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Abstract: The interactions between the buried pipeline and tunnelling-induced ground movement
are studied in this paper, in which the jointed pipeline, Pasternak foundation, and the detachment
are considered. A mathematical model using the pulse function is provided to simplify the jointed
pipeline to a continuous pipeline with additional local rotations. The determination of detachment is
used by the usual iteration method. The finite difference method is utilized to obtain the numerical
results. The results calculated by our proposed method agree with the experimental data of centrifuge
tests and are close to those obtained by the other methods. The deflection and bending moment of the
jointed pipeline can be predicted reasonably, as well as its detachment location. Parametric analyses
about the main influencing factors are carried out. The stiffness reduction factor is significant to
the discontinuous behavior of the jointed pipeline. During the parametric analyses, the detachment
beneath the jointed pipeline sometimes happens and sometimes does not. The responses of the
jointed pipeline and its detachment require priority attention.

Keywords: jointed pipeline; Pasternak foundation; detachment; finite difference method

1. Introduction

With the extraordinary increase in population and subsequent transport networks, the
construction of infrastructure involving underground excavations is undergoing an uncom-
mon period of prosperity. Such excavations inevitably cause ground movements, leading to
the longitudinal responses of buried pipelines. Research shows that the primary causes of
fractures in pipelines are corrosion and system disturbance due to seismic excitations [1–3]
and ground movement, which arise from traffic loading, ground temperature and moisture
changes, as well as adjacent excavation such as trenching or tunnelling [4–10].

Initially, experimental studies were carried out to measure the deformation of the
ground and buried pipelines during the tunnelling and to provide more insight into the
mechanism of soil–pipe interaction [11–14]. With the development of computer technology,
a series of numerical simulations were conducted to model the experimental test and to
estimate the response of a buried pipeline. The complex soil–pipeline interaction can be
taken into account by numerical simulations with the complex geological and geometrical
conditions and construction process in practice [15–18].

In addition to numerical simulations, analytical solutions are less time-consuming
and easier for practical utilization. The interaction between the pipeline and the soil is
usually analyzed by using the subgrade reaction analysis. This method assumes that the
buried pipeline is an elastic beam resting on an elastic foundation model [19–22]. The
beam usually uses Bernoulli–Euler beam theory in which straight lines or planes, normal
to the neutral beam axis, remain straight after deformation. This theory neglects the effect
of transverse shear deformations and is relevant only to slender beams. The Winkler
foundation model, widely used in subgrade reaction analysis, is characterized by the
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assumption that the pressure in the foundation is proportional to the deflection at the very
point and is independent of pressures or deflections elsewhere. This simpler foundation
model can be easily applied and gives satisfactory results in many practical situations.
However, it is a rather crude approximation without considering the continuity or cohesion
of the soil. Two-parameter elastic foundation models, including the Pasternak foundation
model, are adopted herein to overcome this deficiency.

Meanwhile, pipelines with joints are often overlooked in related research. For the
interaction analysis to be of any practical use, equal importance should be given to ade-
quately defining the strength and deformation properties of the pipelines, their joints and
the surrounding soil. Some scholars [23–28] consider the jointed pipeline as a continuous
pipeline with additional local rotations at the joints. Liu et al. [29] provide a mathematical
model to estimate the mechanical behaviors of the existing tunnels with bending stiffness
and shearing stiffness reduction at the movement joints.

What is more, the detachment of the underlying soil potentially occurs beneath the
jointed pipeline, which inevitably causes nonlinearity. Due to the unknown contact location,
the detachment is highly nonlinear even in the range of small deformation and linear elastic
behavior. The existing solutions to this problem are highly sophisticated mathematical
analyses. Some distinct approaches may be found in the literature: direct approaches,
numerical simulations and mathematical models [30–38]. To deal with the problem, a set
of transcendental equations or inequalities, and an iterative technique is utilized in all
approaches. The finite difference method [39–41] of the numerical approach is utilized
herein, which has emerged as a powerful and effective technique to study many problems
arising in beams in material mechanics.

Compared with the aforementioned research, we provide a novel mathematical model
to simulate the joints on the buried pipeline. The mechanical behaviors of the buried
pipeline with joints are analyzed. When calculating the buried pipeline’s mechanical behav-
iors, the bending stiffnesses of the joint and standard pipe section are utilized separately,
rather than using the equivalent bending stiffness. Additionally, the detachment potentially
occurring at the bottom of the pipeline is considered. The iterative calculation is applied to
discriminate whether the detachment occurs. Subgrade reaction analysis is used to obtain
the numerical results by using the finite difference method. The results proposed by our
method agree with the data from centrifuge tests. Parametric analyses are carried out to
study the effects of the stiffness reduction factor, the coefficient of subgrade reaction, and
the Pasternak shear modulus of the foundation.

2. Jointed Pipeline Subjected to Tunneling
2.1. Calculation Model of Subgrade Reaction Analysis

In the traditional methods, the pipeline is regarded as an elastic beam resting on an
elastic foundation. The interaction between the soil and pipeline is taken into account by
a series of independent springs. A shear layer connecting these independent springs is
applied to consider the shear interaction between the springs. The tunnelling-induced
ground movement adds pressure on the elastic beam. After considering the arching effect,
the profile of the ground movement is described by the Gaussian distribution function.

Since most buried pipelines have joints in practice, the traditional deformation of
buried jointed pipelines cannot be calculated using the beam with equivalent bending
stiffness. If the joints are in the least helpful position, the mechanical behaviors of the
buried pipeline will be significantly affected. Different deformation mechanisms depend
on the number of joints and the relative position between the joints and the new tun-
nel [29]. Figure 1 shows the deformation characteristics of the jointed pipelines subjected
to new tunnelling.
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Figure 1. Typical deformation of buried jointed pipeline subjected to tunnelling-induced ground
settlement while the joints are in the least helpful positions.

Figure 2 indicates the calculation model of the subgrade reaction analysis. Some
assumptions required in the calculation model are detailed as follows: (1) The soil material
is modeled by the Pasternak foundation model; (2) The settlement of the foundation is
represented by the Gaussian function; (3) The pipe material is linearly elastic, homogeneous
and isotropic; (4) The pipeline is regarded as the Bernoulli–Euler beam model because the
deflections of the pipelines are small; (5) The jointed pipeline is considered as a continuous
pipeline with additional moments at the joints; (6) Axial forces in the pipeline and friction
on the contact surface are not taken into account; (7) Detachment is allowed between the
soil and the pipeline, as shown in Figure 3. Due to the existence of the last hypothesis, both
the linear and nonlinear deformation of the pipeline can be considered.

Appl. Sci. 2022, 11, x FOR PEER REVIEW 3 of 17 
 

 

Figure 1. Typical deformation of buried jointed pipeline subjected to tunnelling-induced ground 

settlement while the joints are in the least helpful positions. 

Figure 2 indicates the calculation model of the subgrade reaction analysis. Some as-

sumptions required in the calculation model are detailed as follows: (1) The soil material 

is modeled by the Pasternak foundation model; (2) The settlement of the foundation is 

represented by the Gaussian function; (3) The pipe material is linearly elastic, homogene-

ous and isotropic; (4) The pipeline is regarded as the Bernoulli–Euler beam model because 

the deflections of the pipelines are small; (5) The jointed pipeline is considered as a con-

tinuous pipeline with additional moments at the joints; (6) Axial forces in the pipeline and 

friction on the contact surface are not taken into account; (7) Detachment is allowed be-

tween the soil and the pipeline, as shown in Figure 3. Due to the existence of the last hy-

pothesis, both the linear and nonlinear deformation of the pipeline can be considered. 

 

Figure 2. Calculation model of subgrade reaction analysis. 

Tunnelling

Ground movement

   introduced by

      tunnelling
Pipeline joints

Pipeline

Ground surface

Shear layer G

Joints
Me Me Me Me Me

Spring layer K

Bending

stiffness

EI

Existing pipeline

Pasternak foundation model

O X

Z
Soil settlement  S(x)

Figure 2. Calculation model of subgrade reaction analysis.
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Figure 3. Detachment between underlying soil and pipeline.

The Pasternak foundation model assumes the existence of shear interactions between
the spring elements. It connects the ends of the springs to a shear layer comprising incom-
pressible vertical elements and deforms only by transverse shear, as shown in Figure 2.

The differential equation of Bernoulli–Euler beam on the Pasternak foundation is

EI
d4w
dx4 = q(x)− p(x) (1)

where EI is the flexural rigidity of the beam; w is the deflection of the beam taking downside
positive; q(x) is the external load, composed of the self-weight of pipelines and covered soil
and additional moment at joints; and p(x) is the reaction force of the elastic foundation. To
derive the constitutive relationship between the load and deflection of the foundation, the
vertical equilibrium of an element in the shear layer is considered, as shown in Figure 4.

Appl. Sci. 2022, 11, x FOR PEER REVIEW 4 of 17 
 

 

Figure 3. Detachment between underlying soil and pipeline. 

The Pasternak foundation model assumes the existence of shear interactions between 

the spring elements. It connects the ends of the springs to a shear layer comprising incom-

pressible vertical elements and deforms only by transverse shear, as shown in Figure 2. 

The differential equation of Bernoulli–Euler beam on the Pasternak foundation is 

4

4
( ) ( )

d w
EI q x p x

dx
= −  (1) 

where EI is the flexural rigidity of the beam; w is the deflection of the beam taking down-

side positive; q(x) is the external load, composed of the self-weight of pipelines and cov-

ered soil and additional moment at joints; and p(x) is the reaction force of the elastic foun-

dation. To derive the constitutive relationship between the load and deflection of the foun-

dation, the vertical equilibrium of an element in the shear layer is considered, as shown 

in Figure 4. 

 

Figure 4. An element of shear layer in Pasternak foundation. 

Assuming that the foundation material is homogeneous and isotropic in the x − y 

plane, we have Gx = Gy = G, then 

 
 −

= =


( )
xz x xz

w S
G G

x
 (2a) 

W

X
Me

Me

Me

Me

Me

L

Smax

isInitial state

Deformed state

Detachment

x

z

x x+dx

w
w+dw

dx
dx

τxz

dw
dx

Figure 4. An element of shear layer in Pasternak foundation.

Assuming that the foundation material is homogeneous and isotropic in the x − y
plane, we have Gx = Gy = G, then

τxz = Gxγxz = G
∂(w− S)

∂x
(2a)
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τyz = Gyγyz = G
∂(w− S)

∂y
(2b)

Noting that S is the tunnelling-induced ground movement described as a function of
soil deflection. The deformation of the contact area is (w − S). The shear forces per unit
length of the shear layer are

Nx =
∫ 1

0
τxzdz = G

∂(w− S)
∂x

(3a)

Ny =
∫ 1

0
τyzdz = G

∂(w− S)
∂y

(3b)

Figure 5 shows an element in the shear layer. According to the force balance, the
equilibrium equation is

∂Nx

∂x
+

∂Ny

∂y
+ p− qs = 0 (4)
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Figure 5. Vertical equilibrium of an element in the shear layer.

Substituting Equations (3a) and (3b) into Equation (4), we obtain the reaction force p
with qs = K(w − S)

p(x) = K(w− S)− G∇2(w− S) (5)

where K is the coefficient of subgrade reaction, G is the Pasternak shear modulus of the
foundation and the shear modulus of the shear layer, and ∇2 is the Laplace operator. The
second term on the right-hand side of Equation (5) is the effect of the shear interactions on
the vertical elements.

Substituting Equation (5) into Equation (1), the governing equation is given by

EI
d4w
dx4 + K(w− S)− G

d2(w− S)
dx2 = q(x) (6)

The tunnelling-induced ground movement of the foundation can be represented math-
ematically by profile functions. For example, trigonometric, hyperbolic, exponential, and
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Gauss error functions. The profile function used here is the most popular Perk function [42]
given by Equations (7a) and (7b).

S(x) = Smaxexp(− x2

2i2s
) (7a)

Smax =
Vs√
2πis

(7b)

where Smax is the maximum displacement, Vs is the volume of ground settlement through
per unit distance of tunnel advance, is is the parameter defining the form and span of
the settlement.

2.2. Mathematical Model of Joints and Detachment

The jointed pipeline can be considered as a continuous pipeline with additional local
rotations at the joints, which can be achieved by applying additional moments at the joints
as shown in Figure 2. The additional moment can be written as distributed loads with the
pulse function employed

qe(x) = Aδ′′ (x− xj) (8)

where δ(x) is the pulse function, as shown in Figure 6a, δ” (x − xj) denotes second-order
derivatives with respect to x, and xj is the abscissa of the joint. δ” (x − xj) will be simplified
to δj” in the following paper. The additional moment is equivalent to the limit case that
three concentrated forces act around xj while h approaches 0, as shown in Figure 6b, where

P0 = (
A

8h3 ) · 2h =
A

4h2 (9)
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function; (b) Equivalent concentrated forces; (c) Additional moment at joints; (d) Related rotation
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As also shown in Figure 6c, 2P0 is decomposed into two P0 and combined into couples
with the other P0 on the left and right sides, where

M0 = P0 · 2h =
A
2h

(10)

The distance between the two couples is 2h.
With additional moments applied, additional local rotations are generated while

the equilibrium of the pipeline maintains unchanged. The angle of rotation is shown in
Figure 6d.

∆θ =
Me

EI
· 2h =

A
2h
· 2h

EI
=

A
EI

(11)

where Me is the additional moment, hence

A = EI∆θ (12)

and
qe = EI∆θδ

′′
j (13)

while the actual rotation of the pipeline determines the additional local rotation, it can be
estimated by adding a stiffness reduction factor to the continuous pipeline at each joint,
and the actual moment for the jointed pipeline is

M(x) = EIw′′ (x)−Me(x) =
{

βEIw′′ (x) x = xj
EIw′′ (x) x 6= xj

(14)

where β is the stiffness reduction factor. In that case,

Me(x) =
{

(1− β)EIw′′ (x) x = xj
0 x 6= xj

(15)

Taking only the self-weight of pipelines and covered soil into account, the external
forces can be considered as line loads. Meanwhile, detachment, as well as additional
moments, are under consideration. Equation (6) becomes

EI
d4w
dx4 +

[
k(w− S)− G

d2(w− S)
dx2

]
H(x) = γg +

N

∑
j=1

EI∆θjδ
′′
j (16)

with the boundary conditions

θ(0) = θ(L) = 0, Q(0) = Q(L) = 0, S′(0) = S′(L) = 0 (17)

where γ is the linear density, g is the gravity acceleration, and H(x) is the step function
defined as

H(x) =
{

1 w ≥ S
0 w < S

(18)

2.3. Calculation Method and Procedure

The Central Difference Method (CDM) is used to obtain the numerical results. The
beam and its surroundings can be divided into n + 1 real nodes and four fictitious nodes
with step l = L/n, as shown in Figure 7. Central differences (CD) at the point “i” can be
defined as an approximation of derivatives.

d2wi
dx2 =

wi−1 − 2wi + wi+1

l2 (19a)
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d4wi

dx4 =
wi−2 − 4wi−1 + 6wi − 4wi−1 + wi+2

l4 (19b)

d2(wi − Si)

dx2 =
(wi−1 − Si−1)− 2(wi − Si) + (wi+1 − Si+1)

l2 (19c)
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The additional moment at the joint is equivalent to the limit case that three concen-
trated forces act around the joint while h approaches0. The three concentrated forces can be
applied to the joint node xj and its adjacent nodes xj−1, xj+1, and 2h equal to l. According to
Equation (11) and Equation (15), the rotation angle can be obtained by

Me =
EI∆θj

2h
= (1− β)EIw′′j (20)

∆θj = (1− β)lw′′j (21)

As the number of nodes in the difference method increases, Equation (16) can be
rewritten as

EI
d4w
dx4 +

[
k(w− S)− G

d2(w− S)
dx2

]
H(x) = γg + (1− β)lEI

N

∑
j=1

w′′j δ
′′
j (22)

The three equivalence forces of the additional moment act at the joint node and its
adjacent nodes. The finite difference form of Equation (22) is given by

EI d4wi
dx4 +

[
k(wi − Si)− G d2(wi−Si)

dx2

]
Hi = γg (i 6= j− 1, j, j + 1)

EI d4wi
dx4 +

[
k(wi − Si)− G d2(wi−Si)

dx2

]
Hi = γg + (1−β)

l2 lEI
N
∑

i=1
w′′i (i = j− 1)

EI d4wi
dx4 +

[
k(wi − Si)− G d2(wi−Si)

dx2

]
Hi = γg− 2(1−β)

l2 lEI
N
∑

i=1
w′′i (i = j)

EI d4wi
dx4 +

[
k(wi − Si)− G d2(wi−Si)

dx2

]
Hi = γg + (1−β)

l2 lEI
N
∑

i=1
w′′i (i = j + 1)

(23)

Employing Equations (19a)–(19c), we have

EI (wi−2−4wi−1+6wi−4wi+1+wi+2)
l4

+
[
k(wi − Si)− G (wi−1−Si−1)−2(wi−Si)+(wi+1−Si+1)

l2

]
Hi

= γg (i 6= j− 1, j, j + 1)

(24a)
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EI (wi−2−4wi−1+6wi−4wi+1+wi+2)
l4

+
[
k(wi − Si)− G (wi−1−Si−1)−2(wi−Si)+(wi+1−Si+1)

l2

]
Hi

= γg + (1−β)
l2 lEI

N
∑

i=1

wi−1−2wi+wi+1
l2 (i = j− 1)

(24b)

EI (wi−2−4wi−1+6wi−4wi+1+wi+2)
l4

+
[
k(wi − Si)− G (wi−1−Si−1)−2(wi−Si)+(wi+1−Si+1)

l2

]
Hi

= γg− 2(1−β)
l2 lEI

N
∑

i=1

wi−1−2wi+wi+1
l2 (i = j)

(24c)

EI (wi−2−4wi−1+6wi−4wi+1+wi+2)
l4

+
[
k(wi − Si)− G (wi−1−Si−1)−2(wi−Si)+(wi+1−Si+1)

l2

]
Hi

= γg + (1−β)
l2 lEI

N
∑

i=1

wi−1−2wi+wi+1
l2 (i = j + 1)

(24d)

with boundary conditions

θ(0) = w′(0) = w′0 = −w−1+w1
2l = 0

θ(L) = w′(L) = w′n = −wn−1+wn+1
2l = 0

Q(0) = EIw′
′′
(0) = EIw′

′′
0 = EI(−w−2+2w−1−2w1+w2

l3 = 0

Q(L) = EIw′
′′
(L) = EIw′

′′
n = EI(−wn−2+2wn−1−2wn+1+wn+2

l3 = 0
S′(0) = S′0 = −S−1+S1

2l = 0
S′(L) = S′n = −Sn−1+Sn+1

2l = 0

(25)

Fictitious nodes are then eliminated

w−2 = w2
w−1 = w1

wn+1 = wn−1
wn+2 = wn−2

S−1 = S1
Sn+1 = Sn−1

(26)

In that case, Equations (24a)–(24d) can be simplified into matrix form:

[KEI ]{w}+ [Kk][H]{w} − [KG][H]{w} −
[
Kj
]
{w} = [F] + [Kk][H]{S} − [KG][H]{S} (27)

where

[KEI ] =
EI
l4



6 −8 2 0
−4 7 −4 1

1 −4 6 −4 1
. . . . . . . . .

1 −4 6 −4 1
1 −4 7 4

0 2 −8 6


(n+1)×(n+1)

(28a)

[Kk] = k


1 0

1
. . .

1
0 1


(n+1)×(n+1)

(28b)
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[KG] = G


−2 2 0
1 −2 1

. . . . . . . . .
1 −2 1

0 2 −2


(n+1)×(n+1)

(28c)

[
Kj
]
=

(1− β)EI
l4



0 0
0

. . .
[C]j

. . .
0

0 0


(n+1)×(n+1)

(28d)

[C]j =

 1 −2 1
−2 4 −2
1 −2 1


3×3

(28e)

[F] = γgl
[

1
2

1 · · · 1
1
2

]
1×(n+1)

(28f)

[H] =



H0 0
H1

. . .
Hi

. . .
Hn−1

0 Hn


(n+1)×(n+1)

(28g)

Hi =

{
1, w ≥ S
0, w < S

(28h)

{w} = [w0 w1 · · · wn]
T
(n+1)×1 (28i)

{S} = [S0 S1 · · · Sn]
T
(n+1)×1 (28j)

We have(
[KEI ] + [Kk][H]− [KG][H]−

[
Kj
])
{w} = [F] + ([Kk][H]− [KG][H]){S} (29)

Hence

{w} =
(
[KEI ] + [Kk][H]− [KG][H]−

[
Kj
])−1

([F] + ([Kk][H]− [KG][H]){S}) (30)

Since this paper does not involve large deformations and nonlinear constitutive re-
lationships, the usual iteration strategies, such as the Newton–Raphson method, could
be applied to address the simple contact problem. In order to reach the initial solution,
we need to initialize the problem first, and reduce the unilateral contact case to a bilateral
contact one. An iterative process is repeated until a convergence criterion is achieved. The
calculation procedure described previously is summarized in Figure 8.
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Figure 8. Nonlinear solution procedure based on Newton–Raphson method.

First, input the calculation parameters and initialize the matrix [H] as the identity
matrix. Second, obtain the matrices and vectors in Equation (30). Third, compute the
displacement vector {w} and compare the vector {w} with the vector {S} to obtain [H] as
in Equation (28h). Fourth, update [H] and recalculate {w} until the convergence criterion
is achieved.

3. Verification from Centrifuge Tests

In this section, two centrifuge tests conducted by Vorster et al. [43] are used to verify
our proposed method. A pipeline modeled in the centrifuge tests had nine joints, and the
middle joint was located directly above a new tunnel. The jointed pipeline was made of
aluminum alloy with 1.22 mm thickness and 15.85 mm outer diameter, and was subjected
to tunnelling-induced ground movement. The model tunnel, with 60 mm diameter, was
modeled and filled with water to induce a given volume loss by extracting water. The
volume loss ratio was set at 0.3% and 2.0% in Test 1 and Test 2, respectively, performed under
75 g acceleration. Table 1 shows the calculation parameters of the prototype scenario. The
stiffness reduction factor is considered to be zero. Figures 9 and 10 show the experimental
data of centrifuge tests, the calculated deflections, and the comparison with the analytical
results calculated by other methods.
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Table 1. Geometrical and physical parameters of centrifuge tests and analytical methods (Vorster, [43];
Liu et al. [29]).

Pipeline D (m) L (m) E (GPa) I (m4) EI (109 Nm2.3) zp (m)
Vl (%)

Test 1 Test 2

1.19 48.06 70 0.0474 3.3149 4.165 0.3 2

Tunnel R0 (m) Z0 (m) Soil Es (MPa) µ K Gc

2.25 11.25 10 0.3 0.7 10D
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Figures 9 and 10 indicate that the calculated results proposed by our method agree
with the experimental data. The profiles of pipeline deflection obtained by Liu et al. [29],
Lin et al. [28], and our proposed method are similar. Lin et al. [28] provided an analytical
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method without considering the variable stiffness reduction in the joints. In contrast,
Liu et al. [29] consider both the rotation (bending moment) and dislocation (shearing force)
with variable stiffness reduction factors, but without considering the separation between
the existing tunnels and underlying soil. For Test 1, the curve’s width by Lin et al. [28] is
slightly wider than those of the others. For Test 2, the curve’s width results are close in all
three methods. The maximum deflections by our method are slightly larger than those of
the others for Test 1 and Test 2.

The proposed method can calculate the deflection of the existing pipelines with joints
and predict the potential detachment of the buried pipeline. As shown in Figures 9 and 10,
our method is applicable for estimating the deflection of the existing pipelines with joints.
Thus, our proposed method can be used to study the effects of tunnelling-induced ground
movement on pipelines with joints and detachment.

4. Parametric Analyses

A calculation example is used to study the effects of the stiffness reduction factor, the
coefficient of subgrade reaction, and the Pasternak shear modulus of the foundation on the
deflection and bending moment of the buried pipeline.

Figure 11 shows a pipeline of length L = 30 m with joints at x = −10 m, −5 m, 0 m, 5 m,
and 10 m, E = 2 × 1011 Pa. The inner diameter of the pipe is 0.43 m, and the outer diameter
of the pipe is 0.46 m, γ = 90 Kg/m, g = 9.8 m/s2, is = 3 m, Smax = 3 mm. The results were
analyzed by the MATLAB program.
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Figure 11. Example of buried jointed unilateral pipeline.

4.1. Stiffness Reduction Factor

To obtain the results by our proposed method, different stiffness reduction factors β of
0.05, 0.1, 0.5, and 1 were used., The coefficient of subgrade reaction K is 50 MPa, and the
Pasternak shear modulus is 10 MPa. The pipeline is completely continuous, and the joints
have no effect on it when β = 1. Figure 12 shows the deflection and bending moment of the
jointed pipeline.
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Figure 12. Deflection and bending moment of buried pipeline with different stiffness reduction
factors: (a) deflection; (b) bending moment.

As shown in Figure 12, the deflection decreases with the increased β. The discontinu-
ous behavior at the joints, e.g., the middle joint, is more obvious with the decreased β. The
minimum deflection at the middle joint is 2.87 mm, less than Smax = 3 mm. The detachment
beneath the middle joint occurs, whereas it does not occur when β is less than 0.05. The
bending moment increases with the increase in β. The profiles of the bending moment are
similar. In contrast, the curve at the joints (x = −5 m, 0 m, 5 m) is remarkably discontinuous
when β is 0.05. So, the stiffness reduction factor β is of great significance to represent the
discontinuous behavior of the pipeline.

4.2. Coefficient of Subgrade Reaction

Figure 13 shows the deflection and bending moment of the buried pipeline with
different coefficients of subgrade reaction. The value of K was set as 10 MPa, 30 MPa, and
50 MPa, respectively. Note that the Pasternak shear modulus of foundation is 10 MPa, and
β is considered as zero to make the results remarkable.
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Figure 13. Deflection and bending moment of buried pipeline with different coefficients of subgrade
reaction: (a) deflection; (b) bending moment.

As shown in Figure 13, the deflection increases slightly with the decrease in the coeffi-
cient of subgrade reaction. The maximum deflection is 3.23 mm, larger than Smax = 3 mm.
The buried pipeline maintains contact with the underlying soil. The discontinuous behavior
of the jointed pipeline is remarkable with the decreased K. The bending moment increases
with the increased coefficient of subgrade reaction. The middle sections of the pipeline,
from −10 m to 10 m, generate large bending moments. By contrast, the bending moment of
the joints at x = −10 m, −5 m, 0 m, 5 m, and 10 m are all zero because the bending stiffness
of the joints is zero due to Equation (14). The results indicate apparent discontinuous
changes at the joints.
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4.3. Pasternak Shear Modulus of Foundation

To study the effects of the Pasternak shear modulus of foundation, we set G to be
10 MPa, 30 MPa, and 50 MPa, respectively. The coefficient of subgrade reaction and the
stiffness reduction factor are 50 MPa and 0, respectively. The deflection and bending
moment of the buried pipeline are shown in Figure 14.

Appl. Sci. 2022, 11, x FOR PEER REVIEW 15 of 17 
 

4.3. Pasternak Shear Modulus of Foundation 

To study the effects of the Pasternak shear modulus of foundation, we set G to be 10 

MPa, 30 MPa, and 50 MPa, respectively. The coefficient of subgrade reaction and the stiff-

ness reduction factor are 50 MPa and 0, respectively. The deflection and bending moment 

of the buried pipeline are shown in Figure 14. 

  

(a) (b) 

Figure 14. Deflection and bending moment of buried pipeline with different Pasternak shear moduli 

of foundation: (a) deflection; (b) bending moment. 

The deflection increases slightly with the decrease in the Pasternak shear modulus of 

foundation. The maximum deflection is 3.32 mm and occurs at the middle joint. The effect 

of the Pasternak shear modulus of foundation G on the discontinuous deflection of the 

pipeline is not significant except for the middle joint. The zero stiffness reduction factor 

results in larger deflections than the ground movements, so the buried pipeline maintains 

contact with the underlying soil. The bending moment increases with the increased Pas-

ternak shear modulus of foundation. The characteristics of the results are consistent with 

those of the coefficient of subgrade reaction. 

5. Conclusions 

We propose an analytical method to estimate the deflection and bending moment of 

the jointed pipeline and its detachment. The pipeline is regarded as an elastic beam resting 

on a Pasternak foundation model. Our proposed method is verified by the centrifuge tests 

when compared with other methods. Parametric analyses about the main influencing fac-

tors are carried out and the findings are as follows: 

• We provide a mathematical model which uses the pulse function to model the joints 

and uses the iteration method to determine the detachment. The deflections of the 

jointed pipeline calculated by our method agree with the experimental data which 

indicates our proposed method’s reasonability. 

• The maximum value and profile of the pipeline’s deflection obtained by our method 

are close to those calculated by the other methods. Our method can not only predict 

the deflections of the jointed pipeline, but also determine whether the detachment 

occurs. 

• The deflections of the jointed pipeline increase with the decrease in the stiffness re-

duction factor β, the coefficient of subgrade reaction K, and the Pasternak shear mod-

ulus of foundation G, whereas the bending moments decrease. The stiffness reduc-

tion factor is of great significance to the discontinuous behavior of the jointed pipe-

line. 

• Detachment beneath the jointed pipeline sometimes happens and sometimes does 

not, depending on our proposed method’s iteration. Thus, more attention should be 

paid to the detachment between the pipeline and underlying soil. 

Figure 14. Deflection and bending moment of buried pipeline with different Pasternak shear moduli
of foundation: (a) deflection; (b) bending moment.

The deflection increases slightly with the decrease in the Pasternak shear modulus
of foundation. The maximum deflection is 3.32 mm and occurs at the middle joint. The
effect of the Pasternak shear modulus of foundation G on the discontinuous deflection
of the pipeline is not significant except for the middle joint. The zero stiffness reduction
factor results in larger deflections than the ground movements, so the buried pipeline
maintains contact with the underlying soil. The bending moment increases with the
increased Pasternak shear modulus of foundation. The characteristics of the results are
consistent with those of the coefficient of subgrade reaction.

5. Conclusions

We propose an analytical method to estimate the deflection and bending moment of
the jointed pipeline and its detachment. The pipeline is regarded as an elastic beam resting
on a Pasternak foundation model. Our proposed method is verified by the centrifuge
tests when compared with other methods. Parametric analyses about the main influencing
factors are carried out and the findings are as follows:

• We provide a mathematical model which uses the pulse function to model the joints
and uses the iteration method to determine the detachment. The deflections of the
jointed pipeline calculated by our method agree with the experimental data which
indicates our proposed method’s reasonability.

• The maximum value and profile of the pipeline’s deflection obtained by our method
are close to those calculated by the other methods. Our method can not only predict the
deflections of the jointed pipeline, but also determine whether the detachment occurs.

• The deflections of the jointed pipeline increase with the decrease in the stiffness reduc-
tion factor β, the coefficient of subgrade reaction K, and the Pasternak shear modulus
of foundation G, whereas the bending moments decrease. The stiffness reduction
factor is of great significance to the discontinuous behavior of the jointed pipeline.

• Detachment beneath the jointed pipeline sometimes happens and sometimes does not,
depending on our proposed method’s iteration. Thus, more attention should be paid
to the detachment between the pipeline and underlying soil.
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