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Abstract: This paper proposes an I-shaped radial elastic metamaterial with ultra-low-frequency
broadband characteristics and studies the propagation characteristics of elastic waves in their quasi-
static state. Through the calculation of the dispersion relationship, the frequency response function,
and the eigenmode displacement field, it is found that the ultra-low-frequency wide band gap
can be generated in the quasi-static metamaterial. The wide band gap is mainly caused by modal
transitions. The equivalent mass–spring model reveals the modal changes of the I-shaped radial
elastic metamaterial under the surface constraints. Furthermore, by studying the directional vibration
displacement field of the finite period structure, it is demonstrated that the mechanism of the ultra-
low-frequency broadband (0 < Reduced f requency(Ω) < 0.20) is the local resonance mechanism.
Subsequently, the influence of the geometric and the material parameters on the location and width
of the band gap is explored numerically. Finally, based on the model, through the hammer modal
experiment, it is proven that the quasi-static structure yields an ultra-low-frequency stop band of
0.1–1012 Hz. The research conclusions can be applied to mechanical engineering fields such as
ultra-low-frequency vibration reduction.

Keywords: elastic metamaterial; local resonance; finite element method; vibration control

1. Introduction

Phononic crystals [1,2] are periodic structures that can control elastic waves in solids.
Due to their excellent band gap properties, phononic crystals are widely investigated.
The existing band gap formation mechanisms in phononic crystals are mainly the Bragg
scattering mechanism [3–5] and the local resonance mechanism [6]. For the phononic
crystals based on the Bragg scattering mechanism, the generation of the band gap results
from the interaction between the periodically changing material properties and elastic
waves. The scale of the scatterer and the wavelength corresponding to the band gap
frequency are in the same order of magnitude. Therefore, a large space size is required
to block the vibration [5]. With the excitation of the elastic waves in the phononic crystal
based on the local resonance mechanism [7], the scatterer oscillator resonates and interacts
with the elastic wave. Furthermore, the band gap frequency is much lower than that of the
Bragg band gap of the same lattice size, enabling a small size to control large wavelengths.

Phononic crystals dominated by local resonance mechanisms are also called elastic
metamaterials [8–10]. To facilitate the application of elastic metamaterials in vibration
control and mechanical engineering, it is essential to obtain low-frequency and large-
bandwidth band gaps. Researchers have put a substantial amount of effort in elastic
metamaterials with planar periodic arrangement to explore metamaterial structures with
excellent band gap properties [11–13]. Badreddine Assouar et al. [14] designed an elastic
metamaterial with double-sided short cylinders periodically arranged in the X and Y
directions and obtained a broadband full band gap calculated by the finite element method.
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A.O. Krushynsk et al. [15] investigated an elastic metamaterial with a rubber coating. They
obtained a low-frequency band gap, with an initial frequency below 200 Hz, by arranging
the lattice structure periodically in a plane. Gao et al. [16] proposed a two-dimensional
elastic metamaterial with the periodic distribution of dual resonators in the X and Y
directions, which generated a 5 Hz wide ultra-low-frequency band gap around 35 Hz.

Radial elastic metamaterials (REMs) [17–26] are annular structures arranged peri-
odically in the radial direction with omnidirectional band gap properties. Shi et al. [23]
proposed an REM composed of alternating plexiglass and steel materials to obtain a broad-
band complete band gap. Ma et al. [25] investigated double-layer REMs with lattice slip
properties, and their structures exhibited broadband band gap properties. Li et al. [20]
designed a substrate composed of alternating aluminum and epoxy resin-based structure,
added periodic rubber and steel block REMs on the substrate, and obtained a band gap
with an initial frequency below 500 Hz and a bandwidth of about 100 Hz. Gao et al. [27]
designed a radial elastic metamaterial with steel as the matrix and a combined mass of sili-
cone rubber and steel. The center frequency of the first-order band gap was found to exist
around 300 Hz. Although the radial elastic metamaterials aim to achieve low-frequency
stop bands, it is still difficult to achieve ultra-low-frequency stop bands.

Some researchers [21–24] found that the quasi-static periodic structure can open a
wide-band stop band in the ultra-low-frequency range. Yao et al. [28] designed a special
mass–spring system. They showed that the quasi-static system effectively attenuated the
elastic waves in the ultra-low-frequency range by fixing the external boundary of the model.
T. Antonakakis et al. [22] investigated the shielding phenomenon of the flexural waves
in quasi-static elastic plates by imposing fixed constraints on special points on the elastic
plate. They found out that the form of point confinement caused the structure to produce
ultra-low stop bands. Through the Fourier series and high frequency homogenization
theory, T. Antonakakis et al. [29] investigated the cause of the zero-frequency initial stop
band from the mathematical point of view. Y Achaoui et al. [30] designed a broadband
quasi-static two-dimensional seismic metamaterial with a zero-frequency initial stop band.
They imposed constraints on the bottom surface of its periodic structure, which effectively
attenuated the seismic waves.

The above studies have demonstrated the feasibility of the ultra-low-frequency band
theoretically. However, these studies have not achieved ultra-wide low-frequency bands,
and their mechanisms and experiments have not been analyzed in detail. Moreover, the
above quasi-static band gap studies are based on the periodic structure in the Cartesian
coordinate system, but no relevant research has been carried out on the radial periodic
structure.

In this study, we propose an I-shaped single-phase REM and investigate its quasi-
static band gap properties. The eigenmode visualization method is used to analyze the
generation mechanism of the ultra-low-frequency broadband. Furthermore, the influence
of the structural parameters on the location and bandwidth of the ultra-low-frequency
broadband is analyzed. Finally, the existence of the ultra-low-frequency broadband is
verified experimentally. The quasi-static REMs are proposed to realize ultra-low-frequency
broadband, which has important practical significance for engineering applications such as
ultra-low-frequency vibration reduction in metamaterial structures.

2. Models and the Theoretical Methods
2.1. Quasi-Static REM Structure

Figure 1a shows the unit lattice structure of the proposed I-shaped REM. Here, a
denotes the leg width of the I-shaped unit lattice structure, i.e., the lattice constant, whereas
h, d, and e denote the waist height, waist thickness, and average leg thickness of the I-
shaped unit lattice structure, respectively. The radial periodic arrangement of the unit
lattice to form metamaterials is shown in Figure 1b. Figure 1c imposes surface constraints
on the Z-direction basal plane (blue represents the constrained surface of the metamaterial
structure), thereby constructing a quasi-static metamaterial [31].
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According to Bloch’s theorem, only a single lattice cell needs to be considered since 
the periodic structure of lattice cells is infinite along the radial direction. Its lattice bound-
ary condition equation is: 𝑢(𝑟 + 𝑟௔, 𝑧) = 𝑢(𝑟, 𝑧)𝑒௜௞ೝ௥ೌ  (4)

Figure 1. REM: (a) Schematic diagram of REM lattice structure and BZ wave vector (Gamma-R) in
reciprocal space. (b) Formation of REM. (c) Quasi-static supermaterial.

2.2. Theoretical Method

In order to study the band gap characteristics of the metamaterial structures, according
to the theory of elastic dynamics, the elastic wave equation with displacement as the un-
known quantity in the Cartesian coordinate system is established. With the assumptions of
material continuity, complete elasticity, homogeneity, isotropy, and small deformations [30],
the elastic wave equation is expressed as:

ρ
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where ui and uj denote the displacement components, fi denotes the external force per unit
volume, ρ denotes the density, t denotes the time, and λ and µ denote the Lame elastic
constants of the material.

For the particularity of the structure, we establish the elastic wave equation in the
cylindrical coordinate system to calculate the dispersion relation curve in the infinite system
based on the equations of motion, geometry, and physics. Here, u, v, and ω denote the
displacement components of the cylindrical coordinate system and r, θ, and z denote the
coordinate components in the cylindrical coordinate system.
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where the volume strain θt and rotational components (w′r,w′θ , w′z) are defined as:
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According to Bloch’s theorem, only a single lattice cell needs to be considered since the
periodic structure of lattice cells is infinite along the radial direction. Its lattice boundary
condition equation is:

u(r + ra, z) = u(r, z)eikrra (4)

where r denotes the radial position, a denotes the lattice constant, and kr denotes the
components of the Bloch wave vector, Kr, in the radial direction.
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Using Equation (4), by establishing the model as shown in Figure 1a under the 2D
axisymmetric of COMSOL Multiphysics, applying a periodic boundary condition on r,
sweeping the Bloch wave vector over the boundary of the first irreducible (Γ(0, 0) to R(1, 0))
Brillouin zone (IBZ), the dispersion relation curve of the radial metamaterial structure
is obtained.

It is worth noting here that the quasi-static limit of the dispersion curves can be
inferred from the slope or curvature of the dispersion curve around the point Γ when
Kr → 0 [30,32,33]. Meanwhile, the effective behavior of the low-frequency Bloch waves can
be explained by the effective group velocity or effective mass [28,34]. When some Dirichlet
data u→ 0 (fixed state, possibly minimal existence) are set on a certain region within the
IBZ, it is deduced that u is 0 everywhere in the IBZ using the maximum principle [32,33]. It
is indicated that the period-constrained elastic structure has an ultra-low-frequency band
gap with an onset of near-zero frequency, which can be used to reflect elastic waves at any
low frequency.

3. Ultra-Low-Frequency Broadband Characteristics
3.1. Ultra-Low-Frequency Broadband Structure Analysis

In order to explore the band gap properties of the quasi-static metamaterials, the
finite element method is used to calculate the dispersion relationship of the quasi-static
metamaterial structure and the results are presented in Figure 2. Here, the blue solid line
represents the real part of the wave vector, i.e., the wave propagation mode, and the red
dotted line represents the imaginary part of the wave vector, i.e., the wave evanescent
mode. It is worth noting that the absolute value of the imaginary part of the wave vector
represents the attenuation of the elastic wave amplitude in the space, i.e., there is an
evanescent wave mode. The metamaterial geometry parameters are given as follows: the
lattice constant a, the waist height h = a, the waist thickness d = 0.6a, and the average leg
thickness e = 0.2a. The material is epoxy resin, and the material parameters are: the elastic
modulus E = 4.35× 109 Pa, Poisson’s ratio µ = 0.368, the mass density ρ = 1180 kg/m3,
the reduced frequency Ω = ωa/2πct , and the shear wave velocity of the epoxy resin matrix
ct = 1160.8 m/s.
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Figure 2 shows the dispersion relation curves of the quasi-static radial metamaterial
structure. As shown in Figure 2, the ultra-low-frequency broadband appears in the quasi-
static I-shaped radial elastic metamaterials. There are only two energy band curves below
the parsimonious frequency Ω = 0.50. Its first band gap (0 < Ω < 0.20) is below the
first energy band. It is worth noting that the imaginary part of the energy band has a part
greater than zero in the band gap frequency range, indicating the generation of evanescent
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waves. Furthermore, the imaginary part of the band in the first band gap changes sharply
with the frequency. This is the hallmark of a typical local resonance. Similar changes have
been observed in one-dimensional metamaterials [34]. In this case, the dispersion relation
is significantly different from the typical Bragg scattering band gap dispersion curve.

In order to further verify the correction of the band structure, the 5/10-period quasi-
static metamaterial frequency response curves are calculated as shown in Figure 3. It can
be observed that there is a good agreement between the band gap position and the band
gap results obtained from the dispersion curve.
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3.2. Mechanism of the Ultra-Low Broadband Characteristics

In order to research the mechanism of the ultra-low-frequency broadband, the disper-
sion relation curves of conventional radial metamaterials are calculated under the condition
that the structure and material parameters remain unchanged, and the results are presented
in Figure 4. It can be seen that there is no ultra-low-frequency broadband in the range
of the parsimonious frequency 0 < Ω < 0.50. Figure 5 shows the calculated eigenmode
displacement vector fields for the special points of the energy bands in the two states,
respectively. Here, the black arrows indicate the directions of the vibration displacement
and the colors indicate the magnitude of the vibration displacement.
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Referring to point A1 in Figure 2, the vibration energy is concentrated at the free end
of the unit cell, whereas the whole represents a localized rotational vibration mode, similar
to a “pendulum”. This is due to the constraints imposed by Z on the base surface so that
the vibration cannot be generated at the lower base surface. At point A2, since the upper
and lower basal planes are free boundaries, the vibration is evenly distributed throughout
the entire unit cell. This entails an overall vertical vibration mode of the axial direction.
Due to the face constraints, the structural intrinsic eigenmode displacement vector field is
changed, and the localized vibration of the metamaterials opens the ultra-low-frequency
broadband.

Furthermore, the vibration characteristics of the finite-period metamaterial structures
are studied and the generation mechanism of the ultra-low-frequency broadband character-
istics of the quasi-static radial metamaterials is explored. Figure 6 shows the displacement
field along the radial direction at the center frequency of the first band gap of the quasi-
static radial metamaterial for ten periods. Here, the center frequency Ω of the first band
gap is 0.10 in its quasi-static state. The incident wave is effectively reflected, and a localized
vibration mode appears. Inside the metamaterial array, the vibration amplitude is the
greatest at the first lattice. Afterwards, the amplitude decays exponentially towards the
exit, where a low transmission is observed on the exit side. The vibration mode at the first
lattice is symmetric along the axial direction, which is consistent with the experimental
results [35]. However, in the radial displacement field outside the ten-period quasi-static
radial metamaterial band gap range (at the parsimonious frequency Ω = 0.30), it is ob-
served that the incident Lamb wave passes through the metamaterial structure almost
unperturbed, as shown in Figure 7. Its displacement values can reach up to 2 mm due to
the superposition of the reflections. Therefore, the structural local resonance is the main
reason for the attenuation of the incident Lamb wave.

According to the analysis of the above-mentioned quasi-static REM unit cell eigen-
mode displacement vector field and the radial vibration displacement field, the lower base
surface of its local vibration mode is stationary, whereas the upper free end is equivalent
to a single-degree-of-freedom system. In addition, its local resonance structure can be
equivalent to a mass–spring system [35]. The cut-off frequency of its resonant band gap
can be determined by the natural frequency of the local resonance, and it can be evaluated
in terms of the equivalent mass (which provides the mass part) and the equivalent stiffness
(which provides the elastic part) for this vibration mode:

f =
√
(Ke/Me)/2π (5)
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The middle part of the I-shaped structure acts as a Ke providing equivalent stiffness,
while the upper free end acts as an Me providing equivalent mass. The equivalent stiffness
and the mass represented here are different in different modes. From Equation (5), it can be
seen that changing the equivalent stiffness or mass of its corresponding part can adjust the
frequency position and the width of its band gap.

3.3. Influence of the Geometric Parameters on the Ultra-Low-Frequency Broadband Characteristics

To analyze the relationship between the resonant band gap frequency and the width
and the structural parameters in detail, this section investigates the effect of changing the
band gap properties of the aligned static metamaterials by a single geometric parameter.
Figure 8a shows the variation law of the first band gap with the geometric parameter d/a
ratio. The cutoff frequency in Figure 8a shows a gradually increasing trend where the band
gap width increases monotonically as d/a increases. As shown in Figure 8b, the middle
part of the I-shaped structure acts as a spring providing equivalent stiffness, while the
upper free end acts as a mass body providing equivalent mass. With the increase in the
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parameter d/a, the equivalent mass Me in the structure remains almost unchanged, and
the equivalent stiffness Ke keeps increasing, which is the reason for the increased cut-off
frequency.
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Figure 9a shows the variation in the band gap of the quasi-static REM with the geomet-
ric parameter ratio e/a. The cutoff frequency of the first band gap shows a monotonically
increasing trend with the increase in e/a while also affecting its band gap width, which
becomes wider with the increase in e/a. To explore the reason for the variation in the band
gap width, the eigenmode displacement vector fields for different e/a values are calculated,
and the results are presented in Figure 9b. The results show that with the increase in e/a,
the torsional stiffness of the I-shaped structure increases continuously. This continuous
increase in the torsional stiffness results in a weakened torsional vibration on the upper and
lower sides of the structure. On the other hand, the local radial vibration of the structure
is strengthened gradually. The continuous enhancement of the radial vibration coupling
between the upper and the lower sides of the structure as well as the middle of the structure
is the main reason for the continuous increase in the cut-off frequency and the gradual
increase in the band gap width.
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The results show that this is precisely due to the fixed confinement of the lower surface
that the energy band transitions, which in turn opens the ultra-low-frequency band gap.
Moreover, the cut-off frequency in the ultra-low-frequency band can be adjusted by the
resonant frequency of the oscillator.

3.4. Influence of the Material Parameters on the Ultra-Low-Frequency Broadband Characteristics

In this subsection, the effect of the structural material parameters on the band gap
properties is investigated. Generally, the elastic modulus E and the mass density ρ of the
epoxy resins are found to be within 1− 10 GPa and 800− 2300 kg/m3, respectively. In
this study, the elastic modulus E and the mass density ρ are changed while keeping the
other material and geometric parameters, and the results are presented in Figure 10. The
results show that as the elastic modulus of the structure increases from 1 GPa to 10 GPa, its
band gap gradually increases and moves to a higher frequency direction. This is due to
the increase in the structural elastic modulus, which leads to an increase in the structural
stiffness. As a result, the cutoff frequency of its band gap is shifted to higher frequencies.
As the mass density ρ increases, the band gap narrows gradually and its center frequency
goes down slowly. With the change in the mass density ρ of the structure, the coupled
resonance mode of the structure and the Lamb wave mode changes accordingly, which
causes the resonance frequency of the structure to shift to lower frequencies.
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4. Time Domain Analysis of the Ultra-Low-Frequency Broadband Characteristics

In order to further explore the attenuation characteristics of the quasi-static metamate-
rials for the elastic waves in the ultra-low frequency range, a three-dimensional full-scale
radial metamaterial structure with finite period is designed. It contains in-plane and out-of-
plane modes, as shown in Figure 11. The distance between the vibration source and the
center of the quasistatic metamaterial finite periodic structure is 15a, the cross-sectional
width is 19a, and its structure height h is small enough to make only Lamb waves propagate
in the quasi-static metamaterial.

In addition, the finite period model of the quasi-static metamaterial used for the
calculation has the same fixed bottom boundary. The tetrahedral mesh adopts the quadratic
element size λs/5 (λs is the wavelength of the surface wave), and its transient calculation
time step is set to 1/60 fmax ( fmax is the maximum expected frequency) to ensure the
accuracy of the calculation results.

At point A, the oscillation source in the X direction on the free surface is used to
introduce Lamb waves, and the low-reflection boundaries are set on the surrounding sides
of the structure to reduce any unwanted reflections and to make the results more realistic
and reliable. In this section, two different input signals are investigated. The excitation
signals are modulated by the sum of 7 and 21 sinusoidal cycles with a Hanning window
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centered at the band gap frequency of 580 Hz. Their time-evolved Fourier spectra are
shown in Figures 12b and 13b, respectively.
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At point A (see Figure 10), two excited signals of 7/21 sinusoidal cycles modulated
by Hanning at 580 Hz are entered. The instantaneous transient display responses of 0.05 s
duration are performed respectively, ensuring that the excitation signal emitted by the
emission point A can reach and pass through the quasi-static metamaterial structure. To
avoid reflections from the boundary around the model, the response signals are picked up
at point B, as shown in Figures 14 and 15. As shown in Figures 14a and 15a, due to the
existence of the quasi-static metamaterials, the propagation of Lamb waves is effectively
suppressed, and its amplitude attenuation can exceed 70% (the blue solid line represents
the amplitude signal of the Lamb wave without the metamaterial, and the red dotted line
represents the amplitude signal of the Lamb wave with the metamaterials). Subsequently,
the Fourier transform of the response signal is performed, and its frequency contents are
compared, as shown in Figures 14b and 15b.
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These results show that the quasi-static metamaterial can attenuate the Lamb waves
finitely in the band gap range, and the amplitude of the attenuation can exceed 80% of the
maximum value. Figure 16 shows the Von Mises stress plot under a Hanning-modulated
seven-sinusoidal-cycle excitation signal with a center frequency of 580 Hz. As shown in
Figure 16a, when the Lamb wave passes through the metamaterial-free region, the energy
does not suffer a loss, and it can carry the energy to travel a long distance. In Figure 16b,
when the incident Lamb wave propagates in the metamaterial, the energy is obviously
effectively absorbed. The propagation of the Lamb wave is attenuated and blocked, and
the inner region of the metamaterial is hardly affected.
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5. Experimental Investigations on the Ultra-Low-Frequency Broadband Characteristics

To corroborate the theoretical results, this section is based on a five-period I-shaped radial
metamaterial whose geometric parameters are as follows: the lattice constant a = 20 mm,
the waist height h = 20 mm, the waist thickness d = 12 mm, and the average leg thickness
e = 4 mm. Figure 17 shows the processing of the experimental sample. It is worth mentioning
that the size parameters of the experimental sample are consistent with those in Figure 1c, to
minimize the influence of the model on the experiment.
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Figure 17. Experimental specimen of the I-shaped metamaterial plate: (a) side view and (b) front view.

In this paper, the radial metamaterial sample is adhered to the experimental bench
to establish the surface constraint boundary conditions [36]. Subsequently, a quasi-static
metamaterial is formed, as shown in Figure 18. Using the M + P dynamic analysis system,
the vibration energy decay curve of the quasi-static experimental sample is collected, and
the existence of the ultra-low-frequency broadband is verified. A pulsing hammer to make
the sample vibrate is used. Subsequently, the vibration sensor installed in a specific position
transmits the vibration displacement of the pulse hammer and the sample to the vibration
analyzer. After the analysis and the calculation, the vibration energy attenuation curve of
the tested sample is obtained.
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In this experiment, the transient excitation method of the hammer is adopted by using
the vibration sensor to pick up multiple sets of data independently. To ensure the validity
of the experimental data, the data are averaged. The experimental results are shown in
Figure 19.
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Figure 19 shows the experimental and simulated frequency response curves of the
specimen. The results show that a large attenuation region appears at 0.1–1012 Hz. The
initial frequency of the band gap is in good agreement with the experimental results,
but there is a discrepancy between the cut-off frequencies of the simulation results and
experimental results. The main reason for the discrepancy is that the fixed boundary
conditions, as specified in the theoretical method, cannot be fully guaranteed on the
installation method of the specimen in the vibration experiment. In the finite element
model, the base surface is a fixed constraint boundary condition, but the installation
method of the specimen in the experiments cannot completely guarantee the realization of
the constraint boundary conditions of the base surface. In the experimental structure, the
cut-off frequency is shifted to the low frequency because the existence of damping at the
sensor connection dissipates the natural vibration energy of the system. Therefore, the cut-
off frequency exhibits a certain error. Furthermore, the materials (epoxy) in the simulation
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are all linear elastic, homogeneous, and isotropic. However, they are not perfect ideal
models for the experiments. Although there are some differences between the experimental
results and the simulation results, they both indicate the existence of ultra-low-frequency
broadband. The simulation results are, therefore, consistent with the experimental results.

6. Conclusions

We proposed and demonstrated an I-shaped REM and investigated the characteristics
and changes of the quasi-static band gap. The ultra-low-frequency broadband mechanism
was analyzed; the variation in the ultra-low-frequency broadband of the quasi-static I-
shaped REMs was explored with the changes in the geometric parameters. Finally, the
experimental sample based on the model was designed and prepared. The existence of
an ultra-low-frequency broadband with an onset of close to 0 Hz in the structure was
confirmed by using the stop-band and pass-band energy attenuation characteristics of the
I-shaped REMs in different states.

The investigations show that the band gap properties of the I-shaped REMs were
affected by the inherent vibration properties of their structures. The constraints were
found to influence the intrinsic properties of the structure, thereby affecting the band gap
characteristics of the structure. The quasi-static I-shaped radial metamaterial structure
exhibited ultra-low-frequency broadband characteristics. It was found that the generation
mechanism of the ultra-low-frequency broadband was the formation of the ultra-low-
frequency band gap by fixed constraints, and the resonance frequency of the oscillator
was the key factor to realize the ultra-broadband. The band gap gradually increased with
the increase in the parameter d/a. The reason for this increase was that the metamaterial
provided both equivalent stiffness and equivalent mass. The dynamic change in the
equivalent stiffness Ke with d/a was the main reason for the change in the band gap. With
the increase in the parameter d/a, the torsional stiffness of the structure increased, the
torsional vibration was weakened, the radial vibration was strengthened, and the width
of the band gap was gradually widened. The experimental results showed that the quasi-
static metamaterial had a wide frequency band of 0.1–1012 Hz, which confirmed that the
quasi-static I-shaped REM can generate ultra-low-frequency broadband.

In conclusion, a quasi-static I-shaped radial elastic metamaterial that exhibited ultra-
low-frequency broadband was proposed and demonstrated. The research results have
important practical significance for engineering fields such as seismic wave shielding and
other ultra-low-frequency vibration reduction applications.
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