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Abstract: The representative element volume (REV) of the fractured rock mass is the basis for its
homogenization, and is essential for the study of groundwater seepage. In order to determine a
simple method for estimating REV, we studied the topological characteristics of the fractured network.
We propose the concept of topological representative element volume (TREV) for estimating the
fractured rock mass. The topological structure can reflect many properties of the fractured rock mass,
to which a great deal of attention has been paid. We examine the applicability of eleven topological
parameters as the equivalent parameters of the TREV. According to the selected equivalent parameter,
the TREV of twenty-three kinds of fractured rock mass were calculated and then compared with the
permeability representative element volume (PREV). The results show that the size of TREV and PREV
are essentially the same for a given rock mass. In other words, the PREV can be estimated accurately
using the TREV for the rock mass with orthogonal connected fracture networks. The advantage
of using TREV to estimate PREV is that there is no need for complex seepage calculations, as the
calculation of TREV only needs to account for the geometric characteristics of the fracture network.

Keywords: fracture network; fractured rock mass; topological representative element volume;
topology; permeability

1. Introduction

Fluid flow through a fractured rock mass has always been an important issue within
hydrogeology and engineering geology. A fractured rock mass is composed of a porous ma-
trix and a fracture network. The permeability of porous media has been widely discussed,
and the concept of Representative Element Volume (REV) has been widely used in the
study of porous media [1–4]. Generally, the Hagen–Poiseuille law can be used to calculate
the seepage in the pore [5], and the pore-scale or meso-scale seepage in the matrix can be
calculated by the pore network method or Lattice Boltzmann method [6]. Compared with
the pore structure of the matrix, large-scale fractures are generally larger and have greater
permeability. The cubic law is often used to calculate the seepage in fractures [7]. The
main numerical models of fluid flow in fractured rock mass are Discrete Fracture Matrix
Models, Discrete Fracture Network models, and Discrete Fracture Matrix Models with
dual-continuum models [8]. This paper focuses on the permeability of the fracture network,
ignoring the permeability of the porous matrix, which is a common assumption of Discrete
Fracture Network models [9].

The representative element volume (REV) of the fractured rock mass is a fundamental
concept in rock mass mechanics. It provides great convenience to the study of deforma-
tion and groundwater seepage within the rock mass. The REV of fractured rock mass
has been widely discussed, including studies based on two-dimensional [10,11], three-
dimensional [12], and radial flow simulations [13]. The REV size is usually regarded as
the minimum volume of heterogeneous material that is sufficiently large to be statistically
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representative of the composite. The REV size is not a constant value for different physical
properties of the same rock mass. Based on numerical techniques, REV can be obtained
using the following steps. First, determine an equivalent parameter for REV; then, calculate
the variation characteristics of the equivalent parameter with the increase of the study area;
finally, determine the critical size (REV) of the study area according to a given convergence
criterion [5].

The geometric characteristics of a fracture network (strike, dip direction, opening,
density, and connectivity) control the physical properties of the rock mass, such as hardness,
mechanical strength, porosity, and permeability [14–17]. The study of fracture geometry
properties has enormous guiding significance for examining the characteristics of the rock
mass. Researchers have studied the REV of rock mass according to the individual geometric
features of fractures. Esmaieli, et al. [18] examined the geometric REV of rock mass in the
Brunswick mining area based on fracture strength (P30, P32). Scholars have proposed REV
considering various geometric characteristics of fractures [19]. Sanderson and Nixon [14]
reported that the typical structural REV has great practical value and comprehensively
considers fracture density, size, inclination, and dip angle.

It is difficult to obtain the spatial distribution of fractures. The characteristics of
fractures obtained in the field mostly derive from a plane surface; thus, it is convenient to
analyze the properties of fractured networks in the 2D dimension. Scholars have introduced
the concept of topological structure into the analysis of fracture networks and used it to
describe the relationship between geometric objects as well as to estimate the properties of
the rock mass [14,20], as the topological features do not change with the deformation of the
fracture network compared with other geometric features.

The REV is discussed here based on the topological structure, focusing on the two-
dimensional fracture network. We propose the concept of TREV and verify the feasibility
of using it to estimate REV. We generated 23 different kinds of rock mass fracture networks
and analyzed the fluctuation of topological structure parameters within the research scale.

2. The Topological Structure of Fracture Networks

The topological structure of a fracture network consists of branches and nodes. The
topological structure can reflect various characteristics, and provides a good tool for study-
ing the fracture network [14].

The nodes in a fracture network contain the ends of fractures and the intersection
points between fractures, which can be subdivided into four types: isolated points (I-nodes),
lap points (V-nodes), adjacent points (Y-nodes), and crossing points (X-nodes). The fractures
between various nodes (including isolated fractures) are called branches. The two ends
encounter to form a V-node. The meeting of an “end” and a branch forms a Y-node. The
intersection of two branches forms an X-node. Figure 1 shows a typical fracture network,
in which the rectangular range represents a study area which contains undivided fractures
(I2-Y1, I3-I4, I7-V1, I9-V1) and parts of fractures (I1-I8, I5-I6). The fracture divided by the
boundary of the study area is seen as a complete fracture when counting the number of
fractures in the study area.

The number of different nodes in the fracture network reflects its basic information.
The symbols NI, NV, NY, NX represent the number of each of the four kinds of nodes I, V, Y,
and X, within a study area, for example, NI = 9, NV = 1, NY = 1, NX = 1 in Figure 1.

For the number of fractures, NL, the fracture starts and ends in one of the three nodes
I, V, and Y; thus, the NL can be calculated as:

NL =
NI + 2NV + NY

2
, (1)

There are six fractures in Figure 1, and the same result can be obtained using Formula (1).
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Figure 1. Classification of nodes and branches in a fracture network.

For the number of branches, NB, the characteristics of the connection between nodes
and branches can be described as follows: one branch connects two nodes, one I-node
connects one branch, one V-node connects two branches, one Y-node connects tree branches,
and one X-node connects four branches. The number of branches is given by

NB =
NI + 2NV + 3NY + 4NX

2
, (2)

The number of fracture branches is NB = 9 in Figure 1, according to Equation (2).
It should be noted that the points I1, I6, and I8 were generated by the delimitation

of the study area in Figure 1. These points must be taken into account when calculating
the number of fractures. Considering that this kind of point is most consistent with the
definition of I-nodes, and that taking them into I-nodes will not cause a calculation error of
the number of cracks and branches, these kinds of points are regarded as Insolated point
I-nodes. In addition, the condition that three or more fractures intersect at the same point is
not considered in this work.

The proportion of the four types of nodes can reflect certain fracture network proper-
ties. Saevik and Nixon [20] proposed several topological parameters. The definition of a
total of eleven parameters in three categories is described below.

The first category contains five connection rate series parameters that reflect the
fracture connection TB, TC, TD, TE, TF.

The fracture connection rate, TB, is the ratio of the frequency of connected fractures to
the total number of fractures. The connection nodes between fractures belong to three kinds
of nodes, V-nodes, Y-nodes, and X-nodes, and each node is connected with two fractures.
Taking into consideration the above connection relationship, the fracture connection rate
can be written as

TB = 4
NV + NY + NX

NI + 2NV + NY
, (3)

The equivalent fracture connection rate, TC, is defined similarly to the fracture con-
nection rate, TB; however, the difference lies in dealing with the V-nodes and Y-nodes.
Considering that the frequency of V-nodes is minimal, the existence of V-nodes is not taken
into account when calculating the connection rate. Given that the water-flow property of
Y-nodes is similar to that of X-nodes, the total number of Y-nodes is counted in the X-nodes.
After the above treatment, the equivalent fracture connection rate can be expressed as

TC =
2NY + 4NX

NI
, (4)
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Branch connection rate, TD, is the ratio of the frequency of branch interconnections to
the total number of branches. The nodes connected to the branches are I-nodes, V-nodes,
Y-nodes, and X-nodes. One I-node connects one branch, one V-node connects two branches,
one Y-node connects three branches, and one X-node connects four branches. According to
the number of each kind of node, the branch connection rate can be calculated as

TD = 2
2NV + 3NY + 4NX

NI + 2NV + 3NY + 4NX
, (5)

The node connection rate, TE, is the ratio of the frequency of nodes connected by
branches to the total nodes. Each branch is connected to two nodes, and the total number
of branches is NB. The frequency of nodes connected by branches can be calculated. The
node connection rate can be expressed as

TE =
NI + 2NV + 3NY + 4NX

NI + NV + NY + NX
, (6)

The ratio of the number of branches to the number of fractures, TF, can be written as

TF =
NB

NL
=

NI + 2NV + 3NY + 4NX

NI + 2NV + NY
, (7)

The second type of topological parameter reflects the fracture strength, which is the
fracture rate parameter P2x. The definitions of aerial frequency (P20), fracture intensity
(P21), and dimensionless intensity (P22) are

P20 =
NL

A
, (8)

P21 =
∑ L
A

=
NLLC

A
, (9)

P22 =
NLLC

2

A
, (10)

where A is the study area, L is fracture length, and LC is the average length of fractures. LC
equals the sum length of fractures divided by the number of fractures.

The third type of topological parameter reflects the branch strength, which is the
branch rate parameter B2x.

B20 =
NB

A
, (11)

B21 =
∑ LB

A
=

NBBC

A
, (12)

B22 =
NBBC

2

A
, (13)

where LB is the branch length, and BC is the average length of fracture branches. BC equals
the sum length of branches divided by the number of branches.

It can be seen from the above definition that for any fracture network, the total length
of the fracture is equal to the sum length of the branches; thus, P21 equals B21. However, the
meanings of the two parameters are different, and they will be discussed in two categories
in the following analysis.

3. Numerical Experiment

The feasibility of using topological parameters as the equivalent parameters for TREV
was examined based on the generated fracture networks. The fracture network was
generated by computer programming using a modification of Alghalandis’ open-source
algorithm [21]. As input, the program requires the statistical parameters of fractures,
including the average fracture length, average fracture direction, and average fracture



Appl. Sci. 2022, 12, 2844 5 of 16

spacing. According to these statistical parameters, the occurrence of a fracture and its
location, direction, and trace length can be determined by a random number.

The edge length of the generation area is not fixed and is generally set to ten times
the average fracture length. For extremely dense or sparse fracture networks, the edge
length of the generation area may be reduced or increased to simplify the calculation and
ensure representativeness. The fracture is divided into horizontal and vertical groups in a
generation area. The number of fractures in a group equals the generation area divided
by the average fracture spacing, then by the average fracture length. The fracture location
is determined by the coordinates of the center of the fracture. The uniformly distributed
random numbers are used as the coordinates of the center of a fracture. Setting the dip
angle of a fracture to a random function can generate fractures in any direction. Because
the orthogonal fracture network is studied, there is no need to take a random number for
the fracture direction; a normal distribution function can determine the fracture length. It
is easy to obtain the location of a fracture based on the coordinates of the center, direction,
and length. The fracture network can then be produced according to the coordinates of all
fractures.

Table 1 shows the classification of a fractured rock mass [22,23]. Twenty-three kinds of
rock mass were selected for calculation (the shaded part in Table 1), considered representa-
tive fracture networks. The simulated cases are orthogonal fracture networks generated
according to vertical and horizontal fractures. The fracture lengths of the two groups follow
a normal distribution. The estimation process of TREV can then be introduced, taking
the types of fractured rock mass with low fracture length and medium spacing (1 < L < 3,
0.2 < C < 0.6) as an example.

Table 1. Classification of fractured rock mass according to spacing and extensibility (L-fracture length,
C-spacing).

Average Fracture Spacing (m)
(C-Spacing)

Fracture Length/Persistence (m) (L-Fracture Length)
Very Low Low Moderate High Very High

Extremely closely L < 1
C < 0.02

1 < L < 3
C < 0.02

3 < L < 10
C < 0.02

10 < L < 20
C < 0.02

L > 20
C < 0.02

Very closely L < 1
0.02 < C < 0.06

1 < L < 3
0.02 < C < 0.06

3 < L < 10
0.02 < C < 0.06

10 < L < 20
0.02 < C < 0.06

L > 20
0.02 < C < 0.06

Closely L < 1
0.06 < C < 0.2

1 < L < 3
0.06 < C < 0.2

3 < L < 10
0.06 < C < 0.2

10 < L < 20
0.06 < C < 0.2

L > 20
0.06 < C < 0.2

Moderately L < 1
0.2 < C < 0.6

1 < L < 3
0.2 < C < 0.6

3 < L < 10
0.2 < C < 0.6

10 < L < 20
0.2 < C < 0.6

L > 20
0.2 < C < 0.6

Moderate to blocky L < 1
0.6 < C < 2

1 < L < 3
0.6 < C < 2

3 < L < 10
0.6 < C < 2

10 < L < 20
0.6 < C < 2

L > 20
0.6 < C < 2

Blocky to massive L < 1
2 < C < 6

1 < L < 3
2 < C < 6

3 < L < 10
2 < C < 6

10 < L < 20
2 < C < 6

L > 20
2 < C < 6

Massive L < 1
C > 6

1 < L < 3
C > 6

3 < L < 10
C > 6

10 < L < 20
C > 6

L > 20
C > 6

The fracture length (L) is defined as the linear distance between the ends points of a fracture. The average fracture
spacing (C-spacing) is the average distance between parallel fractures within a group.

Figure 2 shows the workflow to calculate TREV. First, the parameters of a fracture
network, including the generation area, average fracture length, standard deviation of the
fracture length, and average fracture spacing were entered into the program to generate
a fracture network. Second, the number of fractures and nodes in the selected research
area were counted. Then, the topological parameters were calculated according to the
fracture length, branch length, and the number of nodes (NI, NV, NY, NX). The study
area was expanded and the above steps repeated until the study area was large enough.
Every type of fracture network was generated five times to ensure its randomness and
representativeness.



Appl. Sci. 2022, 12, 2844 6 of 16Appl. Sci. 2022, 12, x FOR PEER REVIEW 7 of 18 
 

Start

Parameter Input (generation area,  
average fracture length, average 

fracture direction, average 
fracture spacing)

Fracture generation by Monte-carlo method for 5 
times (using number of fractures, fracture location, 

fracture direction, fracture length)

Determined study area

Counted nodes and branches

Topological parameters calculation

Enlarge study area

Cv < 20 % acceptable variation

End

No

Yes

 
Figure 2. The workflow chart of TREV calculation. 

 
Figure 3. Fracture network and study area. 

Figure 2. The workflow chart of TREV calculation.

Figure 3 shows an example of a fracture network. A total of 2644 fractures were
generated in horizontal and vertical groups within a range of 40 m × 40 m. The length of
the fracture follows a normal distribution, with equates to values of 2 m, standard deviation
0.1, minimum 1 m, and maximum 3 m. The square wireframes in Figure 3 demonstrate the
expansion of the study area, and the thick red lines indicate the REV of the rock mass. In
other words, when the study area is larger than the red-line wireframe, the rock mass can
be considered as a homogeneous material.

The coefficient of variation (Cv) can quantify the variability of a parameter for several
realizations [24,25]. The Cv is defined as

Cv =
s

kA
, (14)

where s is the estimate of the standard deviation and kA is the arithmetic average of
the samples.

The REV can be determined when Cv is in the homogeneous range (0 < Cv < Conver-
gence criterion value). Nordahl and Ringrose [26] pointed out that Cv should be multiplied
by the corresponding correction coefficient (1 + 1/(4 × (N − 1))) when the number of
parameters N is less than 10. Cv fluctuates with increasing study area. When the study area
is large enough, Cv will continue to be less than the acceptable variation (or convergence
criterion value), in which case the study area is the TREV. The purpose of a study often
determines the acceptable variation. Nordahl and Ringrose [26] calculated the permeability
REV using 50% as the acceptable variation. Esmaieli, Hadjigeorgiou, and Grenon [18] used
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20% and 10% acceptable variation during calculation of the geometric REV for fracture
strength parameters (P31, P32).
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After analysis, 20% was determined to be the most acceptable variation to judge the
TREV. Figure 4 shows the variation of TX and Cv with the increase of the study area. When
the edge length is larger than 8 m, TB tends to be stable and Cv is less than 20%; thus, TREV
is 8 m × 8 m taking TB as the only equivalent parameter. Figures 5 and 6 show the variation
of aerial frequency, P2X, and aerial branch frequency, B2X, with the change of the study
area, respectively. TREV is 4 m × 4 m and 10 m × 10 m with P20 and B20 as the equivalent
parameter, respectively. Table 2 shows the TREV of the fractured rock mass for all eleven
topological equivalent parameters.

Table 2. TREV of fractured rock mass for different equivalent parameters.

Parameter Group Topological Parameter TREV (m)

Tx

TB 8 × 8

TC 8 × 8

TD 4 × 4

TE 4 × 4

TF 6 × 6

P2x

P20 4 × 4

P21 6 × 6

P22 6 × 6

B2x

B20 10 × 10

B21 6 × 6

B22 4 × 4



Appl. Sci. 2022, 12, 2844 8 of 16
Appl. Sci. 2022, 12, x FOR PEER REVIEW 9 of 18 
 

 
Figure 4. The connection rate (TX) and the coefficient of variation (Cv) versus sample size. Figure 4. The connection rate (TX) and the coefficient of variation (Cv) versus sample size.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 10 of 18 
 

 
Figure 5. The fracture strength (P2X) and the coefficient of variation (Cv) versus sample size. 

Table 2. TREV of fractured rock mass for different equivalent parameters. 

Parameter Group Topological Parameter TREV (m) 

Tx 

TB 8 × 8 
TC 8 × 8 
TD 4 × 4 
TE 4 × 4 
TF 6 × 6 

P2x 
P20 4 × 4 
P21 6 × 6 
P22 6 × 6 

B2x 
B20 10 × 10 
B21 6 × 6 
B22 4 × 4 

Figure 5. Cont.



Appl. Sci. 2022, 12, 2844 9 of 16

Appl. Sci. 2022, 12, x FOR PEER REVIEW 10 of 18 
 

 
Figure 5. The fracture strength (P2X) and the coefficient of variation (Cv) versus sample size. 

Table 2. TREV of fractured rock mass for different equivalent parameters. 

Parameter Group Topological Parameter TREV (m) 

Tx 

TB 8 × 8 
TC 8 × 8 
TD 4 × 4 
TE 4 × 4 
TF 6 × 6 

P2x 
P20 4 × 4 
P21 6 × 6 
P22 6 × 6 

B2x 
B20 10 × 10 
B21 6 × 6 
B22 4 × 4 

Figure 5. The fracture strength (P2X) and the coefficient of variation (Cv) versus sample size.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 11 of 18 
 

 
Figure 6. The branch strength (B2X) and the coefficient of variation (Cv) versus sample size. 

4. Discussion 
4.1. The Topological Representative Element Volume (TREV) 

The equivalent parameters can be considered separately or comprehensively when 
calculating the REV for a fractured rock mass. Our hope was that TREV would reflect 
more topology characteristics. Therefore, all topological parameters were considered com-
prehensively when calculating TREV. The effect of each topological parameter on TREV 
is discussed below. 

(1) When taking the connection rate, Tx, as the equivalent parameter to calculate 
TREV, TB has the greatest influence compared with the connection rate series parameters 
(TB, TD, TE, TF), which determines the TREV of 22 kinds of fracture network. The parameter 
TF only increases the size of TREV from 7 m × 7 m to 8 m × 8 m in one kind of fracture 
network (L > 20, 0.06 < C < 0.2). The parameter TC is not suitable as an equivalent parameter 
because it has an irregular variation for fracture networks with long fracture length or 
large fracture density.  

(2) For TREV calculation with the fracture strength P2x, when taking P20 and P21 as 
equivalent parameters, it is found that the effect of these two parameters varies in differ-
ent cases; thus, these two parameters should be comprehensively considered in the pro-
cess of calculating TREV. For certain types of rock mass with long fracture extension and 
dense cracks, P22 fluctuates in a disorderly fashion, and it is thus not suitable to be used as 
the equivalent parameter.  

(3) For TREV calculation using the branch strength, B2x, considering B20 and B21 as the 
equivalent parameter, it is found that the TREV of all 23 kinds of fracture network de-
pends entirely on B20, and B21 does not affect TREV. The parameter B22 is unsuitable as an 

Figure 6. The branch strength (B2X) and the coefficient of variation (Cv) versus sample size.

4. Discussion
4.1. The Topological Representative Element Volume (TREV)

The equivalent parameters can be considered separately or comprehensively when
calculating the REV for a fractured rock mass. Our hope was that TREV would reflect
more topology characteristics. Therefore, all topological parameters were considered
comprehensively when calculating TREV. The effect of each topological parameter on TREV
is discussed below.
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(1) When taking the connection rate, Tx, as the equivalent parameter to calculate TREV,
TB has the greatest influence compared with the connection rate series parameters (TB, TD,
TE, TF), which determines the TREV of 22 kinds of fracture network. The parameter TF only
increases the size of TREV from 7 m × 7 m to 8 m × 8 m in one kind of fracture network
(L > 20, 0.06 < C < 0.2). The parameter TC is not suitable as an equivalent parameter
because it has an irregular variation for fracture networks with long fracture length or large
fracture density.

(2) For TREV calculation with the fracture strength P2x, when taking P20 and P21 as
equivalent parameters, it is found that the effect of these two parameters varies in different
cases; thus, these two parameters should be comprehensively considered in the process of
calculating TREV. For certain types of rock mass with long fracture extension and dense
cracks, P22 fluctuates in a disorderly fashion, and it is thus not suitable to be used as the
equivalent parameter.

(3) For TREV calculation using the branch strength, B2x, considering B20 and B21 as
the equivalent parameter, it is found that the TREV of all 23 kinds of fracture network
depends entirely on B20, and B21 does not affect TREV. The parameter B22 is unsuitable as
an equivalent parameter because it increases continuously for those types of rock mass
with long fracture length or large fracture density.

(4) Comparing these three kinds of topological parameters (Tx, P2x, and B2x), it is
found that the TREV is only controlled by Tx and B2x series parameters, and P2x series
parameters have no effect at all. According to the previous discussion, TREV based on Tx
series parameters is controlled by TB, and TREV based on B2x series parameters is controlled
by B20. It is concluded that when considering three kinds of topological parameters, TREV
only depends on the fracture connection rate, TB, and the aerial branch frequency, B20. As
these two parameters (TB and B20) are wholly determined by the number of intersections,
the relationship between TREV and intersections is closer than that between TREV and
fracture length. Table 3 shows the TREV of 23 kinds of fracture network calculated by
comprehensively considering three kinds of topological structure parameters.

Table 3. TREV of the fractured rock mass.

Average Fracture
Spacing (m)

Fracture Length/Persistence (m)

Very Low
L < 1

Low
1 < L < 3

Moderate
3 < L < 10

High
10 < L < 20

Very High
L > 20

Very closely
(0.02 < C < 0.06) 1.0 × 1.0 3.0 × 3.0 4.0 × 4.0 >8.0 × 8.0 3.0 × 3.0

Closely
(0.06 < C < 0.2) 2.0 × 2.0 4.0 × 4.0 9.0 × 9.0 8.0 × 8.0 13.0 × 13.0

Moderately
(0.2 < C < 0.6) 6.0 × 6.0 10.0 × 10.0 8.0 × 8.0 12.0 × 12.0 12.0 × 12.0

Moderate to blocky
(0.6 < C < 2) - 18.0 × 18.0 26.0 × 26.0 32.0 × 32.0 50.0 × 50.0

Blocky to massive
(2 < C < 6) - - 58.0 × 58.0 34.0 × 34.0 64.0 × 64.0

Massive (C > 6) - - - - 54.0 × 54.0

4.2. The Permeability Representative Element Volume

Methods for estimating the hydraulic conductivity of a two-dimensional fracture
network have been widely discussed [27–29]. Yanqing [27] provides the calculation formula
for two-dimensional steady seepage based on the water balance principle in a unit area; it
is assumed that the fracture is straight and smooth and the flow in it is laminar:
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
A1TAT

1 H1 + A1TAT
2 H2 + A1TAT

3 H3 + Q1 = 0
A2TAT

1 H1 + A2TAT
2 H2 + A2TAT

3 H3 + Q2 = 0
A3TAT

1 H1 + A3TAT
2 H2 + A3TAT

3 H3 + Q3 = 0
, (15)

where, A1, A2, A3 is the cohesion matrix which describes the connected relationship
between nodes, branches, and boundaries and the numbers in the matrices are 0, 1, or
−1. T is a diagonal matrix, and the numbers in the matrix are

(
ρgb3hj

)
/
(
12µlj

)
; ρ is the

density of water, g is the gravitational acceleration, b is fracture width, hj is the water head
difference between the two ends of branch j, µ is the dynamic viscosity, lj is the length of
a branch j, H1 is the hydraulic head of the internal node, H2 is the hydraulic head of the
Upper and Lower boundary node, H3 is the hydraulic head of the left and right boundary
node, Q1 is the source and sink item of the internal node, Q2 is the upper/lower boundary
flux, Q3 is the left/right boundary flux.

Equation (15) contains six unknown parameters (H1–3, Q1–3), and if three of them are
known, the others can be calculated. Once H3, Q1, and Q2 are provided, H1, H2, and Q3
can be obtained using Equation (14). Then, the equivalent hydraulic conductivity of the
fractured rock mass can be obtained according to Darcy’s law.

The permeability representative element volume (PREV) plays a vital role in study-
ing groundwater seepage. Marcus [30] pointed out that one can obtain an ellipse when
drawing 1/[K(θ)]0.5 on a polar graph for the mean anisotropic medium. The term K(θ)
is the permeability coefficient of the medium for a given direction θ. In other words, if
the permeability coefficient of a medium has these characteristics, the medium can be
considered as a homogeneous medium. According to Marcus’s method, the PREV can be
obtained by fitting the permeability coefficient with the ellipse. The standardized fitting
index Root Mean Square (RMS) evaluates the fitting performance [31]:

RMS =
2

K1 + K2

√
1
n

n

∑
i=1

(Ktensor(θ)−
1√

Ksim(θ)
)

2
, (16)

where n is the total number of fit points, Ktensor(θ) is the fitting value in θ direction, Ksim(θ)
is the hydraulic conductivity in θ direction, and K1 and K2 are the lengths of the long and
short axes of the fitting ellipse, which are the reciprocal of the square root of the minimum
principal value and the maximum principal value of the hydraulic conductivity tensor,
respectively.

If the RMS is less than 0.2, the fitting performance is very good. The resulting hydraulic
conductivity tensor can represent the permeability of the fractured rock mass, and the
corresponding study area could be considered the PREV. It is assumed that the width and
permeability of all fractures are the same and the evolution of permeability with time is not
taken into account [32]. The PREV values of 23 types of fractured rock mass were estimated
based on the described method. The calculation process of TREV is introduced as follows,
taking the fractured rock mass with low ductility and medium spacing (Figure 3) as an
example. The left and right boundary is set as the fixed water head boundary for the selected
study area, and the upper and lower boundary is set as the waterproof boundary. The
equivalent hydraulic conductivity can be calculated in the horizontal direction, and this can
be repeated after rotating the study area to obtain the permeability in different directions,
taking the study area center as the rotation center. Figure 7 shows the fitting results when
the study area is 4 m × 4 m, and the rotation angle is 15 degrees. The red circular dot line
represents the conversion value of the hydraulic conductivity in 24 directions, and the blue
square dot line the corresponding value in the fitting ellipse. Figure 8 shows the variation of
RMS with increasing study area. The PREV of low ductility and medium spacing fractured
rock mass is 4 m × 4 m. The PREV of the other twenty-two kinds of fractured rock mass
can be calculated in the same way.
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The rock masses are numbered according to the length and density of the fracture;
Figure 9 shows the PREV values of twenty-three kinds of rock mass. The abscissa represents
rock type and the ordinate is the REV size. The two curves (blue and green dash line)
representing PREV are very close, indicating that the generated fractures are representative
and consistent with the literature [33]. The randomness of fracture networks is the reason for
the difference in PREV between this paper and the literature. The connection characteristics
of fractures are different for multiple generations, although they follow the same statistical
law. For certain fracture networks, the occasional connection of fractures may affect the
connectivity of the whole network. This influence of the occasional connection is more
obvious for rock masses with sparse fractures and where the entire fracture network is
located at the edge of connection and disconnection. For sparse fracture networks, wider
fracture spacing may lead to the non-existence of PREV (Figure 9).
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5. Comparison between TREV and PREV

The calculation methods for TREV and PREV of the fractured rock mass are introduced
here. They are defined in order to homogenize and simplify the fractured rock mass, and
reflect the scale effect of rock mass properties. The difference between them lies in their
physical meaning. The TREV reflects the topological properties of the fracture network,
which focuses on the topological structure and is affected by the geometric distribution and
connection characteristics of fractures. The PREV focuses on the permeability of the fracture
network, which is affected by the distribution and connection characteristics of the fractures.
Both TREV and PREV are affected by the distribution and connection characteristics of the
fractures, which provides the possibility to use TREV to estimate PREV.

The PREV of a given rock mass is a relatively fixed value. Many scholars have studied
PREV based on the geometric characteristics of fractures [17,20]. However, little research
has paid attention to the topological structure of fracture networks. After comparing TREV
and PREV, we will discuss the feasibility of using TREV to estimate PREV.

Because TREV does not consider the connectivity of the fracture network, it must be
modified when estimating PREV. The critical connectivity, Nc, can be used to judge the
connectivity of the fracture network, which is the average number of intersections per
line [34]. Unlike the fracture connection rate, TB, Nc does not consider the existence of
V-nodes in the definition, and V-nodes are counted with Y-nodes. For a fracture network
with fixed fracture length and equal probability distribution in two directions, the critical
connectivity, Nc, is 3.11 [35]. The result of the connectivity judgment shows that a TREV for
rocks number 3, 7, 11, and 12 does not exist.

The TREV and PREV curves have similar characteristics, and their size expands with
the increase of fracture spacing for fracture networks with the same fracture length. The
REV does not exist when the fracture spacing is too large. For five types of fractured
rock mass with different fracture discontinuity, when the fracture spacing is very close
the size of TREV and PREV is in very close proximity. When the fractures are long and
the spacing is wide (rock mass numbers 22, 23, and 24), TREV size is greatly affected by
accidental factors. The fracture length has little effect for fracture networks with very close
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fracture spacing; however, it dramatically influences fracture networks with extremely
wide spacing. Comparison of the size of TREV and PREV found that they are essentially
the same for the same rock. We further believe TREV can estimate PREV. Although we
have studied only 23 types of rock mass, it is reasonable to believe that this method applies
to all rock mass types in Table 1. Because TREV and PREV are closer when the fracture
spacing is smaller, it is reasonable to expect that this method is suitable for the unstudied
rock masses in Table 1 with extremely close fracture spacing. For the unstudied rock masses
in the table with wide fracture spacing, it can be directly judged that they cannot form a
connected fracture network and there is no PREV. As Table 1 covers all kinds of fracture
lengths and spacing arrangements, this method is suitable for all rock masses with an
orthogonal fracture network. It should be noted that this method is not suitable for fracture
permeability varying with time, because the permeability of all fractures is assumed to be
the same and does not change.

Through TREV, we can obtain PREV without complex seepage calculation. TREV is
only related to the topological structure of the fracture network. The estimation results
obtained with this method have high credibility for many kinds of rocks discussed in this
paper. However, poor performance occurs for certain cases with massive fracture spacing
when the fracture network is at the edge of connectivity and disconnection. Therefore,
special attention must be paid to the connectivity of a fracture network when using TREV
to estimate PREV.

6. Conclusions

The topological representative element volume (TREV) is proposed based on the
structural characteristics of the fracture network. Because the topological structure contains
many characteristics of the fracture network, TREV can reflect comprehensive properties
of the fracture network such as connectivity, continuity, etc. The feasibility of using TREV
to estimate the permeability representative element volume (PREV) is discussed, and the
following conclusions obtained.

(1) There is a noticeable scale effect for the topological parameter of a two-dimensional
fracture network. When the study area is small, the topological parameters fluctuate
violently. The variability of the topological parameters decreases gradually with the increase
of the study area. When the research area is large enough, the topological parameters are
stable. Therefore, topological parameters can be used as equivalent parameters for TREV.

(2) TREV considers various topological characteristics of the fracture network. After
analyzing eleven topological parameters, two of them, fracture connection rate (TB) and
aerial branch frequency (B20) were selected as equivalent parameters to estimate TREV.
These two topological parameters are only related to the node system and can be calculated
directly from the number of nodes in the fracture network.

(3) The size of TREV and PREV is essentially the same for the fractured rock discussed
here. TREV is only related to the topological structure of the fracture network. Using TREV
to estimate PREV can avoid complicated seepage calculation. The estimation results using
this method have high credibility for many kinds of rocks. Particular attention should be
paid to the connectivity of a fracture network when using TREV to estimate PREV.

The calculations in this paper focus on rock mass types with orthogonal fracture
networks, which are composed of horizontal and vertical fractures. Orthogonal fracture
networks are often used in related research [35,36] and are common in nature, including
three types of squares [37] as well as brick [38] and pavement [20,39]. The Representative
Element Volumes of the fractured rock masses provided in this paper (Figure 9) represent
a basis for the study of seepage in the corresponding rock masses. Based on the analysis
of the topological structure and permeability characteristics of the fracture networks, the
feasibility of using topological structure to study permeability is verified by the comparison
of TREV and PREV. This new idea of establishes the relationship between the topological
structure of fractures and their permeability through the concept of representative ele-
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ment volume. Similarly, future studies might attempt to study the relationship between
topological structure and the mechanical properties of different rock types.

Author Contributions: Conceptualization, M.L. and Z.Z.; Data curation, M.L.; Funding acquisition,
Z.Z.; Methodology, M.L.; Project administration, Z.Z.; Software, M.L.; Supervision, Z.Z.; Validation,
M.L., M.C. and J.W.; Visualization, M.C. and J.W.; Writing—original draft, M.L.; Writing—review &
editing, Z.Z. All authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the Major Research Program of the National Natural Science
Foundation of China (Grant No. 91747204), the Research Program of China Three Gorges Corporation
(Grant No. XLD/2118), and the China Scholarship Council (Grant No. 202006710075).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare no conflict of interests.

References
1. Zhang, D.X.; Zhang, R.Y.; Chen, S.Y.; Soll, V.E. Pore scale study of flow in porous media: Scale dependency, REV, and statistical

REV. Geophys. Res. Lett. 2000, 27, 1195–1198. [CrossRef]
2. Al-Raoush, R.; Papadopoulos, A. Representative elementary volume analysis of porous media using X-ray computed tomography.

Powder Technol. 2010, 200, 69–77. [CrossRef]
3. Costanza-Robinson, M.S.; Estabrook, B.D.; Fouhey, D.F. Representative elementary volume estimation for porosity, moisture

saturation, and air-water interfacial areas in unsaturated porous media: Data quality implications. Water Resour. Res. 2011, 47,
W07513. [CrossRef]

4. Zhao, T.Y.; Zhao, H.W.; Ning, Z.F.; Li, X.F.; Wang, Q. Permeability prediction of numerical reconstructed multiscale tight porous
media using the representative elementary volume scale lattice Boltzmann method. Int. J. Heat Mass Transf. 2018, 118, 368–377.
[CrossRef]

5. Bear, J. Dynamics of Fluids in Porous Media; American Elsevier Publishing Company: New York, NY, USA, 1972.
6. Xiong, Q.; Baychev, T.G.; Jivkov, A.P. Review of pore network modelling of porous media: Experimental characterisations,

network constructions and applications to reactive transport. J. Contam. Hydrol. 2016, 192, 101–117. [CrossRef] [PubMed]
7. Witherspoon, P.A.; Wang, J.S.Y.; Iwai, K.; Gale, J.E. Validity of Cubic Law for fluid flow in a deformable rock fracture. Water

Resour. Res. 1980, 16, 1016–1024. [CrossRef]
8. Berre, I.; Doster, F.; Keilegavlen, E. Flow in Fractured Porous Media: A Review of Conceptual Models and Discretization

Approaches. Transp. Porous Med. 2018, 130, 215–236. [CrossRef]
9. Jing, L.; Stephansson, O. Discrete fracture network (DFN) method. In Developments in Geotechnical Engineering; Elsevier:

Amsterdam, The Netherlands, 2007; Volume 85, pp. 365–398.
10. Chen, S.H.; Feng, X.M.; Isam, S. Numerical estimation of REV and permeability tensor for fractured rock masses by composite

element method. Int. J. Numer. Anal. Methods Geomech. 2008, 32, 1459–1477. [CrossRef]
11. Min, K.-B.; Jing, L.; Stephansson, O. Determining the equivalent permeability tensor for fractured rock masses using a stochastic

REV approach: Method and application to the field data from Sellafield, UK. Hydrogeol. J. 2004, 12, 497–510. [CrossRef]
12. Wang, M.; Kulatilake, P.H.S.W.; Um, J.; Narvaiz, J. Estimation of REV size and three-dimensional hydraulic conductivity tensor

for a fractured rock mass through a single well packer test and discrete fracture fluid flow modeling. Int. J. Rock Mech. Min. Sci.
2002, 39, 887–904. [CrossRef]

13. Wang, Z.; Li, W.; Bi, L.; Qiao, L.; Liu, R.; Liu, J. Estimation of the REV Size and Equivalent Permeability Coefficient of Fractured
Rock Masses with an Emphasis on Comparing the Radial and Unidirectional Flow Configurations. Rock Mech. Rock Eng. 2018, 51,
1457–1471. [CrossRef]

14. Sanderson, D.J.; Nixon, C.W. The use of topology in fracture network characterization. J. Struct. Geol. 2015, 72, 55–66. [CrossRef]
15. Adler, P.M.; Thovert, O. Fractures and Fracture Networks; Springer Science & Business Media: Berlin/Heidelberg, Germany, 1999.
16. Min, K.-B.; Jing, L. Numerical determination of the equivalent elastic compliance tensor for fractured rock masses using the

distinct element method. Int. J. Rock Mech. Min. Sci. 2003, 40, 795–816. [CrossRef]
17. Liu, R.; Yu, L.; Jiang, Y.; Wang, Y.; Li, B. Recent developments on relationships between the equivalent permeability and fractal

dimension of two-dimensional rock fracture networks. J. Nat. Gas Sci. Eng. 2017, 45, 771–785. [CrossRef]
18. Esmaieli, K.; Hadjigeorgiou, J.; Grenon, M. Estimating geometrical and mechanical REV based on synthetic rock mass models at

Brunswick Mine. Int. J. Rock Mech. Min. Sci. 2010, 47, 915–926. [CrossRef]
19. Zhang, W.; Chen, J.-p.; Liu, C.; Huang, R.; Li, M.; Zhang, Y. Determination of Geometrical and Structural Representative Volume

Elements at the Baihetan Dam Site. Rock Mech. Rock Eng. 2011, 45, 409–419. [CrossRef]

http://doi.org/10.1029/1999GL011101
http://doi.org/10.1016/j.powtec.2010.02.011
http://doi.org/10.1029/2010WR009655
http://doi.org/10.1016/j.ijheatmasstransfer.2017.11.004
http://doi.org/10.1016/j.jconhyd.2016.07.002
http://www.ncbi.nlm.nih.gov/pubmed/27442725
http://doi.org/10.1029/WR016i006p01016
http://doi.org/10.1007/s11242-018-1171-6
http://doi.org/10.1002/nag.679
http://doi.org/10.1007/s10040-004-0331-7
http://doi.org/10.1016/S1365-1609(02)00067-9
http://doi.org/10.1007/s00603-018-1422-4
http://doi.org/10.1016/j.jsg.2015.01.005
http://doi.org/10.1016/S1365-1609(03)00038-8
http://doi.org/10.1016/j.jngse.2017.06.013
http://doi.org/10.1016/j.ijrmms.2010.05.010
http://doi.org/10.1007/s00603-011-0191-0


Appl. Sci. 2022, 12, 2844 16 of 16

20. Saevik, P.N.; Nixon, C.W. Inclusion of Topological Measurements into Analytic Estimates of Effective Permeability in Fractured
Media. Water Resour. Res. 2017, 53, 9424–9443. [CrossRef]

21. Alghalandis, Y.F. ADFNE: Open source software for discrete fracture network engineering, two and three dimensional applications.
Comput. Geosci. J. 2017, 102, 1–11. [CrossRef]

22. Bieniawski, Z.T. Engineering Rock Mass Classifications: A Complete Manual for Engineers and Geologists in Mining, Civil, and Petroleum
Engineering; John Wiley & Sons: Hoboken, NJ, USA, 1989.

23. Goel, R.; Singh, B. Engineering Rock Mass Classification: Tunnelling, Foundations and Landslides; Elsevier: Amsterdam, The
Netherlands, 2011.

24. Chae, B.-G.; Seo, Y.-S. Homogenization analysis for estimating the elastic modulus and representative elementary volume of
Inada granite in Japan. Geosci. J. 2011, 15, 387–394. [CrossRef]

25. Xia, L.; Zheng, Y.; Yu, Q. Estimation of the REV size for blockiness of fractured rock masses. Comput. Geotech. 2016, 76, 83–92.
[CrossRef]

26. Nordahl, K.; Ringrose, P.S. Identifying the Representative Elementary Volume for Permeability in Heterolithic Deposits Using
Numerical Rock Models. Math. Geosci. 2008, 40, 753–771. [CrossRef]

27. Yanqing, W. The fracture network model and its numerical technique of coupled seepage and streee fieleds in fracture rock mass.
Hydrogeol. Eng. Geol. 1997, 1, 41–45. (In Chinese)

28. Huang, Y.; Zhou, Z. 2-D stohcastic fracture network model for simulation of seepage through fissured rocks. J. Hohai Univ. 2004,
23, 91–94. (In Chinese)

29. Zhang, L.; Xia, L.; Yu, Q. Determining the REV for Fracture Rock Mass Based on Seepage Theory. Geofluids 2017, 2017, 1–8.
[CrossRef]

30. Marcus, H. The permeability of a sample of an anisotropic porous medium. J. Geophys. Res. 1962, 67, 5215–5225. [CrossRef]
31. Öhman, J.; Niemi, A. Upscaling of fracture hydraulics by means of an oriented correlated stochastic continuum model. Water

Resour. Res. 2003, 39. [CrossRef]
32. Matias, A.F.V.; Coelho, R.C.V.; Andrade, J.S.; Araújo, N.A.M. Flow through time–evolving porous media: Swelling and erosion. J.

Comput. Sci. 2021, 53, 101360. [CrossRef]
33. Zhang, L. Determining the Representative Elementary Volumes of Fracture Rock Based on Permeability Analysis; China University of

Geosciences (Beijing): Beijing, China, 2011.
34. Robinson, P.C. Connectivity of fracture systems-a percolation theory approach. J. Phys. A Math. Gen. 1983, 16, 605–614. [CrossRef]
35. Manzocchi, T. The connectivity of two-dimensional networks of spatially correlated fractures. Water Resour. Res. 2002, 38, 1162.

[CrossRef]
36. Boersma, Q.; Hardebol, N.; Barnhoorn, A.; Bertotti, G. Mechanical Factors Controlling the Development of Orthogonal and

Nested Fracture Network Geometries. Rock Mech. Rock Eng. 2018, 51, 3455–3469. [CrossRef]
37. Fossen, H. Jointing and Mechanical Layering. Structural Geology Blog. 2014. Available online: https://structuralgeo.wordpress.

com/2014/06/18/jointing-and-mechanical-layering/ (accessed on 1 October 2019).
38. Zheng, Y.; Liu, J.; Lei, Y. The propagation behavior of hydraulic fracture in rock mass with cemented joints. Geofluids 2019, 2019,

1–15. [CrossRef]
39. Cooper, S.P.; Lorenz, J.C.; Goodwin, L.B. Lithologic and Structural Controls on Natural Fracture Characteristics Teapot Dome, Wyoming;

Sandia National Lab. (SNL-NM): Albuquerque, NM, USA; Sandia, TX, USA, 2001.

http://doi.org/10.1002/2017WR020943
http://doi.org/10.1016/j.cageo.2017.02.002
http://doi.org/10.1007/s12303-011-0035-7
http://doi.org/10.1016/j.compgeo.2016.02.016
http://doi.org/10.1007/s11004-008-9182-4
http://doi.org/10.1155/2017/4129240
http://doi.org/10.1029/JZ067i013p05215
http://doi.org/10.1029/2002WR001776
http://doi.org/10.1016/j.jocs.2021.101360
http://doi.org/10.1088/0305-4470/16/3/020
http://doi.org/10.1029/2000WR000180
http://doi.org/10.1007/s00603-018-1552-8
https://structuralgeo.wordpress.com/2014/06/18/jointing-and-mechanical-layering/
https://structuralgeo.wordpress.com/2014/06/18/jointing-and-mechanical-layering/
http://doi.org/10.1155/2019/5406870

	Introduction 
	The Topological Structure of Fracture Networks 
	Numerical Experiment 
	Discussion 
	The Topological Representative Element Volume (TREV) 
	The Permeability Representative Element Volume 

	Comparison between TREV and PREV 
	Conclusions 
	References

