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Abstract: With the rapid development of vertical takeoff and landing (VTOL) aircraft, the blade
design of a propeller suitable for VTOL aircraft with a wide range of operating conditions has become
a challenging and popular task. This paper proposes a multi-objective optimization framework for
a VTOL propeller using an inverse design method at the cruising stage, which is developed from
the Betz optimum theory and blade element momentum theory (BEMT). Different from passing
studies, the maximum thrust-to-weight ratio at hover (MTWRH) is taken as one of the two objectives
in this paper, which is closely related to the wind-resistance capability and maneuverability during
takeoff and landing. The other objective is the energy consumption of the whole mission profile.
A fixed pitch propeller (FPP) and a variable pitch propeller (VPP) are both optimized using the
proposed framework for the Vahana A3 tilt-wing aircraft and validated by the computational fluid
dynamics (CFD) method. The influences of the level flight energy ratio, hover disk loading and
cruising speed toward the optimization result are analyzed, respectively. The results show that the
MTWRH has a significant impact on the optimization result both for the FPP and VPP. A comparison
between the two propeller forms validates the advantages of the VPP both in energy saving and
takeoff maneuverability. The quantitative rules of this advantage with the level flight energy ratio
are calculated to provide a reference for choosing the appropriate form. Overall, the methodology
and general rules presented in this paper support the propeller optimization and form selection for
VTOL aircraft.

Keywords: VTOL; propeller; BEMT; inverse method; fixed pitch; variable pitch

1. Introduction

With the rapid development of flight control technology and electric propulsion
systems, vertical takeoff and landing (VTOL) aircraft have attracted a wide range of studies.
Tilt-rotor and tilt-wing aircraft are the two most widely used VTOL aircraft in cargo
transportation and urban flight, for example [1–6]. The propellers applied to tilt-wing or
tilt-rotor aircraft work in a wide range of operation conditions and may have two forms; a
variable pitch propeller (VPP) or a fixed pitch propeller (FPP). Several VPPs participate
in attitude control through a cyclic pitch mechanism, which are, in fact, helicopter rotors
such as those used on the Osprey V-22 [7] and Bell Eagle Eye [8]. A few VPPs include only
a collective pitch mechanism; attitude control is achieved through the difference between
the collective pitch and/or the revolutionary speed of multiple propellers (greater than or
equal to three) such as those used on the Boeing Vahana A3 [9] and Joby S4 [10]. FPPs are
mostly used in micro VTOL UAVs or demonstrators to reduce the system complexity such
as the GL-10 [11] and QTW-UAV [12]. The research of this paper does not involve cyclic
pitch propellers; i.e., helicopter rotors.

The distinct difference between the vertical flight mode and the level flight mode
increases the difficulty of blade shape optimization. On one hand, the required thrust
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during VTOL is roughly several times that of the level flight mode. On the other hand,
the advance ratio during VTOL is much smaller than that of level flight [13]. Leishman
summarized the technical challenges of a proprotor design and claimed that the higher
the efficiency of level flight, the lower the figure of merit (FM) of the rotor during vertical
flight [14]. There is a natural contradiction between the two flight modes as far as the
energy efficiency is concerned. A few research works on propeller blade shape optimization
have been conducted for VTOL aircraft. Duan et al. [4] optimized the VPP and FPP used
in a micro VTOL UAV using the vortex theory and a modified parallel particle swarm
optimization algorithm (PSOA). The result proved the advantages of VPP over FPP when
applied to the VTOL UAV. Ng et al. [15] used polynomial equations to parameterize the
distribution of the chord-length and twist angle. A multi-objective optimization framework
for a proprotor based on the blade element momentum theory (BEMT) was constructed.
A blade shape with a higher hovering efficiency was taken as the initial design and the
optimization results showed a significant improvement to the propulsive performance.
Hee et al. [16] carried out a multi-objective optimization design of the three-dimensional
aerodynamic shape of a VPP with the help of the commercial software ModelCenter. The
design variables in this paper included relevant parameters describing the blade sweep
angle and the dihedral angle. Droandi [13] used the BEMT and genetic algorithm (GA)
to optimize the chord, twist and section airfoil distribution of a VPP and then performed
a second optimization on the tip shape of the VPP. In order to improve the aerodynamic
efficiency of the JVX VPP, Chattopadhyay et al. [17] used CAMRAD II software developed
from the free wake vortex lattice method (FWVLM) to perform the optimization design
using a decoupling manner. The above works have enriched the research content of
the blade shape optimization of VTOL propellers. However, none of the works above
considered the maximum thrust-to-weight ratio at hover, which is closely related to the
wind-resistance capability and maneuverability during takeoff and landing. One of the
major factors affecting the takeoff and landing maneuverability is the maximum thrust-
to-weight ratio at hover. The larger the maximum thrust-to-weight ratio of the propeller,
the more thrust the propeller can provide for attitude and altitude control [18]. For multi-
rotors, work has been conducted to improve the thrust-to-weight ratio [19–21]. However,
there are few similar works on tilt-wing or tilt-rotor aircraft, which is of importance to
the safety of VTOL aircraft [22]. In addition, VTOL aircraft designed for a fast response
have corresponding requirements for the maximum climb rate of vertical flight, which
should also be considered in the design framework [23]. Regarding general propeller
design methods, Hepperle [24] proposed an inverse design method for a minimum energy
loss propeller based on the Betz theory [25] and the work of Charles [26], which were
suitable for the case with a prescribed chord distribution. Applying this inverse method to
a VTOL propeller design toward the cruising stage provides a rapid approach to expedite
the optimization procedure.

This article develops an optimization framework for the shape design of a VTOL
propeller based on the inverse method. An FPP and a VPP were both optimized using
this framework and then compared. The rest of this paper is organized as follows. The
Section 2 introduces the BEMT, the inverse method for general propeller design and a
low-order model of a brushless DC (BLDC) motor, which was used in the subsequent
optimization framework. A three-blade NACA 5868-9 propeller with wind tunnel test
data was used to validate the BEMT and the computational fluid dynamics (CFD) method.
The Section 3 presents a new parameterization method for the chord distribution and the
optimization framework for the VTOL propeller, including the design variables, constraints
and objectives. The Section 4 focuses on the application of the proposed framework on the
optimization of a propeller for the Vahana A3 tilt-wing aircraft. The optimization results of
the VPP and FPP are given and discussed here. In the Section 5, the impacts of parameters
such as hover disk loading, cruising flight speed and the level flight energy ratio on the
optimization are studied. The general rules are given in this section. The results provide a
universal reference to design a propeller for VTOL aircraft.
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2. Modeling
2.1. VTOL Typical Mission Profile

The typical mission profile of a VTOL aircraft includes hovering (denoted as S1),
vertical takeoff (S2), forward transition, climbing (S3), cruising (S4), descending, backward
transition and vertical landing (S5), as shown in Figure 1. There is almost no energy
consumption during the descending stage and the time is limited for the forward and
backward transition flight. Thus, these three stages are ignored in this paper.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 3 of 22 
 

2. Modeling 

2.1. VTOL Typical Mission Profile 

The typical mission profile of a VTOL aircraft includes hovering (denoted as S1), ver-

tical takeoff (S2), forward transition, climbing (S3), cruising (S4), descending, backward 

transition and vertical landing (S5), as shown in Figure 1. There is almost no energy con-

sumption during the descending stage and the time is limited for the forward and back-

ward transition flight. Thus, these three stages are ignored in this paper. 

 

Figure 1. Typical mission profile for VTOL aircraft. 

2.2. Blade Element Momentum Theory 

2.2.1. Theory and Numerical Solution 

The BEMT combines the blade element theory (BET) and momentum theory (MT) to 

solve the axial- and rotational-induced velocities at the propeller disk location. BEMT was 

first proposed by Glauert in 1926 [27]. A significant number of studies have validated the 

effectiveness of the BEMT for calculating the performance of a propeller. Figure 2. shows 

the velocity and force acting on the blade element. Here, dL and dD  are the lift and drag 

for the blade element, dT  and d  are the axial thrust and tangential force of the blade 

and  ,  ,   and   are the twist angle, angle of attack, interference angle and inflow 

angle, respectively. 0V  is the far-field velocity, av  and tv  are the axial- and tangential-

induced velocities at the disk, 1W  is the resultant flow velocity and sn  is the revolution-

ary speed in the units of rps.  

 

Figure 2. The velocity and force acting on the blade element. 

The equations to calculate the axial thrust and tangential force combining the BET 

and MT considering the Prandtl modification are expressed as: 

Figure 1. Typical mission profile for VTOL aircraft.

2.2. Blade Element Momentum Theory
2.2.1. Theory and Numerical Solution

The BEMT combines the blade element theory (BET) and momentum theory (MT) to
solve the axial- and rotational-induced velocities at the propeller disk location. BEMT was
first proposed by Glauert in 1926 [27]. A significant number of studies have validated the
effectiveness of the BEMT for calculating the performance of a propeller. Figure 2. shows
the velocity and force acting on the blade element. Here, dL and dD are the lift and drag for
the blade element, dT and dτ are the axial thrust and tangential force of the blade and θ, α,
β and φ are the twist angle, angle of attack, interference angle and inflow angle, respectively.
V0 is the far-field velocity, va and vt are the axial- and tangential-induced velocities at the
disk, W1 is the resultant flow velocity and ns is the revolutionary speed in the units of rps.
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The equations to calculate the axial thrust and tangential force combining the BET and
MT considering the Prandtl modification are expressed as:

dT = 2πρrdr|V0 + va|(2va)F︸ ︷︷ ︸
MT

= } 1
2

ρNb[|V0 + va|/sin ϕ]2cdr[CL(θ − ϕ) cos ϕ-CD(θ − ϕ) sin ϕ]︸ ︷︷ ︸
BET

dτ = } 2πρrdr|V0 + va|(2vt)F︸ ︷︷ ︸
MT

= } 1
2

ρNb[|V0 + va|/sin ϕ]2cdr[CL(θ − ϕ) sin ϕ + CD(θ − ϕ) cos ϕ]︸ ︷︷ ︸
BET

ϕ = arctan |V0+va |
2πnsr−vt

(1)
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Here, the Prandtl modification factor F is calculated by:{
F = 2

π arccos(e− f )

f = Nb
2

R−r
r sin ϕt

(2)

where φt is the actual inflow angle at the blade tip. Equation (1) is a non-linear transcen-
dental equation group; Liu [28] gave a general gradient-based iterative method using
interference β as the unknown variable to solve. However, the initial guess of β has a
significant influence on the solution. An inappropriate initial guess will cause an incorrect
solution without a physical meaning and will result in the first-order discontinuity of the
interference angle distribution along the radius, especially for low advance ratio conditions.
A smoothing modification to the β distribution to ensure first-order continuity was added
to the gradient-based iterative procedure to solve Equation group (1) and its effectiveness
is shown in Figure 3.
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2.2.2. 2D Airfoil Aerodynamics Surrogate Model

In this paper, the airfoils used for the sections of the propeller were obtained from the
affine transformation of a Clark Y airfoil, as shown in Figure 4.
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The accuracy of 2D airfoil aerodynamics has a direct impact on the BEMT. The
Reynolds number, Mach number and angle of attack are the three main parameters influenc-
ing the 2D aerodynamics of a certain airfoil. In addition, different from the general design
and optimization of a propeller, a VTOL propeller usually encounters a large angle of attack
flow near the propeller root during low advance ratio flight conditions. For this reason, an
accurate large angle of attack aerodynamic model is required. Traditional methods to cap-
ture large angle of attack aerodynamics are mostly empirical such as the Viterna Corrigan
method [29] and the Montgomerie model [30]. Although they have the advantage of sim-
plicity, they are most suitable for specific airfoils and flow conditions. A back-propagation
artificial neural network (BP-ANN) trained using large amounts of samples obtained from
2D CFD simulations provides an approach to describe airfoil aerodynamics with a wide
range of angle of attack.
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The Latin hypercubic sampling (LHS) method was adopted to select the sample angle
of attack ( α = −15 ∼ 75◦), Reynolds number ( Re = 5× 104 ∼ 3× 106), airfoil relative
thickness ( trel = 0.03 ∼ 0.4) and Mach number ( Ma = 0.1 ∼ 0.7). The 2D CFD simulations
using structural grids (Figure 5) and Spalart-Allmaras (S–A) turbulence model were then
conducted to generate the database; i.e., CL(α, Ma, Re, trel) and CD(α, Ma, Re, trel). A BP-
ANN with one input layer, one hidden layer and one output layer was trained using the
Bayesian regulation method based on the airfoil aerodynamic database. The inputs of the
BP-ANN were α, Ma, Re, trel and the outputs were CL and CD. The number of neurons of
the hidden layer was selected as 13 after several adjustments. The regression of the trained
BP-ANN surrogate model is shown in Figure 6. The mean squared error of the training
result was 2.87× 10−4, which validated the precision of the BP-ANN surrogate model.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 5 of 22 
 

The accuracy of 2D airfoil aerodynamics has a direct impact on the BEMT. The Reyn-

olds number, Mach number and angle of attack are the three main parameters influencing 

the 2D aerodynamics of a certain airfoil. In addition, different from the general design and 

optimization of a propeller, a VTOL propeller usually encounters a large angle of attack 

flow near the propeller root during low advance ratio flight conditions. For this reason, 

an accurate large angle of attack aerodynamic model is required. Traditional methods to 

capture large angle of attack aerodynamics are mostly empirical such as the Viterna Cor-

rigan method [29] and the Montgomerie model [30]. Although they have the advantage 

of simplicity, they are most suitable for specific airfoils and flow conditions. A back-prop-

agation artificial neural network (BP-ANN) trained using large amounts of samples ob-

tained from 2D CFD simulations provides an approach to describe airfoil aerodynamics 

with a wide range of angle of attack. 

The Latin hypercubic sampling (LHS) method was adopted to select the sample angle 

of attack ( 15~ 75   ), Reynolds number ( 4 65 10 ~ 3 10Re    ), airfoil relative thick-

ness ( 0.03 ~ 0.4relt  ) and Mach number ( 0.1 ~ 0.7aM  ). The 2D CFD simulations using 

structural grids (Figure 5) and Spalart-Allmaras (S–A) turbulence model were then con-

ducted to generate the database; i.e.,  , , ,L relC Ma Re t  and  , , ,D relC Ma Re t . A BP-

ANN with one input layer, one hidden layer and one output layer was trained using the 

Bayesian regulation method based on the airfoil aerodynamic database. The inputs of the 

BP-ANN were , , , relMa Re t  and the outputs were LC  and DC . The number of neurons 

of the hidden layer was selected as 13 after several adjustments. The regression of the 

trained BP-ANN surrogate model is shown in Figure 6. The mean squared error of the 

training result was 
42.87 10 , which validated the precision of the BP-ANN surrogate 

model. 

 

Figure 5. The grid of airfoil for 2D CFD simulation. 

  

Figure 5. The grid of airfoil for 2D CFD simulation.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 6 of 22 
 

 

  
(a) (b) 

Figure 6. The regression of the trained BP-ANN surrogate model for 2D airfoil aerodynamics. (a) Cd 

regression; (b) CL regression. 

2.2.3. Validation of the BEMT and CFD 

We selected a 3-blade NACA 5868-9 propeller ( 1.5024m R   and 25   at 0.75 R) 

as the test model. Hartman et al. [31] gave the parameter distribution (Figure 7); its geom-

etry was remodeled and is presented in Figure 8. 

 

Figure 7. The distribution of chord-length, twist angle and relative thickness of a 3-blade NACA 

5868-9 propeller. 

  
(a) (b) 

Figure 8. Geometry of 3-blade NACA 5868-9 propeller. (a) Top view; (b) axonometric view. 

Figure 6. The regression of the trained BP-ANN surrogate model for 2D airfoil aerodynamics. (a) Cd

regression; (b) CL regression.

2.2.3. Validation of the BEMT and CFD

We selected a 3-blade NACA 5868-9 propeller (R = 1.5024 m and θ = 25◦ at 0.75 R) as
the test model. Hartman et al. [31] gave the parameter distribution (Figure 7); its geometry
was remodeled and is presented in Figure 8.

An experiment on the test propeller model was conducted in a NACA 6 m propeller
wind tunnel, which had an open throat and was capable of producing air speeds up to
50 m/s. The dynamic pressure, thrust, torque and RPM were measured with an accuracy
from 1 to 2% [32]. The thrust and the torque forces were measured on recording balances
situated in the balance house on the test chamber floor, which is described in [31] in
detail. In the wind tunnel experiment, the revolutionary speed of the propeller was held at
1000 r/min and the flow velocity was increased by steps up to 50.14 m/s. The revolutionary
speed of the propeller was then decreased by steps whilst the flow velocity was held at
50.14 m/s to reach higher advance ratio conditions. A 3D CFD method was also used to
validate the optimization result and will be discussed in Section 4.2.4. Before that, the CFD
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method was validated by a comparison with the wind tunnel test data. There were, in total,
7.84 million structural grids for the 3-blade NACA 5868-9 propeller (Figure 9). The frame
motion method was adopted to simulate the revolution of the propeller and k-omega shear
stress transportation (SST) turbulence model was used to solve the boundary layer flow.
The flow velocity and the revolutionary speed of the propeller were consistent with the
wind tunnel test settings.
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The thrust coefficients of the propeller and its efficiency obtained by the BEMT, CFD
and wind tunnel test are shown in Figure 10. It was concluded that both the BEMT and 3D
CFD method were able to calculate the thrust and efficiency effectively with the experiments.
The result of the CFD method based on the k-omega SST model was consistent with that of
the wind tunnel test in a wide range of advance ratios. The BEMT had lower accuracy than
the CFD method. Nevertheless, the BEMT was accurate enough and appropriate for the
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rapid optimization of the VTOL propeller blade shape, especially when the computational
cost of the CFD method was considered.
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2.3. Propeller Inverse Design Method for the Cruising Stage

The level flight mode, which includes climbing and cruising, is the main energy
consumption mode for VTOL aircraft [23]. To rapidly achieve maximum energy efficiency
in level flight, the inverse design method based on the Betz optimal theory was innovatively
applied to the cruising stage.

To reach the optimal propellers with a minimum energy loss, the axial displacement
velocity ratio (V0 + v′)/2πnsr = ξ must be constant along the radius, but the value is
unknown [25]. When this optimal theory and BEMT are combined, an optimal propeller
can be acquired by 3~4 numerical iterations, according to [26]. This procedure is named
the regular design method. Usually, a lift coefficient distribution corresponding with the
maximum lift–drag ratio along the radius is prescribed as the input for this regular method.
In fact, as far as the aerodynamic coefficients, chord-length and twist angle distribution
are concerned, once any one of them is prescribed, the rest of the two distribution rules
are easily calculated by the numerical iterative method. Therefore, [24] proposed an
inverse design method for a propeller with a prescribed chord-length distribution. The
regular and inverse design methods are shown in Figure 11. Applying this inverse method
to the VTOL propeller optimization framework on the cruising stage can eliminate the
work of parameterizing the twist angle distribution and provide a minimum energy loss
propeller for cruising flight rapidly and automatically. Parameterizing the chord-length
distribution makes it intuitive to set the structural constraints by limiting the minimum
chord-length, generating fewer infeasible designs at the beginning than parameterizing the
lift coefficients.
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2.4. Brushless Motor Modeling

Brushless DC (BLDC) motors are widely used in electric aviation for their efficiency
and large torque [4,33,34]. A first-order energy model of a BLDC was adopted in this
paper for the power and energy calculations. During the ith flight stage Si (i = 1~6), the
revolutionary speed ωi (rpm), output torque Qi (Nm) and efficiency ηBLDC

i of the BLDC
motor have a relationship [35], which is expressed as:

Ii =
2πKvQ

60 + I0

Ui =
60ωi
2πKv

+ IiR
ηBLDC

i = 2πQωi
60Ui Ii

(3)

The propeller-absorbed power at state Si is donated as Pprop
i and the input power of

the BLDC is denoted as PBLDC
i , which is calculated by:

PBLDC
i = Pprop

i /ηBLDC
i (4)

Here, the internal resistance R0 (Ω), no-load current I0 (A) and speed constant
Kv (r/min) are the three characteristic parameters of a BLDC motor. Ui (V) is the in-
put voltage of the BLDC motor and I is the closed circuit current.

2.5. Non-Cruising Stage Trimming

The trimming revolutionary speed and/or collective pitch on non-cruising stages
including hover and takeoff should be solved to obtain the energy consumption for the
whole mission profile. For a VPP, the trimming procedure is to solve the minimum power
optimization problem with the revolutionary speed ωi and the collective pitch dθi as the
design variables, which is expressed as:

d.v.y = (dθi, ωi)
min PBLDC

i (y)
(5)

The other objective is the maximum thrust-to-weight ratio κ at hover S1, which is
expressed as:

κ = NpTmax
1 /Wtog (6)

where g is gravity acceleration, Wto is the takeoff weight and Np is the number of propellers.
Meanwhile, to complete the maximum velocity vertical flight stage S6, the maximum thrust
in S6 should satisfy the following relationship:

NpTmax
6 ≥Wtog (7)

The maximum thrust at S1 and S6 are solved by the following optimization problem:

d.v.y = (dθi, ωi) (i = 1, 6)
max Ti(dθi, ωi)
s.t. PBLDC

i ≤ PBLDC
limited

QBLDC
i ≤ QBLDC

limited

(8)

Here, PBLDC
limited and QBLDC

limited are the limited input power and limited output torque of the
BLDC motor, respectively.

Non-cruising state trimming problems for an FPP can be generated by eliminating
the collective pitch dθi and leaving the speed revolutionary ωi as the only design variable.
All the optimization problems in this section could be rapidly solved by a gradient-based
optimization method such as sequential quadratic programming (SQP) algorithm.
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3. Optimization Problem
3.1. Chord-Length Distribution Parameterization

An appropriate parametric method for the chord-length distribution can decrease
the number of infeasible designs during the generation of the design variables. General
parametric methods for the chord-length distribution of a propeller include direct interpo-
lation [36], polynomial curve fitting [15] and Bezier curve fitting [23]. A new parametric
method using a piecewise quadratic polynomial was put forward, as shown in Figure 12. P
was the tangency point of two quadratic polynomials AP and BP as well as one straight
line CD. Meanwhile, the straight line CD was parallel to the straight line AB. The spanwise
location of the P point was rmid and the chord-length at the P point was calculated by
cmid = (p + 1)clinear

mid with a given parameter p. The virtual linear chord-length clinear
mid was

expressed as:

clinear
mid =

ctip − croot

R− Rhub
(rmid − Rhub) + croot (9)

where Rhub is the radius of the hub and croot and ctip are the length of the chord at the root
and tip of the propeller, respectively. A p > 0 ensured that the chord-length distribution
had a non-convex form consistent with most practical propellers in reality and eliminated
large numbers of infeasible designs. The revolutionary speed during the cruising stage
ω4 should be given to optimize the twist angle distribution using the inverse design
method mentioned above. Thus, the design variables of the VTOL propeller optimization
framework were denoted as x =

(
croot, ctip, rmid, p, ω4

)
.
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3.2. Optimization Framework for a VTOL Propeller

The flight time for each stage was denoted as ti ( i = 1 ∼ 5) and the energy consump-
tion for the whole mission profile was expressed as:

Emission =
5

∑
i=1

PBLDC
i ti (10)

The optimization problem could be summarized as:

d.v. x =
(
croot, ctip, rmid, p, ω4

)
min

(
Emission =

5
∑

i=1
PBLDC

i ti

)
, max

(
κ =

NpTmax
i

Wto

)
s.t. NpTmax

6 ≥Wtog

(11)

The flow chart of the optimization framework is shown in Figure 13. The green block
inside included all the sub-optimization problems mentioned in the non-cruising stage
trimming section.
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4. Case Study

4.1. Vahana A3 Tilt-Wing Introduction

The Vahana A3 tilt-wing aircraft uses eight VPPs with a diameter of 1.5 m as the
propulsion power (Figure 14). The design parameters were estimated according to [1]. The
transition height was set to 100 m and the vertical takeoff speed was 3 m/s. To avoid the
occurrence of a vortex ring phenomenon, the vertical landing speed was set to 1.5 m/s. In
an actual operation, a hover time of 30 s is reserved for self-inspection and warm-up. The
parameters for different flight stages are shown in Table 1.
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Table 1. Mission profile parameters.

Flight State Mission Profile Parameters

Name Symbol Velocity (m/s) Thrust Required (N) Time(s)

Cruising S4 65.25 155.8 920

N
on-C

ruising
State

Hover S1 0 922.4 30

Vertical Takeoff S2 3 922.4 34

Climbing S3 37 169.4 124

Vertical Landing S5 −1.5 922.4 67

Vertical Climb
with Maximum Velocity S6 10 922.4 -

The Vahana A3 uses MagiDrive BLDC motors to drive the VPPs. The parameters
of this type of BLDC motor are shown in Table 2. Three characteristic parameters were
estimated based on the given materials from the MagiDrive official website [37].

Table 2. Parameters of BLDC motors used in Vahana A3.

Given Parameters Estimated Parameters

Maximum input power PBLDC
limited (kW) 40 Speed constant KV (rpm/V) 8.0

Maximum revolutionary speed Ωlimited (rpm) 5500 Internal resistance R0 (Ω) 0.25

Maximum output torque QBLDC
limited (Nm) 200 No-load current I0 (A) 2.0

Range of input voltage U (V) 24~800

The ranges of the design variables for the Vahana A3 propeller are listed in Table 3.

Table 3. Range of design variables.

Design Variables Range Design Variables Range

croot (m) 0.075 ∼ 0.2 rmid (m) 0.2R ∼ 0.7R

ctip (m) 0.04 ∼ 0.12 ω4 (rpm) 1000 ∼ 3300

p 0 ∼ 2

4.2. Optimization Result
4.2.1. VPP Optimization Result

Figure 15a shows the Pareto-optimal front. It was obvious that there was a contradic-
tion between the mission energy and the maximum thrust-to-weight ratio at hover, which
means that the more maneuverable at hover the tilt-wing is, the lower energy efficiency it
will have. We transformed the multi-objective optimization problem to a single objective
one by defining a new objective as:

J = Emission − κ (12)

where the original two objectives had the same weight factor. We then obtained a com-
prehensive optimal FPP with a minimum J, marked as green circle 3 in Figure 15a. The
maximum thrust-to-weight ratio at hover for this FPP was 1.53 and the energy consumption
was 4.49 kWh. The 3D geometry of this selected optimal VPP is shown in Figure 16. The
chord-length and twist distribution of this selected optimal VPP, the most energy-saving
VPP and the most maneuverable VPP are shown in Figure 17.
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The performance of this selected optimal VPP with different collective pitch and
advance ratios is shown in Figure 18. The collective pitch mechanism provided a wide
range of high efficiency, as shown in Figure 18b. Figure 18d shows the hover efficiency of
this optimal VPP with a different revolutionary speed and collective pitch angle.

To investigate the twist and chord-length distribution of the optimization objectives,
we selected six optimal propellers from the Pareto front, as shown in Figure 15a. Figure 15b
shows the 3D geometry of these propellers. To describe the average twist amplitude, we
defined a parameter denoted as τ and its expression was:

τ =

R∫
Rhub

dθ

d(r/R)
dr (13)
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The average relative blade width c was defined as:

c =
R∫

Rhub

cdr (14)

The values of c and τ of different optimal VPPs are shown in Figure 19. It was obvious
that the wider the propeller blade was, the more maneuverable the tilt-wing was during
takeoff. On the contrary, a higher energy efficiency requires an average blade to be narrow.
Regarding the twist distribution, the less τ is, the more maneuverable the tilt-wing is.
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4.2.2. FPP Optimization Result

Considering simplicity and reliability, we also conducted an optimization of the FPPs
for the case of a tilt-wing. The Pareto-optimal front is shown in Figure 20a. Corresponding
with the results of the VPPs, the energy efficiency and the maximum thrust-to-weight ratio
had a contradictory relationship.
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The geometry of the selected optimal FPP using the same objective to minimize as
expressed as Equation (12) is shown in Figure 21. and three typical optimal twist angles and
chord-length distributions of an FPP are shown in Figure 22. Its maximum thrust-to-weight
ratio at hover was 1.25 and energy consumption was 5.34 kWh.
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The performance of this selected FPP is shown in Figure 23. The range of high
efficiency of the FPP was much narrower than that of the VPP.

Figure 24 shows the values of c and τ of the different optimal FPPs, which are shown in
Figure 20 and marked by green circles. Different from the result for VPPs, there were smaller
changes of τ among the different optimal VPPs and the values of τ had a concentrated
range from −56.6◦ to −54.9◦.
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As shown in Table 4., the minimum energy of the VPP was 17.05% less than that of the
FPP and the maximum thrust-to-weight ratio was 4.57% larger than that of the FPP, which
validated the advantages of the VPP over the FPP.

Table 4. Comparison between VPP and FPP.

VPP FPP Advantage of VPP

Emission (kWh) 4.399 5.303 −17.05%

κ 1.577 1.505 4.57%

4.2.3. Analysis of the Maximum Thrust-to-Weight Ratio

Previous research has usually used the hover figure of merit (FM)/power and cruising
efficiency/power as the objectives for VTOL propeller optimization. However, the hover
FM or power cannot characterize the maneuverability during takeoff. The relationship
between the hover power and the maximum thrust-to-weight ratio at hover are shown
in Figure 25. Pareto front 1 contained the optimal design using Emission and κ as the two
objectives. Pareto front 2 contained the optimal design using Emission and the propeller
hover power as the two objectives. It was clear that, with certain maximum power and
torque constraints, the propeller with the lowest hover power was not always the one
with the maximum thrust-to-weight ratio, especially for the VPP. This result validated
the necessity of taking the maximum thrust-to-weight ratio at hover as the objective
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instead of the hover power to characterize the maneuverability during vertical takeoff and
landing. From another perspective, the maximum thrust-to-weight ratio at hover was a
more practical factor than the hover power for the design of a VTOL propeller.
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4.2.4. CFD Validation

To validate the optimization result, the 3D CFD simulations verified in Section 2.2.3
were conducted on the comprehensive optimal VPP selected in Section 4.2.1. The differences
of the thrust and power between the BEMT and CFD method are shown in Figure 26. The
maximum difference of thrust was less than 6% and the power was less than 5%, which
validated the effectiveness of the BEMT used in the optimization framework.
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5. Analysis
5.1. Analysis of Hover Disk Loading

The most significant parameter for the takeoff performance is the disk loading of the
propeller. We changed the diameter of the propeller and reconducted the optimization
procedure for the VPPs and FPPs. The results are shown in Figures 27 and 28.

Figures 27 and 28 show the Pareto-optimal front of the FPP and VPP with different
hover disk loadings. For the FPP, when the hover disk loading increased from 0.01 N/m2

to 0.032 N/m2, the maximum thrust-to-weight ratio decreased from 1.625 to 1.279 by
21% whereas the mission energy decreased from 5.40 kWh to 5.31 kWh then increased
to 5.36 kWh. The maximum relative variation of the mission energy was less than 1.7%.
For the VPP, the maximum thrust-to-weight ratio was higher than that of the FPP and
had the same decreasing trend from 1.78 to 1.31 by 26.4% along with an increase in hover
disk loading. The minimum mission energy decreased from 4.43 kWh to 4.40 kWh then
increased to 4.58 kWh. The maximum relative variation of the minimum mission energy
was less than 4%. Overall, the variation of hover disk loading brought a distinct impact on
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the maximum thrust-to-weight ratio, but only a small impact on the mission energy. For
the Vahana A3 tilt-wing aircraft, whose main application is manned flight in urban areas,
the disk loading should be as low as possible to improve the takeoff maneuverability.
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5.2. Analysis of the Cruising Speed

The cruising speed is one of the most important parameters affecting the flow con-
ditions of level flight. We changed the cruising speed but kept the level flight distance
unchanged and performed an optimization for the VPP and FPP again.

Figure 29 shows the impact of the cruising speed on the Pareto-optimal front of the
VPP and FPP. It was obvious that the VPP had a stronger adaptability to the cruising
speed than the FPP. An increase in the cruising speed brought a scarce variation for the
maximum thrust-to-weight ratio and a small rise of the mission energy as far as the VPP
was concerned. However, an increase in the cruising speed led to a significant decrease in
the maximum thrust-to-weight ratio and a significant increase in the mission energy for the
FPP. In conclusion, the VPP was less sensitive to the cruising speed than the FPP.

5.3. Analysis of the Level Flight Energy Ratio

The level flight mode and vertical flight mode have different, even contradictory,
requirements for the optimization of a VTOL propeller. To investigate the weights of these
two flight modes on the optimization result, we changed the ratio of energy of level flight
to the profile energy of the whole mission ξ by changing the flight time of the different
stages and reconducting the optimization. The relationship between the energy-saving
advantage of the VPP over the FPP δ and ξ is explored and shown in Figure 30.
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Given several fixed maximum thrust-to-weight ratios, the variations of δ along with ξ
are shown in Figure 30b. For the researched tilt-wing aircraft, when the maximum thrust-
to-weight ratio at hover κ was higher than 1.30, the energy-saving advantage of the VPP δ
increased with an increase in the level flight energy ratio ξ. However, when κ was lower
than 1.30, δ had a contradictory trend with ξ. Regardless, the energy-saving advantage of
the VPP over the FPP was over 10.5%. This section quantitatively validated this advantage.
Compared with the FPP, the application of the VPP meant a more complicated mechanism
and a larger weight cost, which means less reliability and more operation power required.
Combining these factors with the rules shown in Figure 30b, a practical reference to choose
a VPP or an FPP for VTOL aircraft could be given.

6. Conclusions

The inverse propeller design method based on the Betz optimal theory was successfully
integrated into the rapid optimization framework for a VTOL propeller, which worked in a
wide range of operation conditions.

The proposed VTOL propeller optimization framework adopted the maximum thrust-
to-weight ratio at hover and mission energy as the two objectives and strengthened the
practicability of the optimization result. The maximum thrust-to-weight ratio at hover had
a contradictory relationship with the mission energy efficiency. The maximum thrust-to-
weight ratio optimal designs were not always those of the minimum hover power, which
validated the necessity of taking the maximum thrust-to-weight ratio at hover as one of the
objectives to capture maneuverability or agility in a vertical flight mode.

Under certain BLDC power and torque constraints, a comprehensive optimal VPP
and FPP were obtained for a Vahana A3 tilt-wing aircraft and were verified by the CFD
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numerical method. Using a VPP could save 17.05% of energy and improve by 4.57% the
maximum thrust-to-weight ratio at hover than using an FPP under the given conditions.
The advantages of a VPP in both energy consumption and maneuverability during takeoff
were validated for a VTOL aircraft.

Disk loading had a much larger impact on the maximum thrust-to-weight ratio than
on the mission energy. Disk loading at hover should be as low as possible, especially for a
manned VTOL aircraft, to ensure enough reliability and maneuverability during takeoff
and landing. With an increase in the cruising speed, the minimum energy of the VPP had
a slight increase whereas the maximum thrust-to-weight ratio at hover barely changed.
However, the cruising speed had a heavier impact on the maximum thrust-to-weight
ratio of the FPP at hover and minimum energy. This phenomenon validated the superior
adaptability of the VPP.

The quantitative rules on the energy-saving advantage of the VPP over the FPP were
calculated in this article. When the maximum thrust-to-weight ratio at hover was larger
than about 1.30, the energy-saving advantage of the VPP over the FPP increased as the
level flight energy ratio grew. On the contrary, the energy advantage of the VPP over the
FPP decreased as the level flight energy ratio grew when the maximum thrust-to-weight
ratio at hover was less than about 1.30. Combining other design factors such as reliability
and weight cost with the rules shown in Figure 30, a practical reference to choose a VPP or
an FPP for a VTOL aircraft could be given.
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