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Abstract: Fractal derivatives characterize the accelerated creep phase of the creep process. In this
study, based on the fractal order theory, the integer-order derivatives are defined from the spatio-
temporal self-similarity phenomenon of the dynamic process using the scale change method, and the
viscoplastic model is improved to establish a new creep instantonal model with damage to describe
the complete creep phase of anthracite. The effects of damage variables on initial and accelerated
creep were investigated by performing graded-loading creep tests. Based on the experimental
data, inversions of the model-related parameters were performed, and parameter sensitivities were
analyzed. The results show that the proposed model can better characterize the complete creep
process of anthracite coal, which verifies the correctness and rationality of the model. The damage
content affects the initial and accelerated creep strain under different loading levels, and a specific
functional relationship exists between them. The study’s findings can provide some reference material
for the stability control of anthracite affected by disturbing stresses.

Keywords: anthracite; fractal derivatives; improved viscoplastic model; damage-containing creep
intrinsic structure model; model validation

1. Introduction

Creep behavior has existed in deep subsurface rocks for a long time and is not easy to
detect [1,2]. The study of rock creep behavior is of great importance for the mechanical prop-
erties of rocks. Many scholars have focused on this topic and achieved great results [3–10].
Rock models of limestone, sandy mudstone, and saltstone have been continuously revealed
and improved, and rock models under different conditions have been explored. In the
deep mining of rocks, various complex tunnels frequently occur [11–14]. Due to the su-
perposition of mining stresses and the natural influence of the presence of deep rocks, the
rocks are more likely to exhibit the characteristics of creep behavior [15–18]. Anthracite,
a high-ranking coal, has the highest carbon content and the fewest impurities [19]. Its
random combination of carbon atoms makes anthracite more prone to deformation under
horizontal stresses. Therefore, it is valuable to propose a model to describe the creep process
of anthracite.

Due to the complexity of the geological environment, it is difficult to predict the creep
process of rocks. In recent years, scholars have conducted much research on coal rock
bodies under different conditions and provided a theoretical basis for the long-term stability
of underground projects through experimental comparisons, numerical simulation, and
theoretical calculations, while Falaleev [20] evaluated rock creepiness. Khoshghalb [21]
reviewed the traditional experimental creep test, discussed possible sources of inaccuracy
in the test results, and made relevant recommendations. Wu et al. [22] studied the effect of
structural anisotropy on the rheological behavior of ultra-deep hard rocks, considering the
rock’s metrological deformation. The results show that hard rocks do not exhibit an acceler-
ated creep phase, and the deformation rate and shrinkage ratio show that creep behavior is
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more influenced by structural anisotropy. Mansouri et al. [23] investigate the effect of the
microstructural evolution of salt rocks on strain behavior. Constant displacement rate tests
on creep specimens show that the strain profile has a moderate strain-hardening character-
istic. Peng et al. [24] conducted triaxial creep experiments on mudstone, introduced the
meshless method, and derived a new meshless algorithm formulation. Huang et al. [25]
conducted an experimental study of siltstone based on a new experimental apparatus that
simulates dynamic impact loading using the free fall of weights, which provides high static
stresses over a long period. The results show that rock creep disturbance deformation
exhibits a continuous developmental phase. Liu et al. [26] developed a numerical simu-
lation of multi-stage loading in Flac3D software, and the calculated results were in better
agreement with the test data. Zhu et al. [27] proposed the intrinsic law of rock damage
under multiple strain rates and performed numerical simulations of dynamic loading
and rheological disturbances to elucidate the rock damage behavior for different combi-
nations of strain rates. Zhang et al. [28] developed a numerical procedure based on the
discontinuous deformation analysis method, considering the shear in the structural plane.
The numerical procedure was established using the discontinuous deformation analysis
method, considering shear deformation within the structure’s surface. The effectiveness
of the DDA extension method is demonstrated. Tang et al. [29] proposed a new quadratic
creep model based on the damage mechanics of continuous media and variable-order
fractional derivatives. Liu et al. [30] analyzed the creep law of deeply saturated rocks and
proposed the Schofield–Scott–Blair model based on joint rheology. Wan et al. [31] investi-
gated the creep properties of amphiboles using the cyclic incremental-step-loading method.
They combined the generalized Kelvin creep model with the Mohr–Coulomb criterion
to derive the corresponding viscous–elastic–plastic transient relationship. In general, the
creep behavior of rocks has been subjected to many experiments. However, creep tests on
coal are uncommon, especially for higher-order coals, such as anthracite.

The creep properties of coal are very different from those of rocks, such as sandstone,
limestone, etc. Compared to substances with higher load-bearing strength, coal is more
susceptible to deformation by slight stress perturbations due to its physical properties.
From a microscopic point of view, anthracite, a higher-order coal, has a more complex
arrangement of carbon atoms due to its higher carbon content. In general, the creep
properties of anthracite coal are more complex. In summary, a new viscoplastic model is
proposed in this paper based on fractal order derivatives. By introducing damage variables
combined with the viscoplastic model, a new fractal-order intrinsic model for anthracite
containing damage is proposed, which can describe the complete creep process of anthracite.
Then, a series of experiments are conducted on anthracite coal, and the inverse fitting of
the relevant parameters of the model under different stress-level conditions is carried out
based on the experimental data to verify the applicability and reasonability of the model.
Finally, the sensitivity of the parameters is analyzed in detail.

2. Fractal Order Model Construction
2.1. Fractal Order Newton Body with Damage

Based on the study of typical geotechnical intrinsic models, fractional order theory is
widely used [32–34]. In terms of a mathematical definition, the fractional order derivative,
an integral over the time kernel function, can better describe the evolution of the dynamic
process under the global effect. In contrast, the fractional derivative is based on local
effects, and its functional model is relatively simple. Starting from the phenomenon of
spatio-temporal self-similarity of the dynamical process, the fractal derivative is defined
using the scale-variation method for integer-order derivatives. If the original function is
invariant in form at any scale, then

df(t)
dtq = lim

t→t′

f(t)− f(t
′
)

tq − t′q
, (1)

where q denotes the time-dependent order.
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Based on the conventional creep model, the model generally exhibits significant
damage characteristics during the accelerated creep phase. This is caused by damage at
different stages of creep. From a microscopic point of view, this is due to the internal unit
damage of the model. With the accumulation of damage to the unit cell inside the model,
the model surface exhibits macroscopic cracking characteristics. The damage variable D is
introduced to represent the damage of the unit cell, as follows:

D = 1− N(t)
N0

, (2)

where N(t) denotes the number of intact cells in the time range t, and N0 denotes the total
number of cells.

As defined by Krajcinovic [35],

dN(t)
dt

= −A(σ)N(t), (3)

where A denotes the damage factor related to σ.
If the initial moment N(0) is equal to N0, then D = 1− e−At.
Based on the scale change method and the fractal derivative, D = 1− e−Atq

.
According to the viscous pot expression of the fractional order theory, the Newton

body stress σ(t)–strain ε(t) relationship containing the fractal derivative of the damage can
be expressed as follows: {

σ(t) = η2e−Atq dε(t)
dtq

ε(t) = σ(t)
Aη2

(eAtq − 1)
, (4)

where η2 denotes the viscosity coefficient of the fractal derivative Newton body.

2.2. Fractal Order Creep Model Considering the Effect of Damage

The creep properties of coal are very different from those of rocks, such as sandstone,
limestone, etc. [36–39]. Compared to substances with higher load-bearing strength, coal is
more susceptible to deformation by slight stress perturbations due to its physical properties.
From a microscopic point of view, anthracite, a higher-order coal, has a more complex
arrangement of carbon atoms due to its higher carbon content. In general, the creep
properties of anthracite coal are more complex. Existing creep models cannot better describe
the accelerated creep phase of damaged anthracite because the model’s characterization of
the accelerated creep phase is primarily a linear model with constant parameters. Based
on the traditional creep model, the instantaneous elastic–elastic–viscoplastic model can
better characterize the creep characteristics, and by improving the viscoplastic body on
this basis, it is possible to establish a creep model conforming to the creep equation of the
damage-containing anthracite coal. Figure 1 shows the diagram of the fractal order creep
model considering the influence of damage, where σ(t) denotes the stress, E1 and E2 denote
the elastic modulus of model parts I and II, respectively, η1 and η2 denote the viscous
coefficients of model parts II and III, and σs1 denotes the dilation stress of the model up to
the accelerated creep stage.
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According to the basic principle of the model series–parallel connection,{
σ = σI = σII = σIII
ε = εI + εII + εIII

, (5)

When σ < σs1, the model I and II parts come into play to characterize the instantaneous
creep deformation, deceleration creep deformation, and isokinetic creep deformation of
anthracite creep deformation. The model equation of the state can be expressed as follows:{

σ1 = E1ε1

σ2 = E2ε2 + η1
·
ε2

, (6)

According to the principle of the series–parallel connection of components and Equa-
tion (5), the model intrinsic equation in the one-dimensional state can be expressed
as follows:

σ(t) =
1

E1 + E2

(
E1E2ε1 + E1η1

·
ε2 − η1

·
σ2

)
,σ < σs1, (7)

When σs1 ≤ σ, models I, II, and III characterize the instantaneous creep deforma-
tion, deceleration creep deformation, isokinetic creep deformation, and accelerated creep
deformation of anthracite creep deformation. Based on the Newton body containing the
fractal derivative of damage, the partial equation of the state of model III at this time can
be expressed as follows:

σ− σs1 = η2e−Atq dε(t)
dtq ,σs1 ≤ σ, (8)

In summary, under different stress conditions, each part of the model is subjected to
equal stress, and the total model strain is equal to the sum of each model strain. The joint
solution of Equations (6)–(8) with the adaptive part of Equation (5), respectively, yields the
model creep equation as follows:

ε(t)1 = σ
E1

+ σ
E2

(
1− e−

E2
η1

t
)

,σ < σs1

ε(t)2 = σ
E1

+ σ
E2

(
1− e−

E2
η1

t
)
+ σ−σs1

η2A

(
eAtq − 1

)
,σ ≥ σs1

(9)

2.3. Model 3D Extension

The 1D model considers only axial strain. In practical applications, anthracite coal
is in a multi-directional stress state [40]. The deformation of anthracite coal can be better
reflected by constructing a three-dimensional creep model. Based on the three-dimensional
stress analysis of elastodynamics, the stress state of any unit inside the rock, i.e., the Corsi
stress tensor σij, can be expressed by the stress bias tensor Sij and the stress sphere tensor σm.
Among them, the plastic deformation of any unit body is affected by the stress deflection
tensor, and the volume deformation of any unit body is represented by the stress sphere
tensor σm.

σij = δijσm + Sij, (10)

The strain tensor can be expressed as follows:

εij = δijεm + eij, (11)

where σm and εm denote the stress and strain spherical tensor, Sij and eij denote the stress
and strain bias tensor, and δij is the Kronecker symbol for the unit tensor.

Based on the elasticity mechanics and one-dimensional Hooke’s law, considering the
material as a continuous medium and isotropic, the stress spherical tensor and bias tensor
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are related to the strain spherical tensor and bias tensor, respectively, and the 3D Hooke
body expression as follows: {

σm = 3Kεm
Sij = 2Geij

, (12)

where K and G are the bulk modulus and elastic modulus, respectively, and K = E
3(1−2µ) ,

G = E
2(1+µ) , µ denotes Poisson’s ratio.
During the triaxial test of anthracite coal, the sample is in the condition of equal

surrounding pressure, i.e., the intermediate stress σ22 is equal to the minimum principal
stress σ33; then, the stress spherical tensor and the partial tensor can be expressed as follows:{

σm = 1
3 (σ11 + 2σ33)

Sij =
2
3 (σ11 − σ33)

, (13)

Equations (12)–(14) are substituted into Equation (9) to obtain the creep equation
under the 3D condition, which can be expressed as follows:

ε(t)1 = σ11+2σ33
9K + σ11−σ33

3G1
+ σ11−σ33

3G2

(
1− e−

G2
η1

t
)

,σ11 − σ33 < σs1

ε(t)2 = σ11+2σ33
9K + σ11−σ33

3G1
+ σ11−σ33

3G2

(
1− e−

G2
η1

t
)

+ 2σ11−2σ33−3σs1
3η2A

(
eAtq − 1

)
,σ11 − σ33 ≥ σs1

(14)

3. Creep Experiments
3.1. Equipment and Materials

All the test samples were taken from 0–120 m of the 3112 backwind chute of the
Yangcheng Fuyan Coal Industry, Xiaoxi Coal Industry, Shanxi Province, China. According
to the “Requirements for Engineering Rock Test Samples”, the coal samples were sealed
with cling film after being taken downhole to avoid weathering and dampness. The coal
samples were processed using a ZS-100 drilling and coring machine, an SHM-200 double-
sided smoothing machine, and a DQ-3 automatic rock slicer. To ensure that the parallelism
of the end face was less than 0.02 mm and the flatness of the end face was less than 0.5 mm,
the standard size of the coal sample was φ 50 mm × 100 mm. To study the effect of
damage on anthracite coal creep, the RSM-SY5 intelligent acoustic wave meter was used for
acoustic wave detection of the coal sample, and the sample with a small difference in wave
velocity was selected for subsequent experiments. The wave velocity values were selected
as 2000–2300 m/s to exclude the influence of existing sample cracks on the experimental
results. After sample selection, samples were wrapped with cling film for maintenance.

3.2. Experimental Program

The creep process of anthracite coal was analyzed by considering the damage variables
and the surrounding pressure factors. Among them, the elastic phase has less influence on
the damage of coal samples, and it is necessary to ensure that the coal samples are loaded
within the yield section to produce specific damage. The axial intermittent half-sine loading
wave was used as the loading stress to prepare anthracite samples with different damage
levels. The loading period was 1 s, and different ratios of loading stress time to unloading
stress time indicated different damage variables. The control loading time did not exceed
one-half of the loading period. Thus, with 0.1 s loading and 0.9 s unloading, the damage
variable was 0.11; with 0.2 s loading and 0.8 s unloading, the damage variable was 0.25;
with 0.3 s loading and 0.7 s unloading, the damage variable was 0.43; and with 0.4 s loading
and 0.6 s unloading, the damage variable was 0.67. The ratio of loading and unloading was
controlled between 0 and 1, consistent with the rules for defining the damage variable.

In this test, the MTS815.02 electro-hydraulic servo rock mechanics test system was
used to perform graded-loading creep tests on the samples. The system had basic uniaxial,
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conventional triaxial, and true triaxial test functions to meet the test requirements. The
enclosing pressure was 90% of the peak anthracite stress strength as the total stress, and
the graded equivalence was performed to determine the graded load. The first load level
was 0.3 of the total stress, and the stresses at each level were 3.5 MPa, 4.4 MPa, 5.3 MPa,
6.2 MPa, 7.1 MPa, and 8.0 MPa. The creep preload time for each level was t = 50 h. The
first level of stress in the specimen was loaded to 3.5 MPa under 0.05 MPa/s, and it was
specified that when the axial displacement of the coal sample was <0.001 mm in 5 h, it
reached equilibrium and applied the next level of load until the specimen was deformed
and damaged. We plotted the whole creep axial process under different damage variables,
as shown in Figure 2.
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to obtain the creep curve; (b) the damage variable is 0.25 to obtain the creep curve; (c) the damage
variable is 0.43 to obtain the creep curve; (d) the damage variable is 0.67 to obtain the creep curve.

3.3. Analysis of Experimental Results

As shown in Figure 2, the anthracite exhibited complete creep behavior under the
influence of low-damage variables. It can be seen that the anthracite creep is more stable
in the first five stages as time progresses. The axial strain rises rapidly at the beginning of
creep and gradually stabilizes after 1–3 h, with a slow increase in strain. During this time,
the transient elasticity and elastoplasticity are more apparent, and the nonlinear behavior
is more obscure, but this is very important to produce accelerated creep behavior. In the
last creep stage, the strain rate increases significantly and exhibits an evident nonlinear
characteristic. This phenomenon indicates that as the creep behavior proceeds, the damage
to the internal unit body of anthracite coal accumulates and continuously absorbs external
energy. The energy absorption reaches a critical value, and the damage destruction reaches
a critical value and exhibits macroscopic damage characteristics.
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4. Discussion
4.1. Parameter Fit

This section uses the damage variable D = 0.11 as an example to verify the fractal
order anthracite creep Equation (14) based on the experimental creep data of six stages
in Figure 2a. As shown in Figure 3, by fitting the creep Equation (14) and the fitted data
curves, we can see that the first three stress levels can be compared together, and it is more
evident that the fitted curves are in good agreement with the experimental data. The fitted
correlation reaches 0.99 and above. The nonlinear behavior of the transient deformation
phase, deceleration creep phase, and isokinetic creep phase of creep deformation can be
well characterized. The initial creep phases of levels 4, 5, and 6 are nearly the same. It is
worth noting that the fitted correlation of the last level reaches above 0.94, and the fitted
curve model is more consistent with the experimental data. Comparing the fitted curves
and experimental data, the proposed fractal order creep model can better characterize the
total creep process of anthracite coal and better predict the nonlinear creep behavior of
anthracite coal with time. The presently proposed model has some application value in
predicting the creep strain of anthracite coal under different stress levels. Meanwhile, the
relevant parameters fitted by the model are shown in Table 1, where R2 denotes the fitted
correlation coefficient.
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Figure 3. Model parameters and experimental data fit curve. 
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Figure 3. Model parameters and experimental data fit curve.

Table 1. Parameters of interest for model fitting.

E1(GPa) E2(GPa) η1(GPa·h) η2(GPa·h) A q R2

3.5 MPa 3.2531 3.3471 4.8421 0.995
4.4 MPa 1.8747 7.6149 22.5176 0.990
5.3 MPa 1.6709 9.2784 23.2373 0.993
6.2 MPa 1.7119 9.3656 27.9306 0.974
7.1 MPa 1.4773 9.4258 32.4143 0.977
8.0 MPa 1.3740 16.9105 39.6563 1.6933 0.0354 0.5209 0.945

4.2. Parameter Sensitivity Analysis

In order to better validate the rationality of the proposed model, this section provides
a detailed analysis of the sensitivity of the relevant parameters in the model. It should be
noted that the relevant parameters in the model are based on the Levenberg–Marquardt
(L–M) optimization algorithm for regression inversion, which may not be considered the
best method, but is conventional and reasonable. As shown in Table 1, six model parameters
can be analyzed in detail.

4.2.1. Modulus of Elasticity E1 and E2

The elastic moduli E1 and E2 are the key parameters for the model to undergo transient
and deceleration creep, and they contain specific physical significance. Analyzed from
the functional point of view, this parameter controls the initial creep trend. From the
perspective of damage, this parameter has a particular relationship with each stage of
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damage and describes the evolution of anthracite damage. Figure 4a shows that the elastic
modulus E1 decreases with increasing stress, specifically from 3.2531 to 1.3740. The elastic
modulus E2 increases with increasing stress, from 3.3471 to 16.9105, as shown in Figure 4b.
This can be explained by the increasing transient deformation with increasing stress levels.
The model responds quickly to sudden loading and transitions to the decay creep phase
and isokinetic creep phase.
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4.2.2. Coefficient of Viscosity η1

The viscosity coefficient mainly affects the isokinetic creep phase of the model. From
the perspective of the function, this parameter controls the trend of the isokinetic creep
phase; from the damage point of view, it increases from 4.8421 to 39.6543, reflecting the
accumulation of damage energy. Importantly, it is essential for the model to produce an ac-
celerated creep phase. Figure 5 shows the viscosity coefficient function relationship curve.
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Figure 5. Viscosity coefficient function relationship curve.

4.2.3. Sensitivity of η2, A, and q

In this section, we take the fitted data from Table 1 as reference values and fix two
parameters separately to analyze the degree of variation of individual parameters on the
strain. In Figure 6a, fixing the viscosity coefficient η2 and the order q of 1.6933 and 0.5209,
we analyze the sensitivity of the damage factor A. In Figure 6b, fixing the damage factor
A and order q at 0.05 and 0.5209, we analyze the sensitivity of the viscosity factor η2. In
Figure 6c, the sensitivity of order q is explored by fixing the damage factor A and the
sticking factor η2 at 0.035 and 1.6933, respectively. We see that the viscosity coefficient η2
and the damage factor A mainly affects the time of the model in the isokinetic creep phase,
with a corresponding upward shift of the curve as the correlation coefficient decreases. This
indicates that the parameters affect the time for the model to enter the accelerated creep
phase, and the smaller the parameter, the faster the model enters the accelerated creep
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phase. As shown in Figure 6, the curve shows a clear accelerated creep phase, indicating
that the order q is the main factor that determines the rate of the accelerated creep phase.
The order q has a lesser effect on the transient and decelerating creep phases. All three
parameters have a specific functional relationship with the time and rate of the accelerated
creep phase. This can be explained by the ability of this phase to respond quickly to sudden
changes in model strain. In general, the fitted parameters obtained from the model are
reasonable, and the validity and applicability of the model are also verified.
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4.3. Effect of Different Damage Variables on Initial and Accelerated Creep

To better verify the effects of different damage variables on anthracite creep, we
analyze them in this section. Damage variables are important indicators of the initial and
accelerated creep of anthracite coal. Different damage variables have different effects on
the initial and accelerated creep of anthracite coal. Based on the built-in equations of Origin
software, the relationships between the effects of different damage variables on initial
and accelerated creep were fitted. Figure 7 shows the relationship between initial and
accelerated creep strains of anthracite coal and damage variables. As the damage variable
increases, the initial creep strain of anthracite coal keeps increasing, and the growth rate
decreases. This can be explained by the fact that the damage alters the microstructure of the
internal unitary of the anthracite coal. The larger the initial damage, the more pronounced
the microstructural damage. Under the loading of the initial stress, the microstructure
changes show corresponding changes in macroscopic characteristics. It can be said that the
damage to the internal unitary caused the creep strain of the anthracite coal. Meanwhile,
the accelerated creep-phase strain of anthracite decreases to different degrees with the
increase in damage variables. This can be explained by the fact that under loading at
high stress levels, the energy absorbed by the unitary body is more easily released as the
damage to the internal unitary body of anthracite accumulates. The unitary bodies are
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more likely to cause macroscopic changes earlier, which is important for the characteristics
of macroscopic changes caused by the final accelerated creep stage of anthracite.
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For anthracite’s creep mechanical properties, due to the restrictive experimental con-
ditions, only the damage effects on the initial and accelerated creep stages are analyzed
in this paper. There are still some limitations for complex geological conditions, such as
high moisture and high temperature, being influenced by external human-made effects.
To make the model applicable to various complex conditions, it is necessary to conduct
future studies on anthracite coal under different conditions to make the model simple
and effective.

5. Conclusions

By analyzing the anthracite creep model and the experimental data, we obtain the
following conclusions.

Based on the fractional order theory and the scale transformation method, the fractal
order derivatives are introduced, the Newton body element in the Bingham body is im-
proved, and finally, the anthracite creep model with a fractal damage order is established,
and the anthracite creep equation with damage is derived based on the basic element
obtained.

The experimental creep data for different damage contents under different loading
stresses were obtained through a series of experiments. We find that the initial and acceler-
ated creep of anthracite coal differ with damage contents, and there is a specific functional
relationship between them.

Based on the experimental data, an inverse analysis of the relevant parameters of the
model was carried out. The results showed that the inverse correlation was >0.9, which
proved the reasonability and validity of the model. The sensitivity of the model parameters
was also analyzed, and the results showed that the viscosity coefficient η2 and the damage
factor A control the time of the model entering the accelerated creep phase. The order q
controls the rate of the accelerated creep phase of the model.
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