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Abstract: The propagation of infrasound in the atmosphere is influenced by atmospheric environ-
mental parameters, which affect the precise localization of the infrasound source. Therefore, it has
become crucial to quantify the influence of atmospheric environmental parameters on infrasound
propagation. First, in this paper, the tau-p model is chosen as the physical model of infrasound
propagation in a non-uniform moving medium. The atmospheric environmental parameters affecting
infrasound propagation are determined. Secondly, the atmospheric environmental parameter distri-
bution data are generated using the Sobol sampling method. Third, the generated atmospheric data
are incorporated into the physical model of infrasound propagation to solve the output. Finally, Sobol
sensitivity analysis is performed for each parameter, and the atmospheric parameter with the largest
Sobol index is identified as the one with the most significant influence on infrasound propagation.

Keywords: uncertainty quantification; sensitivity analysis; Sobol index; infrasound propagation
model

1. Introduction

Infrasound, or sound waves with frequencies below 20 Hz, is generated by human
activities, including nuclear weapons tests and rocket launches as well as natural events
such as earthquakes [1–5], volcanic eruptions [6–9], thunderstorms [10], and other geo-
logical disasters [11]. Infrasound is commonly used to monitor the occurrence of natural
disasters such as volcanic eruptions, earthquakes, and mudslides. Infrasound is also used
to precisely identify infrasound events through array signal processing algorithms. The
use of infrasound is of great, practical importance for the monitoring and localization of
infrasound events, especially natural disasters.

The propagation of infrasound in the atmosphere is easily disturbed by the propa-
gation medium. The monitoring and location of infrasound events are affected by the
changing atmospheric propagation medium. Therefore, it has become crucial to quantify
the influence of atmospheric parameters on infrasound propagation. There are many un-
certainties in infrasound propagation in the atmosphere, such as changes in temperature,
atmospheric wind speed, and atmospheric density at different moments of the same loca-
tion. The propagation trajectory of infrasound in a large-scale atmospheric environment
are affected by these uncertainty factors because the atmospheric medium is a non-uniform
medium with a non-uniform flow. The uncertain mechanism of infrasound propagation in
complex atmospheric environments is analyzed to determine the parameters that have a
greater influence on infrasound propagation. Quantifying the uncertainty of infrasound
propagation can lay the foundation for the further realization of fast and accurate real-time
localization of infrasound sources [12,13].
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The most commonly used methods in uncertainty quantification are the Sobol sen-
sitivity analysis [14–18] and Monte Carlo [19] and Latin hypercube sampling (LHS) [20].
The effect of input parameters on model output parameters can be quantified by the Sobol
sensitivity analysis [21,22]. The method is applied to the uncertainty quantification of
transient wave propagation in pressure pipelines [23] and to the uncertainty quantification
analysis of sound source inversion methods [24]. The Sobol index method is based on
the idea that the total variance and partial variance are used to express the effect of all
variables on the output and the effect of univariate or multivariate analysis on the output,
respectively. In the Sobol index method, the first-order Sobol index and the total Sobol
index are usually used as sensitivity indicators for the input variables. The first indicator
is the first-order Sobol index, which reflects the degree of contribution of a single input
variable to the total variance of the model output and takes on values in the range of [0, 1].
The sensitivity of the input variables to the physical model can usually be ranked according
to the value of the first-order Sobol index. A larger first-order Sobol index indicates that a
change in that variable has a greater effect on the final output. The second indicator is the
total Sobol index, which reflects the degree of influence of the main effects of the variables
and the cross-effects of the variables with other variables on the model output variance. It
takes on values in the range of [0, 1]. The total Sobol index contains the cross-effects of each
variable. Supposing the value of the full-effects index of an input variable is small; this
indicates that the change in the variable has a small impact on the change in the output,
and the cross-effects between the variable and other variables also have a small impact on
the output, i.e., the interaction effect between the two is also small. In the actual calculation,
a certain number of variables can be reduced to simplify the computational model, but the
variables must be those with a small total Sobol index.

The Sobol sensitivity analysis method is used to quantify the uncertainty of the
parameters affecting infrasound propagation, to determine the parameters that have a
decisive influence on infrasound propagation, and to reveal the mechanism generating
infrasound propagation uncertainty. There are many kinds of uncertainty parameters in
the atmosphere. The tau-p model [25–29], also known as the ray-tracing model [25], is used
as a numerical simulation of infrasound propagation in a related paper. The atmospheric
environmental parameters in this model can affect infrasound propagation. The sensitivity
analysis of the atmospheric environmental parameters in the tau-p model is carried out
using Sobol sensitivity analysis in order to rank the importance of the environmental
parameters.

Therefore, the objective of this paper is to quantify the uncertain atmospheric envi-
ronmental parameters that affect infrasound propagation in the atmosphere. The Sobol
sensitivity-based approach is proposed to be able to rank the importance of uncertain atmo-
spheric environmental parameters affecting infrasound propagation. First, the atmospheric
parameters affecting infrasound propagation are identified in this paper. Secondly, the
model of infrasound propagation in the atmosphere is determined. Finally, the importance
ranking of the atmospheric parameters affecting infrasound propagation is performed
using Sobol sensitivity analysis.

This paper is organized as follows. The infrasound propagation model is introduced
in Section 2. The principles of Sobol sensitivity analysis and Sobol sequence are introduced
in Section 3. The sensitivity analysis of the infrasound propagation model using data from
the horizontal wind model (HWM93) and the mass spectrometer incoming scatter radar
model (MSISE00) is presented in Section 4. Finally, conclusions are drawn in Section 5.

2. Physical Model of Infrasound Propagation

In the real atmospheric environment, the propagation speed of infrasound is affected
by the wind speed u. The type of wind u affecting infrasound propagation can be classified
into meridional wind wm and zonal wind wz. The effective sound velocity ce f f can be
obtained by superimposing the wind velocity onto the sound speed c [30] at the receiving
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point. The effective sound velocity ce f f under the influence of wind speed u is shown in
Figure 1, and the effective sound velocity ce f f can be modeled as follows:

ce f f = c + n̂ · u =

√
γRT

m
+ wu sin φ + wv cos φ, (1)

where γ is the specific heat ratio; T is the thermodynamic temperature; m is the atmospheric
molar mass; R is the the universal gas constant equal to 8.314 J /(mol ·K); φ is the azimuth
angle; n̂ is the unit vector along the direction of the wind speed u.

mw



zw
1( )v z 2 ( )u z

1( )u z
2 ( )v z

effc

Y [km]

X [km]

Figure 1. Schematic diagram of effective sound velocity under wind speed. The X-axis indicates the
meridional direction; Y-axis indicates the zonal direction. wz is the zonal wind; wm is the meridional
wind. u1, u2 and v1, v2 are respectively the components of wz and wm along the direction of infrasound
propagation and the components perpendicular to the direction of infrasound propagation.

In this paper, the tau-p model [28] is used to simulate the propagation process of
infrasound in a moving atmospheric environment (effect of wind speed). The infrasound
propagation distance, maximum height of infrasound propagation, and infrasound propa-
gation time in a phase loop can be derived from the tau-p model.

The infrasound propagation distance R is the distance propagated from the bottom to
the top of the atmospheric waveguide and then down the phase cycle. The specific formula
is as follows:

R(z, p) = 2
∫ z(p)

z0

ξ(z, p)
[

p
(1− u(z)p)

+
u(z)

c2

]
dz, (2)

while the corresponding travel time t(z, p) of a phase loop is

t(z, p) = 2
∫ z(p)

z0

1
c2 ξ(z, p)dz, (3)

where z0 is the surface altitude; z(p) is the maximum altitude of infrasound propaga-
tion. The transverse offset Q of the infrasound propagation model is calculated using the
following equation:

Q(z, p) =
∫ z(p)

zo

1
c2 ξ(z, p)v(z)dz, (4)

where v(z) is the horizontal wind speed in the vertical propagation direction. The diagram
of the infrasound propagation model is shown in part (a) of Figure 2. The model of
infrasound propagation in the atmospheric environment is derived from the classical WKBJ
(Wentzel–Kramers–Brillouin–Jeffreys) [31] ray theory. When the horizontal phase velocity
Vtheta = 1/p matches the effective sound velocity c(z) + u(z), the infrasound propagation
ray will turn. Different infrasound propagation ray trajectories can be obtained by changing
the elevation angle of the emission, as shown in part (b) of Figure 2.
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（a） （b）



R

Q

Figure 2. (a) Propagation trajectory of the tau-p model in a phase loop. R represents the infrasound
propagation distance of a phase loop in Equation (2); φ denotes the azimuth angle in Figure 1, θ

indicates the angle of elevation; z represents the altitude of infrasound propagation; zmax represents
the maximum altitude that a phase loop can propagate; Q represents the lateral offset of infrasound
propagation in Equation (4). (b) Infrasound propagation trajectories at different elevation angles in a
phase loop. z denotes altitude; the angle values θ are from 5 to 25 at intervals of 5.

Each ray is represented by an invariant ray parameter p. When considering the
influence of wind speed, the corresponding ray parameter p is calculated as follows:

p =
sin(θ)

c0

(
1 +

sin(θ)u0

c0

)−1

, (5)

where c0 is the speed of sound for an unperturbed fluid at the receiving point, i.e., the
sound velocity not influenced by the wind speed; u0 is the horizontal wind speed along
the direction of infrasound propagation at an altitude of 0; θ is the elevation angle of the
emission in Figure 2.

ξ(z, p) is the characteristic function, and it is expressed as follows:

ξ(z, p) =
[

1
c2 −

p2

(1− u(z)p)2

]−1/2

, (6)

where the root of the characteristic function ξ(z, p) corresponds to the ray turning point,
i.e., the height of the turning point is zmax. The z(p) in Equation (2) is the first root above z0
of the characteristic function.

It is evident from the tau-p model that infrasound is susceptible to the influence of at-
mospheric physical parameters during propagation. Determining the source of uncertainty
and quantifying its effect on infrasound propagation is thus an important issue.

3. Sobol Index for Sensitivity Analysis of the Tau-p Model
3.1. Sobol Sequence Mathematical Principle

The Sobol sequence is a sequence using the minimum prime number 2 as the base in
order to generate a random sequence Xi(0 < Xi < 1). First, an integrable polynomial S with
a base of 2 (highest order n) is used to generate the direction numbers Vi(i = 1, 2, · · · , n) of
n. The original polynomial is

S = Xn + a1Xn−1 + a2Xn−2 + · · ·+ an−1X + 1. (7)

The direction numbers are

Vi =
mi

2i i = 1, 2, · · · , n, (8)

where a1, a2, · · · , an−1 = {0, 1}. It has the following relationship with the sequence m1, m2,
· · ·mn:
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mk = 2a1mk−1 ⊕ 22a2mk−2 ⊕ · · · ⊕ 2nmk−n ⊕mk−n 1 6 k 6 n, (9)

where ⊕ is the bit-by-bit exclusive-or operator; mk is an arbitrary positive integer satisfying
the odd integer 0 < mk < 2k; and n, a1, a2, · · · , an−1, m1, m2, · · ·mn are initially given, i.e.,
V1, V2, · · · , Vn are initially calculated. If the number of desired directions is greater than q,
then

Vi = a1Vi−1 ⊕ a2Vi−2 ⊕ · · · ⊕ an−1Vi−n+1 ⊕Vi−n ⊕ bVi−n/2nci > n. (10)

Therefore, the random number generated by the Sobol sequence is as follows:

Xi = i1V1 ⊕ i2V2 ⊕ · · · i = (· · · i3i2i1)2. (11)

The Sobol sequences in the unit hypercube [0,1]n with n ≤ 40 can be generated based
on the Sobol sequence mathematical principle, whose two-dimensional schematic is shown
in Figure 3.

（a） （b）

（c） （d）
N=500

N=50N=10

N=100

Figure 3. Graphs (a–d) represent the sampling numbers of 10, 50, 100, 500 two-dimensional Sobol
sampling schematics, respectively. u1, u2 are two parameters in the range [0–1].

3.2. Mathematical Principles of Sobol Sensitivity Analysis

The theory of variance-based Sobol sensitivity indices [15] is introduced in this section.
The Sobol sensitivity analysis is achieved based on the quasi-Monte Carlo (QMC) [17]. The
first-order Sobol index Sm and the total Sobol index STm are calculated by this method
to estimate the effect of individual variables or groups of variables on the model output.
Given NQMC samples of k, let hn

(
n = 1, . . . , NQMC

)
represent the output computed from

the infrasound physical model (tau-p model):

h(k)n = h(k1, . . . , kM)n, (12)

where km (m = 1, . . . , M) denotes the m-th atmospheric environmental parameter. The
mean value µ(h) of the tau-p model output is as follows:

µ(h) =
1

NQMC

NQMC

∑
n=1

hn. (13)
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The total variance σ2(h) can be calculated by the following equation:

σ2(h) =
1

NQMC

NQMC

∑
n=1

(hn − µ(h))2. (14)

Similarly, the first-order Sobol index for the m-th uncertain atmospheric environmental
parameter is calculated as follows:

Sm = σ2
m/σ2, (15)

where σ2
m is the partial variance. It can be obtained by the following equation:

σ2
m = Varum(Ek∼m(h | um)) =

1
NQMC

NQMC

∑
n=1

hn(Ψ2)(hn(Ψm
1 )− hn(Ψ1)), (16)

where Ψ1 and Ψ2 are two independent Sobol sample sets from k. The format of the sample
set is a matrix of NQMC × M, where M denotes the number of uncertain atmospheric
environmental parameter types. Ψm

1 is the m-th column of the first sample set Ψ1 replaced
by the mth column of the second sample set Ψ2. k∼m denotes the set of all variables except
km, and Var denotes the variance symbol. E denotes the mathematical expectation symbol.
The second-order Sobol index can be obtained by the following equation:

Sm1m2 = σ2
m1m2

/σ2, (17)

which describes the mutual cross-effects of uncertain atmospheric parameters m1-th and
m2-th on the tau-p model output (m1, m2 ∈ {1, . . . , M}), in which

σ2
m1m2

= Varum1 um2

(
Ek∼m1m2

(h | um1 , um2)
)
=

1
NQMC

NQMC

∑
n=1

hn(Ψ2)
(
hn
(
Ψm1m2

1
)
− hn(Ψ1)

)
.

(18)
Then, the total Sobol index [16,17] is calculated as follows:

STm =
Ek∼m(Varum(h | k∼m))

σ2

= Sm + ∑
m1 6=m

Smm1 + ∑
m1 6=m,m2 6=m,m2>m1

Smm1m2 + · · · (m = 1, . . . , M),
(19)

which describes the extent to which the cross-effect of the uncertain atmospheric parameter
m-th with other atmospheric parameters affects the output of the tau-p model. With the
increase of uncertain parameters M, it is necessary to calculate the 2M − 1 Sobol index. To
simplify the calculation, the total Sobl index is approximated as follows [17]:

STm ≈
1

2σ2NQMC

NQMC

∑
n=1

(hn(Ψm
1 )− hn(Ψ1))

2. (20)

3.3. Pseudocode for Tau-p Model Sensitivity Analysis

First, the atmospheric parameter met reference data with altitude z distribution are
imported. A polynomial curve is fitted to the atmospheric background reference data.
The maximum sampling Sobol number Nmax is set, and the polynomial curve fitting
coefficients are sampled to generate the atmospheric background data. The atmospheric
background data are substituted into the tau-p model to calculate the corresponding output.
Finally, the first-order Sobol index Sm and the total Sobol index STm that correspond to
each atmospheric parameter are calculated. For example, the pseudocode for analyzing the
influence of the infrasound propagation distance R is shown in Algorithm 1. In this paper,
the degree of influence of atmospheric physical parameters on infrasound propagation
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distance R, maximum propagation height zmax, and travel time t are analyzed separately.
The corresponding sensitivity indices of each parameter are determined.

Algorithm 1: Pseudocode for tau-p model sensitivity analysis.
Input: met, Nmax;
Output: Sm, STm ;

1: initialize: N = 0;
2: while N < Nmax;
3: Compute: R using Equation (2)
4: Compute: Sm using Equation (15)
5: Compute: STm using Equation (20)
6: N = N + 1
7: end

3.4. Flow Chart of Uncertainty Quantification Technique for the Infrasound Propagation Model

The first step obtains the reference data of atmospheric background parameters with
height distribution from the MSISE00 and HWM93 models. In the second step, the distri-
bution curves of the atmospheric background parameters are generated based on the Sobol
series sampling of the reference data. The criterion for the generated atmospheric physical
parameter distribution curves is to make the atmospheric parameter distribution curves
conform to the actual distribution and not deviate from the reference value. In the third
step, the sensitivity analysis of atmospheric background parameters is performed using
Sobol sensitivity analysis. The first-order sensitivity and total Sobol index corresponding
to each atmospheric background parameter are calculated. The technical flowchart of this
paper is shown in Figure 4.

Reference data for atmospheric parameters from MSISE00 and 

HWM93 models

Step 1: Atmospheric background parameter distribution curves 

are generated by sampling the model using Sobol sequences

Step 2: Sensitivity ranking of atmospheric environmental 

parameters based on Sobol sensitivity analysis

Calculation of total Sobol index

Calculating the first-order Sobol index
2 2/m mS  =

( ) ( )( )
2

1 12
1

1
.

2

QMC

m

N

m

T n n

nQMC

S h h
N =

  − 

m m g
[ ] ( )[K] ( ) ( ) ( ) ( )

s s mol
z mmet z km T z w z w z m z z

     
=      

     

Figure 4. In the first step, the reference data of the atmospheric background parameters with height
distribution are obtained from the MSISE00 and HWM93 models. In the second step, the distribution
curves of atmospheric background parameters are generated based on the Sobol series sampling of
the reference data. In the third step, the sensitivity analysis of atmospheric background parameters is
performed using Sobol sensitivity analysis, and the first-order sensitivity index and total Sobol index
corresponding to each atmospheric background parameter are calculated.
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4. Quantitative Results Presentation and Analysis Based on the Actual
Atmospheric Data
4.1. Sobol Sampling to Generate Atmospheric Profile Curves

The Sobol index method is used to analyze the atmospheric physical parameters
affecting infrasound propagation. After observing the infrasound propagation model,
thermodynamic temperature, zonal wind, meridional wind, mean atmospheric molar
mass, and specific heat ratio are identified as the physical parameters that may affect the
atmospheric propagation. The atmospheric physical parameters are in the altitude range
of 1–200 km, and 1000 points can be acquired at an altitude interval of ∆z = 0.2 km. The
baseline parameter curves for the above physical parameters are selected, i.e., the curves
of the atmospheric physical parameter values with height (source of baseline parameter
data: MSISE00 and HWM93 models). The format of the atmospheric background data is
as follows:

met =
[
z[ km], T(z)[K], wz(z)

[m
s

]
, wm(z)

[m
s

]
, m(z)

[ g
mol

]
, γ(z)

]
1000×6

, (21)

where T is the temperature; wz is the zonal wind speed; wm is the meridional wind speed;
m is the average molar mass of the atmosphere; γ is the specific heat ratio. The magnitudes
of T, wz, wm, m are (K), )m/s), (m/s), (g/mol), respectively. The baseline parameter curves
are fitted using polynomial curve fitting in order to obtain the fitted coefficient values of
the baseline curves. The sampling interval of the fitting coefficient is obtained by adjusting
the sampling range of the fitting coefficient so that the distribution curve generated after
sampling will conform to the actual atmospheric environment. The range of values of the
curve fitting coefficients are uniformly distributed. The polynomial expansion of the five
atmospheric parameters is shown in Equation (22).

T(z) = n1z5 + n2z4 + n3z3 + n4z2 + n5z + n6
wz(z) = n1z5 + n2z4 + n3z3 + n4z2 + n5z + n6
wm(z) = n1z5 + n2z4 + n3z3 + n4z2 + n5z + n6
m(z) = n1z2 + n2z1 + n3
γ(z) = n1z2 + n2z1 + n3

(22)

where ni (i = 1, . . . , 6) is the polynomial fitting coefficient. The number of polynomial curve
fitting coefficients for the five atmospheric parameters are 6, 6, 6, 3, and 3, respectively, and
the range of their values is shown in Table 1.

Table 1. The range of values of the polynomial curve fitting coefficients for the five atmospheric
parameters.

n1 n2 n3 n4 n5 n6

T min −1.8359 × 10−9 5.49439 × 10−6 −0.00181 0.20020 −8.048 299.09
max −1.8363 × 10−9 5.49549 × 10−6 −0.00180 0.20060 −7.889 330.57

wz
min 9.880 × 10−9 −4.377 × 10−6 0.000655 −0.03674 0.511 −18.52
max 9.882 × 10−9 −4.376 × 10−6 0.000657 −0.03666 0.521 6.17

wm
min 1.0201 × 10−8 −4.410 × 10−6 0.000639 −0.0355 0.665 −18.40
max 1.0203 × 10−8 −4.409 × 10−6 0.000640 −0.0353 0.679 11.04

m min −0.000308 0.01608 27.51
max −0.000307 0.01612 30.41

γ
min 6.3877 × 10−6 −0.000378 1.37
max 6.4005 × 10−6 −0.000377 1.43

The number of samples Nmax for the curve fitting coefficients is set to 1200. The
sampled atmospheric parameter distribution curves are plotted in a graph, as shown
in Figure 5. The black line represents the reference atmospheric parameter distribution
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curve, and the red line represents the generated atmospheric parameter distribution curve
after sampling.

From Figure 5, it can be seen that the fitted parameter curves are well-distributed at a
reasonable interval without exceeding the real atmospheric environment. Therefore, the
fitted atmospheric parameter distribution data can be imported as input data into the tau-p
model in order to solve for the output.

Specific heat ratio 

reference curve

Adiabatic sound speed c

reference curve

Meridional wind reference curve

Average atmospheric molar 

mass reference curve

Temperature reference curve

Zonal wind reference curve
(a) (b)

(c) (d)

(e) (f)

Figure 5. Distribution curves of each atmospheric parameter generated after Sobol sampling (the
number of sampling is 1200). The black line represents the reference atmospheric parameter distribu-
tion curve, and the red line represents the atmospheric parameter distribution curve generated after
sampling. Graphs (a–f) illustrate temperature T, zonal wind speed wz, meridional wind speed wm,
average atmospheric molar mass m, specific heat ratio γ, and adiabatic sound speed c, respectively
(Data from: https://kauai.ccmc.gsfc.nasa.gov/instantrun/msis, accessed on 15 May 2021).

4.2. Uncertainty Quantification Analysis for the Infrasound Propagation Distance

The sampled parameter profiles are imported into the tau-p model as atmospheric
background parameters to calculate the corresponding outputs. In this paper, the infra-
sound propagation distance R is selected as the output of the infrasound propagation
physical model. The source position of the tau-p model is set to the ground at an altitude
of 0; the elevation angle of the emission angle θ is set to a fixed value of 30°; the azimuth
angle φ is 45°. The first-order sensitivity index and the total Sobol index of each parameter
are solved by the Sobol index method. These two indices can reflect the degree of influence
of the atmospheric parameters on the physical model of infrasound propagation. The
first-order Sobol index convergence curves and the total Sobol index convergence curves
for the five atmospheric parameters are shown in (a) and (b) of Figure 6, respectively. The
range of Sobol sampling times N is from 500 to 3000.

https://kauai.ccmc.gsfc.nasa.gov/instantrun/msis
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（b）（a） （b）（a）

Figure 6. (a) Five atmospheric parameters’ first-order Sobol index convergence lines for the infra-
sound propagation distance R; (b) Five atmospheric parameters’ total Sobol index convergence lines
for the infrasound propagation distance R (the blue, dark red, yellow, purple, and light green curves
indicate temperature T, zonal wind wz, meridional wind wm, mean atmospheric molar mass m, and
specific heat ratio γ, respectively).

It can be seen from Figure 6 that with the increase of sampling times, the first-order
Sobol index and total Sobol index of each atmospheric parameter converge. The first-order
Sobol index and the total Sobol index when the number of Sobol samples Nmax is 2000 are
shown in Figure 7. The specific values of the two indices are shown in Table 2.

（a） （b）

Figure 7. (a) First-order Sobol index pie charts and (b) total Sobol index pie charts of the five
parameters for the infrasound propagation distance R. The five uncertain atmospheric environmental
parameters are independently and uniformly distributed. The number of Sobol samples N is 2000.

Table 2. First Sobol index S and Total Sobol index ST of each atmospheric parameter for the infra-
sound propagation distance R.

T wz wm m γ

S 0.3768 0.2684 0.3528 0.0016 0.0004
ST 0.3533 0.2649 0.3814 0.0003 0.0001

It can be seen in Table 2 that the parameters that have a great impact on infrasound
propagation distance have been sorted as follows:

(1) The first-order impact indices in descending order are meridional wind, thermody-
namic temperature, zonal wind, mean atmospheric molar mass, and specific heat ratio;

(2) The order of the total impact indices from the largest to the smallest is as follows:
meridional wind, thermodynamic temperature, zonal wind, mean atmospheric molar mass,
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and specific heat ratio. It can be seen that the atmospheric environmental parameter with
the greatest influence on the infrasound propagation distance is the meridional wind from
these two sensitivity indices.

In the non-uniform atmospheric environment, the infrasound propagation distance R
is mainly related to the infrasound propagation velocity, i.e., the effective sound velocity.
From the effective sound velocity model in Equation (1), it can be seen that the zonal wind
and the meridional wind are the main parameters affecting the effective sound velocity.
The atmospheric temperature is weakened by taking the root sign, which leads to the effect
on the effective sound velocity. The wind speed in the latitudinal direction after sampling
is (−27.64 m/s, 53.81 m/s), i.e., the interval length is 81.45 m/s. The wind speed in the
meridional direction after sampling is (−26.80 m/s, 60.05 m/s), i.e., the interval length is
86.85 m/s. Therefore, it can be inferred that the influence of the meridional wind on the
infrasound propagation distance R is greater than that of the zonal wind. This conclusion
needs to combine the data of zonal and meridional winds in a specific area and time, and it
is not generalizable.

4.3. Uncertainty Quantification Analysis for the Maximum Height of Infrasound Propagation

The sensitivity analysis of the atmospheric physical parameters affecting the maximum
propagation height of infrasound is performed using the Sobol sensitivity analysis method.
The maximum propagation distance zmax is chosen as the output of the tau-p model. The
source position of the tau-p model is set to the ground at an altitude of 0; the ray emission
angle is set to a fixed value of 30°; the azimuth angle is 20°. The first-order Sobol index
convergence curves and the total Sobol index convergence curves for each atmospheric
parameter are shown in (a) and (b) of Figure 8, respectively. The range of Sobol sampling
times N is from 500 to 5000.

（b）（a） （b）（a）

Figure 8. (a) Five atmospheric parameters’ first-order Sobol index convergence lines for the max-
imum height of infrasound propagation zmax; (b) Five atmospheric parameters’ total Sobol index
convergence lines for the maximum height of infrasound propagation zmax (the blue, dark red, yellow,
purple, and light green curves indicate temperature T, zonal wind wz, meridional wind wm, mean
atmospheric molar mass m, and specific heat ratio γ, respectively).

It can be seen from the above figures that the two indices tend to converge as the
sampling times increase. The results of the first-order Sobol index and the total Sobol
(5000 Sobol samples) for each atmospheric physical parameter are plotted in Figure 9. The
sensitivity index values corresponding to the degree of influence of each atmospheric physical
parameter on the maximum height of infrasound propagation are shown in Table 3.
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（a） （b）

Figure 9. (a) First-order Sobol index pie charts and (b) total Sobol index pie charts of the five parame-
ters for the infrasound propagation maximum height. The five uncertain atmospheric environmental
parameters are independently and uniformly distributed. The number of Sobol samples N is 5000.

Table 3. First Sobol index S and total Sobol index ST of each atmospheric parameter for the infrasound
propagation maximum height.

T wz wm m γ

S 0.8496 0.0095 0.0727 0.0659 0.0033
ST 0.8563 0.0093 0.0847 0.0490 0.0007

In Table 3, it can be seen that the parameters that have a large influence on the
maximum height of infrasound propagation have been ranked as follows:

(1) The first-order influence indices in descending order are the thermodynamic
temperature, meridional wind, mean atmospheric molar mass, zonal wind, and specific
heat ratio;

(2) The total impact indices in descending order are the thermodynamic temper-
ature, meridional wind, mean atmospheric molar mass, zonal wind, and specific heat
ratio. From these two sensitivity indices, it can be seen that the atmospheric environmen-
tal parameter with the greatest influence on the infrasound propagation distance is the
thermodynamic temperature.

The maximum height of infrasound propagation zmax is mainly influenced by the
infrasound propagation velocity in the direction perpendicular to the ground. It can be
seen in Figure 2 that the component of infrasound propagation velocity perpendicular to
the ground is c · cos θ, where c =

√
(rRt)/m. Through Equation (1), it can be seen that

temperature can affect the velocity of infrasound propagation in the vertical ground direc-
tion, ultimately affecting the maximum height of infrasound propagation. The zonal and
meridional winds in this paper are horizontal winds, which mainly affect the propagation
distance of infrasound in the horizontal direction. It has little effect on the maximum height
of infrasound propagation.

4.4. Uncertainty Quantification Analysis for the Travel Time of Infrasound Propagation on a
Phase Loop

The Sobol sensitivity analysis is used to quantify and analyze the main atmospheric
physical parameters that affect the travel time on a phase loop. In this paper, atmospheric
temperature, meridional wind, zonal wind, mean atmospheric molar mass, and specific
heat ratio are selected as the atmospheric physical parameters to be quantified. The travel
time of the tau-p model is chosen as the output. The source position of the tau-p model
is set to the ground at an altitude of 0; the elevation angle of emission θ is set to a fixed
value of 30°; the azimuth angle φ is 20°. The convergence curves of the first-order Sobol
sensitivity index S and the total Sobol index ST are plotted in (a) and (b) of Figure 10,
respectively. The range of Sobol sampling times N is from 200 to 2400.
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It can be seen that the two indices converge as the number of Sobol samples increases.
The results with a sampling number of 2400 were chosen, and pie charts of the first-order
Sobol index and the total Sobol index were drawn separately, as shown in Figure 11. The
sensitivity index values corresponding to the degree of influence of each atmospheric
physical parameter on the infrasound propagation travel time in a phase loop are shown in
Table 4.

（b）（a） （b）（a）

Figure 10. (a) Five atmospheric parameters’ first-order Sobol index convergence lines for the infra-
sound propagation travel time t in a phase loop; (b) Five atmospheric parameters’ total Sobol index
convergence lines for the infrasound propagation travel time t in a phase loop (the blue, dark red,
yellow, purple, and light green curves indicate temperature T, zonal wind wz, meridional wind wm,
mean atmospheric molar mass m, and specific heat ratio γ, respectively).

（a） （b）

Figure 11. (a) First-order Sobol index pie charts and (b) total Sobol index pie charts representing
the five parameters for travel time t. The five uncertain atmospheric environmental parameters are
independently and uniformly distributed. The number of Sobol samples N is 2400.

Table 4. First-order Sobol index S and total Sobol index ST of each atmospheric parameter for
infrasound propagation travel time in a phase loop.

T wz wm m γ

S 0.2685 9.7098 × 10−4 0.0045 0.6301 0.0960
ST 0.3396 2.6454 × 10−4 0.0036 0.5771 0.0795

In Table 4, it can be seen that the parameters that have a large influence on the travel
time of infrasound propagation have been ranked as follows:

(1) The first-order influence indices in descending order are the mean atmospheric mo-
lar mass, specific heat ratio, thermodynamic temperature, meridional wind, and zonal wind;

(2) The total impact indices in descending order are the mean atmospheric molar mass,
specific heat ratio, thermodynamic temperature, meridional wind, and zonal wind.
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From these two sensitivity indices, it can be seen that the atmospheric environmental
parameter with the greatest influence on the infrasound propagation travel time is the
mean atmospheric molar mass. From the term 1/c2 of Equation (3), it can be seen that the
atmospheric molar mass, as the numerator term, ranges from 18.45 g/mol to 30.62 g/mol
after sampling. The atmospheric temperature and specific heat ratio as the denominator
term parameters after sampling fall within the ranges of (134.06 K, 532.73 K) and (1.37,
1.61), respectively. The change as the numerator term has a more significant effect on the
infrasound propagation time t than the change in the denominator term. Therefore, it can
be inferred from Equation (3) that the main atmospheric parameter affecting the infrasound
propagation time is the average atmospheric molar mass. As shown in Figure 5 (d), the
average atmospheric molar mass m is almost constant below 100 km. This conclusion
applies especially to rays propagating beyond an altitude of 100 km.

The conclusions in this paper are drawn under the MSISE00 model and the HWM93
model, i.e., the three conclusions above are based on region-specific atmospheric data.
Therefore, the above conclusions are not generalizable. This paper provides a method of
quantifying the uncertainty of infrasound propagation for a specific region. For a specific
region, the uncertainty quantification of infrasound propagation needs to be performed
based on the acquisition of region-specific atmospheric data. The results of the above
study can further understand the propagation law of infrasound, reveal the mechanism
of infrasound propagation, and lay the foundation for further localization of infrasound
sources in uncertain atmospheric environments. The uncertainty information of infrasound
propagation can be incorporated into the Bayesian framework as a priori knowledge [32,33].
In addition, infrasound source localization algorithms in a Bayesian framework have
been developed [34]. Therefore, by combining the above two points, the uncertainty
information of the infrasound propagation environment can be incorporated into the
infrasound source localization algorithm to achieve enhanced localization results in the
future. The nonlinear effect of the infrasound propagation process is not considered by
the tau-p model. Considering the nonlinear effects of the infrasound propagation process
can better reflect the real infrasound propagation process in the atmosphere [35,36]. Future
work on the quantification of infrasound propagation uncertainty should aim to consider
the nonlinear effects of the infrasound propagation process.

5. Conclusions

The uncertainty quantification method of the infrasound propagation model was
implemented. Uncertain parameters (thermodynamic temperature, meridional wind,
zonal wind, mean atmospheric molar mass, specific heat ratio) that affect infrasound
propagation in complex atmospheric environments were considered. The sensitivity of
the uncertain parameters to infrasound propagation was studied. The results show that
the parameter that has a decisive influence on the propagation distance of infrasound
is the meridional wind. The thermodynamic temperature is the parameter that has a
decisive influence on the maximum height of infrasound propagation. The parameter
that has a decisive influence on the infrasound travel time is the mean atmospheric molar
mass. The above three conclusions are based on the MSISE00 model and the HWM93
model. The above uncertainty quantification analysis results are useful for the further
understanding of the mechanisms of infrasound propagation in the atmosphere. They
can also serve as data reference for infrasound source localization under an uncertain
atmospheric environment. This paper analyzed the effects of five atmospheric parameters
on infrasound propagation. In the future, the uncertainty quantification results can be
modeled into the infrasound source localization algorithm as a priori information in order
to enhance the localization effect.
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Abbreviations
The following abbreviations are used in this manuscript:

c static sound speed at the receiving point
n̂ unit vector along the direction of wind speed u
u wind speed along the direction of infrasound propagation
wm meridional wind
wz zonal wind
γ specific heat ratio
T thermodynamic temperature
m atmospheric molar mass
R universal gas constant
φ azimuth angle
θ elevation angle of emission
z altitude
z0 surface altitude
z(p) maximum altitude of infrasound propagation
ξ(z, p) characteristic function
p ray parameter
hn
(
n = 1, . . . , NQMC

)
output computed from the infrasound physical model (tau-p model)

k vector of uncertain parameters
km (m = 1, . . . , M) m-th atmospheric environmental parameter
σ2

m partial variance
Ψ independent Sobol sample sets from k
Sm first-order Sobol index for the m-th uncertain atmospheric environmental

parameter
Var variance symbol
E mathematical expectation symbol
Sm1m2 second-order Sobol index
k∼m set of all variables except km
STm total Sobol index
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