

1 − q2
2 + d2

)
2d

(4)

We see that (3) and (4) represent a closed-form solution for the forward kinematics in
the sense that a Cartesian position can be determined based the actual leg lengths q1 and
q2. We note that, due to the small number of DOFs of this manipulator, it has closed-form
solutions for both its forward and inverse kinematics.

2.2. Structure of the Proposed Control Scheme

The structure of the proposed control scheme is presented in Figure 2. It mainly
consists of three subsystems: the Synchronization Subsystem, the NFTSMC Subsystem.
and the TDE Subsystem.

The notations used in Figure 3 are listed below:

• xd ∈ Rn: the desired Cartesian configuration vector. (Note: Configuration means both
position and orientation of the CKCM);

• qd ∈ Rn, q ∈ Rn and
..
q ∈ Rn: the desired joint vector, actual joint vector, and actual

acceleration vector, of the CKCM, respectively;
• ec ∈ Rn: the synchronization error vector;
• u ∈ Rn: the control law vector of the NFTSMC;
• M(q) ∈ Rn×n: constant, diagonal matrix selected by the TDE;
• r ∈ Rn: the output vector of the NFTSMC Subsystem;
• τ ∈ Rn: the compensated control input vector to the CKCM;
• τd ∈ Rn: the external disturbances vector;
• L: the estimate time delay of the TDE;
• ..

qt−L ∈ Rn and τt−L ∈ Rn: the past acceleration vector and past control input vector of
the CKCM, respectively;

• Ĥ ∈ Rn: the estimate of all nonlinear terms including the inertia uncertainty, Corio-
lis/centripetal vector, gravitational vector, friction vector, and disturbances.

The operation of the proposed control scheme applied to control the motion of an
n-DOF CKCM is described as follows. The desired Cartesian vector xd of the manipulator
configuration (position and orientation) specified by the user or obtained by a trajectory
planner is transformed to its corresponding desired joint vector qd by the CKCM Inverse
Kinematic Transformation. The desired joint vector qd and the actual joint vector q (pro-
vided by the CKCM joint sensors) are supplied to the Synchronization Subsystem, which
then produces the position errors ei = qdi

− qi of every ith active joint, the synchronization
error eS, and the cross-coupling error ec between the active joints. The cross-coupling
error ec is then inputted to the NFTSMC subsystem that in turn based on ec defines a
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sliding surface to achieve the above desired behavior of the errors. Next, the control law u
composed based on the sliding surface will be a driving component forcing the system’s
trajectory to reach a stable hyperplane (sliding surface). This control law u will then serve
as part of the input τ to the CKCM and is developed to ensure asymptotic convergence
of the errors of both position and synchronization of the CKCM in a finite and minimal
time. The TDE subsystem uses the past control input and acceleration of the CKCM to
estimate the CKCM dynamics and the disturbance torques, which are required for the
implementation of the input τ to CKCM.
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3. Control Scheme Analysis without TDE

The dynamics of an n-DOF CKCM manipulator can be represented in joint-space as
follows [25]:

M(q)
..
q + C

(
q,

.
q
) .
q + G(q) + F

(
q,

.
q
)
+ τd = τ (5)

where M(q) ∈ Rn×n stands for the generalized inertia matrix, C
(
q,

.
q
)
∈ Rn×n is the

Coriolis/centripetal matrix, G(q) ∈ Rn is the gravitational vector, and F
(
q,

.
q
)
∈ Rn is the

friction forces.
Suppose system (5) can be decomposed into n decoupled systems and is presented by

the following:
M

..
q+H(q,

.
q,

..
q) = τ (6)

where M is a constant diagonal matrix, and H(q,
.
q,

..
q) represents the necessary CKCM

dynamics and the disturbance torques. Then, from (5) and (6), we obtain the following.

H(q,
.
q,

..
q)=

[
M(q)−M

] ..
q+C(q,

.
q)

.
q+G(q)+F(q,

.
q) + τd (7)

Now we apply an input τ such that the following is the case.

τ = Mu + H(q,
.
q,

..
q) (8)

In order to implement (8), the control system must evaluate H(q,
.
q,

..
q) which in light of

(7) requires heavy computation and thereby making the proposed control scheme impracti-
cal and not suitable for real-time control applications. Consequently, some computationally
efficient estimation of H(q,

.
q,

..
q) is needed for the control scheme, which the TDE Subsystem

could provide. Finally, the Synchronization Subsystem will enhance the overall perfor-
mance of the control system by using the synchronization errors instead of the conventional
joint errors. Detailed development of the above subsystems will be presented below.

4. Description of Subsystems

This section presents the function of the three subsystems of the control structure in-
cluding the Synchronization Subsystem, the NFTSMC Subsystem, and the TDE Subsystem.
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4.1. The Synchronization Subsystem

In this section, the error equations will be developed to achieve the synchronization
goal. First the trajectory tracking error ei of the ith active joint is defined as follows:

ei(t) = qdi
(t)− qi(t) (9)

where qdi
(t) and qi(t) denote the desired and actual trajectories of the ith active joint, respectively.

Then, the tracking error vector e(t) can be written as follows.

e(t) = [e1(t) e2(t) . . . en(t)]
T (10)

The synchronization goal is to make the tracking errors of all active joints identical at
all times, which can be achieved if the following is the case.

e1(t) = e2(t) = . . . en(t) (11)

In order for (11) to be valid, a control scheme must be aware of all the joint errors
and must control the motions of all joints, thereby resulting into possible control and
communication errors and heavy real-time computational requirements. Alternatively, (11)
can be satisfied by achieving its following sub-goals [8]:

es1(t) = 2e1(t)− [e2(t) + en(t)]
...

esi (t) = 2ei(t)− [ei+1(t) + ei−1(t)]
...

esn(t) = 2en(t)− [en−1(t) + e1(t) ]

(12)

where esi (t) presents the synchronization errors of the ith active joint.
It is evident that if all synchronization errors in (12) are equal to zero, then the original

synchronization goal stated in (11) is automatically achieved.
From (12), a synchronization error vector es can be written as follows:

es(t) =


2 −1 0 · · · −1
−1 2 −1 · · · 0

...
. . . . . . . . .

...
0 · · · −1 2 −1
−1 0 · · · −1 2




e1(t)
e2(t)

...
en−1(t)

en(t)

 = Ce(t) (13)

where C is the synchronization transformation matrix and es(t) = [es1(t)es2(t)es3(t) . . . esn(t)]
T.

The cross-coupling error vector that combines both tracking errors and synchronization
errors is defined as follows:

ec(t) = e(t) +αes(t) = (I +αC)e(t) (14)

where I is the n × n identity matrix, and α is an n × n diagonal positive definite matrix.
Since every leading principal sub-matrix of (I +αC) has positive determinant, (I +αC) is
positive definite. [26]

Remark 1. Assuming that all the elements of matrix α are very small, then if ec(t) is controlled
such that as t→ ∞ , ec(t)→ 0 then e(t)→ 0 and then es(t)→ 0 and finally ei(t) = ei+1(t)
(synchronization goal).
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4.2. The NFTSMC and TDE Subsystems

This section presents the development of the control law of the NFTSMC Subsystem
in conjunction with the TDE Subsystem.

4.2.1. Preliminaries and Notations

The preliminaries and notations can be stated as follow

x[c] = |x|csign(x), where c > 0

It can be easily verified that as c ≥ 1, the following is the case.

d
dt

x[c] = c|x|c−1 .
x

The sign function is defined as follows.

sign(x) =


1 if x > 0
0 if x = 0
−1 if x < 0

The power of error vectors is defined as follows.

e[ϕ] :=
(

e[ϕ]1 , . . . , e[ϕ]n

)T
∈ Rn

.
e[ϕ] :=

(
e[ϕ]1 , . . . ,

.
e[ϕ]1

)T
∈ Rn

|e|ϕ−1 := diag
(
|e1|ϕ−1, . . . , |en|ϕ−1

)
∈ Rn×n∣∣ .

e
∣∣ϕ−1 := diag

(∣∣ .
e1
∣∣ϕ−1, . . . ,

∣∣ .
en
∣∣ϕ−1

)
∈ Rn×n

The spectral norm ‖A‖ of a matrix A ∈ Rn×m is defined as ‖A‖ =

√
λmax

{
ATA

}
where λmax

{
ATA

}
is the biggest eigenvalue of ATA.

4.2.2. The NFTSMC and TDE Sybstems Design

First a nonsingular terminal sliding surface is defined as [20,27].

s = ec + K1ep1/q1
c + K2

.
ep2/q2

c (15)

where K1 and K2 are diagonal design matrices, 1 < p1/q1 < 2, 1 < p2/q2 < 2, and p1, p2, q1,
and q2 are positive odd integers.

As discussed above, the implementation of (8) requires the computation of H(q,
.
q,

..
q),

which is in light of (7) highly computationally intensive. Thus, an estimate of H(q,
.
q,

..
q)

is needed. We assume that L is the smallest obtainable time between which H(q,
.
q,

..
q)

remains almost unchanged, such that an estimate of H(q,
.
q,

..
q), namely Ĥ(q,

.
q,

..
q) is equal

to H(q,
.
q,

..
q)t−L which is H(q,

.
q,

..
q) evaluated at (t−L). In other words, we obtain [22]

the following:
Ĥ(q,

.
q,

..
q) = H(q,

.
q,

..
q)t−L (16)

where
..
qt−L can be computed as follows.

..
qt−L =

qt−qt−L
L − qt−L−qt−2L

L
L

=

(
qt − 2qt−L + qt−2L

)
L2 (17)
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From (6) and (16), we obtain the following.

Ĥ(q,
.
q,

..
q) = τt−L −M

..
qt−L (18)

Consequently, (8) can be expressed as follows.

τ = Ĥ(q,
.
q,

..
q) + Mu (19)

We proceed to develop a control u as follows.

u =
..
qd +

q2

p2
[K2(I +αC)]−1

[∣∣ .
ec
∣∣p2/q2−1

]−1
(

1 +
p1

q1
K1|ec|p1/q1−1

)
.
ec + Ks + Kswsign(s) (20)

where K and Ksw are diagonal design matrices, sign(s) = (sign(s1), . . . , sign(sn))
T ∈ Rn.

xd ∈ Rn.
Thus, replacing u in (19) by (20) and using (18), we obtain the following.

τ =
(
τt−L −M

..
qt−L

)︸ ︷︷ ︸
TDE

+ M
[

..
qd +

q2

p2
[K2(I +αC)]−1

[∣∣ .
ec
∣∣p2/q2−1

]−1
(

1 +
p1

q1
K1|ec|p1/q1−1

)
.
ec + Ks + Kswsign(s)

]
︸ ︷︷ ︸

NFTSM control

(21)

As indicated above in Equation (21), CKCM input τ consists of two main components:
a TDE-based input and an NFTSM input. The TDE-based component minimizes the impact
of the unknown CKCM dynamics while the NFTSM component forces the cross-coupling
errors ec and tracking error e to converge to zero asymptotically. Furthermore, in light
of the application of the TDE Subsystem as presented above and reflected in Figure 1,
the TDE-based component can be derived with the estimate Ĥ(q,

.
q,

..
q) of H(q,

.
q,

..
q) using

(16), instead of having to compute H(q,
.
q,

..
q) directly, thereby making the control scheme

highly efficient.

5. Stability Analysis

This section presents the stability analysis of the control scheme using the Lyapunov
Theorem. Substituting τ in (6) by (21), using (9) and (14) and solving for

..
ec, after rearrang-

ing some terms, we obtain the following:

..
ec = −

{
q2

p2
[K2]

−1
[∣∣ .

ec
∣∣p2/q2−1

]−1
(

1 +
p1

q1
K1|ec|p1/q1−1

)
.
ec + (I +αC)[Ks + Kswsign(s)]

}
+ (I +αC)ε (22)

where the TDE error ε is defined as follows.

ε = M−1[H(q,
.
q,

..
q)− Ĥ(q,

.
q,

..
q)
]

(23)

Using (15),
.
s can be obtained as follows.

.
s =

.
ec +

p1

q1

K1|ec|p1/q1−1 .
ec +

p2

q2

K2
∣∣ .
ec
∣∣p2/q2−1 ..

ec (24)

Next, we consider a candidate Lyapunov function V = sTs
2 . Using (24), the derivative

of V with respect to time is obtained as follows.

.
V = sT .

s = sT
[

.
ec +

p1

q1

K1|ec|p1/q1−1 .
ec +

p2

q2

K2
∣∣ .
ec
∣∣p2/q2−1 ..

ec

]
(25)

Applying (24) in (25) provides the following.

.
V = sT

{
p2

q2

(I +αC)K2
∣∣ .
ec
∣∣p1/q1−1

[−Ks−Kswsign(s) + ε]
}

(26)
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In other to achieve the asymptotic stability of
.
s about the equilibrium point s = 0, the

following conditions must be satisfied [28]:

(a)
.

V < 0 for s 6= 0;
(b) lim

|s|→∞
V = ∞.

Condition (b) is obviously satisfied by V. In (26), since p2 and q2 are positive integers
and 1 < p2/q2 < 2, there is

∣∣ .
eci

∣∣p2/q2−1
> 0 for

.
eci 6= 0 [29].

Thus, (26) can be presented as follows.

.
V = sT

{
p2

q2

(I +αC)K2
∣∣ .
ec
∣∣p1/q1−1

[−Ks−Kswsign(s) + ε]
}
≤ sT[−Ks−Kswsign(s) + ε] (27)

The derivative of the candidate Lyapunov function (27) is negative definite if the
following is the case:

{Ksw}ii > |εi| (28)

where •ii denotes ith diagonal element of •.
Thus, if ε is bounded, the stability condition (28) ensures that the time derivative of

the candidate Lyapunov function is negative and the cross-coupling error is bounded.
Using (19), (6) becomes the following.

H(q,
.
q,

..
q)− Ĥ(q,

.
q,

..
q) = M

(
u− ..

q
)

(29)

Applying (29), the TDE error in (23) is given as follows.

ε = u− ..
q (30)

From (5), the acceleration
..
q can be determined as follows.

..
q = M−1(q)

[
τ−C

(
q,

.
q
) .
q−G(q)− F

(
q,

.
q
)
− τd

]
(31)

Substituting (31) into (30) yields the following.

Mε = Mu +
(
C
(
q,

.
q
) .
q + G(q) + F

(
q,

.
q
)
+ τd − τ

)
(32)

Then, using (16) and (19), (32) becomes the following.

Mε = Mu +
(
C
(
q,

.
q
) .
q + G(q) + F

(
q,

.
q
)
+ τd −Mu−H(q,

.
q,

..
q)t−L

)
(33)

From (7), the delayed nonlinear term can be derived as follows.

H(q,
.
q,

..
q)t−L =

(
Mt−L −M

) ..
qt−L +

(
C
(
q,

.
q
) .
q
)

t−L + (G(q))t−L +
(
F
(
q,

.
q
))

t−L + (τd)t−L (34)

Substituting (34) into (33) provides the following:

Mε =
(
M−M

)
u−

(
Mt−L −M

) ..
qt−L + Ω (35)

where the following is the case.

Ω = C
(
q,

.
q
) .
q + G(q) + F

(
q,

.
q
)
+ τd −

(
C
(
q,

.
q
) .
q
)

t−L − (G(q))t−L −
(
F
(
q,

.
q
))

t−L − (τd)t−L (36)

The friction term F in (36) can be divided as F = FV + FC, where FV denotes that
the viscous friction is continuous, and FC denotes that the Coulomb friction is bounded
and discontinuous at velocity reversal [25]. Next, we divide Ω into continuous term and
discontinuous term to obtain the following:

Ω , Ωcon + Ωdiscon (37)
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where the following is the case.

Ωcon , C
(
q,

.
q
) .
q + G(q) + FV + τd −

(
C
(
q,

.
q
) .
q
)

t−L − (G(q))t−L −
(
F
(
q,

.
q
))

t−L − (τd)t−L
Ωdiscon , FC − (FC)t−L

}
(38)

If C
(
q,

.
q
) .
q + G(q) + FV + τd is continuous and bounded, then Ωcon = O

(
L2), where

O is used to describe the error term in an approximation to a mathematical function [30].
In addition, the discontinuous term Ωdiscon is described as follows.

Ωdiscon ≤
{

b, at velocity reversal
0, otherwise.

(39)

Thus, Ω is bounded by the following:

Ω ≤ b + O
(

L2
)

(40)

for a sufficient small L, where b is a constant vector. The approximation error can be made
small by reducing sampling time L.

From (30), the delayed nonlinear term is given by the following.

..
qt−L = ut−L − εt−L (41)

Substituting (41) to (35) yields the following

Mε =
[(

M−M
)
u−

(
M−M

) ..
qt−L + (M−Mt−L)

..
qt−L + Ω

]
=
(
M−M

)
εt−L +

[(
M−M

)
(u− ut−L) + (M−Mt−L)

..
qt−L + Ω

] (42)

Therefore, from (42), ε can be determined as follows:

ε = Eεt−L + Eµ1 + µ2 (43)

where the following is the case.

E = I−M−1M, µ1 = u− ut−L, µ2 = M−1[(M−Mt−L)
..
qt−L + Ω

]
(44)

For a sufficiently small-time delay L, µ1 and µ2 are bounded.
There is a conformal mapping on the complex plane from continuous-time to discrete-

time [31]. In the discrete time domain, (43) is represented as follows.

ε(k) = E(k)ε(k− 1) + E(k)µ1(k) + µ2(k) (45)

We assume ‖E‖ < 1 by properly selecting M [31]. Thus, the eigenvalues of E(k) reside
inside a unit circle [32]. As a result, (45) is asymptotically bounded with bounded function
µ1 and µ2. Therefore, ‖E‖ < 1 implies the boundness of the ε in (43).

When ε is bounded, then (28) is satisfied and as a result, the candidate Lyapunov
function (27) is negative definite. Thus, this assures of the boundedness of the cross-
coupling error. Furthermore, when the cross-coupling error is bounded, the tracking error
is bounded. Consequently, all the above errors and the TDE error ε will never grow out of
bound and the system is uniformly stable.

6. Computer Simulation Study
6.1. Simulation Setup

The proposed scheme can be applied for a general n DOF CKCM manipulator. How-
ever, the implementation and application for a n DOF manipulator require massive compu-
tation effort and hardware complexity. Therefore, a 2 DOF CKCM robot manipulator that
resembles a special case of the complete n DOF manipulation was designed and built for
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the purpose of testing of the results obtained in our projects. Hence, this article is devoted
to investigate the simulation study of the obtained results on the 2 DOF manipulator.

In this section, computer simulation will be conducted to study the performance of the
above NFTSMC in comparison to other existing control schemes when they are employed
to control the motion of a 2-DOF CKCM.

The computer simulation study for the NFTSMC is described in the block diagram
given in Figure 3 when n = 2 since this manipulator has two DOFs, and is designed in
MATLAB/Simulink environment in Figure 4. When other existing control schemes are
applied, then the block labeled as Proposed in Figure 3 is replaced by their particular control
schemes. For this particular manipulator, it is noted that the length of an actuator is
denoted as its joint variable. To facilitate the analysis of tracking errors in Cartesian space,
the actual joint variables q and their joint velocities

.
q of the CKCM are converted to their

corresponding Cartesian variables by using the CKCM forward kinematic transformation,
which is also a closed-form solution due to the number of DOFs of this manipulator.
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MATLAB-Simulink® is used to comparatively evaluate the performance of the devel-
oped NFTSMC (Syn-TDE-NFTSMC) in comparison with four other existing control schemes
including PD-based control scheme (LINEAR), TDE-based LINEAR (TDE-LINEAR), TDE-
based LINEAR with synchronization errors (Syn-TDE-LINEAR), and TDE-based SMC with
synchronization errors (Syn-TDE-SMC) in tracking the same motion. A brief description
of the above control schemes can be found in Appendix A. After conducting numerous
simulations of the above control schemes, we selected the most optimal parameters for
their best tracking performance.

The parameters of the manipulator are listed in Table 1 while the control parameters
of the control schemes are provided in Table 2.

Remark 2. The parameters of the control scheme are tuned as: Tuning M and α, diagonal
matrices, by increasing the diagonal elements from small positive values, while checking the control
performance by trial error. The selection of the other parameters of the proposed control scheme p1,
p2, q1, q2, K1, K2, and K are described in [28]. Ksw can be selected from (28).

The Lagrangian dynamic equations of the above manipulator is given in [33] as follows:

τ = M(q)
..
q(t) + C(q,

.
q)

.
q(t) + G(q) + F(q,

.
q) (46)

with
τ(t) = (τ1 τ2)

T ; q(t) = (q1 q2)
T (47)

where τi denotes the joint force of the ith actuator, respectively, for i = 1,2.
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Table 1. The robot parameters.

Robot Parameters Description Value Unit

m Link’s total mass 4.91 kg
m1 Link’s moving part mass 0.59 kg
d Grounds’ horizontal distance 0.74 m
ls Link’s fixed length 0.26 m

FV1 Viscous friction coefficient of the 1st link 5 N·m·s/rad
FV2 Viscous friction coefficient of the 2nd link 5 N·m·s/rad
FC1 Coulomb friction coefficient of the 1st link 5 N·m
FC2 Coulomb friction coefficient of the 2nd link 5 N·m
g Gravitational acceleration constant 9.81 m/s2

Table 2. The parameters of the control schemes.

Control Scheme Control Parameters

LINEAR M= diag(0.1, 0.1), KD= diag(200, 200), KP= diag
(
7.704× 103 , 7.704× 103)

TDE-LINEAR L = 9.999× 10−4s, M = diag(0.1, 0.1), KD= diag(200, 200), KP= diag
(
7.704× 103 , 7.704× 103)

Syn-TDE-LINEAR L = 9.999× 10−4s, M= diag(0.1, 0.1), KD= diag(200, 200), KP= diag
(
7.704× 103 , 7.704× 103),

α = diag(0.5,0.5)

Syn-TDE-SMC L = 9.999× 10−4s, M= diag(0.1, 0.1), K1 = diag(0.1, 0.1), K= diag(10, 10), Ksw= diag(5, 5),
α = diag(0.5, 0.5)

Syn-TDE-NFTSMC L = 9.999× 10−4s, p1= 19, p2= 11, q1= 17, q2= 9, M= diag(0.1, 0.1), K1= diag(25, 25),
K2= diag(5, 5), K= diag(0.1, 0.1), Ksw = diag(15, 15), α = diag(0.5, 0.5)

The inertia matrix, the Centrifugal and Coriolis forces, and the friction and the gravita-
tional forces at two joints are given by the following:

M =

[
m1 0
0 m1

]
, C =

[
0 mls(q2−q1)

3v
mls(q2−q1)

3v 0

]
, G = [G1G2]

T (48)

with

G1 =
(
−m1 g

[
2v1 q2

1(q1 ls + q2 ls + 2q1 q2)− q2 lsv2]−mgls[2q2
1v1(q1 + q2)− q2 v2]

) /
4dq2

1q2 v,

G2 =
(
−m1 g

[
2v1 q2

2(q1 ls + q2 ls + 2q1 q2)− q2 lsv2]−mgls[2q2
2v2(q1 + q2)− q1 v2]

) /
4dq2

2q1 v

(49)

F =

[
FV1

.
q1 + FC1sgn(

.
q1)

FV2

.
q2 + FC2sgn(

.
q2)

]
(50)

and the following is obtained.

v1 = v2 = q2
2 − q2

1 + d2, v =
√

4d2q2
1 − v1 (51)

6.2. Simulation Results

The control schemes listed in Table 2 are used in the computer simulation to control the
end-effector of the manipulator to track a circle specified by xdes(t) and ydes(t) as follows.{

xdes(t) = 0.3683 + 0.05 cos(πt + π/2)
ydes(t) = −0.4183− 0.05 sin(πt/10 + π/2)

(52)

The results obtained from the simulation are presented in Figures 5–9 and Tables 3–5.
Figure 5 shows the planar motions of the manipulator end-effector when controlled by the
above control schemes while Figure 6 presents the time trajectories of the tracking errors
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e(t) of the control schemes. Table 3 tabulates the absolute average tracking errors (AATE)
of the control schemes computed by MATLAB.
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Table 3. The absolute average tracking errors (AATE) of the control schemes, computed by MATLAB.

Tracking Errors LINEAR TDE-LINEAR Syn-TDE-LINEAR Syn-TDE-SMC Syn-TDE-NFTSMC

e1 (mm) 0.32 0.0197 0.0197 7.17× 10−3 4.07× 10−3

e2 (mm) 0.26 0.0192 0.0192 6.95× 10−3 5.06× 10−3

Table 4. The absolute average synchronization errors (AASE) and cross-coupling errors (AACE) of
the control schemes, computed by MATLAB.

Tracking Errors Syn-TDE-LINEAR Syn-TDE-SMC Syn-TDE-NFTSMC

es1 (mm) 0.0206 3.82× 10−3 2.16× 10−3

es2 (mm) 0.0206 3.82× 10−3 2.16× 10−3

ec1 (mm) 0.028 1.03× 10−2 9.07× 10−3

ec2 (mm) 0.016 5.33× 10−3 4.99× 10−3

Table 5. The absolute average estimation errors (AAEE) of the Syn-TDE-NFTSMC computed
by MATLAB.

AAEE Syn-TDE-NFTSMC

eest1 (Nm) 0.0177
eest2 (Nm) 0.0172
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Figure 7 presents the time trajectories of the synchronization errors (es(t)) and cross-
coupling (ec(t)) of the control schemes while Figure 8 presents the estimation errors (eest(t))
of the Syn-TDE-NFTSMC. Table 4 tabulates the absolute average synchronization errors
(AASE) and cross-coupling errors (AACE) of the control schemes while Table 5 tabu-
lates the absolute average estimation errors (AAEE) of the Syn-TDE-NFTSMC, computed
by MATLAB.

The control inputs of both joints show no chattering, as shown in Figure 9a,b.
From Figures 5–7, it is seen that Syn-TDE-LINEAR provided better performance and

faster error convergence than both LINEAR and TDE-LINEAR. It is meaningful that the
involvement of TDE and the synchronization errors improved the performance of the
control schemes. Syn-TDE-SMC showed a better tracking path than the Syn-TDE-LINEAR.
Finally, we see that our proposed control scheme, Syn-TDE-NFTSMC, was on track with
the fastest desired trajectory with the slightest deviation (from the desired path in Figure 5)
and had the fastest error convergence compared to other existing control schemes.

From Table 3, based on the computed AATEs of the control scheme, it is clear that
inclusion of TDE and the synchronization errors improved the performance of control
schemes as for example the AATE of the TDE-LINEAR (0.0197 mm) is smaller than that of
the LINEAR (0.32 mm). Other AATEs in the table validate the above observation. From the
results presented in Table 3, we see that our proposed control scheme, namely Syn-TDE-
NFTSMC, has the best tracking performance as compared to other existing control schemes
due to its smallest AATEs for both joint variables.

From Table 4, based on the computed AASEs and AACEs of the control scheme, it is
clear that inclusion of Syn-TDE-NFTSMC improved the performance of control schemes as
for example the AASEs of the Syn-TDE-NFTSMC (2.16× 10−3 mm) is smaller than that of
the Syn-TDE-SMC (3.82× 10−3 mm). Other AASEs and AACEs in the table validate the
above observation. From the results presented in Table 4, we see that our proposed control
scheme has the best tracking performance as compared to other existing control schemes
due to its smallest AASEs and AACEs for both joint variables.

Figure 8a,b plotted the nonlinear term Hi = H(q,
.
q,

..
q), the estimation term

hi = τt−L−M
..
qt−L, and the estimation error eesti = Hi−hi = H(q,

.
q,

..
q)−

(
τt−L −M

..
qt−L

)
,

respectively, of the ith active joint. It can be seen that the estimation error remains close
to zero. Furthermore, from the results presented in Table 5, we see that our proposed
control scheme, namely Syn-TDE-NFTSMC, has the AAEEs close to zero as 0.0177 Nm and
0.0172 Nm for both joint variables. This implies that the TDE cancels the uncertainty, and
the chattering phenomenon is reduced while maintaining the tracking accuracy.

Therefore, it can be concluded that the proposed control scheme shows high-accuracy
tracking performance with the model-free control performance in comparison with the
other control schemes.

7. Conclusions

In this paper, we proposed a new NFTSMC scheme in which TDE was applied to
efficiently compute the dynamics of a robot manipulator and disturbances required for
control scheme. In addition, the synchronization errors were used instead of the conven-
tional joint errors. A new NFTSMC law was proposed and the Lyapunov Theorem was
employed to prove that the proposed control scheme is uniformly stable. The conducted
computer simulation showed that the proposed control scheme provided the best tracking
performance compared with other existing control schemes including LINEAR, TDE-based
LINEAR, TDE-based LINEAR with synchronization errors, and TDE-based SMC with
synchronization errors when tracking the same motion for a 2-DOF-CKCM.

Comparing with the existing approach, the proposed control scheme has several
significant improvements:

(1) The proposed control scheme optimally synchronized the robot joints to minimize the
synchronization errors with an NFTSMC-based controller.
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(2) Since the proposed control scheme does not require the computation of the manipula-
tor dynamics thanks to TDE, it is computationally efficent and is, therefore, suitable
for real-time control applications.

Future work from this paper could include computer simulation study on higher DOF
manipulators and experimental studies of the proposed control scheme on real manipulators.
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Appendix A. Other Control Schemes Used in Computer Simulation

This appendix contains relevant equations of control schemes to which the proposed
control scheme is compared to in our computer simulation study.
LINEAR

The LINEAR and TDE-LINEAR Control Scheme were suggested in Reference [22]
given by the following.

τ = M
( ..
qd + KD

.
e + KPe

)
(A1)

where KD and KP are constant matrices.

TDE-based LINEAR (TDE-LINEAR)

τ = τt−L −M
..
qt−L︸ ︷︷ ︸

TDE

+ M
( ..
qd + KD

.
e + KPe

)︸ ︷︷ ︸
LINEAR control

(A2)

TDE-based LINEAR with synchronization errors (Syn-TDE-LINEAR)

τ = τt−L −M
..
qt−L︸ ︷︷ ︸

TDE

+ M
( ..
qd + KD

.
ec + KPec

)︸ ︷︷ ︸
LINEAR control

(A3)

TDE-based SMC with synchronization errors (Syn-TDE-SMC)

The control scheme was suggested in Reference [13] and is given by the following:

τ = τt−L −M
..
qt−L︸ ︷︷ ︸

TDE

+ M
( ..

q
d
+ K

.
ec + Kswsign(s) + K1 s

)
︸ ︷︷ ︸

SMC control

(A4)

where the sliding surface expressed by s =
.
ec + Kec.
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