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Abstract: Typical parallel fractures are often observed in the outcrops of inclusions in the field. To
reveal the failure mechanism of inclusions embedded in rock matrix, a series of heterogeneous models
are established and tested based on the damage mechanics, statistical strength theory, and continuum
mechanics. The results show that, with the spacing between two adjacent fractures decreasing, the
stress is firstly transferred from negative to positive, then from positive to negative. Stress transition
is profound for the fracture spacing. Meanwhile, three types of fractures, i.e., consecutive fracture,
non-consecutive fracture, and debonding fracture, are found, which are consistent with the observed
modes in the field. Multiple inclusions are often fractured easier than an isolated inclusion due to the
stress disturbance between inclusions and newly generated fractures. Either in single or multiple
inclusions, tensile stresses inside the inclusions are the main driving force for fracture initiation and
propagation. Besides, although the material heterogeneity has a small effect on the stress variation,
it has an evident impact on the fracturing mode of inclusions. The stiffness ratio is critical for the
stress transition and failure pattern; the interface debonding occurs earlier than the fracture initiation
inside the inclusion when the stiffness ratio is relatively high. Additionally, the inclusions content
only affects the sequence of fracture initiation rather than the final fracture spacing pattern.

Keywords: inclusions; stress transition; fracture spacing; numerical simulation

1. Introduction

Typical spacing fractures in inclusions, accompanied by the interface debonding, can
be directly observed in the outcrops in the field. For instance, thousands of stiff inclusions
with grotesque shapes and sizes protruding from the soft sandstone matrix are observed
in Yehliu GeoPark located along the northern coastal line of Taiwan and is famous for a
rare and stunning geological landscape. Meanwhile, several fractures may be sub-parallel
to each other in a single inclusion, as shown in Figure 1a,b. Eidelman et al. (1992) [1]
reported that the well-organized tensile fractures in pebbles of young conglomerates
were found in the Salton trough, California, and in the Dead Sea rift, Israel (Figure 1c).
McConaughy et al. (1999) [2] observed the Squaw Point outcrop in the Devonian black
shale near Seneca Lake, NY, and pointed out that the in-situ stress configuration may con-
tribute to the interaction between joints and embedded inclusions. Bessinger et al. (2003) [3]
also observed the area along a beach on southeastern Vancouver Island, British Columbia,
which is characterized by calcareous inclusions with a variety of shapes and sizes embedded
in sandstone matrix. Both interface debonding between inclusion and matrix and multiple
closely parallel fractures inside inclusions can be found in the field. Simultaneously, the
following common characteristics are found: (a) Inclusion outcrops are often stiffer than
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the surrounding matrix; (b) the shape of most inclusions is ellipsoidal or spherical. The
size varies significantly from centimeters to meters; (c) the fractures in a single inclusion
are closely parallel to each other. The fracture density inside inclusions is higher than
elsewhere in the matrix; (d) the fracturing pattern can be considered as the indicator of the
regional tectonic stress.
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Figure 1. Examples of morphology of inclusions and the parallel fractures. (a) An outcrop of
isolate inclusion with fractures (left) and its geologic sketch map (right), at Yehliu Geopark, Taiwan.
(b) Several fractured inclusions embedded in islet at Yehliu Geopark, Taiwan. (c) Detailed map of
fractured inclusions, Arava, Israel, photo by Eidelman and Reches (1992) [1].

Some studies have been conducted to reveal the fracturing mechanism of inclusions
embedded in the matrix. Häfner et al. (2003) [4] created a geometrical inclusion-matrix
model for the finite element analysis of concrete at multiple scales. Crack initiation and
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propagation depend on the maximum size, shape, and size distribution of natural aggre-
gates within the mortar matrix. Janeiro et al. (2010) [5] conducted a series of experiments
considering the effects of inclusion shape, size, stiffness, and strength on the cracking
behavior of materials containing inclusions. Their experimental models include both single
inclusion and double inclusions. However, most studies mainly focused on the fracturing
behavior of the surrounding matrix rather than the embedded inclusion.

Some researchers have investigated the stress solution of an inclusion in solid.
Eshelby (1957) [6] determined the stress and strain of an ellipsoidal inclusion in the solid
with the help of a sequence of imaginary cutting, straining, and welding operations. He
believed that the stresses inside a circular or an elliptical stiff inclusion were uniform.
Jaeger and Cook (1979) [7] expressed an analytical solution to the stress in an inclusion.
Quesada et al. (2009) [8] developed the brittle fracture model with a mixed criterion involv-
ing both energy and stress conditions for multiple failures in the inclusion to predict such
fractures. He suggested that the material properties and the inclusion size play a significant
role in the fracture events. Meng et al. (2012, 2014) [9,10] developed a MATLAB code to
evaluate the Eshelby solution for the ellipsoidal inclusion problem and applied it to model
compaction and shear-enhanced compaction bands.

In this study, to investigate the fracturing process in inclusions embedded in the
matrix, the rock failure process analysis (RFPA) [11–13] is employed to reveal the failure
mechanism associated with the inclusions in the matrix. The established RFPA models can
simulate the progressive failure process of quasi-brittle materials without any assumptions
on the locations where new cracks will initiate and the paths along which cracks will
propagate [14–16]. The effectiveness of the RPPA code has been verified by the bench-
marks [17–19]. To model the failure of rock material (or rock mass), the rock medium is
assumed to be composed of many mesoscopic elements whose material properties are
different from one to another and are specified according to a Weibull distribution [20,21].
A more detailed introduction of the code, coupled with its applications in simulating
geological phenomena, has been illustrated in previous studies [22–26].

The main objectives of this study include (a) to give an intuitive interpretation of the
fracturing process of single inclusion and cluster of inclusions under compression; (b) to
provide supplementary information on the stress distribution and fracturing-induced stress
re-distribution in the vicinity of inclusions that cannot be observed directly in-situ to reveal
the spacing fracture mechanism of inclusions; and (c) to illustrate the influence of material
properties (stiffness and heterogeneity) on the fracturing pattern of single inclusion and
cluster of inclusions.

2. Fracturing Behaviors of Single Inclusion Embedded in Rock Matrix
2.1. Stress Distribution Inside an Inclusion

Before investigating the fracture spacing behavior in an isolated inclusion, the stress
distribution is firstly illustrated by using the RFPA code. Figure 2 is the employed numerical
model in this study, in which an isolated inclusion is embedded in the rock matrix. The
geometry of the whole model is 1200 mm × 1200 mm and the diameter of the inclusion
is 200 mm. The specimen is meshed into 300 × 300 = 90,000 mesoscopic elements. The
vertical compressive far-field stresses are applied to the top boundary. The model bottom
is fixed in the Y-direction. The mechanical parameters for the rock sample are listed in
Table 1. Eidelman and Reches (1992) [1] have mentioned that the Poisson ratio υi of the
inclusion has a small effect on the stress solution, whereas the Poisson ratio υr of the matrix
has a profound effect. Thus, the Poisson ratio υi of the inclusion is constant, i.e., 0.25 in
the study. In this section, the homogeneity index, m, is chosen to be 100.0, representing
the assumption that the rock sample is a homogeneous material. The influence of material
heterogeneity on fracturing behavior will be discussed in detail in the following sections.
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Figure 2. Numerical model with a single circular inclusion embedded in matrix under compression
conditions. σ(max)r is the load of 0.02 MPa/step applied in Y-direction of specimen. The yellow dotted
rectangle (1/3 area of entire model) refers to the zone for making analysis of fracturing mode and
stress distribution. The dotted red line A–A’ is the cross-section of the inclusion for the stress analysis
in the following sections.

Table 1. Physico-mechanical parameters employed in the model with single inclusion.

Parameters Inclusion Matrix

Homogeneity index (m) 100 100
Young’s modulus (E)I/GPa 100 5

Uniaxial compressive strength(fc0)/MPa 50 100
Tensile strength (ft0)/MPa 2.5 10

Poisson ratio (ν) 0.25 0.25, 0.3, 0.35, 0.4, 0.45, 0.5
Friction angle (ϕ)/◦ 30 30

Jaeger and Cook (1979) [7] proposed that the analytical solution of stress inside an
inclusion under the constraints can be expressed as follows:

σ(max)i = σ(max)r
[K(Xr + 2) + Xi]K[Xr + 1]
2[2K + Xi − 1][KXr + 1]

+ σ(min)r
[K(Xr − 2)− Xi + 2]K[Xr + 1]

2[2K + Xi − 1][KXr + 1]
(1)

σ(min)i = σ(max)r
[K(Xr − 2)− Xi + 2]K[Xr + 1]

2[2K + Xi − 1][KXr + 1]
+ σ(min)r

[K(Xr + 2) + Xi]K[Xr + 1]
2[2K + Xi − 1][KXr + 1]

(2)

K = µi/µr, Xr = 3 − 4υr, Xi = 3 − 4υi, (3)

where σ(max)r and σ(min)r are the maximum and minimum compressive remote stress,
respectively. σ(max)i and σ(min)i are the maximum and minimum compressive stress inside
the inclusion, as shown in Figure 2. µi and µr are the shear moduli, and υi and υr are the
Poisson ratios of the inclusion and the matrix, respectively.

Figure 3 shows the analytical result and numerical result of stress varying with the
Poisson ratio of the matrix. Figure 3a is the stress variation for the case under uniaxial
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compressive loading, i.e., σ(min)r = 0. Figure 3b is the stress variation for the case under
biaxial compressive loading, i.e., σ(min)r = 0.002 MPa/step, σ(max)r = 0.02 MPa/step. It is
shown that the numerical solutions agree well with the analytical solutions in both cases.
The value of σ(min)i/σ(max)r inside the inclusion is changed from positive to negative with
the increase in the Poisson ratio υr of the matrix. It means the minimum stress in the
inclusion transforms from compression into tension.
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2.2. Stress Field between Two Adjacent Fractures

Like Figure 2, a similar model under uniaxial compression conditions is employed.
The inclusion contains two pre-existing fractures. The mechanical parameters of the model
are the same as those in Table 1. The Poisson ratio of the inclusion is 0.25 and the Poisson
ratio of the matrix is 0.45 in bold. With the defined model, the minimum principal stress is
examined as a function of the spacing between the two adjacent fractures.

As shown in Figure 4, with the decrease in the spacing between the adjacent fractures,
the stress ratio, σ(min)r/σ(max)r, is firstly transferred from negative to positive, then trans-
ferred from positive to negative. In other words, the state of minimum principal stress,
σ(min)i, changes twice, i.e., from tensile stress to compressive stress, and then from compres-
sive stress to tensile stress. The results obtained here are slightly different from those about
the spacing fractures in multiple-layered rocks [27–31]. In multiple-layer rocks, when the
fracture spacing to layer thickness ratio reaches the critical value, the stress state transition
from tensile to compressive, which defines the condition of fracture saturation. However, in
the model employed in this study, when the spacing is relatively large (for instance, 200 mm
in Figure 4a) or even if there are no fractures in the inclusion, the minimum principal stress
is tensile. When the spacing is small enough (for instance, 40 mm in Figure 4e), the stress
in the inclusion is still tensile, but the magnitude of the stress is so small that there are no
more fractures that can be infilled between the adjacent two fractures.
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Figure 4. The stress transition between two adjacent fractures with different spacing. (a) 200 mm.
(b) 160 mm. (c) 120 mm. (d) 80 mm. (e) 40 mm. (Note: the left is the location of fractures along
the diameter A–A’ crossing the inclusion and the right is the corresponding stress ratio along the
cross-section A–A’ between two fractures.).
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2.3. Failure Analysis of Single Inclusion under Uniaxial Compression

In this section, a numerical model similar to Figure 2 is employed to investigate the
fracturing behavior in a single inclusion subjected to uniaxial compression. The homo-
geneity index m of inclusion is 3.0, representing the assumption that the inclusion is a
heterogeneous material. The Poisson ratio of the inclusion is 0.25 and the Poisson ratio of
the matrix is 0.45. All other mechanical parameters are the same as those listed in Table 1.
The fracture-induced AE energy accumulation under compression is shown in Figure 5.
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Figure 5. Fracture-event counts and AE-released energy accumulation versus remote compressive loading.

Figure 6 shows the sequence of fracture infilling during the failure of an inclusion
modeled in Figure 2. Figure 6a shows the acoustic emission (AE) distribution with red
and white circles indicating tensile and compressive failure of the elements at the current
loading step, while the black circles are used to indicate the damaged elements at previous
loading steps. The AE events correlate well with the number of failed elements. The failure
process is accompanied by a rapid increase in the AE event count [32–34]. Figure 6b shows
the evolution of the fracture and maximum principal stress field. The grey scale indicates
the relative magnitude of the stress within the elements. The elements with a lighter
shade of grey have relatively higher stresses. The dark elements in Figure 6b represent the
nucleated flaw. Fractures form through the connection of flaws.

According to the sequence of the fractures in Figure 6, the failure process of inclusion
can be divided into three stages. In the first stage, the initial flaws are obviously initiated at
the interface between the inclusion and matrix. In step 49, the macroscopic fracture starts
at the interface, and several isolated fractures initiate randomly at the location inside the
inclusion where the local tensile stress reaches its local tensile strength depending on the
high heterogeneity of the inclusion. The AE events increase slightly because only a small
number of elements with lower strength meet the failure criterion. In the second stage,
from step 50 to step 80, the isolated fractures at the interface soon coalesce and propagate to
form multiple sub-parallel fractures. There are sudden and rapid increases in the number
of failure events. Each sharp increase in the number of AE events corresponds to the
formation of a new macroscopic fracture. Almost all the fractures show tortuous paths
which depend on the distribution of the heterogeneity in the material. As new fractures are
continuously infilled between the earlier formed fractures, the spacing between adjacent
fractures decreases gradually. At the last stage, as shown in step 100, the spacing between
adjacent fractures is so closely that no more new fractures are infilled. In this stage, the AE
events generally remain small and stable until new fractures nucleate and propagate.
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the inclusion where the local tensile stress reaches its local tensile strength depending on 
the high heterogeneity of the inclusion. The AE events increase slightly because only a 
small number of elements with lower strength meet the failure criterion. In the second 
stage, from step 50 to step 80, the isolated fractures at the interface soon coalesce and 
propagate to form multiple sub-parallel fractures. There are sudden and rapid increases 
in the number of failure events. Each sharp increase in the number of AE events corre-
sponds to the formation of a new macroscopic fracture. Almost all the fractures show tor-
tuous paths which depend on the distribution of the heterogeneity in the material. As new 
fractures are continuously infilled between the earlier formed fractures, the spacing be-
tween adjacent fractures decreases gradually. At the last stage, as shown in step 100, the 
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Figure 6. Numerically simulated failure mode associated with both maximum stress field and AE
distribution in the inclusion (a) AE events; (b) maximum principal stress.

In Figure 7, three types of fracture, i.e., consecutive fracture, non-consecutive fracture,
and debonding fracture, can be observed. The first type of fracture is that two cracks
initiate from the interface, then propagate and meet each other to form a macroscopic
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consecutive fracture. The macroscopic consecutive fracture completely cut through the
inclusion. The non-consecutive fractures include the fractures initiated from the interface
and the fractures initiated inside the inclusion. These non-consecutive fractures did not
completely pass through the inclusion body. Parts of the non-consecutive fractures can
develop into consecutive fractures. The debonding fracture is the cracks formed around
the interface. Although the interface between the inclusion and matrix is assumed to be
perfectly bonded, the delamination effect may occur for the obvious change of the local
stress near the inclusion boundary [23]. Although the path of macroscopic fractures is
almost flexuous with small flaws such as branches because of the heterogeneity of the
material, the numerical results have a good conformity with the field observations shown
in Figure 7.
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Figure 7. Field observation and numerical results of the fractured single inclusion. (a) An inclusion
with closely spaced fractures, Vancouver Island, British Columbia (Bessinger et al., 2003 [3]). (b) One
inclusion in the top left corner of Figure 1c [1]. (c) Numerical results of fractured single inclusion.
The red wave lines indicate the debonding fractures, the green lines indicate the non-consecutive
fractures and the blue lines indicate the consecutive fractures.

The variation of minimum principal stress and the fractures location along the line
A–A’ is illustrated graphically in Figure 8. Those fractures formed in the previous loading
step are shown with solid black lines and each newly infilled fracture at the current step is
shown with a solid red line.
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Figure 8. Fracturing sequence and stress distribution inside inclusion. The right is the local map of
minimum principal stress inside each element along the diameter A–A’. The left is the corresponding
complete graph of the stress field. Each pre-existing fracture is shown by a solid black line and
each infilling fracture at the current step is shown with a solid red line. (a) 0.98 MPa. (b) 1.0 MPa.
(c) 1.2 MPa. (d) 1.6 MPa. (e) 2.3 MPa.

When the far-field compression load is small at step 49, the stress of each element
along the line A–A’ is tensile as shown in Figure 8a. At step 50, an interface debonding
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fracture (fracture No.1) first occurs in the inclusion. Once a fracture occurs, the stress is
transferred and stress concentration is induced near the adjacent region of the previously
formed fracture, as shown in Figure 8b. Consequently, a consecutive fracture (fracture
No.2) and a non-consecutive fracture (fracture No.3) appear near fracture No.1 where the
local tensile stress reaches its peak strength. At step 60, a non-consecutive fracture No.6
occurs between No.4 and No.5 at the point of tensile stress concentration, see Figure 8c.

The stress transition from tensile stress to compressive stress can be seen in the zone
between fractures No.3 and No.5. Moreover, in Figure 8d, the zone transforms into a
compression stress zone between fractures No.3 and No.5, and the tensile stress between
fractures No.6 and No.10 changes to be smaller enough and a new fracture does not always
initiate at the middle point between two previously generated fractures. The high-stress
concentration zone heralds new fractures there between fractures No.7 and No.8 and
between No.9 and No.4, which can be seen in Figure 8e such as fractures No.11, No.12, and
No.13. However, with the increase in compression from step 100 to step 115, there are no
new fractures forming in the inclusion and the spacing is so small enough that the stress
between adjacent fractures is almost tensile such as between No.12 and No.8, No.8 and
No.9. Even though the compression stress in the zone between fractures No.13 and No.11
and the zone between fractures No.11 and No.4, it is too small to induce new fractures
further.

2.4. Effect of Material Properties on the Fracturing Behaviors of Inclusion

In this section, the effect of material properties of inclusion and matrix and the het-
erogeneity on the fracturing behavior of the inclusion will be discussed. The employed
numerical model is still the same as Figure 2. The mechanical properties are shown in
Table 2.

Table 2. Physico-mechanical parameters employed in simulation for analysis of the effect of properties
on the failure behavior of single inclusion.

Parameters Inclusion Matrix

Homogeneity index (m) 1.5, 2, 3, 4, 6, 8, 10, 15, 20 1.5, 2, 3, 4, 6, 8, 10, 15, 20
Young’s modulus (E)/GPa 5, 50, 100, 150 2, 5, 50, 150

Uniaxial compressive strength (fc0)/MPa 50 100
Tensile strength (ft0)/MPa 2.5 10

Poisson’s ratio (ν) 0.25 0.45
Friction angle (ϕ)/◦ 30 30

2.4.1. Effect of the Material Heterogeneity on Fracturing Behavior

In this study, homogeneity indexes of 1.5, 2.0, 3.0, 4.0, 6.0, 8.0, 10.0, 15.0, and 20.0
were selected. The materials with higher m values represent more homogeneous materials,
whereas those with lower m values are more heterogeneous. It can be seen in Figure 9 that
the effect of heterogeneity on the stress inside inclusion is negligible. The absolute value
of the stress ratio of σ(min)i/σ(max)r is close to 0.30, which agrees well with the analytical
solution as shown in Figure 3.
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Figure 9. Effect of heterogeneity on the stress inside inclusion.

However, the impact of heterogeneity on fracturing mode is not negligible. Figure 10
shows the failure process of inclusion with a homogeneity index of 1.5, 4.0, and 10.0,
respectively. For the heterogeneous inclusion (e.g., m = 1.5), the location of initial failure is
disordered and scattered. The final fracturing path is very flexuous and too many flaws are
formed inside the inclusion. However, for the relatively homogeneous rock (e.g., m = 10.0),
the fractures initiated from one side of the circular interface are kept propagating along the
direction of maximum principal stress. The final fracturing path is relatively smooth. The
number of flaws and consecutive fractures in the inclusion is relatively small.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 12 of 21 
 

 
Figure 9. Effect of heterogeneity on the stress inside inclusion. 

However, the impact of heterogeneity on fracturing mode is not negligible. Figure 10 
shows the failure process of inclusion with a homogeneity index of 1.5, 4.0, and 10.0, re-
spectively. For the heterogeneous inclusion (e.g., m= 1.5), the location of initial failure is 
disordered and scattered. The final fracturing path is very flexuous and too many flaws 
are formed inside the inclusion. However, for the relatively homogeneous rock (e.g., m= 
10.0), the fractures initiated from one side of the circular interface are kept propagating 
along the direction of maximum principal stress. The final fracturing path is relatively 
smooth. The number of flaws and consecutive fractures in the inclusion is relatively small. 

m = 1.5 m = 4.0 m = 10.0 

   

    

Figure 10. Cont.



Appl. Sci. 2022, 12, 8041 13 of 21Appl. Sci. 2022, 12, x FOR PEER REVIEW 13 of 21 
 

   

   
Figure 10. Fracturing behavior of inclusion with different homogeneity index of inclusion. 

2.4.2. Effect of Stiffness on Fracturing Behavior 
Figure 11 shows the fractures development process of inclusion with different Ei. The 

stiffness of matrix (Er = 5GPa) and other parameters remain the same, for a relatively soft 
inclusion, Ei = 5GPa, the fractures occur firstly inside the inclusion, then the fractures are 
kept expanding to reach the inclusion interface along the direction of maximum principal 
stress. For a relatively hard inclusion embedded in a soft matrix, Ei = 50GPa, most of the 
flaws are initiated in the interface at an earlier stage. There are several sub-parallel frac-
tures in the inclusion extending from the interface. Finally, too many non-consecutive 
fractures are formed in the inclusion, because there are too many flaws initiated from the 
interface. 

Ei = 5 GPa Ei = 50 GPa Ei = 150 GPa 

   

   

   

Figure 10. Fracturing behavior of inclusion with different homogeneity index of inclusion.

2.4.2. Effect of Stiffness on Fracturing Behavior

Figure 11 shows the fractures development process of inclusion with different Ei. The
stiffness of matrix (Er = 5 GPa) and other parameters remain the same, for a relatively soft
inclusion, Ei = 5 GPa, the fractures occur firstly inside the inclusion, then the fractures are
kept expanding to reach the inclusion interface along the direction of maximum principal
stress. For a relatively hard inclusion embedded in a soft matrix, Ei = 50 GPa, most of the
flaws are initiated in the interface at an earlier stage. There are several sub-parallel fractures
in the inclusion extending from the interface. Finally, too many non-consecutive fractures
are formed in the inclusion, because there are too many flaws initiated from the interface.
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Figure 11. The effect of inclusion stiffness on the fracturing behavior inside inclusion. It is assumed
the value of homogeneity index, m = 3.0 for the inclusion representing relatively heterogeneous
materials and m = 20 for the matrix representing relatively homogeneous materials. Ei and Er are the
elastic modulus of the inclusion and the matrix, respectively. In the case, Er = 5 GPa.

Figure 12 shows the different fracturing modes of inclusion with different matrix
stiffness Er. In the case with a relatively soft surrounding matrix, Ei = 100 GPa, Er = 2 GPa,
the debonding fractures firstly formed at an early stage. Then some fractures initiated from
the interface are kept propagating to connect each other to be non-consecutive and/or
consecutive fractures. While for the inclusion embedded in a relatively hard matrix, the
debonding fractures along the interface are not easier to form. Most of the fractures are
initiated from the central vicinity of the inclusion, then are kept extending along the
direction of maximum principal stress. The number of final macroscopic fractures is
relatively lower.
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3. Fracturing Behavior of Multiple Inclusions

This section may be divided by subheadings. It should provide a concise and precise
description of the experimental results, their interpretation, as well as the experimental
conclusions that can be drawn.

3.1. Failure Process of Multiple Inclusions

In rock strata in the field, there are always a large number of embedded inclusions
with different sizes, shapes, and orientations. In this section, a 2D numerical model shown
in Figure 13 is employed to investigate the fracturing behavior of multiple inclusions. In
this model, a number of circular inclusions with different sizes are randomly distributed in
the matrix. The model geometry and the boundary conditions are similar to that in Figure 2.
The axial load is increased by 0.01MPa/step and the other mechanical parameters are the
same as those listed in Table 3. The inclusion is assumed to be heterogeneous with the
homogeneity index of m = 3.0, while the matrix is relatively homogenous, m = 20.0.
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Figure 13. Sketch map of numerical model with multiple circular inclusions embedded in matrix
under compressive condition established with RFPA. σ(max)r is the load of 0.01 MPa/step applied in
Y-direction of specimens. The zone with a yellow dotted rectangle (3/4 area of entire model) is split
out to make analysis of fracturing mode and stress distribution.

Table 3. Physico-mechanical parameters employed in the models with multiple inclusions.

Parameters Inclusion Matrix

Homogeneity index (m) 3 20
Elastic modulus (E)/GPa 3, 5, 20, 50, 100 2, 5, 20, 100, 150

Uniaxial compressive strength (fc0)/MPa 50 100
Tensile strength (ft0)/MPa 2.5 10

Poisson’s ratio (ν) 0.25 0.45
Friction angle (ϕ)/◦ 30 30

Figure 14a illustrates the fracturing process in detail, with the acoustic emission (AE)
distribution. Moreover, Figure 14b is the fracturing process presented with maximum
principal stress. Due to stress concentration, the fractures often initiate from the interface or
near the cluster area with several inclusions adjacent to each other. With the increase in load,



Appl. Sci. 2022, 12, 8041 16 of 21

the fractures are kept expanding in inclusions, and more and more inclusions are fractured.
Finally, almost all of the inclusions are fractured with different extents of damage.

The distribution of inclusions naturally formed in the matrix is random. It causes dense
inclusion areas and sparse inclusion areas. Figure 15a,b shows the field observations and
numerical simulation of inclusion fractures, respectively. It can be seen that the consecutive
sub-parallel fractures mainly are in dense inclusion areas, while in sparse inclusion areas,
non-consecutive fractures and debonding fractures can also be found. The numerical results
agree well with the field observations as shown in Figure 15.
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Figure 15. Comparison between field observations and numerical results. (a) The mapped section
of the field site, Vancouver Island, British Columbia, and fracturing predominantly constrained
to the inclusions. Debonding fractures and multiple, internal fractures within the inclusions are
observed [3]. (b) Simulation results of multiple fractured inclusions at step 200, and the red wave line
indicates the debonding fractures, the green wave line indicates the non-consecutive fractures and
the blue line indicates the consecutive fractures.

3.2. Effect of Stiffness on the Fracturing Behavior

Figure 16 is the numerical results with different inclusion stiffness. It is found that,
when the Ei/Er ratio is lower than 1.0, the internal fractures and even the matrix failure
are always the common modes, and few debonding fractures are found. Only a number of
consecutive and non-consecutive fractures are formed in some inclusions, even though the
compressive load is relatively high (the compressive load imposed on the top boundary
of the model is 4.2 MPa at step 420). When the Ei/Er ratio is higher than 1.0, mixed
fracturing modes are found, and consecutive sub-parallel fractures are easily formed with
the increasing Ei/Er ratio. For example, in the case of Ei/Er ratio = 10.0, a large number of
consecutive and non-consecutive fractures are formed when the compressive loading is
2.26 MPa at step 226.
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3.3. Effect of Inclusion Content on the Fracturing Behavior

To analyze the fracturing behavior of the model with different content of inclusions,
three values are selected, C = 15%, C = 30%, C = 45%. All the mechanical parameters and
boundary conditions are kept constant as those in Figure 17.
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Figure 17 is the corresponding numerical results. At the initial loading stage (for
instance, at step 35), for the case containing more inclusions, the high inclusion content
enhances the disturbing and interaction among inclusions. More scattered flaws are found
in the case with inclusions content C = 45%. Nevertheless, the inclusion content has no
evident impact on the final fracturing mode. Regardless of whether the inclusion content is
low or high, the overall fracturing mode for the three cases is similar. In the final loading
state, the three types of fractures, interface debonding fractures, consecutive fractures, and
non-consecutive fractures, can be observed in the three cases.

4. Conclusions

In this study, the RFPA code was applied to conduct a series of numerical simulations
to investigate the stress state and fractures evolution in single and multiple inclusions
embedded in the rock matrix. The following conclusions can be drawn:

(1) The spacing between two existing fractures directly governs the stress redistribution
during fracture filling. With the decreasing of the spacing between the adjacent
fractures, the stress is firstly transferred from negative to positive, then transferred
from positive to negative. When the fracture spacing reaches the critical value, the
tensile stress becomes so small that the magnitude of the stress is lower than the tensile
strength of the inclusion. Consequently, there are no more fractures that can be infilled
between the adjacent two fractures. Numerical results provide an intuitive way to
see the fracturing process and fracture-induced stress re-distribution of inclusions
embedded in the rock matrix, which cannot be observed directly in the field.

(2) Three types of fractures may occur in either single or multiple inclusions, i.e., consec-
utive, non-consecutive, and debonding fractures. However, the path of macroscopic
fractures may be flexuous with small flaws such as branches because of the hetero-
geneity of material. Meanwhile, although the effect of heterogeneity on the stress
inside inclusion is negligible, the impact of heterogeneity on fracturing mode is not
negligible. Fractures typically initiate at local concentrations of tensile stress around
flaws. Since flaws produce greater stress concentrations, the location of fracture initia-
tion depends on the distribution of the flaws as well as the magnitude of maximum
principal tension stress.

(3) The ratio Ei/Er affects the fracturing process of inclusions significantly. It is found
that, when Ei/Er ratio is lower than 1.0, the internal fractures even the matrix failure
are always the common mode, and few debonding fractures are found. Only a few
numbers of consecutive and non-consecutive fractures are formed in some inclusions,
even though the compressive load is relatively high. When the Ei/Er ratio is higher
than 1.0, mixed fracturing modes are found. With the increasing Ei/Er ratio, a larger
number of consecutive and non-consecutive fractures sub-parallel fractures are easily
formed with a relatively lower compressive load.

(4) The high inclusion content will enhance the disturbing and interaction between
inclusions. Therefore, more scattered flaws can be found at the initial loading stage of
the model containing multiple inclusions. Nevertheless, the inclusion content has no
evident impact on the final fractured mode.
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