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Abstract: This paper proposes to utilize a femtosecond Maker fringe for angular measurement to
expand the measurement range by using the characteristic of the multiple visible peaks in the Maker
fringe. Four different z-cut nonlinear materials and three different polarization combinations of SHG
were considered in the study, and various theoretical results are calculated for both the intensity-based
angle measurement and the frequency-domain angle measurement. As a result, the p-s polarization
shows a significant angle dependence in the range of ±20◦ compared with the other polarization. In
addition, the BBO and KDP are superior to the other investigated materials because of the relatively
higher sensitivity and visibility. The refractive index difference was introduced in this paper, and it
was applied to explain the angle measurement performance of the Maker fringe successfully.

Keywords: angle measurement; second harmonic generation; Maker fringe; intensity-based angle
measurement; frequency-domain angle measurement

1. Introduction

The angle is a fundamental element for defining the objects in the manufacturing
process [1], and it is crucial in industry to evaluate the angular displacement using a
fast and accurate method. In these years, optical measurement techniques have gained
widespread attention and played an essential role in the measurement field because of
their inherited noncontact, high-efficiency, and ultraprecision advantages. The optical
encoder is one of the most well-used sensors for the angle measurement of the rotational
shaft [2]. The encoder consists of a stationary read head and a scale disk mounted on
the shaft. The read head detects the change of optical signal and records the rotational
angle displacement as the shaft rotates, and the measurement range can generally cover
the full 360◦. The precise measurement of a small angle is also significant, such as the tilt
angle of the spindle in the machine tool [3]. Many optical measurement techniques can
be engaged for small-angle measurements, including autocollimation and interferometry-
based angular measurement [4–7]. The autocollimation utilizes the internal-reflection effect
for the angle measurement [8], and the typical interferometer for angular measurement
is based on the effect of small angles on interference light intensity [9]. Differing from
the encoder, they do not require a disk, and only a reflector needs to be mounted on the
measured object. Accordingly, the measurement setup is more flexible, and thus they are
also used for the flatness measurement [10], straightness measurement [11,12], and the
position measurement for a multiaxis system [13–16].

In recent decades, angle measurement techniques have generally used the monochro-
matic laser due to its high intensity and excellent directionality compared with the lamp or
light emitting diode (LED). With the progress of laser techniques, the pulse laser source
was conceived and constructed, and the pulse duration developed from nanosecond to
femtosecond. The femtosecond laser, also referred to as optical frequency combs, has
both the advantages of the monochromatic laser and two significant features. One is
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that the ultra-short pulse contains a number of equally-spaced stable discrete modes in
the frequency domain, and the other is the high peak intensity. Because of the multiple
frequency modes, many research works have been made so far in length and distance
measurement [17–20]. Recently, the femtosecond laser was also used in the optical angle
measurement field, and some optical angle sensors were proposed and realized, such as
the optical level. The optical level is based on the diffraction dispersion effects of optical
frequency combs to produce an “angle scale comb” [21]. Specifically, after passing through
the Fabry-Pérot etalon, the femtosecond laser beam is projected into the refractive-type
diffraction grating, generating a series of first-order diffracted beams where each optical
mode corresponds to a single diffracted direction. The grating is mounted on the rotary
stage, and the detector is stationary. The observed mode is different as the stage rotates, and
the detected intensity changes accordingly. Meanwhile, a similar concept, the mode-locked
femtosecond laser collimator, has been proposed to expand the measurement range of
conventional monochromatic laser collimator [22,23]. Compared with the optical level, the
measurement sensitivity of the femtosecond laser collimator is not affected by the distance
between the detector and the grating. Therefore, it can realize a more compact setup to
conserve space. To further improve the sensitivity and visibility, the angle measurement in
the frequency domain was proposed by employing the collimator objective, single-mode
fiber, and spectrometer [24]. In this case, the mode can be observed clearly, and the visibility
can almost arrive at 100%.

On the other hand, the high peak intensity of the femtosecond laser generates a
strong electrical field, which can produce various nonlinear optical phenomena, such as
the second harmonic generation (SHG) [25]. It is well-known that the SHG process is
closely related to propagation direction in the nonlinear crystals, and the brilliant angle
dependence of the output intensity of the second harmonic wave was found in 1962 [26].
In our previous works, the angle dependence of SHG was utilized to design sensors for
the detection of angular displacement. There are two types of angular measurement
solutions based on SHG that were designed and verified, including the intensity-based
angular measurement and the optical frequency domain angular measurement [27,28].
The intensity-based measurement is based on the angle dependence of the generated
second harmonic wave (SHW). The output intensity of SHW is maximized only when the
femtosecond laser propagates along the phase-matching angle in nonlinear materials [29].
As the laser gradually rotates away from the phase-matching angle, the generated SHW
degrades rapidly, and then the angular displacement can be determined according to the
intensity change. The basic principle of optical frequency domain angle measurement
is based on the dispersion effects of the nonlinear crystal. Due to the refractive index
dispersion, the phase-matching angle of each mode in the femtosecond laser pulse is
different. Therefore, the different optical frequency modes reach their intensity peaks as
the femtosecond laser rotates. Intuitively, the intensity peak shifts in the optical frequency
domain as the angle changes, and thus the angular displacement can be measured according
to the peak shift of SHW in the frequency domain.

However, the angle dependence of SHG not only exists in the phase-matching condi-
tion but also can be observed in the phase-mismatching area [30,31]. The angle dependence
in the phase-mismatching area is called the “Maker fringe” because the experimental results
were first measured by Maker [26]. The incident angle dependence of the Maker fringe can
even reach the range of ±80◦ in some materials [32], and thus it has a huge potential to
expand the angular measurement range and improve measurement sensitivity. Differing
from our previous work, the analytical model for the Maker fringe is more complex because
the effects of the crystal boundary, the cut way of the crystal, and the azimuth of the
measurement should be taken into account [30,33]. Therefore, the theoretical investigation
of angular measurement based on the Maker fringe should be done before the experimental
setup design.

This study investigates the angle dependence of the Maker fringe for both the intensity-
based and the optical frequency domain angle measurement. The fundamental measure-
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ment principles and the calculation model are briefly introduced for understanding. Com-
pared with our previous research work, the Maker fringe could have multiple visible
peaks as the incident angle changes. Therefore, the measurement range can be primarily
expanded in expectation. In the calculation analysis, several z-cut negative uniaxial nonlin-
ear materials and different polarizations of Maker fringe have been considered. For the
intensity-based method, we discussed the effects of dispersion and refractive index on angle
measurement and calculated the visibility and sensitivity. The simulation also verified
several peak shifts in the optical frequency domain, and we used the central wavelength to
denote the peak shift. Then, we showed the angle dependence of the central wavelength,
and the measurement sensitivity was also calculated for the investigation. The contour
map of the refractive index was introduced, and the results show that the refractive index
is closely related to the measurement sensitivity.

2. The Theory and Principle of Angle Measurement Based on the Maker Fringe
2.1. The Principle of Angle Measurement Based on the Maker Fringe

Figure 1a shows the measurement schematic of the angular sensor based on second
harmonic generation. The mode-locked femtosecond laser beam, as the incident fundamen-
tal wave (FW), induces the second harmonic wave in the nonlinear crystal, and then the
transmitted SHW is detected by the optical spectrum analyzer (OSA) with a photodiode
array for the fast measurement. For clarity, the transmitted FW is not shown in this figure.
The X-Y-Z is the laboratory coordinate system, and the X-Z plane is parallel to the incident
plane. The measurement target is fixed with the nonlinear crystal. As the target rotates
along the Y-axis, the transmitted intensity of the SHW changes accordingly because of the
angle dependence of the Maker fringe. Figure 1b,c show the diagram of the spectrum of
incident FW and transmitted SHW, where the λ1 and λ2 denote the wavelength of incident
FW and the transmitted SHW. The FW and SHW contain a series of equally-spaced modes
in the optical frequency domain, and the frequency difference between the discrete modes
of FW and SHW are νrep and 2νrep. Both the FW and SHW have N modes, and the ith mode
of FW corresponds to the ith mode of SHW. λi

1 and λi
2 denote the wavelength of the ith

mode of FW and SHW, and λi
1/2 = λi

2, that is to say that the wavelength of the generated
SHW is half of the corresponding mode of FW. The intensity I2(λ2, θi) of transmitted SHW
is both related to the wavelength λ2 and the incident angle θi because of the dispersion and
the angle dependence of SHG, and it can be calculated analytically by the Maker fringe
theory introduced in the next section.

Figure 1. (a) The schematic of angle measurement based on SHG; (b) the spectrum of incident
femtosecond laser; (c) the spectrum of transmitted SHW.

For the intensity-based angular measurement of the Maker fringe, the total intensity
of all the modes in the SHW spectrum is used as the measurement signal to improve the
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signal–noise ratio [26]. The total intensity ISHW denotes the intensity summation of the
transmitted second harmonic wave of all the discrete modes as shown in Equation (1):

ISHW(θi) =
λN

2

∑
λ1

2

I2(λ2, θi) (1)

where λ1
2 and λN

2 represent the wavelength of the first and the final mode in the SHW
spectrum. The typical angle dependences of the Maker fringe and the case nearing the
phase-matching condition of our previous study are shown in Figure 2a,b, where the Maker
fringe has more visible peaks, which means that a wider measurement range is used.

Figure 2. (a) The typical angle dependence of the Maker fringe; (b) the angle dependence nearing the
phase-matching condition.

On the other hand, the Maker fringe also can be applied to the angular measurement
in the optical frequency domain [27]. Figure 3a,b illustrate the peak shift in the optical
frequency domain of the Maker fringe and the phase-matching case. Because of the
wavelength dependence of I2(λ2, θi), the modes λi

2 (i = 1, 2, . . . , N) have different angle
dependence relationships. Therefore, as the modes’ wavelength gradually increases in
the optical domain, the peaks shift in a certain speed and direction in the optical domain,
and the peak shift can use to denote the angular displacement [27]. The Maker fringe has
multiple visible peaks, and each peak has its shift in the frequency domain. Thus, the
measurement range in the optical frequency domain can also be largely expanded.

Figure 3. (a) The peak shifts of Maker fringe; (b) the peak shift nearing the phase-matching condition.

2.2. The Calculation Theory of the Maker Fringe

To quantificationally investigate the angle dependence of the Maker fringe, the calcu-
lation theory of the Maker fringe should be explained in detail. The theory of the Maker
fringe is different from that of our previous works because the incident angle of the Maker
fringe can vary in a wider range, where the internal reflection and refraction caused by
the boundary should be considered. The propagation model proposed by the literature
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is referred to calculate I2 in this paper [29]. The model is illustrated in Figure 4a, where
X′-Y′-Z′ and L denote the Cartesian coordinator and the length of the rotary crystal. In this
model, the incident FW inputs on the cut plane from the Region I (air), and then induces
two different SHW (the bound SHW and free SHW) inside the Region II (crystal). The two
SHW waves can pass through the crystal as transmitted SHW in Region III (air), and they
also result in the reflected SHW in the Region I (air). The k1, kb, kf, kr, and kt are the wave
vectors of the fundamental wave, bound SHW, free SHW, reflected SHW, and transmitted
SHW, respectively. Correspondingly, the θi, θb, θf, θr, and θt are the angles between the
wave vectors and the normal. For calculation, the incident angle θi is a known parameter,
and the other angles in Figure 4a should be calculated. It can be derived by considering
the conservation of the electrical field’s tangential component and the result is shown as
Equation (2) [34]:

θi = θr = θt = nb sin θb = nf sin θf (2)

Figure 4. (a) The propagation model in the incident plane; (b) the refractive index ellipsoid.

Equation (2) shows that θb and θf are related to the refractive indices of the bound
SHW (nb) and the free SHW (nf). In this paper, we assume that the optic axis is parallel
to the norm to simplify the analysis. That is to say that the z-cut nonlinear crystal is used
for the investigation, and the coordinator of the refractive index ellipsoid is the same as
X′ -Y′ -Z′ . For the commonly used uniaxial crystal, the refractive index ellipsoid is shown
in Figure 4b [35]. The No and Ne are the length of a refractive ellipsoid, and their dispersion
could be described by empirical Sellmeier equations [36]. The θ denotes the angle between
the optical axis and the wave vector k, and ϕ denotes the azimuthal position between the
X′ axis and the projection of wave vector k in the X′ -Y′ plane. For the z-cut crystal, the
s-wave or the o-wave represents the wave whose electrical field is perpendicular to the
incident plane. The electrical field of the p-wave or the e-wave is parallel to the incident
plane. According to their polarization, the refractive index of s-wave and p-wave can be
calculated as Equation (3):

nb, f(λ, θb, f) =
1√

(cos2(θb, f)/N2
o (λ1,2)+sin2(θb, f)/N2

e (λ1,2))
p-wave

nb, f = No(λ1,2) s-wave
(3)

where λ1 and λ2 correspond to the wavelength of the fundamental wave and second
harmonic wave in a vacuum. Since the velocity of bound SHW is the same as the FW, the
corresponding wavelength for nb is λ1, and λ2 is for nf of free SHW. Once the refractive
index has been determined, the propagation direction of all waves can be obtained using
Snell’s law in Equation (2), and then the intensity I2 of transmitted SHW can be known
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by solving the Maxwell equation and considering the boundary condition. With the
assumptions of plane wave and the pump nondepletion, I2 is proportional to the production
of Equation (4) [29], where t1, t2 are the transmission factors of FW and SHW, I1 is the
intensity of FW, deff is the effective nonlinear coefficient, and ψ is the phase difference
between bound SHW and free SHW in Equation (5).

I2 ∝ d2
efft1

4t2 I2
1 (λ1)[1/(n2

b − n2
f )

2
] sin2 ψ (4)

ψ = [2πL/λ1(nb cos θb − nf cos θf)] (5)

t1 =

{
2 cosθ/(nb cos θb + cos θ) s-wave
2 cosθ/(nb cos θ + cos θb) p-wave

(6)

t2 =


2nf cos θf

(nb cos θ+cos θb)(nf cos θb+nb cos θf)

(nf cos θf+cos θ)
3 s-wave

2nf cos θf
(cos θ+nb cos θb)(nb cos θb+nf cos θf)

(nf cos θf+cos θ)3 p-wave
(7)

The transmission factors t1 and t2 represent the effects caused by the boundary of the
nonlinear crystal. Thus, they are similar to Fresnel factors, and their values are related to the
polarization of the fundamental wave and second harmonic wave as Equations (6) and (7).
There are four different polarization combinations of SHG, including s-s case, s-p case, p-s
case, and p-p case. For example, the s-p case implies that the incident s-polarization FW
induces the p-polarization transmitted SHW, which means that the second harmonic wave
may have a different polarization from the fundamental wave. The transmission factor
has slowly varying angle dependence, which should be considered in the expanded angle
measurement range calculation. Besides this, the effective nonlinear coefficient deff also has
slowly varying angle dependence, and the calculation should refer to the point groups of
crystal and polarization combination of SHG [28]. In Section 3, the paper gives extensive
calculation results based on this model for two different measurement principles, including
the intensity-based angular measurement and the optical frequency domain measurement.

3. Simulation Results and Discussion
3.1. The Simulation Setup

Figure 5 shows the typical spectrum of femtosecond laser from our previous work, and
it is used as the fundamental wave for the angle dependence investigation. The spectrum
range of the fundamental wave is from 1480 nm to 1640 nm, meaning that the generated
SHW will have a distribution from 740 nm to 820 nm. In the calculation process, the
spectrum of the femtosecond laser is divided into a number of laser combs. For each comb,
we assume it produces a corresponding mode of transmitted SHW, and the intensity of
each mode can be calculated by Equation (4).

Figure 5. The spectrum of a femtosecond laser used for the angular measurement investigation; the
spectrum range of high intensity is from 1560 nm to around 1600 nm.
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The investigated materials include barium borate (BBO), lithium niobate (LiNbO3),
potassium dihydrogen phosphate (KDP), and proustite (Ag3AsS3), which are both negative
uniaxial crystals. The Sellmeier equations given in Equation (8) are used to empirically
describe the dispersion relation of nonlinear materials, where the parameters A, B, C, D, E
are related to the specific materials. The coefficients for refractive indices calculation are
shown in Table 1 [35].

Ne(λ), No(λ) =
√

A + B
λ2−C − Dλ2 BBO LiNbO3

Ne(λ), No(λ) =
√

A + Bλ2

λ2−C −
D

λ2−E KDP

Ne(λ), No(λ) =
√

A + B
λ2−C −

D
λ2−E Ag3AsS3

(8)

Table 1. The parameters of the Sellmeier equation for the calculation of refractive indices.

Nonlinear Crystal A B C D E

BBO
No 2.7539 0.01878 µm2 0.01822 µm2 0.01354 µm−2 *
Ne 2.3753 0.01224 µm2 0.01667 µm2 0.01516 µm−2

LiNbO3

No 4.91296 0.116275 µm2 0.048398 µm2 0.0273 µm−2

Ne 4.54528 0.091649 µm2 0.046079 µm2 0.0303 µm−2

KDP
No 2.259276 13.005221 400 µm2 0.01008956 µm2 (77.26408)−1 µm2

Ne 2.132668 3.22799241 400 µm2 0.008637494 µm2 (81.42631)−1 µm2

Ag3AsS3
No 9.220 0.4454 µm2 0.1264 µm2 1733 µm2 1000 µm2

Ne 7.007 0.3230 µm2 0.1192 µm2 660 µm2 1000 µm2

* The ‘\’ means that the Sellmeier equations of BBO and LiNbO3 aren’t related to parameter E.

The angle dependence of the transmitted second harmonic wave also should consider
the effective nonlinear coefficients deff. For the SHG process, the deff of the crystals are
decided based on their point groups and the polarization combinations. The derivation
of deff could refer to the literature [28], and deff are directly given in Table 2, where the
dispersion and the walk-off effects of deff are ignored. There are three polarization combi-
nations, the p-s case, p-p case, and s-s case, which will be discussed, with the exclusion of
the s-p case. This is because the s-p case denotes that the s-polarization fundamental wave
generates the p-polarization, and it means that the ordinary fundament wave generates
the extraordinary second harmonic wave, which is the phase-matching case discussed in
our previous works [26]. Therefore, the s-p case will not be investigated in this paper. The
BBO, LiNbO3, and Ag3AsS3 have a 3 m point group structure, except that the KDP belongs
to the 42 m point group. Thus, the KDP is the only one with a different deff distinguished
from the others. Table 2 lists the nonlinear coefficients for all materials according to the
references [35], and it is important to note that the nonlinear coefficients are different even
for the same point group structure materials.

Table 2. The effective nonlinear coefficients deff of the investigated nonlinear crystals.

Point Group Nonlinear Crystal Effective Nonlinear Coefficient Nonlinear
Coefficientp-s Case p-p Case s-s Case

3 m

BBO

d22cosθcos3ϕ
d31(cosθsin2θ + cos2θsinθ) +

d22cos3θsin3ϕ
d22cos3ϕ

d22 = 2.3 pm/v
d31 = −0.16 pm/v

LiNbO3
d22 = 2.1 pm/v

d31 = −4.35 pm/v

Ag3AsS3
d22 = 10.4 pm/v

d31 = −16.6 pm/v

42 m KDP d36sin2θcos2ϕ d36(sin2θcosθsin2ϕ + cos2θsin2ϕ) 0 d36 = 0.39 pm/v
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3.2. The Investigation of Intensity-Based Angle Measurement

To investigate the intensity-based method, Figure 6 displays the results of the incident
angle dependence of the transmitted second harmonic wave. The total intensity ISHW
denotes the summation of all the discrete light combs as Equation (1). The azimuthal angle
ϕ and the crystal length L are set as 0◦ and 1 mm for the calculation. In each subplot, the
incident angle range is in the range of ±20◦, and all the curves are normalized. The subplot
and the color represent the results of the crystals and the polarization combinations. It can
be seen that all the curves in Figure 6 show an angle dependence in the range of ±20◦. The
p-s polarization of BBO and KDP show significant measurement visibility and sensitivity
because of the oscillation of angle dependence. In comparison, the oscillation of the p-s
polarization of the LiNbO3 is subtle, and the Ag3AsS3 does not appear to oscillate, which
also means they are not suitable for intensity angle measurement. The visibility V and the
averaged sensitivity S can be calculated according to the following equation:

V =
Imax − Imin

Imax + Imin
(9)

S =
Imax − Imin

∆θ
(10)

where Imax and Imin denote the maximum intensity and the minimum intensity in one
oscillation period, and ∆θ denote the angle difference in one oscillation period [23]. The
visibility and sensitivity are calculated for the BBO and KDP as shown in Figure 6. For
the BBO, the visibility and measurement sensitivity in the shown oscillation period are
about 25.1% and 0.08/deg, respectively. For the KDP, the visibility and sensitivity are 69.2%
and 0.35/deg.

Figure 6. The angular dependence of the total intensity of the second harmonic wave. (a) BBO;
(b) KDP; (c) LiNbO3; (d) Ag3AsS3.

The visibility and measurement sensitivity of p-s polarization are closely related to
the dispersion of the material. To be intuitive, Figure 7 shows the angle dependence of
different discrete light modes. In this figure, the light combs take the wavelengths of
1560 nm, 1570 nm, and 1580 nm, respectively, and the calculation results are given for all
the crystals in each corresponding subplot. It can be seen that the KDP has the lowest
dispersion. Thus, the oscillations of the different optical combs are more likely to cancel
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out, which is advantageous for improving both the sensitivity and the visibility of angular
measurement. In contrast, the Ag3AsS3 has a fast dispersion, and it causes the oscillation
of angle dependence to disappear, as Figure 6d illustrated.

Figure 7. The dispersion of angle dependence. (a) BBO; (b) KDP; (c) LiNbO3; (d) Ag3AsS3.

Furthermore, it also can be noticed from Figure 6 that neither the p-p case nor the s-s
case shows any oscillation in the angle dependence, which also means low measurement
sensitivity and visibility. This is because the oscillation is related to the angle dependence
of phase difference ψ in Equation (5). The more sensitive the angle dependence of the ψ is,
the shorter the period of the oscillation will be, i.e., the better the sensitivity and visibility
of the angular measurement. We note that the phase difference is proportional to the term
as Equation (11), which is determined by the refractive index difference ∆n as (12):

ψ ∝ (nb cos θb − nf cos θf) (11)

∆n = nb − nf (12)

Figure 8 exhibits the angle dependence of ∆n for the light comb of 1560 nm, where the
different lines in each subplot denote the polarization combinations, and the subplots cor-
respond to the materials. It is clear that the angle dependence of the ∆n of p-s polarization
is much faster than that of the p-p polarization and s-s polarization for all the nonlinear
materials, and it leads to rapid changes in phase difference ψ and thus the rapid oscillations
of the intensity. Therefore, the p-s polarization combination is more appropriate for the
angular measurement for the z-cut nonlinear crystals.
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Figure 8. The angular dependence of the refractive indices difference ∆n. (a) BBO; (b) KDP;
(c) LiNbO3; (d) Ag3AsS3. The red solid lines, pink dotted lines, and blue dotted lines in each
subplot represent the p-s polarization, p-p polarization, and the s-s polarization, respectively.

In addition to the visibility and sensitivity, the absolute magnitude of SHW intensity
is also significant. It is evident from Equation (4) that the larger the deff, the greater
the measured intensity. Therefore, the proper azimuthal position ϕ should be set in the
measurement process. For the p-s polarization, it is easy to see from Table 2 that the
deff reaches its maximum value when ϕ = 0 because of the cosine dependence. The deff
also affects the symmetry of the angle dependence. As shown in Figure 6, all the angle
dependence of p-p polarization is not symmetrical because the deff of p-p polarization in
this paper consists of two terms, one of which is an odd function and the other is an even
function. In addition, there is a particular case in Table 2 in which the deff of the s-s case
of KDP does not have any angle dependence. This means that an s-polarization incident
femtosecond laser cannot produce an s-polarization second harmonic wave in a z-cut KDP,
and thus the angle dependence of this case is not shown in Figure 6b.

3.3. The Investigation of Angle Measurement in the Optical Frequency Domain

Figure 9 takes the p-s polarization of LiNbO3 as a typical example to show the Maker
fringe shift in the optical domain. The azimuthal position and the length are set as 0◦

and 1 mm for the calculation. The 2-D result can be seen Figure 9a, where the color bar
represents the normalized intensity. The incident angle range is from 0◦ to 20◦, and the
spectral range is from 740 nm to around 820 nm, corresponding to half the wavelength of
the FW’s spectrum. There are several peaks of maker fringe shift shown in Figure 9a as
the white arrow shown in the white dotted square. It can be seen that all the peaks move
towards longer wavelengths as the incident angle increase, and the higher intensity areas
are 780 nm to around 800 nm in the optical frequency domain, which is correlated with the
higher intensity light combs of FW. The 3-D plot of peak shift in the range of 5 to around
20◦ is illustrated in Figure 9b, where the modes are from 780 nm to 800 nm and stepped
by 2 nm. It is visible that the six peaks of Maker fringe change their peak position in the
optical domain, and all the peak shifts could be used to measure the angular displacement.
In Figure 9a, these peaks cover the range of 0◦ to around 20◦ in 780 nm to around 800 nm.
Therefore, the maker fringe can realize an angular measurement range of ±20◦ only with a
bandwidth of 20 nm (only the result of 0◦ to around 20◦ shown in Figure 9, and a significant
savings of the femtosecond laser bandwidth can achieve this, compared with our previous
study [27]).
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Figure 9. The Maker fringe shift of p-s polarization of LiNbO3. (a) The 2D plot; (b) 3D plot in the
higher intensity area.

For further analysis, the materials in Table 1 are both investigated. The ϕ and L are set
as 25◦ and 1 mm, and the calculation results are shown in Figure 10, where the (a), (b), (c), (d)
indicate the nonlinear materials BBO, KDP, LiNbO3, and Ag3AsS3 in order, the numbers 1,
2, 3 denote the polarization combinations p-s, p-p, and s-s, respectively. In each subplot, the
discussed incidence angle range is from 0◦ to 20◦, and the spectral range is from 780 nm to
800 nm because of the higher intensity. The s-s polarization of KDP is not given in Figure 10
because of the corresponding deff = 0 in Table 1. We notice that all the subplots have at
least one peak shift, and the peaks almost cover the whole measurement range of interest.
Besides this, it is easy to find that the shape of different peaks in the same subplot is similar.
Thus, we only cut a single peak from every subplot to discuss its angle dependence in the
frequency domain. The single peaks shift corresponding to Figure 10 is given in Figure 11.
Similar to our previous work, the central wavelengths λp is used to illustrate the peak’s
wavelength in the frequency domain [27]. The calculation is given as the following formula:

λP(θi) =

800nm
∑

λ2=780nm
λ2 I2(λ2, θi)

800nm
∑

λ2=780nm
I2(λ2, θi)

(13)

The angle dependence of λp of Figure 11 is shown in Figure 12. In this figure, the
(a), (b), and (c) denote the subplot p-s polarization, p-p polarization, and s-s polarization,
respectively, and the lines in different colors represent the corresponding material. It can be
seen from Figure 12 that the peak wavelength λP almost monotonically increases or decreases
as the incident angle changes. The slope of the angle dependence implies the measurement
sensitivity. Similar to the intensity-based measurement, the averaged sensitivity S′ of optical
frequency domain angular measurement can be calculated as Equation (14):

S′ =
λP(θie)− λP(θis)

∆θi
(14)

where θis and θie denote the start and end incident angle of the λp’s angular dependence
curve, and ∆θi = θie − θis. Taking the p-s polarization of BBO as an example, we show
λP(θis) − λ P(θie) and ∆θi in Figure 12a. The sensitivities S’ of other cases are shown in
Table 3. It is clear that the p-s polarization’s sensitivity is significantly higher than the p-p po-
larization and s-s polarization. Therefore, the p-s polarization is superior to the other two po-
larization combinations for the angular measurement in the optical frequency domain. The
p-s polarization of BBO has the best measurement sensitivity 1.43 × 10−3 nm/arcsecond
among the investigated materials, and only the KDP has a relatively higher sensitivity of
−1.01 × 10−3 nm/arcsecond.
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Table 3. The averaged sensitivity of angle measurement in the optical frequency domain.

BBO KDP LiNbO3 Ag3AsS3

p-s polarization 1.43 × 10−3 −1.01 × 10−3 2.05 × 10−4 1.17 × 10−4

p-p polarization 1.11 × 10−4 4.53 × 10−5 5.87 × 10−5 1.90 × 10−5

s-s polarization 9.80 × 10−5 * 5.91 × 10−5 1.98 × 10−5

* The unit of averaged measurement sensitivity is ‘nm/arcsecond’. The ‘\’ means that the s-s polarization of KDP
doesn’t have measurement sensitivity because of deff = 0.

Figure 10. The calculation results of peaks shift in the optical frequency domain. The figures (a–d) denote
the nonlinear materials BBO, KDP, LiNbO3, and Ag3AsS3 in order, the subscript numbers 1, 2, 3 denote
the polarization combinations p-s, p-p, and s-s, respectively.

The measurement sensitivity S′ is also closely related to the phase difference ψ. This
is because the peak shift is, in fact, the movement of the point where ψ = constant. As
Equations (11) and (12), the phase difference ψ is related to the refractive index ∆n. There-
fore, the peak shift is determined by the point of ∆n = constant. Figure 13 shows the contour
map of ∆n of the p-s polarization. In this figure, the subplots (a), (b), (c), and (d) correspond
to the crystal BBO, KDP, LiNbO3, and Ag3AsS3, respectively. In each subplot, the lines in
different colors denote the different constants of ∆n, and the step of ∆n between different
lines is 0.001. It is easy to understand that the higher the slope of the line, the faster the
wavelength changes as the angle changes in the line, i.e., the faster the peak shift. BBO has
the highest line slope compared to the others, and therefore its measurement sensitivity is
the best. We note that only the KDP has a negative linear slope, which means that as the
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angle increases, the wavelength should decrease to keep ∆n as a constant, and it causes
its negative sensitivity. In addition, the number of lines varies from different materials.
The more lines mean, the greater number of peaks. Thus, the Ag3AsS3 has the most peaks
among the discussed material.

Figure 11. The calculation results of single peak shifts in the optical frequency domain. The figures
(a–d) denote the nonlinear materials BBO, KDP, LiNbO3, and Ag3AsS3 in order, the subscript numbers
1, 2, 3 denote the polarization combinations p-s, p-p, and s-s, respectively.

Figure 12. The angle dependence of central wavelength λP. (a) p-s polarization; (b) p-p polarization;
(c) s-s polarization.
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Figure 13. The contour map of ∆n of the investigated materials. (a) BBO; (b) KDP; (c) LiNbO3;
(d) Ag3AsS3. In every subplot, the lines in different colors denote the different constants of ∆n, and
the step of ∆n between different lines is 0.001.

4. Conclusions

In this paper, we propose to use the femtosecond Maker fringe for angular measure-
ment and present various calculation results of different z-cut nonlinear crystals and polar-
ization combinations. The calculation investigation has been done for both the intensity-
based angular measurement and the optical frequency domain angular measurement.

For the intensity-based method, the calculation results show that p-p polarization and
s-s polarization only has the slow varying angle dependence in the Maker fringe, which
means low sensitivity and visibility. In contrast, the Maker fringe of p-s polarization has a
relatively higher sensitivity and visibility because of the oscillation in the angle dependence.
To explain the oscillation of the Maker fringe, the refractive index difference ∆n was
introduced, and the results show that the ∆n’s angle dependence of p-s polarization is
significantly faster than the others, thus confirming the relationship between the oscillation
and the ∆n. Besides this, we also calculate the Maker fringe in different modes to explore
the effect of dispersion and calculate the sensitivity and visibility of BBO and KDP.

As a typical case, the multiple peaks shift of Maker fringe in the optical frequency
domain can be clearly seen in the p-s polarization of LiNbO3, and it can cover a measure-
ment range of ±20◦ only with a bandwidth of 20 nm. Moreover, we show other cases of
the Maker fringe shift, and the multiple fringes can also be seen in some materials. We cut
the single peak from the calculation results and used the central wavelength to denote the
peak’s angle dependence. The measurement sensitivity of central wavelength was calcu-
lated, and the p-s polarization of BBO has the best sensitivity of 1.43 × 10−3 nm/arcsecond.
In addition, the contour map of refractive index difference ∆n was used to explore the
determining factor of measurement sensitivity, and the results confirmed that the slope
and number of contour lines are closely related to the measurement sensitivity and the
peaks’ number.

It should be noted that the theoretical investigation in this paper has been mainly
focused on visibility and sensitivity. However, there are many other aspects that are also
important for designing a sensor in the actual application, such as measurement selectivity
and stability. Taking the selectivity as an example, the Maker fringe should not only be
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sensitive to incident angle θi but also should be insensitive to other factors that may affect
the measurement, such as the azimuthal angle ϕ. Therefore, a comprehensive analysis will
be done in future works by considering both selectivity and stability. Then, a measurement
scheme will be considered to verify the feasibility of angle measurement based on the
Maker fringe.
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