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Abstract: The modified Cam-clay model (MCC model) is capable of representing the consolidation
process of the soil under a complex stress path and thus is extensively adopted in the numerical anal-
ysis of excavation engineering. For reliability problems of ground surface settlement of excavation,
minimal attention has been paid to investigating the effect of spatial variable MCC model parameters
on the settlement during the staged construction of the excavation. Based on laboratory tests and
sensitivity analysis, this study launched the probabilistic transient hydro-mechanical coupling analy-
sis of excavation settlement considering spatial variable deformation parameters (λ and κ) using an
MCS-FORM hybrid approach. The results show that: (1) Both the deformation parameters have a
positive relationship with the settlement, and κ has a more significant effect than λ. (2) The observed
maximum settlement and the location with maximum settlement follow a log-normal distribution.
(3) An increasing COV of parameters leads to an enhanced surface settlement, expansion of the sig-
nificant influence region, and decreased reliability. (4) The reliability index is greatly enhanced with
the delimited controlled standard value of the surface settlement, Hcon, and it decreases significantly
at the preliminary stage and then decreases progressively until stable during excavating. Overall,
adopting the deterministic analysis without considering the spatial variability of MCC parameters
leads to underestimating the risk due to the settlement and the significant influence region.

Keywords: modified cam-clay model; reliability; ground surface settlement; excavation

1. Introduction

As urbanization accelerates, the construction of large and complex underground
infrastructure has necessitated launching a series of excavations [1,2]. Within the excavation
depth, when encountering an aquifer, it is commonly required to set up a seepage barrier
curtain to drain the underground water preliminarily, then to brace and excavate, and a
staged construction is also necessary. During this process, the increased effective stress in
the soil within the groundwater depression cone contributes to soil compression, manifested
as a soil settlement [3]. It typically leads to a series of safety threats to the surrounding
buildings, thus affecting the urban economy and human safety significantly. To some
extent, under the premise of ensuring its stability, the deformation control of pits and the
influence on the surrounding environment have become crucial issues of excavations [4].
Hence, it has become a priority of geotechnical engineers to accurately evaluate the patterns
of ground settlement variations during staged excavation, which is of great engineering
significance and research value.

Traditionally, settlement induced by soil consolidation has been one of the most classic
problems explored in geotechnics [5], and there has been a dramatic increase in simple theo-
retical solutions [6,7]. The settlement caused by excavation is a comprehensive geotechnical
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engineering challenge involving a series of problems in soil mechanics such as strength,
stability, deformation, groundwater seepage, etc. Simple theoretical solutions often fail to
comprehensively express the effects of numerous parameters, thus having limited appli-
cations [8]. For the above reasons, numerous studies have investigated the deformation
caused by excavation construction based on the empirical method with statistical analysis
of a significant amount of measured data [9–13]. However, it has the shortcoming of disre-
garding the discrepancies between different stratigraphic conditions and soil mechanical
properties. Thus the findings are not convincing.

The numerical analysis solutions represented by the finite element method (FEM),
comparatively, enable to consider not only the coupling effect of a variety of factors but also
the sophisticated nonlinear mechanical properties of the soil, thus becoming an effective
way to address the problem and being applied extensively in practical engineering [14–18].
It confirmed the critical role played by the constitution model of the geotechnical material
employed in numerical simulation [19,20]. The modified Cam-clay (MCC) model can repro-
duce the consolidation process of the soil under a complex stress path of repeated loading
and unloading [21–23]. It is recognized by many studies as particularly applicable to de-
formation problems such as excavation [24] and has developed productive results [25–30].
However, the deterministic approach treats geotechnical materials as homogeneous and
employs invariant geotechnical parameters obtained by limited time-consuming tests or
analogy methods, which is inconsistent with the actual situation.

While the geotechnical parameters, including MCC model parameters, are charac-
terized by spatial variability due to depositional conditions, stress history, weathering,
and other geological effects [31–33]. Relatively, the probabilistic analysis of the excava-
tion provides a solution that considers the uncertainty of geotechnical parameters [34,35].
Goh et al. [36] evaluated the stability of basement uplift in clay pits using a reliability
index-based approach. Luo and DAS [37] proposed a simplified framework system for
assessing the probability of surface displacement failure due to foundation excavation.
Zhang et al. [38] investigated the reliability of ground surface settlement behind excava-
tions employing a first-order reliability method (FORM) implemented with a variance
reduction technique while considering spatial variable shear strength and stiffness of soft
clay of the Harding small strain (HSS) model. Concerning the application of the MCC
model in reliability analysis, Lu et al. [39] investigated the effect of uncertainty of an indi-
vidual parameter on one-dimensional foundation consolidation and settlement problems
based on the Monte Carlo simulation (MCS) method combined employing the stochastic
finite element method (SFEM). Savvides and Papadrakakis [40] investigated the effect of
the uncertainty of parameters on the probability of foundation settlement under inclined
loading. There are two issues in the current study. (1) Although numerous studies have
focused on the spatial variable stiffness and strength of soils, minimal attention, so far, has
been paid to investigating the effect of the spatial variable MCC model parameters on the
ground surface settlement of excavation. (2) Despite the deformation of the excavation
being inseparable from the seepage process, the current probabilistic analysis emphasized
mainly static stress analysis, with little research on the transient hydro-mechanical coupling
problems during draining.

Given the above issues, the novelties of this study lie in the following aspects. Firstly,
it focused on the effect of spatial variability of deformation parameters when introducing
the MCC model in excavation settlement problems. Secondly, this study particularly
investigated the time-dependent deformation and reliability of ground surface settlement
of the entire draining, bracing, and excavating process since the staged construction style.
The statistics of surface settlement, region with the maximum settlement and the reliability
of the excavation were examined. A further study of the effect of the controlled standard
settlement threshold and coefficient of variation (COV) of the parameters on the results was
also discussed. The framework and findings will contribute to an increased understanding
of reliability-based foundation excavation design and control.
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2. Basic Theory
2.1. MCC Model

The MCC model is a relatively well-developed and extensively applicable elastic-
plastic constitutive model in geotechnics. Roscoe [22] improved the Cambridge model
based on the critical state theory by modifying the flow rules with the hardening parameter,
which can effectively reflect the soil’s bulk compression and rebound properties. The model
captures the hardening and softening of the soil by the size of the critical state surface.

In p-q space, the yield surface of the MCC model presents as an elliptical curve, as
shown in Figure 1. It can be denoted as

q2 + M2 p(p + pc) = 0 (1)

where p denotes the mean effective pressure, q denotes the deviatoric stress determines
the size of the yield surface, pc denotes the value of the consolidation pressure, and M is
the slope of the critical state line (CSL) that passes through the origin. It is assumed that
the soil hardening and softening are only related to the plastic volumetric strain, which
dominates the size of the plastic yield surface. When plastic volumetric contraction occurs,
the yield surface becomes larger, and the soil stress falls on the left side of the CSL (q < Mp),
resulting in softening of the soil. Otherwise, when plastic volumetric expansion occurs, the
yield surface reduces, and the soil stress falls on the right side of the CSL (q > Mp), resulting
in the hardening of the soil.
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As the plastic volume changing, the updated consolidation pressure pN
c can be com-

puted using the following equation.

PN
c = Pc

(
1 + ∆ε

p
p

ν

λ− κ

)
(2)

where ∆εp
p denotes the increment of plastic volumetric strain, ν is the specific volume, λ is

the slope of the normal consolidation line, and κ is the slope of an elastic swelling line for
an unloading-reloading excursion.

The MCC model includes eight parameters: (1) rebound index, κ; (2) compression
index, λ; (3) critical stress ratio, M; (4) Poisson’s ratio, υ; (5) β, a parameter controlling the
shape of the yield surface, generally taken as 1; (6) void ratio e1 on the NCL line when
p = 1, which is used to obtain the parameter α0 that determines the location of initial yield
surface; (7) initial void ratio e0, which represents the current compact state of the soil;
(8) initial stress p0, which can be calculated by the ground stress balance. Among them,
the first four parameters (λ, κ, M, and υ) are directly associated with the deformation. The
parameters β and e1 determine the location and shape of the initial yield surface. The
parameters e0 and p0 determine the initial state of the soil conjointly but have no impact
on the variation of the void ratio, i.e., the volumetric strain. Besides, the preconsolidation
pressure pc defines the size of the yield surface [41].

Generally, λ, κ and M are regarded as the three primary parameters for the MCC
model. The former two parameters are ideally obtained from the isotropically loading-
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unloading triaxial test. However, they can be derived in terms of empirical relations
(Equations (3) and (4)) with compression index (Cc) and swelling coefficient (Cs) obtained
by an oedometer test, which will be presented in the following section. M can be derived
according to the empirical relation (Equation (5)) with the effective friction angle, φ′,
obtained from a triaxial compression test [42].

λ = Cc/ln(10) (3)

κ ≈ Cs/ln(10) (4)

M = 6sinφ′/(3 − sinφ′) (5)

2.2. Random Field Theory

Random field theory enables the characterization of the randomness characteristics of
geotechnical parameters at arbitrary spatial locations and the correlation characteristics in
the spatial variability of soil parameters [43]. In particular, the randomness characteristics
are generally depicted by the coefficient of variation, while the theoretical autocorrelation
function depicts the correlation characteristics. Some of the most frequent autocorrelation
functions are exponential, exponential cosine, and trigonometric autocorrelation func-
tions [44]. This study denoted the autocorrelation functions employing an exponential
autocorrelation function in the form of:

ρ(τx, τz) = exp
[
−2
(
|τx|
θx

+
|τz|
θz

)]
(6)

where ρ(τx,τz) is the correlation function, indicating the correlation between the two points,
with the range of 0 ≤ ρ ≤ 1; θx and θz are the scales of fluctuation (m) in the x and z
directions, respectively, indicating the spatial correlation scales of the two directions. If θx
is inequivalent to θz, it indicates an anisotropic correlation structure.

3. Materials and Methods
3.1. A Case Study of Excavation
3.1.1. Numerical Model, Boundary Conditions and Calculation Conditions

A metro excavation project in Hangzhou, Zhejiang Province of China, was chosen as
the research object of this study. According to the borehole data of geotechnical engineering
investigation implemented by China Railway Siyuan Survey and Design Group Co., Ltd.
(CRSSDGC) [45], a typical drill core representing the stratigraphic profile of the soil layer of
the excavation is shown in Figure 2. The lithology of the soil is mainly silt, combined with
thin layers (thickness less than 5 m) of clayey silt, miscellaneous fill, and pebble soil. In this
study, the spatial variability of soil deformation parameters requires massive computations.
Thus it would increase the computational effort if all these thin soil layers are manifested.
Moreover, if the spatial variability of parameters of all the soil layers is considered, a curse
of dimensionality may arise. Therefore, we generalized the soil layers into a homogeneous
and isotropic silt layer to simplify the computation.

Moreover, the buried depth of phreatic water level by drilling during the investigation
was typically 0~2.6 m [45]. Hence, the seepage path of groundwater was increased by
setting up a suspended seepage barrier curtain during excavation, combined with draining
in the pit, enabling the groundwater level to be dropped in the pit while the head loss
outside the pit was reduced.

Given the regularity of the planar shape of the pit, this study established a 2D planar
finite element model for analysis, as shown in Figure 3. The size of the pit calculation model
is 422 m× 50 m, with an excavation width of 22 m and a depth of 12 m. The excavation was
braced by a suspended seepage barrier curtain (also known as an underground diaphragm
wall), reinforced concrete support of 1000 mm × 1000 mm, and two inner steel braces with
a diameter of 800 m and a spacing of 4 m between the braces.
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Figure 3. The excavation model adopted in the finite element analysis.

In the FEM analysis, a numerical model was developed. It employed the CPE4P
(4-node plane strain quadrilateral) elements for soil, the B21 (2-node linear beam in a plane)
elements for the reinforced concrete support and steel support, and the CPE4 (4-node
bilinear plane strain quadrilateral) elements for the suspended seepage curtain. The grid
size near the pit was set as 1 m × 1 m, and the grid size near the horizontal boundary of
the model was 5 m × 1 m. Thereby, the model was divided into a total of 4682 elements
and 14,724 nodes.

The top of the model was a free boundary. Both horizontal and vertical displacement
at the bottom boundary were restricted. The shearing behavior of the soil on the lateral
boundaries [46–48] was not considered due to the sufficient distance from the excavation.
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However, the horizontal displacement of the lateral boundaries was restricted, but the
vertical movement was allowed for safety considerations. The horizontal displacement of
the sidewalls of the drainage well was also restricted.

A phreatic water boundary condition on the ground surface was set on both sides
of the model to simulate the distal seepage recharge. Considering the significance of the
water level to the settlement [49], the phreatic water level was set to the highest level of
0 m based on the survey observation to consider the most unfavorable scenario with the
maximum drawdown and water level difference inside and outside the pit.

Both sides of the drainage wells were fixed-head boundaries to simulate the draining
process. The bracing exertion and soil excavation were simulated using the raw and dead
unit method.

Foundation pit draining and excavation is a process of joint action of stress field and
seepage field, involving soil stress equilibrium, pore water seepage, and the coupling
action between them. This study employed the seepage and stress coupling module of the
ABAQUS code [41] to perform a transient flow-solid coupling analysis of the draining and
excavation process based on the total pore pressure variation of the soil and the effective
stress method.

Controlling the deformation of the excavation, a staged construction process in terms
of draining, bracing, and excavating is demanded to be elaborated. A specific work process
in this study is as follows, which only covers the main steps in the simulation.

Stage I: perform the first-stage draining, dropping from the surface (0 m) to 1 m below
the first-stage excavation surface (−4 m). Then excavate 0.5 m deep downward to activate
the first-stage reinforced concrete support unit, continuing to excavate 3.5 m in depth. The
entire process lasted ten days.

Stage II: perform the second-stage draining, dropping from −5 m to 1 m below the
second-stage excavation surface (−8 m). Then excavate 0.5 m deep downward to activate
the second-stage reinforced concrete brace unit, continuing to excavate 3.5 m in depth. The
entire process lasted ten days.

Stage III: perform the third-stage draining, dropping from −9 m to 1 m below the
third-stage excavation surface (−12 m). Then excavate 0.5 m deep downward to activate
the third-stage reinforced concrete brace unit, continuing to excavate 3.5 m in depth to the
designated elevation. The entire process lasted ten days.

3.1.2. Adopted Parameters for FEM Analysis

According to the borehole data obtained by the geotechnical engineering investi-
gation [45], the soils predominantly distributed in the study area are grayish-yellow to
greenish-gray clayey silt, which is slightly dense and has high water content. The oedome-
ter test with several unloading excursions was performed to obtain the parameters (Cc and
Cs) of the MCC model. The tests were launched in a triplex WG-type high-pressure consol-
idator, as shown in Figure 4. The scalped standard soil specimens of 61.8 mm in diameter
and 20 mm in height were prepared from the in-situ samples obtained from thin-walled
soil extractors during drilling. A total of three sets of specimens were prepared and placed
in the retaining ring of the consolidation vessel. The test was performed in a step-by-step
loading mode, and each load level was consolidated for 24 h until the total deformation of
the specimen was less than 0.01 mm per hour, and the loading and unloading ratings are
shown in Figure 4. All the sampling and launching procedures of the test were referred to
the Standard geotechnical testing method (GB/T50123-2019) [50].

The e-lgp curves obtained from three sets of parallel oedometer tests are shown in
Figure 5. The compression index Cc and the rebound index Cs of the uniaxial oedometer
test were then obtained according to the following equation:

Cc or Cs =
ei − ei+1

lg pi+1 − lg pi
(7)
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ei = e0 − (1 + e0)
∑ ∆hi

h0
(8)

where ei is the void ratio at a certain level of pressure pi; e0 is the initial void ratio; ∑∆hi
is the total deformation height of the specimen at a certain pressure level, and h0 is the
initial height of the specimen. As marked in Figure 5, the Cc of sample 3# is denoted as
the slope of the straight line segment of the compression curve, which is the tangent of
the reloading curve. The Cs is the slope of the line between the endpoint of the unloading
curve and the intersection of the reloading and unloading curves. Then the average value
of the three samples was employed for the final result. The results of Cc and Cs are also
listed in Figure 5. Then according to Equations (3) and (4), λ and κ can be derived from Cc
and Cs. M can be obtained from the triaxial compression test performed by CRSSDGC [45]
on the basis of Equation (5).
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Besides, the geotechnical investigation report also provided the physical and mechani-
cal properties of the soil based on comprehensive laboratory and field tests. The parameters
adopted in the deterministic simulation analysis are shown in Table 1. Specifically, the phys-
ical parameters (i.e., void ratio, dry density) were obtained from conventional laboratory
tests. The lateral pressure coefficient (K0) was obtained according to the K0 oedometer test,
and the Poisson’s ratio (ν) can be derived from the correlation with K0 as ν = K0/(1 + K0).
The saturated hydraulic conductivity (Ks) was obtained from the field pumping test.

Table 1. Physical and mechanical parameters of silt for the excavation.

Void Ratio Dry Density Saturated
Hydraulic Conductivity Poisson’s Ratio Lateral Pressure Coefficient MCC Model Parameters

e0 ρd Ks ν K0 λ κ M
- kg/m3 m/s - - - - -

0.78 1700 1.82 × 10−6 0.28 0.39 0.106 0.00362 1.113
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Regardless of the permeability, the mechanical parameters of the retaining structure of
the excavation are shown in Table 2.

Table 2. The mechanical parameters of the retaining structure of the excavation.

Retaining Structure Density/kg·m−3 Poisson’s Ratio Elastic Modulus/GPa

Underground continuous wall 2400 0.15 31.5
Reinforced concrete 2400 0.15 30.0

Steel frame 7800 0.20 210

With regard to probabilistic analysis, it has been recognized that most geotechnical
parameters in practical engineering are subject to log-normal distribution [51]. Baroth [52]
has also suggested that the MCC model parameters of soils can be randomly sampled
according to a log-normal distribution. Concerning spatial correlation, the random field
theory proposed by Vanmarcke [53] was employed in this study. This study employed an
exponential function to simulate the spatial autocorrelation of the MCC model parameters,
referring to the corresponding statistical results of typical soil layers in the Hangzhou
area [54,55]. It took a horizontal correlation distance (δh) of 40 m, a vertical correlation
distance (δv) of 0.5 m, and a coefficient of variation (COV) of 0.15 for all parameters. The
mutual correlation between parameters was not considered herein.

3.2. Sensitivity Analysis Method of Deformation Parameters of Soil Based on Orthogonal
Experimental Design

The orthogonal experimental design provides a simple but efficient way to study many
factors and levels based on the orthogonal test table and mathematical statistics [56,57].
The orthogonal test table reflects the balance of the considering factors and the uniformity
of considering levels [58]. In an orthogonal test with multiple factors, Ln(tc) is the represen-
tation of the orthogonal table, in which L denotes the code of the orthogonal table; n is the
number of orthogonal table rows, denoting the number of conducted tests; t denotes the
number of levels and c denotes the number of factors.

To examine the parameters with the most significant effect on the deformation of
the excavation, four deformation-related MCC parameters (λ, κ, M, and υ) were selected
to conduct the sensitivity analysis in this section. Therefore, an orthogonal test table
with four factors and three levels was employed and presented in Table 3. According to
Section 3.1.2, the MCC parameters were assumed to be log-normally distributed, and υ was
often assumed to be normally distributed [59]. Given the representativeness of the levels
taken for each factor, the MCC parameters were taken for three levels, i.e., eµ−2.5σ, eµ, and
eµ−2.5σ, while υ values were taken for µ − 2.5σ, µ and µ + 2.5σ, as presented in Table 4.

Table 3. L9(34) orthogonal test table.

Test No.
Factors

λ κ M ν

1 1 1 1 1
2 1 2 2 2
3 1 3 3 3
4 2 1 2 3
5 2 2 3 1
6 2 3 1 2
7 3 1 3 2
8 3 2 1 3
9 3 3 2 1

The statistical analysis methods of orthogonal experimental design include the analysis
of extreme variance and analysis of variance. Employing the former, it calculates each
factor’s mean value and extreme difference at each level. It plots the trend of factors and
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assessment indexes, thus distinguishing the order of influence of each factor on assessment
indexes [60].

Table 4. Four factors and the corresponding levels in the study.

Levels
Factors

λ κ M υ

1 0.0954 0.00226 0.696 0.24
2 0.106 0.00362 1.113 0.3
3 0.117 0.00498 1.530 0.33

3.3. Deformation Analysis Method of Excavation Based on Random Field Theory
3.3.1. Method and Steps of Random Field Simulation

In this study, taking the log-normal random field of the parameter i as an example, a
brief description of the method and steps of the midpoint method based on the Cholesky
decomposition and Latin hypercube sample (LHS) [61] is presented as follows:

(1) LHS was adopted to generate a random sample matrix ξ with independent standard
normal distribution.

(2) For the standard normal equivalent cross-correlation matrix R0 = (ρ0i,j)nm, the Cholesky
decomposition L1L1

T = R0 was performed to obtain the lower triangular matrix L1.
Multiply the transposed matrix L1

T with the sample matrix ξ so as to obtain the
associated standard normal distribution sample matrix χD = ξL1

T.
(3) With regard to the autocorrelation coefficient matrix ∑ G

χ;χ, the Cholesky decomposi-
tion L2L2

T = ∑ G
χ;χ was performed to obtain the lower triangular matrix L2, thereby

obtaining the correlated standard Gaussian random field by the following equation:

HD
i (x, y) = L2 · χD = L2 · ξ · LT

1
(9)

(4) The correlated standard Gaussian random field HD
i (x, y) was converted to the corre-

lated non-Gaussian random field by an equal probability conversion method as the
following equation:

Hi(x, y) = G−1
i

{
ϕ
[

HD
i (x, y)

]}
(10)

where G−1
i (·) is the inverse function of the marginal cumulative distribution of the

non-Gaussian distribution and ϕ(·) is the cumulative distribution function of the
standard normal distribution.

(5) Taking the exponential correlated standard Gaussian random field, the correlated
log-normal random field of the parameter was obtained employing the equation:

Hi(x, y) = exp
(

µln i + σln i · HD
i (x, y)

)
(11)

where µln i and σln i denote the mean and standard deviation of normally distributed
variable lni.

A couple of points should be stated here: (1) the purpose of LHS is to improve the
representativeness of the random sample; (2) the above random parameters require a
standard normal distribution, otherwise it is required to be transformed in advance.

3.3.2. Method and Steps of SFEM Analysis

The stochastic finite element method was employed in this study to conduct the
excavation surface deformation analysis, and the main steps are as follows.

(1) Establish a numerical calculation model for excavation based on the ABAQUS code [38].
(2) Extract the center coordinates of each element of the numerical model based on

self-defined Python code.
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(3) Simulate the random field based on the center point coordinates extracted in (2) using
the Cholesky decomposition method.

(4) Establish the uncertainty model for the excavation in a batch using the simulated
random field, perform the seepage stress coupling analysis, and document and save
the results of each stochastic simulation for analysis.

3.4. Reliability Analysis Method for Excavation Settlement

Among the reliability analysis method, FORM, based on the gradient approach, esti-
mates the probability of failure by identifying the most likely failure point in the normalized
space. Its main drawback is that the derivative of the function is required to be computed
to obtain the basic random variable, but it is currently impractical to quantify its deriva-
tive [62]. Comparatively, the MCS employs a random sampling method based on statistical
theory to extract a set of values that satisfy the probability distribution of variables for
the performance function. Multiple values of evaluation indicators under the sampling
values and the probability distribution of evaluation indicators were obtained for reliability
analysis. Although the results are typically considered more reliable, it has a shortcoming
in terms of computational efficiency and cost [63]. Given that, this study adopted the
MCS-FORM hybrid method to carry out the pit deformation reliability analysis. It employs
MCS to derive the dimensionless moments of the functional function and then estimates
the failure probability using the derived moments using FORM. This method takes full
advantage of the effectiveness of MCS in a random sampling of geotechnical parameters
and the efficiency of FORM in estimating reliability [61].

Firstly, the performance function G for the ground settlement reliability analysis of the
excavation was defined as:

G = Hcon − Hsim (12)

where, Hcon is the subjective defined the controlled standard value of surface settlement
of excavation, which is governed by the grade of the construction and the area where the
construction is located, and Hsim is the simulated surface settlement. If G > 0, the surface
settlement on the outside of the pit is considered to be less than the control limit thus it is
stable; otherwise, it is considered to be unstable if G < 0.

Based on the results of MCS, the statistics and dimensionless central moments of the
function G are computed as follows:

µG =
1
N

N

∑
i=1

Gi (13)

σG =

[
1
N

N

∑
i=1

(Gi − µG)
2

] 1
2

(14)

mGk =

1
N

N
∑

i=1
(Gi − µG)

k

σk
G

, (k = 3, 4) (15)

where, µG and σG denote the mean and standard deviation of G, Gi denotes the G value of
the ith sample (i = 1,2,3, . . . ,N), and mGk is kth order dimensionless central moment of G.

For the performance function G herein, if the first two moments are obtained and
assumed to be normally distributed, the reliability index β can be computed as

βG = σG/µG (16)

4. Results
4.1. Deterministic Ground Surface Settlement Analysis

The groundwater drawdown curves and ground surface settlement curves at various
stages of draining and excavating for the excavation are depicted in Figures 6 and 7. As
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shown in Figure 6, the groundwater level outside the excavation was higher than that
inside for all draining stages, indicating that the suspended seepage barrier affected the
hydraulic connection between the inner and outer sides, which thus controlled the surface
settlement. As indicated in Figure 7, at each stage of the excavation draining and excavation,
the surface settlement curve was groove-shaped with a single peak, which resembles the
shape of the drawdown curve. The reason is that the draining increases the effective stress
of the soil outside the pit, and the presence of head differences inside and outside the
pit leads to the infiltration force downward in the active zone soil, resulting in a larger
settlement. According to the data, the maximum surface settlement outside the excavation
was 38.22 mm, 0.32% of the excavation depth. The location with the maximum settlement
was 39.7 m from the center of the pit and 27.9 m from the seepage barrier, which was
2.33 times the excavation depth.
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4.2. Sensitivity Analysis Method of Deformation Parameters

The obtained maximum ground settlements of the determined calculation model
and extreme differences in the orthogonal tests are shown in Table 5. It indicates that for
the finite element calculation model of the excavation in this study, the dominant order
of the deformation parameters of the MCC model affecting the surface settlement was
κ > λ > υ > M.

It could also be confirmed by the mean values of settlements of different levels due
to different parameters, as shown in Figure 8. With the increase of λ and κ, the settlement
increased significantly, indicating that the surface settlement of the excavation was more
sensitive to λ and κ. Relatively, for the variations of M and υ, the settlement only fluctuated
in a slight range and was less sensitive to either of them, and no significant trend can be
observed. In particular, the ground settlement was more sensitive to κ, as observed in
comparative trend in Figure 9.
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Table 5. The results of the orthogonal tests.

Test No.
Factors Settlement

(mm)λ κ M υ

1 0.0954 0.00226 0.696 0.24 29.34
2 0.0954 0.00362 1.113 0.3 39.21
3 0.0954 0.00498 1.530 0.32 54.64
4 0.106 0.00226 1.113 0.32 29.33
5 0.106 0.00362 1.530 0.24 34.48
6 0.106 0.00498 0.696 0.3 52.29
7 0.117 0.00226 1.530 0.3 39.76
8 0.117 0.00362 0.696 0.32 42.40
9 0.117 0.00498 1.113 0.24 52.41

K1 40.28 32.81 41.627 38.743
K2 38.70 38.98 40.317 43.753
K3 45.14 52.33 42.177 41.623

Extreme difference 6.44 19.52 1.860 5.01
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4.3. The Probabilistic Analysis

According to the sensitivity analysis results, the MCC model parameters λ and κ,
which have the greatest influence on the settlement of the excavation, were selected to
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establish a lognormal random field to carry out the probabilistic analysis. The same COV
and scale of fluctuation were employed for each parameter, and the correlation between
them was not considered.

Figure 10 depicts the derived relationship between the central moments of the G
and the number of MCS runs. It indicated that mGk converges gradually with increasing
the number of MCS runs, typically exceeding 900. Therefore, a total of 1000 uncertainty
simulations were carried out for each scenario, and the statistics of the calculated results
are as follows.
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4.3.1. Statistics of Ground Surface Settlement

As depicted in Figure 11a, the ground surface settlement curve without considering
the spatial variability of parameters is regular grooved, as shown by the red solid line in
Figure 11a. While if the spatial variability is taken into account, each settlement curve com-
puted from a certain realization is basically groove-shaped but bends and curls in an unique
irregular way, as presents in the thin gray line in Figure 11a, which is utterly different from
the former deterministic curve. These squiggly settlement curves computed from all the
realizations cluster together and form a collection of settlement curves. It can be observed
that the settlement curves of the two sides are not symmetrical, since the parameters of
either side of the pit are typically non-symmetrical at all. The thick black dashed line herein
envelopes the settlement curve collections and provides a full field-scale variation range
that includes all possible deformations. Consequently, the variation of settlement can be
implied that the spatial variability of the parameters is associated directly with the surface
settlement at a certain location outside the seepage curtain. While in practical engineer-
ing, such variability has been verified and demonstrated by massive studies [1,29,30,33].
Therefore, it is required to be accounted for when performing settlement analysis.

For each D, it has a variation range of settlement corresponding to the curve collection,
denoted by ∆H. The correlation between D and ∆H is illustrated in Figure 11b. It is
squiggly downward groove, which is literally the reverse of the settlement curve. Overall,
the particular location with a greater settlement is generally prone to having a larger ∆H. A
closer inspection of ∆H shows it has a maximum value of 15.32 mm, which is 38.4% of the
maximum settlement of determined analysis. In addition, the ∆H is quite insignificant for a
great D, which is an unexpected outcome. It implies that the variation range of settlement
is independent of variable parameters and is comparable with the deterministic results.

To identify the overall distribution of settlement data at different locations outside the
curtain, six monitoring points (D1~D6) were set in the model. The settlements obtained
by all realizations at each monitoring point are represented by a violin plot, as shown in
Figure 12. The settlements for each point have a bell-shaped distribution with only one
peak. It depicted an overall trend that the variability of settlement decreases with increasing
distance from the curtain (D’). A comparison of the median of H at each location outside
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the curtain (in the black dashed line) with the deterministic settlement curve (in the red
dashed line) indicated that it has an insignificant difference outside D2, but a significant
difference within the range.
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Figure 11. Ground surface settlement curves of determined and probabilistic analysis: (a) compar-
ison of determined and probabilistic analysis; (b) correlation of variation range of settlement of
probabilistic analysis (∆H) and location (D).
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Figure 12. Violin plot of settlements of all the realizations at various locations.

The maximum settlement (Hm) and the distance of the maximum settlement loca-
tion from the curtain (D’m) for all 1000 realizations were statistically analyzed. Their
histograms and probability density functions (PDFs) are shown in Figure 11. Following
the Kolmogorov-Smirnov (K-S) test, Hm in Figure 13a was subjected to a log-normal dis-
tribution with a most frequent value within the interval of 40~42 mm, which was a bit
larger than the deterministic analysis. It has a COV of 0.15, which was the same as the
COV of the input random parameters λ and κ (COVλ ,κ). Meanwhile, D’m in Figure 13b was
distributed 5~110 m from the curtain and was subjected to a log-normal distribution. The
most frequent value interval was 25~35 m, which was different from the results of the de-
terministic analysis (39.7 m). In a sense, D’m signifies the region most significantly affected
by settlement outside the excavation. It has a COV of 0.45, which was significantly larger
than COVλ ,κ . This result demonstrated that the variability of D’m was significantly greater
than Hm. The location with the maximum settlement is typically the location with the most
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severe deformation of buildings and transportation facilities, thus requiring attention in
the practical construction.
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Figure 13. Histogram, fitting PDF curves, and statistics of Hm and D’m: (a) Hm; (b) D’m.

4.3.2. Reliability of Ground Surface Settlement of the Excavation

As observed from Equation (10), the value of Hcon contributed directly to the perfor-
mance function G. As shown in Figure 14, the solid black line indicats the cumulative
probability density curve of Hm from 1000 realizations. The red dashed line indicated
that it has different guarantees within the control criteria under selected four individual
values of Hcon, i.e., 40 mm, 45 mm, 50 mm, and 60 mm. The Hm of the deterministic
analysis was at the 0.32 quantiles of the cumulative probability density curve of Hm of the
probabilistic analysis. It suggests that the risk of the excavation surface settlement assessed
by deterministic analysis tends to be underestimated remarkably.
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Figure 14. CDF of surface settlement with various control standard values.

As displayed in Figure 15, the comparison of the settlement control guarantee rate, Rg,
and reliability index, β, increased significantly with Hcon values. According to the related
international standard [64], the reliability index for structures with irreversible deformation
for a regular service limit state is 1.5. Given that the excavation is a temporary construction
and the surface settlement is characterized by extendable deformation, the target β for
surface settlement was delimited as 2.0 by referring to the prior studies combined with
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economic guidelines. This reliability indicator was also recognized by excavation construc-
tion research [65]. Meanwhile, with the monitoring data of analogous excavations in the
Hangzhou area (Table 6) and the actual excavating depth, Hcon herein was delimited as
60 mm, thereby the Rg was 98.5%, and β was 2.7, meeting the requirements of engineering
and construction.
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Figure 15. Effect of Hcon on settlement control guarantee rate (Rg) and reliability index (β).

Table 6. Surface settlement values for similar excavation projects in the Hangzhou area.

No. Reference Depth of Excavation (m) Monitored Hm (mm)

1 Shen [66] 24 85.65

2 Wang [67]

16.6 61.3
14.8 88.0
16.2 55.9
16.5 71

3 Qin [68]

17~18.5 37.26
16~18.5 79.68
18~20 44.43

16~17.2 69.41
4 Wei et al. [69] 33 67~88.61

Based on the above regulations, Figure 16 provides the temporal variation of reliability
during the entire draining-bracing-excavating construction process. It demonstrates that
no settlement was observed at the beginning of construction (t = 0). During Stage I and
Stage II, the β decreases rapidly from 42.5 to 23.6 and then levels off during Stage II and
Stage III. There are two possible explanations for this result. Firstly, due to the noticeable
dropping of water level in the preliminary draining stage, the effect of ground consolidation
and settlement was significant, and the reliability of surface settlement reduced rapidly.
Secondly, with the step-by-step construction of the brace, the capability of resisting the
deformation effect from draining and excavating was gradually enhanced. In particular,
the pit tends to be stable as the entire formation of the third level of bracing structure.

4.3.3. Effect of COVλ,κ on Surface Settlement and Reliability of the Excavation

Figure 17 presents the correlation between the mean and COV of Hm at different
construction stages with COVλ,κ . As shown in Figure 15a, µHm increases with the increase
of COVλ,κ at each stage of construction. In terms of the incremental magnitude, Stage
I was the least, followed by Stage II, and Stage III was the largest. An observation that
COVHm increases with increasing COVλ,κ was also depicted in Figure 15b. It is also quite
revealing that with the same COVλ,κ , both µHm and COVHm increased gradually with the
construction of the excavation.
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Figure 16. Time-varying reliability of ground surface settlement of the excavation.
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Figure 17. Effect of COVλ,κ on the ground surface settlement at various construction stages: (a) mean
of Hm; (b) COV of Hm.

Figure 18 presents the variable response of the PDF curves of the Hm and D’m with the
COV of MCC model parameters. With regard to the Hm, as shown in Figure 18a, it followed
a log-normal distribution for all the investigated COVλ,κ . The µHm and σHm increased
with the increasing COVλ,κ , and the peak of the PDF curve shifted to the right, indicating
that the variation range became larger; thus, the COVHm increased accordingly, which
corresponded to the results reflected in Figure 17. A closer inspection of the data shows
the equivalence of the values of COVHm and COVλ,κ . This observation was compatible
with related studies [70], and the subtle discrepancy may be explained by the distinction
between the single random variable approach and the random field variable approach.
With regard to D’m, as shown in Figure 18b, it also followed a log-normal distribution for
all the investigated COVλ,κ . The mean and standard deviation (µD’m and σD’m) generally
increased with the increasing COVλ,κ , and the COV of D’m increased from 0.45 to 0.72,
indicating a remarkable increase in dispersion. Besides, it is noticeable that the statistical
characteristics were insignificantly different when the COVλ,κ were taken as 0.2 and 0.25,
and their PDF curves were practically overlapped.

The relationship between the reliability index, β, and the COVλ,κ have also been
investigated, as shown in Figure 19. With the increase of COVλ,κ , the β reduced significantly
from 2.7 to merely 0.1, which is virtually a linear decline. It can be learned that the
variability of the deformation parameters of the MCC model has a considerable influence
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on the reliability of the foundation settlement. It requires a thorough investigation to avoid
underestimating COV, resulting in an overestimated reliability.
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Figure 18. Effect of COVλ,κ on the PDF curves of probabilistic analysis of ground surface settlement
of the excavation: (a) PDF of Hm; (b) PDF of D’m.
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5. Discussion

A strong relationship between MCC model parameters and deformation problems has
been reported in the literature. A prior study examined the effect of MCC model parameters
on the horizontal displacement at the front of the pier improved with drilled grouting piles,
revealing a ranking according to the significance of the effect, namely, ν, λ, and M [71].
Several probabilistic analyses have also studied the effect of the spatial variability of κ and
M on the bearing capacity of foundations [40] and the spatial variability of the individual
parameter λ on the consolidation settlement of one-dimensional foundations [39]. However,
previous studies have not brought up the results for the particular problem of ground
surface settlement induced by embraced excavation. According to this study, for the braced
excavation surface settlement caused by drawdown, the settlement is notably influenced by
the deformation parameters of the MCC model (typically λ and κ). Both have a significant
positive relationship, and κ plays a greater role than λ. This finding is inconsistent with
previous studies, which have suggested that the effect of different parameters of the MCC
model varies for a given engineering problem. A possible explanation can be stated as
follows. The soil is initially in a limited state of elasticity. With the decline of the water
table, the pore water pressure in the soil decreases, and the effective stress increases, which
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is comparable to loading. However, the strain increment due to loading during this process
was dominantly elastic. Therefore, the deformation parameter representing the elastic
part, κ, has a greater impact than the parameter representing the plastic part, λ, during the
deformation process.

The probabilistic analysis results of this study show that the Hm obtained from all real-
izations is within the range of 35–70 mm, which matches the range of (0.10%~0.80%)he (he
denotes the excavation depth and is equivalent to 12 m herein) recorded by Wang et al. [72]
in Shanghai area, China. In comparison, the analyzed values of D’m are in a more exten-
sive range of 5~110 m and are most centralized in the 20–35 m interval, more significant
than the previously reported levels of (0~1.0)he proposed by Hsieh and Ou [12]. This
discrepancy may be due to the hydro-mechanical coupling effect under the drawdown
action. Li et al. [73] also compared the settlement curves considering only excavation
versus considering the coupling effect of excavation and draining by FEM analysis. They
concluded that the location of the D’m of the latter was remarkably greater than that of the
former, even greater than twice.

With respect to surface settlement influence zoning, a horizontal overview of the
current experience provides for two main categories. One category is he-related regulations;
e.g., Hashash et al. [74] proposed that (0–1)he is the primary influence zone, (1–2)he is
the secondary influence zone, and (2–4)he is the minor influence zone. This regulation is
analogous to the Shanghai technical specification for foundation pit engineering [75] and
literature [12]. These regulations are applicable to scenarios considering only excavation,
but it is debatable when considering draining scenarios. The other category is Sw-related
regulations, e.g., the regulation for the Wuhan area proposed that (0~3)Sw is the primary
influence zone with a settlement of (0.73~1)Hm, (3~10)Sw is the secondary influence zone
with a settlement of (0.45~0.73)Hm, and (10~30)Sw is the minor influence zone with a
settlement of (0.12~0.45)Hm [76]. While the technical specification for foundation pit
support in the Shenzhen area provides that (0~1)Sw is the primary influence zone, (1~3)Sw
is the secondary influence zone, and (>3)Sw is the minor influence zone [77]. Thus, the
zoning is regional empirical, and there is no unified theory for direct application. Based on
the comparison with the settlement curves of the probabilistic analysis in this study, it is
found that the influence range of settlement is independent of the spatial variability of the
parameters, and the partitioning is more consistent with the principle of the literature [76].

It is quite puzzling that there is such a dramatic discrepancy between the Wuhan
area and the Shenzhen area as mentioned above. It may be due to the close hydraulic
connection between groundwater and surface water, such as the Yangtze River in the
Wuhan area, with sufficient groundwater recharge and correspondingly greater funnel-
shaped groundwater surface and consequently more excellent settlement coverage. In
contrast, the Shenzhen area has a narrower river basin and less extensible stratigraphy,
resulting in a narrower pumping area and settlement coverage. Hence, it is concluded that
the influence range of draining and ground settlement are identical. For an excavation with
a relatively homogeneous stratum, ground settlement is predominantly controlled by the
drawdown. Meanwhile, the duration, volume, season of pumping, and the hydrogeological
boundary of the excavation site also affect the shape of the depression cone formed by
draining. In practical engineering, ground settlement is also related to the distribution of
strata, compressibility, the thickness of the compressed layer, and surrounding buildings.
To summarize, it is difficult to derive a universally applicable partitioning regulation, and
it is required to integrate the above considerations.

There are still some issues for the study that requires to be examined in further research.
Firstly, only two independent spatial variable parameters were taken as a random field in
the study, but actually, there are more parameters (e.g., permeability, stiffness, strength,
etc.) and scenarios could be expected to be taken into account as random variables in the
realistic situation. The correlation between parameters can be modeled through the Copula
approach [78,79] or other methods [80]. Secondly, this study addressed a simplified model
without considering the complex stratigraphic sequence and varied hydraulic boundary
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conditions. Practically, field-scale exploration and modeling technology have advanced
dramatically currently [81]. Further studies can be implemented by refining the analytical
model to explore the settlement pattern. Meanwhile, the unsaturated soil elastoplastic
extended Cambridge principal model [82] can be introduced to perform the unsaturated
hydro-mechanical coupling analysis during the draining and excavation.

6. Conclusions

The purpose of the current study was to investigate the effect of spatial variable
MCC model parameters on the ground surface settlement reliability of a braced excavation
during the entire draining, bracing, and excavating process. Employed an MCS-FORM
hybrid approach, the uncertainties of the ground surface settlement and the location with
the maximum settlement were analyzed, and the effect of the controlled standard threshold
of surface settlement and COV of the parameters on the results were also investigated. The
following conclusions can be drawn from the study:

(1) The deformation parameters of the MCC models can be obtained from the laboratory
oedometer test and corresponding empirical relation. Based on the sensitivity analysis,
the surface settlement has a positive relationship with the parameters associated with
compression and rebound deformation (λ and κ) of the MCC model, of which κ has a
greater effect than λ.

(2) The observed maximum settlement and the location with the maximum settlement
of the probabilistic analysis follow a log-normal distribution. An increasing COV
of parameters leads to an enhanced surface settlement, expansion of the significant
influence region of settlement, and decreased reliability.

(3) A comparison of the settlement between the deterministic and probabilistic results
reveals that adopting the deterministic analysis for excavation surface settlement eval-
uation is capable of underestimating the risk due to the settlement and the significant
influence region remarkably.

(4) The reliability index is enhanced dramatically with the delimited controlled standard
value of the surface settlement, Hcon. It decreases significantly at the preliminary stage
and then decreases progressively until stable during further excavating. Hence it is
recommended to strengthen the settlement monitoring, particularly in the first two
stages during construction.

To obtain more sophisticated observations, the further study enables to introduce
more refined excavation analytical model with complex stratigraphic sequence and varied
hydraulic boundary conditions, and considering more random variables and the corre-
lation between variables. Meanwhile, the framework can be extended to perform the
unsaturated hydro-mechanical coupling analysis by introducing perform the unsaturated
hydro-mechanical coupling analysis.
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