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Abstract: The shear constitutive model of the slip zone soil can be used to quantitatively describe
the relationship between shear stress and shear displacement, which is of great significance for the
analysis of deformation mechanism and stability evaluation of landslides. The conventional shear
constitutive models were usually proposed based on statistical damage theory with the Weibull
distribution function, which is widely used in the field of rock material. However, there are great
differences in the structure and mechanical properties of soil and rock; therefore, the suitability of
the damage distribution functions for the slip zone soil needs to be further investigated. In this
study, eight distribution functions are introduced to describe the damage evolution process of the
slip zone soil and applied to two groups of shear stress–shear displacement curves (named shear
curves) with different softening characteristics, i.e., strong softening type and weak softening type.
The results show that: (1) the applicability of the various damage distribution functions to the two
softening types of shear curves is obviously different; (2) the commonly used Weibull distribution is
only suitable for the weak softening shear curves; (3) the shear constitutive models based on Gamma,
Exponential, and Logistic distributions are the best three models for the strong softening curve; the
shear constitutive models based on Gamma, Weibull, and Exponential distributions are the best three
models for the weak softening curve; (4) Gamma distribution function is the optimal model in both
strong softening and weak softening types of shear curves, and the parameters of the function have
clear physical meaning in the shear constitutive model. In general, the Gamma distribution function
can more objectively reflect the whole shear damage evolution process of the slip zone soil than other
distribution functions.

Keywords: landslide; statistical damage; strain softening; sliding zone soil; ring shear test

1. Introduction

The failure of a landslide is mostly controlled by the weak unit inside the landslide,
which is usually called the slip zone. The evolution process of landslides is accompanied
by the shear deformation of slip zone soil and progressive deterioration of mechanical
strength [1–5]. The strength of slip zone soil decreases from peak strength to residual
strength with the deformation of slip zone soil, which is a very common process, named
strain softening phenomenon [4]. The constitutive model of soil is a formula reflecting
the relationship between stress and deformation of soil mass. Therefore, constructing a
constitutive model that can describe the strain softening property is of great significance to
investigate the mechanical behavior of landslides [6–8].

Many constitutive models representing strain softening of rock and soil have been
established through experimental and theoretical research. Before the peak of stress–strain
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curves, the hyperbolic model and piecewise linear model were proposed [9–11]; after the
peak of stress–strain curves, strength abruptly falling model [12,13], linear attenuation
model, and hyperbolic attenuation model was proposed [14,15]. However, these models
only reflect the relationship between stress and strain and cannot intuitively represent
the characteristics of large deformation of slip zone soil. Recently, a shear constitutive
model describing the relationship between shear stress and shear displacement is proposed
based on statistical damage mechanics [16–18]. It has obvious advantages of representing
the large deformation mechanics of slip zone soil and providing the basis for dynamic
evaluation of landslide stability.

Statistical damage mechanics have been widely used in the constitutive models of
rock materials [19–24]. In recent years, the statistical damage mechanics of rock have been
introduced into the soil field [16–18,25,26]. Based on statistical damage, the damage variable
can be defined as the damage degree of the material. The distribution of damage variables
(damage distribution) with displacement in the shear constitutive model represents the
damage evolution with shear displacement. However, the damage distribution of soil
directly adopts the Weibull distribution function [27], which is widely used in the rock
damage mechanical field. In fact, due to the great differences between structural and
mechanical properties of soil and rock, the damage distribution function of soil may differ
from that of rock. Therefore, the damage distribution function of the slip zone soil needs to
be further investigated.

A large number of ring shear test results of slip zone soil show that the shear stress–
shear displacement curves (named shear curves) can be classified into two types including
weak softening curve and strong softening curve. The weak softening type curve (Figure 1a)
has a low softening degree and a small difference between the peak strength and the residual
strength; in contrast, the strong softening curve (Figure 1b) has a high softening degree
and a large difference between the peak strength and the residual strength. By searching
the keyword ‘ring shear’ from 2000 to 2020 in the web of science database, 32 valid papers
about ring shear tests were retrieved, presenting 104 groups of soil ring shear test data.
Among them, 54 groups belong to the weak softening curve, accounting for 52%; 50 groups
belong to the strong softening curve, accounting for 48%. The curves of different softening
types reflect the different damage evolution characteristics in the process of soil shear,
which may affect the applicability of the selected damage distribution function. Therefore,
more distribution functions are needed to verify the damage distribution model suitable
for different slip zone soil curves.
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Focusing on the selection of damage distribution in constructing the shear constitutive
model of slip zone soil, this study investigates the possible damage distribution functions
for describing the damage evolution process of the soil. The fitting method is adopted
instead of the previous method of solving model parameters through peak value. This
method can better show the fitting effect of the constitutive model on the shear curve,
especially in the strain softening stage. Then, the applicability of various distribution
functions for two groups of shear curves in slip zone soil were analyzed with different
softening degrees. Finally, the optimal damage distribution suitable for different softening
types of curves was determined.

2. Shear Constitutive Models of Slip Zone Soil

The strain softening phenomenon often occurs in the process of large shear deforma-
tion of landslides; that is, the shear stress decreases with displacement when the shear
stress exceeds the peak. According to a large number of ring shear test results, the whole
process of shear deformation and failure of slip zone soil can be divided into five stages
(Figure 2): the pore compaction stage (Stage 1 in Figure 2); the elastic deformation stage
(Stage 2 in Figure 2); the plastic hardening stage (Stage 3 in Figure 2); the strain softening
stage (Stage 4 in Figure 2); and the residual strength stage (Stage 5 in Figure 2). The shear
characteristics of the above stages should be taken into consideration in the establishment
of the shear constitutive model of slip zone soil.
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Figure 2. Shear stress–shear displacement curve and damage evolution curve of the slip zone soil
in the whole shear process. The damage variable D can define the damage degree of the soil. The
damage variable of 0 indicates that the soil is not damaged, and the damage variable of 1 indicates
that the soil is completely damaged.

During the shearing process of the slip zone, the slip zone soil is progressively dam-
aged. In this process, the shear stress of soil is jointly undertaken by the damaged part and
the intact part. According to the strain equivalent hypothesis [21], the strength relationship
of the microelement of the slip zone soil based on the statistical damage can be obtained:

τ = τ′(1− D) + τ′′D (1)

where τ′′ is the shear stress of the damaged part, τ′ is the shear stress of the intact part and
τ is the total shear stress of the soil; D is the damage variable of soil, which changes with
the process of shear failure and deformation.
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There are many methods to define the damage variable D. In the shear process of slip
zone soil, the damage variable D can be defined as the ratio of the damaged part area and
the total area of the shear body (Figure 3):

D =
ND

N
(2)

where ND is the area of damage microelement and N is the total area of microelement soil.
When the soil is not damaged, the damage element ND is 0, and the damage variable D is 0.
When the soil is completely destroyed, the intact elements are totally transformed into the
damaged elements, and the damage variable D is 1, as shown in Figure 2.
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Figure 3. Damage model of soil microelement in shear process of slip zone soil.

The soil microelements can be divided into two parts: intact element and damaged
element, as shown in Figure 3. According to the mechanical response model of soil
microelement (Figure 4), the soil element is an elastic component with shear stiffness Ks in
the stage without damage, which maintains elastic deformation and follows Hooke’s law,
i.e., τ′ = Ksu. When the displacement of the element exceeds the critical displacement uy
in the shear process, a part of the intact element is transformed into the damaged element,
which obeys a certain random distribution in the soil. Because the strength of the soil
decreases to the residual strength when it is completely damaged, the shear stress of the
damaged element is equal to the residual strength, i.e., τ′′ = τr. Therefore, the strength of
the soil is provided by both the intact parts and damaged parts and can be expressed as:

τ = Ksu(1− D) + τrD (3)

where Ks is the slope of the linear elastic stage of the shear curve; τr is the residual strength;
Ks and τr can be obtained from shear test data; u is the shear displacement.
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Figure 4. Mechanical response model of soil microelement.

According to the statistical damage, the microelement strength level of the material
obeys certain random distribution characteristics (Figure 3). The Weibull function is often
used to describe the distribution characteristics of microelement strength in rock and
soil [16,22,28,29]. The distribution characteristics of microelement strength reflect the
risk probability of failure of slip zone soil, and the failure strength is determined by
the strength criterion. In the process of shear deformation, the microelement strength
level of slip zone soil changes with shear displacement, which can be expressed by the
probability density function P(u) with shear displacement u. The microelement strength
level represents the distribution of failure strength under different displacements. The
damage distribution representing damage variable D under different displacements can be
obtained by integrating the microelements strength level.

D(u) =
∫ u

0
P(u)du (4)

Equation (4) demonstrates the dynamic process of soil damage evolution in the process
of shear deformation. As the soil deforms to failure, the damage variable D increases
gradually from 0 to 1.

Substituting Equation (4) into Equation (3) yields

D(u) =
∫ u

0
P(u)du (5)

Equation (5) shows that the shear constitutive model is dependently related to the
microelement strength distribution (or the damage distribution). Selection of the microele-
ment strength distribution function (or the damage distribution function) and determining
the parameters of the function are critical for constructing the shear constitutive model.

3. Various Damage Distribution Functions and Solution of Critical Parameters

To describe the distribution law of damage variable in the shear process of slip zone
soil, eight kinds of commonly used cumulative distribution functions (CDF) are introduced
in this study (Figure 5). These statistical mathematical formulas reflect the microscale
and uncertain events in nature and are widely used in various disciplines. This chapter
will briefly introduce the commonly used cumulative distribution functions (CDF) to
represent the damage distribution in slip zone soil, and the corresponding probability
density functions (PDF) represent the microelement strength distribution of soil. Then,
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the fitting method is used to solve the function parameters and model curves to judge the
distribution function most suitable for different types of shear curves.
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Figure 5. Microelement strength distributions of the soil material are obtained when both parameters
of the statistical functions are 1. The black curve represents microelement strength distribution; the
blue shaded area represents the damage variable.

3.1. Various Damage Distribution Functions

From the perspective of statistical damage, the damage variable of slip zone soil
obeys probability distribution and is a nonlinear function of distribution variable shear
displacement (u). Before the yield point displacement uy, slip zone soil is in the stage of
elastic deformation. With the increase of displacement, the shear stress increases linearly.
This stage can be regarded as the soil is not damaged; thus the damage variable before the
yield point (Figure 2) can be formulated as follows:

D = 0 (u < uy) (6)

When the shear displacement passes through the displacement at the yield point
(u ≥ uy), the soil begins to appear with damage deformation (Figure 2). The strength
distribution after the yield point can be defined by various PDFs (black curve in Figure 5).
Their cumulative distribution functions (blue shaded area in Figure 5) can represent the
damage variable.

3.1.1. Weibull Distribution

The Weibull distribution function has been widely used to describe the damage
variable of rock [24,29]. The Weibull-PDF is defined as follows:

P(u) =
m
u0

(
u− uy

u0
)

m−1
exp[−(

u− uy

u0
)

m
], (u ≥ uy) (7)

where m and u0 are the parameters of Weibull distribution function, uy is the displacement
of the yield point, and the Weibull-PDF curve is shown in Figure 5a when uy is 0.
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The damage variable based on Weibull-PDF can be obtained by integral of Equation (7)
as follows:

D =
∫ u

0
P(u)du = 1− exp[−(

u− uy

u0
)

m
], (u ≥ uy) (8)

3.1.2. Logistic Distribution

The logistic function is widely used in landslide prediction [30]. Liu et al. [31] used it to
construct the constitutive model of rock strain softening, but there was a lack of application
in the constitutive model of soil. Because the microelement strength distribution is random,
the Logistic-PDF can be used to describe the distribution of microelements strength in slip
zone soil, as follows:

P(u) =
b exp(−a− bu)

[1 + exp(−a− bu)]2
(9)

where a and b are the model parameters. The Logistic-PDF is as shown in Figure 5b.
The damage variable based on Logistic-PDF is obtained as follows:

D =
∫ u

0
P(u)du =

1
1 + exp[−(a + bu)]

(10)

3.1.3. Normal Distribution

Another common PDF describing the microelement strength distribution is the Normal-
PDF (as shown in Figure 5c). Cao et al. [32] have begun to use Normal-PDF to define the
microelement strength in the constitutive model of rock strain softening, but it is seldom
used in the shear constitutive model of soil. The probability of strength distribution based
on Normal distribution is shown as follows:

P(u) =
1√

2πm
exp(− (u− u0)

2

2m2 ), (u ≥ uy) (11)

where m and u0 are the parameters of Normal distribution function. By integrating the above
Equation (11), the damage variable based on Normal distribution is obtained as follows:

D =
∫ u

0
P(u)du =

1√
2πm

∫ u

0
exp(− (u− u0)

2

2m2 ), (u ≥ uy) (12)

3.1.4. Lognormal Distribution

Lognormal distribution belongs to asymmetric distribution, which is applied to the
prediction of landslide regional distribution [33]. When the displacement is small, the shear
curve of soil reaches the peak value and enters the softening stage; thus, the probability
function of the microelement strength in the slip zone soil may also be asymmetric. The
strength distribution with displacement changes as follows:

P(u) =
1

u0
√

2πm
exp

[
−

ln2((u− uy
)
/u0

)
2m2

]
, (u ≥ uy) (13)

where m and u0 are the parameters of Lognormal-PDF, and the strength distribution is
shown in Figure 5d when uy is 0.

The damage variable based on Lognormal-PDF is calculated by integrating Equation (13)
as follows:

P(u) =
1

u0
√

2πm
exp

[
−

ln2((u− uy
)
/u0

)
2m2

]
, (u ≥ uy) (14)
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3.1.5. Exponential Distribution

Exponential distribution is also used in rock damage constitutive and landslide fre-
quency analysis [34] and can be used to describe the damage evolution of slip zone soil.
The Exponential-PDF of microelement strength with displacement is as follows:

P(u) = abexp(−bu) (15)

where a and b are the parameters of Exponential distribution, and the strength distribution
is shown in Figure 5e.

By integrating Equation (15), the equation of damage variable based on Exponential
distribution is obtained:

D = 1− a exp(−bu) (16)

3.1.6. Gamma Distribution

Gamma distribution is a continuous probability function of statistics, which is a very
important distribution in probability statistics. Gamma distribution indicates that there are
many identical events in a complex system. This function represents the waiting time for
random variable X to wait for event α to occur. In the field of rock, some research has been
used to analyze the distribution of discontinuities and the distribution of macropores [35,36].
As the soil is a complex system, the randomness of failure of each microelement is the same,
the strength distribution of whole soil can be described by Gamma-PDF, and the formula
of probability distribution with displacement is as follows:

P(u) =
1

baΓ(a)
ua−1 exp

(
−u

b

)
(17)

where a is the shape parameter and b is the scale parameter, and the strength distribution is
shown in Figure 5f. By integrating Equation (17), the damage evolution formula based on
Gamma distribution is obtained:

D =
∫ u

0
P(u)du =

1
baΓ(a)

∫ u

0
ua−1 exp

(
−u

b

)
du (18)

3.1.7. Hyperbolic Distribution

Hyperbolic distribution is widely used in the study of sand particle size distribution
under external force [37]. It can be used as a damage evolution model to represent the
damage process of slip zone soil as the following formula:

D = 1− a

(1 + u)b (19)

where a and b are parameters of the Hyperbolic distribution function.
By calculating the derivative of Equation (19) with respect to the shear displacement

u, the distribution function of the microelement strength with the displacement can be
obtained as follows:

P(u) =
∂D(u)

∂u
=

ab

(1 + u)b+1 (20)

when a = 1 and b = 1, the strength distribution is shown in Figure 5g.

3.1.8. Gumbel Distribution

In recent years, with the rapid development of neural networks, Gumbel distribution
as a common function of neural networks has been widely used in the field of landslide
temporal prediction [38]. Due to the randomness and complexity of damage evolution of
slip zone soil, Gumbel distribution can be used to describe the probability distribution of
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soil damage, and the Gumbel-PDF of microelement strength about shear displacement can
be obtained:

P(u) =
∂D(u)

∂u
=

ab

(1 + u)b+1 (21)

where u0 and m are the parameters of the strength distribution. Figure 5h shows the
Gumbel-PDF when the parameters u0 and m are both 1.

By integrating Equation (21), the damage variable based on Gumbel distribution
is obtained:

D = 1− exp
[
− exp

(
u− u0

m

)]
(22)

3.2. Solution Method for the Parameters in the Shear Constitutive Models

There are some parameters that need to be obtained in the shear constitutive model
based on statistical damage. The shear stiffness (Ks), yield point displacement (uy), and
residual strength (τr) can be directly obtained by ring shear test. There are two unknown
parameters (such as a and b, m and u0) in the above damage distribution functions, which
can be expressed as an array β (β1, β2). These two parameters are the focus of solving the
parameters of the constitutive model. In order to more objectively describe the fitting effect
of the constitutive model on the shear curve of soil, a fitting method different from the
previous method of solving parameters by peak value is adopted. The commonly used
solution method is the iterative least square method. It finds the best matching parameter
of test data through the minimum sum of squares of residuals. This method is usable and
can give good fitting results for a large number of data. The original shear stress vs. shear
displacement data can be obtained by the ring shear test of slip zone soil. The iterative
least square method is used to fit the shear constitutive model with the original data. The
specific fitting process is shown in Figure 6:

(1) Obtain the test parameters Ks, uy, and τr through ring shear test, then substitute them
into the shear constitutive model;

(2) As shown in Figure 6A, substitute the above damage distribution into the constitutive
model. Set the initial parameter value β0 and substitute it into the model;

(3) As shown in Figure 6B, use the least square method to fit, determine the parameter
array β corresponding to the minimum sum of squares of residuals (Smin). For the
convenience of calculation, convert this step to solving the partial derivative of the
sum of squares of residuals with respect to parameter array β;

(4) As shown in Figure 6C, use the Gauss–Newton method for iterative calculation. Set
the iterative vector to ∆β, and iterate the parameter array β at the same time;

(5) When the partial derivative of the sum of squared residuals S is less than the threshold
ε, the function is considered to be convergent, and the iterative times is k. Determine
the parameter values βk (β1

k, β2
k) of the fitted model.
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Figure 6. Fitting flow chart of shear constitutive model of slip zone soil. (A) Construction of
statistical damage constitutive model; (B) Least square fitting method; (C) Iterative method for
solving model parameters.

4. Model Comparison and Validation
4.1. Test Data of Slip Zone Soil

In order to verify the applicability of the constitutive models based on various statisti-
cal distributions and analyze the optimal model suitable for different softening types of
ring shear curves, the slip zone soils of Huangtupo landslide and Shizibao landslide were
selected for experimental comparison [39–41].

The Huangtupo landslide is one of the major landslides in the Three Gorges Reservoir
Area (TGRA), located in Badong County (as shown in Figure 7). The Huangtupo landslide
is composed of four different slide masses, including the Riverside Slump I#, the Garden
Spot Landslide, the Riverside Slump II#, and the Substation Landslide. The slip zone
soil samples were taken from test tunnel TP4, which is located in the Riverside Slump
II#. The samples were silty clay with gravels in which the content of particles less than
0.075 mm was 40.2%~62.2%, the content of silt was 27.6%~35.5%, with a plasticity index of
7.84%~10.99%. The natural density was 2.09~2.34 g/cm3, and the natural water content
was 12.07%~15.33%.

The Shizibao landslide is located on the south bank of the Yangtze River in Guojiaba
Town, Zigui County, TGRA [40,41]. Field investigation shows that this landslide is a
rockslide with is bedding plane failure mode. The slip zone soil samples were collected
from the slip zone of the Shizibao rockslide, exposed at the left boundary of the landslide
site. The samples were of a predominantly sandy texture with 90% of the sand and silt. They
have 50% of platy clay minerals that involve illite and montmorillonite, 20% of feldspar
and 29% of quartz minerals, with a plasticity index of 13%. The dry density of the samples
was 1.77g/cm3, and the natural water content was 7–8%.
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Figure 7. Geological map of TGRA showing the locations of landslides and rock avalanches (Geologi-
cal map from Tang et al. 2019 [42]).

The ring shear test data of the above two slip zone soil samples represent two types
of shear stress–displacement curves with different softening features. The softening char-
acteristic of the slip zone soil of Huangtupo landslide was not obvious and even shows
hardening under high normal stress. As shown in Figure 8a, it can represent the shear
curve of the weak softening type (Type A curve). The test curve of slip zone soil in the
Shizibao landslide has characteristics of large softening degree, as shown in Figure 8b,
which can represent the shear curve of strong softening type (Type B curve). These two
types of test curves are representative for analyzing the applicability of various constitutive
models and softening characteristics of different shear curves.
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Figure 8. Ring shear test curve of slip zone soil. (a) Ring shear test curve of slip zone soil from
Huangtupo landslide; (b) ring shear test curve of slip zone soil from Shizibao landslide.
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4.2. Comparison Results of the Proposed Models

The ring shear test data were fitted by the shear constitutive model with different dam-
age statistical distribution functions. Series A of Figure 9 present the experiment and model
result of slip zone soil from the Huangtupo landslide, which represents weak softening
shear curves (Type A curves). In contrast, series B of Figure 10 presents the experiment
and model result of slip zone soil from the Shizibao landslide, which represents the strong
softening shear curves (Type B curves). The values of 1~8, as shown in Figures 9 and 10,
respectively, denote the results fitted by the constitutive models based on eight kinds of
damage distribution, and the parameters of the fitted curves for various models are also
presented in Figures 9 and 10. However, the slip zone soil of the Huangtupo landslide
presents strain hardening characteristic under 400 kPa normal stress; therefore, the shear
curve of the Huangtupo landslide under 400 kPa normal stress is not fitted, and only the
shear deformation curves of 100 kPa, 200 kPa, 300 kPa normal stress were fitted. Test
parameters Ks, uy, and τr can be obtained from the ring shear tests, and the specific values
are shown in Table 1.

Table 1. Parameters of ring shear test of the slip zone soil.

Slip Zone Soil Normal Stress Level
(kPa)

Shear Stiffness Ks
(kPa/mm)

Shear Displacement at
Yield Point uy (mm)

Residual Strength τr
(kPa)

A: Huangtupo
landslide

100 165.390 0.294 45.853
200 154.600 0.303 67.689
300 174.210 0.314 97.356
400 188.820 0.328 141.195

B: Shizibao
landslide

200 152.320 0.563 76.693
300 194.100 0.642 96.694
400 200.900 0.651 131.752
500 222.490 0.662 163.699

To measure the applicability of various constitutive models based on different damage
distributions for different types of curves, the correlation coefficient R2 was invited to
evaluate the model quality and can be formulated as follows:

R2 = 1−

n
∑

i=1
(τi − τmi)

2

n
∑

i=1
(τi − τ)2

(23)

where τi is the measured data of shear test, τmi is the fitting value of the model, τ is the
average value of the measured data, and n is the number of data obtained from the test.
Figure 11 shows the correlation coefficient of each constitutive model, the average value of
the correlation coefficient under different normal stresses, and the standard deviation.
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Figure 9. Fitting results of eight constitutive models on weaking softening type of shear curves.
Series A presents the model curves and experimental data of the slip zone soil from Huangtupo land-
slide representing weak softening type. (A-1) Weibull-constitutive model; (A-2) logistic-constitutive
model; (A-3) normal-constitutive model; (A-4) lognormal-constitutive model; (A-5) exponential-
constitutive model; (A-6) Gamma-constitutive model; (A-7) hyperbolic-constitutive model; (A-
8) Gumbel-constitutive model.
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Figure 10. Fitting results of eight constitutive models on strong softening type of shear curves. Series
B presents the model curves and experimental data of the slip zone soil from Shizibao landslide
representing the strong softening type. (B-1) Weibull-constitutive model; (B-2) logistic-constitutive
model; (B-3) normal-constitutive model; (B-4) lognormal-constitutive model; (B-5) exponential-
constitutive model; (B-6) Gamma-constitutive model; (B-7) hyperbolic-constitutive model; (B-
8) Gumbel-constitutive model.
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Figure 11. Correlation coefficient analysis of shear constitutive models. (a,b) Present the correla-
tion coefficients of various shear constitutive models based on different distribution functions for
Huangtupo landslide slip zone soil representing weak softening type, and for Shizibao landslide
slip zone soil representing strong softening type, respectively. (1) Weibull-constitutive model; (2)
logistic-constitutive model; (3) normal-constitutive model; (4) lognormal-constitutive model; (5)
exponential-constitutive model; (6) Gamma-constitutive model; (7) hyperbolic-constitutive model; (8)
Gumbel-constitutive model.

Combined with the fitting results and correlation analysis of each model, the test
results were analyzed as follows:

(1) In the shear constitutive model based on Weibull distribution (Simplified as Weibull-
constitutive model, and other models below were similar), the peak displacement of
the model curve under high normal stress (400 kPa, 500kPa) in type B deviated to the
left compared with the test data (Figure 10(B-1)). It showed better fitting results for
type B test data under low normal stress and types A test data (Figure 9(A-1)). As
a whole, the scale parameter u0 of Weibull decreased with the increase of softening
degree, and the shape parameter m increases with the increase of softening degree;

(2) The fitting correlation coefficients (R2) of Logistic-constitutive model for type A curves
were 0.821, 0.792, and 0.892 (Figure 11a). For type B curves, the fitting correlation
coefficient increased from 0.831 to 0.978 as the normal stress increased (Figure 11b),
which is better than that of type A curves. Parameter a increased with the increase of
softening degree, but the influence of softening degree on parameter b was not clear;

(3) In the fitting result of the Normal-constitutive model, the peak displacement of model
curves of type A in various normal stress and type B under low normal stress was
greater than that of test data (Figure 9(A-3) and Figure 10(B-3)). The fitting result of
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type B curve was better under high normal stress (400kPa, 500kPa), with correlation
coefficients of 0.945 and 0.952 (Figure 11b);

(4) The fitting result of the Lognormal-constitutive model (Figure 10(B-4)) for type B
curves shows that the peak displacement of simulated curves deviated to the left and
the peak stress were higher compared with the test data. In general, the fitting results
for type A (Figure 9(A-4)) were better than those for type B (Figure 10(B-4));

(5) The fitting result of the Exponential-constitutive model (Figures 9(A-5) and 10(B-5))
was similar to that of the Normal distribution, but the average fitting correlation
coefficients of the two types of curves (R2 were 0.838 and 0.930, respectively in
Figure 11) were higher than those of the Normal-constitutive model (R2 are 0.807 and
0.883, respectively in Figure 11). Parameters a and b decreased with the decrease of
softening degree;

(6) The average fitting correlation coefficients (R2) of the Gamma-constitutive model for
type A and type B curves were 0.861 and 0.974, respectively (Figure 11), which were
the highest among the eight models, and the standard error was small. It indicates
that Gamma-constitutive model was the best choice for describing both two types of
shear curves of the slip zone soil among the introduced models;

(7) Among the Hyperbolic-constitutive model, the fitting result of type A under normal
stress 100 kPa was better, and the correlation coefficient was 0.936 (Figure 11a), but
the characteristics of the model curves for type A under high normal stress and the
model curves for type B (Figures 9(A-7) and 10(B-7)) were similar to the Lognormal-
constitutive model;

(8) The fitting result of Gumbel-constitutive model shows that the peak displacement of
the model for type B was greater than the actual peak displacement (Figure 10(B-8)).
The fitting correlation coefficient increases from 0.717 to 0.928 as the normal stress
increased (Figure 11b). The peak displacement of model curves for type A was also
larger than the actual peak displacement (Figure 9(A-8)), but the peak displacement
offset increased with the increase of normal stress.

The type A curves are the weak softening curves with the weak softening degree and
even show hardening characteristics under the normal stress of 400kPa. It can be seen
from Figure 11a, the applicability of various constitutive models for weak softening curves.
The average of the correlation coefficients (R2) of Lognormal, Hyperbolic, and Gumbel-
constitutive models were less than 0.8, and the average correlation coefficient of the other
five models was more than 0.8. It indicates that most of the above distributions were
suitable for describing the damage evolution of type A curves. The average correlation
coefficient (R2) of the Gamma-constitutive model was 0.8609, indicating that Gamma
distribution was the optimum for describing the damage evolution of weak softening type
curve; The following optimal functions are Weibull-constitutive model (R2 = 0.8408) and
Exponential-constitutive model (R2 = 0.8382).

The type B curves are the strong softening curves with a large softening degree.
The simulated curves of the Lognormal, Hyperbolic, and Weibull-constitutive models
show that the peak displacement deviates to the left (Figure 10), which indicates that
the damage degree of these distributions reached the peak damage degree faster than
the actual state with the displacement. It means that these models are not suitable for
strong softening curves. The fitting results of other constitutive models show that the
peak displacement of these models deviates slightly to the right under low normal stress
(200 kPa and 300 kPa). While the fitting results under high normal stress are better,
the average correlation coefficients of these models were greater than 0.8 (Figure 11b),
indicating that these distributions conformed to the damage evolution law of type B
curves. The average correlation coefficient of Gamma-constitutive model was 0.9744, which
was the optimal constitutive model. The following are Exponential-constitutive model
and Logistic-constitutive model, and the average correlation coefficient was 0.9303 and
0.9253, respectively.
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In sum, the Gamma-constitutive model was the optimal shear constitutive model in
both the strong softening curve and the weak softening curve, indicating that Gamma
distribution was the most suitable for describing the dynamic damage process of slip zone
soil. In addition, Exponential distribution was also one of the best models, which is a
special case of Gamma distribution. Therefore, the superiority of Gamma distribution
over other models can also be proved from this point. However, the commonly used
Weibull-constitutive model was not suitable for the strong softening curve because of the
large peak offset; it is only suitable for weak softening curves but is not the optimal model.
The peak displacement of the strong softening curve fitting in most models deviates to the
left or right. The results show that the damage evolution process of the strong softening
shear curve was relatively unique, and there were few applicable damage distribution
models. On the contrary, the weak softening curve was applicable to many models, and
the deviation of peak displacement was small.

5. Discussion
5.1. Factors Affecting Softening Degree

In view of the above results, the applicability of various models to the two types of
shear curves is obviously different. For the curves with different softening degrees, the
appropriate damage distribution should be selected to construct the shear constitutive
model. However, the softening degree is affected by many factors. For the same kind
of soil, it shows the characteristics of weak softening curve when the pre-consolidation
pressure and shear rate are small; when the pre-consolidation pressure and shear rate are
large, the softening degree will increase, and it shows the characteristics of strong softening
curve [43]. It is shown that the softening degree of the same soil will change under different
stress histories and shear rates; thus, the change should be considered in the selection of
damage distribution function. Other influencing factors, including moisture content [44,45],
matrix suction [46], and powder content [47], also affect the softening degree by changing
the peak strength or residual strength and the corresponding displacement. Therefore,
the shear constitutive model of slip zone soil based on statistical damage should fully
consider the factors that affect the softening characteristics, such as the type of slip zone
soil, deformation speed, stress history, and moisture content, to select the most suitable
model to represent the damage evolution process of slip zone soil.

5.2. Model Parameter Analysis

The above results indicate that the constitutive model based on Gamma distribution
is the optimal model in both weak softening and strong softening curves. Therefore, the
influence and the physical meaning of two parameters a and b of Gamma distribution on
shear curve are further analyzed as below.

Figure 12 shows the constitutive model parameters a and b from Gamma distribution.
In type A curves (Figure 12a), parameter a decreases, and parameter b increases with the
increase of normal stress. In type B curves (Figure 12b), parameter a increases with the
increase of normal stress. The softening characteristics of the two types of shear curves are
opposite; thus, the changing trend of the constitutive model parameters a is also opposite.

The evolution curves of the damage variable based on Gamma-constitutive model
(in Figure 13) demonstrate that the damage evolution changes nonlinearly with shear
displacement. When the displacement reaches 5 mm, the damage variable of type A is
more than 95% (Figure 13a); when the displacement reaches 5mm, the damage variable of
type B is more than 90%, and the damage degree is close to 95% when the displacement
reaches to 10 mm (Figure 13b). It shows that the damage variable has reached a higher
degree of damage when the shear displacement is small. The above analysis also reveals
that the soil is easy to be damaged under small deformation.
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Figure 12. Parameters of the constitutive model based on Gamma distribution. (a) Gamma distribu-
tion parameter of type A curves; (b) Gamma distribution parameter of type B curves.
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Figure 13. Evolution curves of damage variable based on Gamma distribution fitting results. (a) Dam-
age evolution curves of type A; (b) damage evolution curves of type B.
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The two parameters a and b of Gamma-constitutive model determine the shape of the
shear softening curve and softening degree. Figure 14 shows how these two parameters
affect the shape of the shear constitutive model curve by changing the values of param-
eters a or b and keeping other parameters constant. In Figure 14a, with the increase of
parameter a, the peak stress and softening degree increase, but the peak displacement and
the displacement reaching the residual strength also remain unchanged. It indicates that
parameter a mainly determines the peak strength in the shear process. In Figure 14b, with
the increase of parameter b, the peak strength and the corresponding peak displacement
increase, and the displacement reaching the residual strength also increases. The increase
of parameter b can also increase the softening degree and peak strength, but the influence
on the strength is much less than parameter a. In sum, parameter a mainly determines the
peak strength in shear deformation process, and the small increase of parameter a makes
the peak value of shear constitutive model increase sharply; parameter b mainly determines
the displacement reaching the peak strength and residual strength.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 19 of 22 
 

 

Figure 13. Evolution curves of damage variable based on Gamma distribution fitting results. (a) 

Damage evolution curves of type A; (b) damage evolution curves of type B. 

The two parameters a and b of Gamma-constitutive model determine the shape of the 

shear softening curve and softening degree. Figure 14 shows how these two parameters 

affect the shape of the shear constitutive model curve by changing the values of parame-

ters a or b and keeping other parameters constant. In Figure 14a, with the increase of pa-

rameter a, the peak stress and softening degree increase, but the peak displacement and 

the displacement reaching the residual strength also remain unchanged. It indicates that 

parameter a mainly determines the peak strength in the shear process. In Figure 14b, with 

the increase of parameter b, the peak strength and the corresponding peak displacement 

increase, and the displacement reaching the residual strength also increases. The increase 

of parameter b can also increase the softening degree and peak strength, but the influence 

on the strength is much less than parameter a. In sum, parameter a mainly determines the 

peak strength in shear deformation process, and the small increase of parameter a makes 

the peak value of shear constitutive model increase sharply; parameter b mainly deter-

mines the displacement reaching the peak strength and residual strength. 

 

Figure 14. Effect of parameters of Gamma distribution on the shear curves. (a) model curves under 

various a values; (b) model curves under various b values. 

  

0 20 40 60 80 100
0.0

0.2

0.4

0.6

0.8

1.0

D
a

m
a

g
e

 v
a

ri
a

b
le

, 
D

Displacement (mm)

 100kPa    200kPa    300kPa

(a)

0 20 40 60 80 100 120 140
0.0

0.2

0.4

0.6

0.8

1.0

D
a

m
a

g
e

 v
a

ri
a

b
le

, 
D

Displacement (mm)

 200kPa    300kPa

 400kPa  500kPa

(b)

2 4 6 8 101
0.85

0.90

0.95

1.00

D
a

m
a

g
e

 v
a

ri
a

b
le

, 
D

Displacement (mm)

uP1=1.765, DP1=0.917

uP2=2.915, DP2=0.963

uP3=4.516, DP3=0.965

8 10 12 146
0.90

0.92

0.94

0.96

0.98

D
a

m
a

g
e

 v
a

ri
a

b
le

, 
D

Displacement (mm)

uP1=7.196, DP1=0.939

uP2=9.893, DP2=0.954

uP3=10.605, DP3=0.959

uP4=12.914, DP4=0.964

Figure 14. Effect of parameters of Gamma distribution on the shear curves. (a) model curves under
various a values; (b) model curves under various b values.

6. Limitations and Future Works

Due to the lack of the sufficient number of ring shear test data, this paper cannot
obtain a clear mechanism of softening influencing factors changing the damage evolution
law of slip zone soil. In the future, more ring shear tests of slip zone soil need to be carried
out to explore how the damage evolution changes and the internal relationship with the
degree of softening.

7. Conclusions

This study investigated the relative merits of the eight damage statistical distributions
in constructing the shear constitutive models of slip zone soil based on the statistical
damage theory. In this paper, the fitting effects of constitutive models of eight damage
distribution functions are analyzed, and the characteristics of constitutive models with
different distribution functions are explored. The influencing factors of soil softening
degree and the damage evolution characteristics in the process of soil shear are discussed.
The main conclusions are as follows:

(1) The commonly used Weibull-constitutive model has a good fitting result in the weak
softening curve, but it is not the optimal model. In the strong softening curve, the
fitting result of the Weibull-constitutive model is poor, and the Weibull-constitutive
model is not suitable for this kind of shear curve;

(2) The shear constitutive models based on Gamma distribution, Exponential distribution,
and Logistic distribution are the best three models for the strong softening curve; the
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shear constitutive models based on Gamma distribution, Weibull distribution, and
Exponential distribution are the best three models for the weak softening curve. The
results demonstrate that the Gamma distribution is the best distribution to reflect the
damage evolution process of the slip zone soil;

(3) The physical meaning of the parameters in the constitutive model based on Gamma
distribution is clear. Parameter a mainly determines peak strength and is a parameter
reflecting strength; Parameter b determines the displacement of the peak strength and
residual strength.
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