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Abstract

:

Modeling the nonlinearity of a system is of primary importance both for optimizing its design and for controlling the behavior of physical systems operating with a wide dynamic range of input values, for which the linearity hypothesis may not be sufficient. To become of practical use, the identification of nonlinear models must be accurate and computationally efficient. For these reasons, in recent years, among the numerous models of nonlinear systems that have been proposed in the technical literature, the Hammerstein model has been widely applied as a consequence of the proposal of a new pattern identification technique based on pulse compression, which makes the identification of the model very accurate in numerous applications for which it has been adopted. Hammerstein model identification of a nonlinear system requires characterization of the linear filters present on the different branches of the model. These linear filters, which constitute the parameters of the model to be identified, must be considered with respect to their trends over time or, equivalently, in their frequency trends, as amplitude and phase responses. The identification can be considered accurate if the trends obtained for each filter adequately characterize it for the entire frequency range to which that specific filter is subjected in the normal operation of the system to be identified. This work focuses on this aspect, i.e., on the adequacy of the frequency range for which the filter is identified and on how to obtain correct identification in the entire frequency range of interest. The identification procedure based on exponential swept-sine signals defines these filters in the time domain by making use of intermediate functions that are related to the impulse responses of the model filters through a linear transformation. In this paper, we analyze, in detail, the roles of the bandwidths of both the excitation signal and the matched filter, which are the basis of the procedure, we verify the assumptions made about the amplitudes of their frequency bands, and we propose criteria for defining the bandwidths in order to maximize accuracy in model identification. The experiment performed makes it possible to verify that the proposed procedure avoids possible limitations and significantly improves the quality of the identification results, both if the description is made in the time domain and in the frequency domain.
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1. Introduction


A number of different modeling techniques that are capable of representing the nonlinear behavior of physical devices have been proposed and, for each of these, there are sophisticated techniques for identifying the parameters that characterize the modeling technique.



Modeling techniques of nonlinear devices can be grouped into three main categories that differ in the level of knowledge of the physical phenomenon that is represented in the model itself. The so-called white-box approaches require complete knowledge of the physics governing the nonlinear system [1]. Examples of these techniques are those that define the model of the real physical system by making use of differential equations [2] or wave digital filters [3,4].



The complexity of a physical system often makes it necessary to carry out simplification techniques. Depending on the degree of simplification, the techniques are considered to be part of the grey box or black box approaches. The grey box techniques imply partial knowledge of the physical phenomenon [5,6], for example, in [7,8]; the black box techniques, which in fact are among the most widely adopted, do not require prior knowledge of the physics of the system and the device is defined through its input–output relation [1,9]. In the following, only nonlinear systems of the black box type are considered.



In the case of black box techniques, the most widely adopted model is the Volterra series [10,11]. For practical reasons, the series must be truncated to bring the number of model parameters to a finite number. Even in the case of a truncated Volterra series, the number of coefficients needed to define the model quickly becomes very large as the degree of the model increases. This becomes a serious limitation in that, in practice, it allows this technique to be used only with systems characterized by a limited degree of nonlinearity. Simplified models with respect to the Volterra series have been studied to deal with cases of strong nonlinearities. Among them, the Hammerstein and Wiener models are based on a split between a part of the model representing the dynamics of the response through linear filters, and a part of the model representing the nonlinear part of the response, which is considered static. In this way, these models provide accurate, though less general, representations of nonlinear systems even in the case of high-degree nonlinearities [12,13].



There are numerous techniques in the technical literature for identifying such models [14,15], and in particular, in the case of the Hammerstein model, a technique that has proven to be particularly effective is based on the use of appropriate swept-sine signals as input [16,17,18,19]. This technique has yielded excellent results in numerous application areas, including acoustics and nondestructive testing and evaluation [20,21,22,23].



The excellent results achieved with this identification technique are, however, always related to integral analyses performed in the frequency domain. The results of this identification method appear to be less brillant with regard to the time behavior of the model response, or equivalently of the impulse response of the filters present in the different branches associated with the different orders of the model. Anomalies in the time response are often found, among which the most frequent is related to oscillations at transitions.



Artifacts of this type are known in the technical literature as Gibbs artifacts, and they manifest themselves in the form of spurious oscillations in the time domain response. It is well known that the cause of the occurrence of such spurious oscillations comes from bandwidth limitations of the performed measurements [24,25].



In the present paper, the focus is on the optimization of the Hammerstein’s model identification procedure for the purpose of the optimization of its results as seen in the time domain. To this end, the entire identification procedure is revisited in order to verify the adequacy of the frequency band of each of the components that contribute to the identification procedure. A possible cause of criticality is identified in the choice of the parameters characterizing both the swept-sine signal used as excitation and the corresponding matched filter; the consequent criteria for choosing these parameters to optimize the response of the model even in the time domain are hypothesized.



The proposed solution is verified through experimental tests in simulation; the tests are defined by making use of a simulated nonlinear system so that the expected ideal response is known, and this allows the effectiveness of the proposed solution to be verified. The results of these experiments fully confirm the hypothesis made; consequently, in this paper, we provide clear guidance for choosing the signal parameters to be used in applying the identification procedure.



This paper is organized as follows: In Section 2.1, the Hammerstein’s model of nonlinear systems is briefly described and its identification procedure based on the use of exponential swept-sine signals as input is presented. In Section 2.2, we analyze the identification procedure based on swept-sine signals in the frequency domain and we highlight the features of the identification procedure that have the potential to lead to frequency limitations in the functions describing the responses of the individual filters of the Hammerstein model. We then identify the possible causes of the above limitations and propose a possible solution. In Section 3, we define an experiment to test the reliability of the assumption made about the causes of the limitations in the identification procedure and to identify the characteristics that the exponential swept-sine input signal is required to possess in order to enable accurate characterizations, in both the time and frequency domains of the linear filters present in the Hammerstein model to be identified. In Section 4, we discuss the results obtained. In Section 5, we draw conclusions and indicate possible evolution of the work.




2. Materials and Methods


A system for which the superposition principle is not valid in the relationship between input and output cannot be modeled through the usual methods of representing linear systems, and needs specific models. Historically, the model proposed by Volterra was the first among the representation models of nonlinear systems proposed in the technical literature [10,11]. It can be interpreted as an extension of convolution, i.e., of the input–output relation representing linear systems. The Volterra model, even for minor nonlinearities, is characterized by a very large number of parameters, which makes it extremely complex to define their values that fit the representation of a specific nonlinear system to be identified.



Block-structured models, such as the Wiener model, the Hammerstein model, and their combination, have been proposed as they imply a much lower number of parameters. The Wiener model consists of the sequence of a linear system with memory placed before the nonlinearity of the static type. The Hammerstein model is the reverse of the Wiener model. It consists of a static nonlinearity followed by a dynamic filter representing the memory of the system. The so-called    N H   -order cascade of Hammerstein models also belong to this family, which consists of paralleling    N H    structures, each consisting of a static nonlinearity followed by a dynamic filter. This is the structure shown in Figure 1, and it is the one to which the paper refers in the following section. The identification methods are procedures for defining the parameters of the chosen model in such a way that the model’s input–output behavior is equivalent to that of the nonlinear physical system it is intended to represent.



2.1. Hammerstein Model and Pulse-Compression Identification Procedure


Assume that the representation of the nonlinear system is validly carried out through a Hammerstein model of order    N H   , the schematic description of which is shown in Figure 1. The physical system is designed to operate in the frequency band between    f  M I N     and    f  M A X    .



A specific technique must be followed to identify the Hammerstein structure filter kernels that allow the model to have behavior equivalent to that of the nonlinear system being modeled. Among the identification techniques, those based on correlation involve using a specific input signal to the nonlinear system and analyzing the corresponding outputs of the system to define the individual filter kernels that identify the model. The identification technique based on pulse compression (PuC) belongs to this category [16,17,18,19]; it relies on the ability to define a couple of signals,   x  ( t )    and   ψ  ( t )   , of which one represents the excitation signal and the other the impulse response of the matched filter, respectively. They are defined such that the convolution between the two is the best possible approximation of the mathematical pulse:


  o  ( t )  = x  ( t )  ⊗ ψ  ( t )  ≅ δ  ( t )   



(1)







Since the signals have to be necessarily band limited, their convolution can only approximate the mathematical pulse. If the two signals are chosen in such a way that, in the frequency band from    f  M I N     to the frequency    f  M A X    , the transform of their convolution has a nearly constant magnitude, the time course of this convolution will be of the type [23]:


  f  ( t )  ∝    f  MAX     sin  [  2    π   f    MAX   t  ]  /  [  2    π f    MAX   t  ]  −  f  M I N     sin  [  2  π     f  M I N     t  ]  /  [  2  π     f  M I N     t  ]   



(2)







For the input–output relation of the system, if defined in the time domain, the following expression will hold:


   y H   ( t )  = x  ( t )  ⊗  h 1   ( t )  + x    ( t )   2  ⊗  h 2   ( t )  + … + x    ( t )     N H    ⊗  h   N H     ( t )   



(3)




in which the symbol ⊗ denotes convolution. The    N H    impulsive functions    h i   ( t )    completely characterize the model, and therefore, model identification coincides with the identification of these functions. To apply the PuC procedure for identification, the swept-sine signal of unit amplitude can be adopted as input, described by x   ( t )  = Cos  (  ϕ  ( t )   )   . In this case, the previous equation can be expressed in compact form as:


   y H   ( t )  =    [     [  C o s  (  ϕ  ( t )   )   ]   k   ]   T  ⊗  [  h  ( t )   ]   



(4)




where the entities in square brackets represent vectors;    [  h  ( t )   ]    is the vector of the different kernels    h k   ( t )  ,   k = 1 ,   … ,  N H   ;      [     [  C o s  (  ϕ  ( t )   )   ]   k   ]   T    is the transpose of the vector of powers of the input signal.



The Chebyshev polynomials of the first kind allow the vector of powers of the cosine functions to be expressed through the harmonics of the same functions [26], therefore, the above expression can be rewritten in an alternative form as:


   y H   ( t )  =    [     [   A c   ]    − 1   C o s  (  k   ϕ  ( t )   )   ]   T  ⊗  [  h  ( t )   ]   =     [  C o s  (  k   ϕ  ( t )   )   ]   T  ⊗  [  g  ( t )   ]   



(5)




in which    [   A c   ]    is the matrix of coefficients of the Chebyshev polynomials of the first kind and the vector and    [  g  ( t )   ]    contains    N H    impulsive patterns directly related to the kernels    [  h  ( t )   ]   , through the relation    [  g  ( t )   ]  =    [     [   A c   ]    − 1    ]   T     [  h  ( t )   ]    [19,21]. A comparison of Relations (4) and (5) shows that the output of the Hammerstein model can be expressed alternatively through the sum of the convolutions between the powers of the input signal and the    [  h  ( t )   ]    kernels or through the sum of the convolutions between the harmonics of the cosine functions and the    [  g  ( t )   ]    kernels. The    [  g  ( t )   ]    kernels and the    [  h  ( t )   ]    kernels are related through a linear transformation.



The identification procedure is based on this correspondence between the vectors of the    [  h  ( t )   ]    and    [  g  ( t )   ]   . Let the evolution law of the instantaneous frequency of the swept signal be the exponential type, that is, let   ω  ( t )  = d ϕ  ( t )  / d t = 2      π   f    MIN      Exp   (  t / L  )   , where the constant   L =  T 0  / l n  (   f  M A X   /  f  M I N    )    describes how quickly the frequency changes over time between    f  M I N     and    f  M A X     in a signal whose duration is    T 0   ; then, the kth harmonic of the input signal corresponds to a simple shift of the signal x(t) by the quantity   Δ  t k  = L   l n  ( k )   . In fact:


   f  (  t + Δ  t k   )  =  f  M I N     E x p  [    t + Δ  t k   L   ]  =  f  M I N     E x p  [    t + L   l n  ( k )   L   ]  =    = k    f  M I N     E x p  [  t / L  ]  = k   f  ( t )    



(6)







This property is depicted in Figure 2 and is the basis of the Hammerstein model identification procedure described in [16,17,18,19]. In the particular case where the signal used for pulse compression is a swept sine of the exponential type and if, in addition, the instantaneous phase of the input signal respects some specific constraints, as described in [27], the compression filter, which is characterized by a frequency trend as a function of time that is exactly the same as that of the excitation swept-sine signal, fits not only with the input signal at instant   Δ  t 0   , but also at instants   Δ  t k    with its harmonics of order k produced by the nonlinear system.



The signal    y H   ( t )   , processed through the matched filter   ψ  ( t )   , consists of a sequence of impulsive functions centered in the instants      Δ t   k   ; these impulsive functions coincide with the functions    g k   ( t )   , as it is possible to write:


      u  ( t )  =  y H   ( t )  ⊗   ψ  ( t )  =    [  c o s    [  k ϕ  ( t )   ]   c   ]   T  ⊗  [  g  ( t )   ]  ⊗   ψ  ( t )   =        =  {     [   δ ^   (  t + Δ  t k   )   ]   T   }  ⊗  [  g  ( t )   ]       



(7)




where the kth element of the vector    δ ^   ( t )    is the band-limited approximation of the Dirac delta function. Then, impulsive    g k   ( t )    waveforms are generated at such   Δ  t k    instants. Each of the    g k   ( t )    functions is associated with a specific harmonic generated by the nonlinear system, and the time positions of each    g k   ( t )    in the response of the matched filter indicate the order of the corresponding harmonic. In other words, the function    g k   ( t )    associated with the kth harmonic is present in the output signal to the matched filter and is shifted in time by an amount   Δ  t k    relative to the function    g 0   ( t )    associated with the fundamental harmonic. Then, the functions    g k   ( t )    follow each other in the signal output to the matched filter; and then, each of the    g k   ( t )    functions is simply obtained by windowing the response of the matched filter at a time interval associated with the kth harmonic.



The PuC procedure, in all its phases up to the windowing required to obtain the    g k   ( t )    functions, is schematized in Figure 3. Once the    g k   ( t )    functions have been obtained by taking them at appropriate and known time instants of the signal u(t), the desired    h k   ( t )    functions can be obtained through the simple linear transformation    [  h  ( t )   ]  =    [   A c   ]   T   [  g  ( t )   ]   .




2.2. Discussion on the Pulse-Compression Identification Procedure


In the first part of the present section, we verified, by analyzing the results of an experiment, the actual existence of the problem highlighted in the introduction, that is, the presence of spurious oscillations at the transitions, which alter the quality of the result, especially when considered in its trend over time. In the second part, the procedure leading to the identification of the patterns is analyzed and an interpretation of the highlighted problem is given, thus, also configuring a possible solution.



2.2.1. Limitations in the Identification Procedure


The pulse-compression identification technique has allowed excellent results to be obtained in numerous applications. For example, the results obtained in the estimation of intermodulation distortion carried out by means of a double exponential swept-sine signal [20], or in increasing the sensitivity of defect detection systems in materials by means of non-destructive techniques [21]. A careful analysis of the results, however, shows limitations that, while they do not affect the characteristics of the result in the case of integral-type estimator as, for example, in [21,22], they become significant in the case where there is interest in the time course of the response of the system represented through the nonlinear model. A verification of this statement can be achieved by analyzing the results of a laboratory experiment, the bench of which is shown in Figure 4. The experiment was performed to verify the presence of nonlinear effects in a couple of identical Tx and Rx air-coupled ultrasonic transducers.



The system configuration, shown in Figure 4, consists, in sequence, of a personal computer for measurement management and supervision, a TiePie handyscope HS5 [28] used as an arbitrary waveform generator, a Falco System power amplifier [29], a pair of identical Ultran brand transmit and receive transducers designed to emit in air [30], a TiePie handyscope HS5 used as a data logger, and a personal computer used for data storage.



The ultrasonic probes operate at a center frequency of 200 kHz and allow a maximum input voltage of 150 volts; both probes are of the focused type, with nominal focal distance F = 10 cm. The beam emitted in air by the transmitting piezoelectric transducer is focused at a single point (the focal point); the receiving system detects the signal emitted from a point on the axis of the transducer and placed at a focal distance of 10 cm. The Falco System signal amplification system is used on the signal generation side and has an amplification factor of 50x in the useful band. The resolution adopted in the measurement was 14 bits. The ultrasonic probes were mounted on precision mounts and positioned at a distance of 21 cm, slightly more than twice the focal distance, which proved to be the distance at which the received signal level was found to be maximum.



Figure 5 shows the signal obtained at different stages of processing, starting from the data measured in the laboratory with the measuring bench described in Figure 4. Figure 5a shows the signal picked up by the receiving probe; Figure 5b plots the output of the matched filter, the figure also reports the positions in which the pulses corresponding to the different harmonics deriving from nonlinearity -if present- can be expected (dotted lines at Δδk = L ln(k)); Figure 5c,d report a magnification of the curve in Figure 5b in the neighborhood of the time where the peaks corresponding to the fundamental frequency and to the second harmonic are expected.



Figure 5b,c highlight the aspect described in the Introduction, i.e., the presence of artifacts in the response over time, which manifest themselves in the form of spurious oscillations that are particularly evident in the instants preceding the ideal response attack. Possible causes of such limitations in the identification process will be analyzed in the following section.




2.2.2. PuC Identification Procedure Reformulated in the Frequency Domain to Highlight Its Limitations and Their Causes


The PuC technique of Hammerstein model identification relys on the functions    g i   ( t )    extracted from the response of the matched filter to the exponential swept-sine signal input to the nonlinear system. Let us analyze, in detail, the procedure described in Section 2.1 and reformulate it in the frequency domain.



The procedure makes no reference to limitations in the bandwidth of each of the signals involved, implicitly considering them to have infinite bandwidth (or, in the case of sampled signals, bandwidth up to the Nyquist frequency).



This assumption is not fulfilled in practice. Let the nonlinear system be modeled exactly by an Hammerstein model of order OrdMax. If a sinusoidal signal   s  ( t )   =  C o s  (  ϕ  ( t )   )   =  C o s  (  2    π   f   0  t +  φ 0   )    is used as the input, the output from the model can be represented by the expression:


  u  ( t )  =   ∑   k = 0   O r  d  M a x      H k   ( ω )       [  C o s  (  2    π   f   0  t +  φ 0   )   ]   k   



(8)




where    H k   ( ω )    is the transfer function on the kth branch of the model, and, for generality, the zero frequency component (   f  M I N   = 0  ) is considered. Each of the powers of the cosine function can be represented as a sum of its harmonics. The amplitude of these harmonics, some of which have zero amplitude, are given by the    [   A  − 1    ]    matrix, and the inverse of the matrix of the coefficients of the Chebyshev polynomials, given here in the OrdMax = 4 case:


    [      Cos    [   ω 0  t  ]   0  = 1       Cos    [   ω 0  t  ]   1        Cos    [   ω 0  t  ]   2        Cos    [   ω 0  t  ]   3        Cos    [   ω 0  t  ]   4       ]  =  [   A  − 1    ]  ·    [      Cos  [  0    ω 0  t  ]  = 1       Cos    [  1  ω 0  t  ]        Cos    [  2  ω 0  t  ]        Cos  [  3  ω 0  t  ]        Cos  [  4  ω 0  t  ]       ]  =    [     1   0   0   0   0     0   1   0   0   0       1 2     0     1 2     0   0     0     3 4     0     1 4     0       3 8     0     1 2     0     1 8       ]      ·  [     1      Cos  [  1  ω 0  t  ]        Cos  [  2  ω 0  t  ]        Cos  [  3  ω 0  t  ]        Cos  [  4  ω 0  t  ]       ]    



(9)







This equivalence makes it possible to give an alternative representation of the output signal u(t), again of the additive type, in which the sum is extended to harmonics rather than to powers of the input signal. Expanding each power by means of the    [   A  − 1    ]    matrix and grouping by harmonics rather than by powers gives:


  u  ( t )  =   ∑   i = 0   O r  d  M a x      |   G i   (  i    ω 0   )   |    C o s  (  i   2    π   f   0  t + i    φ 0  +  φ i   (  i    ω 0   )   )   



(10)







The functions    G i   ( ω )   , whose argument is    φ i   ( ω )   , are obtained from the functions    H k   ( ω )    through the relationship that, again in the OrdMax = 4 case, is:


    [       G 1   ( ω )         G 2   ( ω )         G 3   ( ω )         G 4   ( ω )       ]  =    [   A C  − 1    ]   T  ·    [       H 1   ( ω )         H 2   ( ω )         H 3   ( ω )         H 4   ( ω )       ]  =    [     1   0     3 4     0     0     1 2     0     1 2       0   0     1 4     0     0   0   0     1 8       ]  ·    [       H 1   ( ω )         H 2   ( ω )         H 3   ( ω )         H 4   ( ω )       ]    



(11)




where superscript T denotes transposed matrix. In this case, the zero frequency component was not considered. The resulting matrix    [   A  − 1    ]   , deprived of the first row and of the first column, is denoted    [   A C  − 1    ]    as in [19]. The fact that the matrices    [   A  − 1    ]    and      [   A C  − 1    ]   T   , which appear in Equations (10) and (11) and link the functions    H k   ( ω )    and    G i   ( ω )   , are upper triangular, has relevant consequences from the examined perspective, as discussed in the following.



All the above considerations apply both in the case where the input signal is a simple cosine function and in the case where the signal is an exponential swept-sine signal, or any other signal characterized by containing, for each instant of time, a single harmonic component.



In the PuC identification technique of the Hammerstein model, the functions    g i   ( t )    are obtained by the convolution between the matched filter and the exponential swept-sine signal at the input, or with its harmonics generated by the nonlinear system. The band in which each    g i   ( t )    is identified is the frequency band common to the i-th harmonic of the exponential swept-sine input signal and the matched filter. The i-th harmonic of the input signal, under the ideal assumption of product T x B tending to infinity, has components between    i ∗   f  M I N     and    i ∗   f  M A X    . The frequency band in which the    g i   ( t )    is defined is, thus, related to the choices made for the bands of the input signal and those of the corresponding matched filter. Figure 6, Figure 7 and Figure 8 consider some possible cases of choosing the frequency bands of the input signal and of the matched filter, and graphically depict how these choices affect the frequency band in which the    g i   ( t )    functions are identified, in the case where they are estimated by the pulse compression technique. First, let us consider the case in which both the swept-sine signal and the matched filter are defined between    f  M I N     and    f  M A X    ; the situation will be that which, in the case of model order 4, is described in Figure 6. The matched filter, defined between    f  M I N     and    f  M A X    , is represented by the dotted curve in the four correlation lags in which it fits the fundamental frequency, and the second, third, and fourth harmonics. It is evident that, in this manner, the function    g i   ( t )    is represented only up to the frequency    f  M A X     whatever harmonic  i  is considered. It can then be assumed that, if the function    g i   ( t )    being approximated has significant components of the amplitude response beyond    f  M A X    , they will not be identified; by adopting this implementation of the PuC technique, there will be a sudden reduction in the amplitude of the identification result obtained as an approximation of the function    G i   ( ω )   .



Figure 7 represents the superposition between the harmonics and the matched filter in the case where the swept-sine signal is defined between    f  M I N     and    f  M A X     and the matched filter is defined in the frequency range from    f  M I N     to   O r d M a x ∗  f  M A X    . Figure 7 evidences that the frequency bands in which the different    g i   ( t )    functions can be identified are different from each other, with each having the frequency   i ∗  f  M A X     as its upper extreme. It follows that, as shown below, when these    g i   ( t )    functions are adopted to reconstruct the    h k   ( t )    functions that identify the Hammerstein model, the    g i   ( t )    functions combine only partially in the higher frequency ranges, and this is a limitation in the quality of the reconstruction of the    h k   ( t )    functions. This aspect is all the more significant the lower the order k of the    h k   ( t )    function, since, as noted before, the fact that the reconstruction matrices are upper triangular implies that the lower the order k considered for the    H k   ( ω )   , the greater the number of    g i   ( t )    functions that must compose, and in the case that their frequency bands are not the same, it leads to severe limitations in the quality of the result. Finally, Figure 8 shows the situation of the superposition between harmonics and the matched filter in the case in which both the matched filter and the exponential swept-sine input signal are defined in the frequency range from    f  M I N     to   O r d M a x ∗  f  M A X    , i.e., their bandwidths are commensurate with the order of the model adopted. All    g i   ( t )    functions are defined in the same frequency band between    f  M I N     and   O r d M a x ∗  f  M A X    .



In the next section, an experiment is defined to analyze what impact these limitations of the frequency bands in which the different functions    g i   ( t )    are defined have on the estimation of the functions    h k   ( t )    or    H k   ( ω )   , that is, on the identification of the Hammerstein model.






3. Results


The consequences of the aspects that were highlighted in the previous section need to be verified experimentally. To this end, a specific synthetic experiment, described later in this section, was defined to verify the correctness of the observations made in the previous section regarding the bandwidth of the signals involved in the identification step carried out by means of the PuC technique, and to analyze what consequences the choices made on the frequency bands of these signals have on the quality of the Hammerstein model identification result. The choice was made that the simulated nonlinear physical system defined for the experiment was constructed following the exact Hammerstein model. The reason for this choice is that, as a result, the reference transfer functions,    H k   ( ω )   , of each branch, or, equivalently, the corresponding functions,    h k   ( t )   , are known to us. The ideal parameters to which the identification procedure should strive are known. The PuC identification technique is applied to this simulated physical system in order to obtain, through the identification procedure, an estimate of the different branch functions of the model. Knowledge of the ideal reference trend of the    H k   ( ω )    or    h k   ( t )    functions allows us to compare these reference trends with the corresponding trends obtained through the identification technique. Thus, it is possible to verify the impact of different choices of the parameters of the identification procedure on the quality of the result obtained.



The nonlinear physical system was defined by simulating it through a Hammerstein structure. Then, since the ideal functions    h k   ( t )    were known, it was possible to calculate the output corresponding to the exponential swept-sine signal at the input. Through the PuC technique, the      g i   ˜   ( t )    functions were estimated, their equivalent      G i   ˜   ( ω )    functions evaluated in the frequency domain and, from these, the      H k   ˜   ( ω )    functions (and thus the      h k   ˜   ( t )   ). The PuC estimate of the ideal    H k   ( ω )    is obtained through Relation (12), which is the inverse of Relation (11):


    [       H 1   ( ω )         H 2   ( ω )         H 3   ( ω )         H 4   ( ω )       ]  =  [   A C T   ]  ·    [       G 1   ( ω )         G 2   ( ω )         G 3   ( ω )         G 4   ( ω )       ]  =    [     1   0    − 3    0     0   2   0    − 8      0   0   4   0     0   0   0   8     ]    ·  [       G 1   ( ω )         G 2   ( ω )         G 3   ( ω )         G 4   ( ω )       ]    



(12)







A comparison of the amplitude responses of the estimated      H k   ˜   ( ω )    functions obtained from      G i   ˜   ( ω )    by applying (12) on the results obtained in simulation, comparing the moduli, and the ideal    H k   ( ω )    or a comparison of the corresponding time functions    h k   ( t )    and      h k   ˜   ( t )    give us an indication of the effects of the choice of parameters adopted in the PuC identification technique.



The system considered in our simulation experiment is a fifth-order Hammerstein system at the input of which an exponential swept-sine signal was input, sampled at 300 kHz, extending in the frequency range from 300 Hz to 10 kHz, with a growth rate L = 0.16583. Consequently, the exponential swept-sine signal duration from    f  M I N     to    f  M A X     is calculated to be T = 0.5815 [s] while the duration up to the frequency    OrdMax ∗   f  M A X   = 50    kHz    is T = 0.8484 [s].



On the five branches of the nonlinear system simulated through a Hammerstein model, bandpass filters of different types and order were placed: on branches 1, 3, and 5, Butterworth-aligned bandpass filters of orders 6, 4, and 2, respectively; on branches 2 and 4, Chebyshev-aligned bandpass filters of orders 5 and 3, respectively. The cutoff frequencies of all five bandpass filters are 300 Hz and 20 kHz for the lower and upper cutoff frequencies; the high end cutoff frequency is twice    f  M A X    , therefore, that there are significant components of the amplitude responses up to the frequency    OrdMax ∗   f  M A X    . All parameters used to define the simulated system in accordance with Hammerstein model are given in Table 1. The simulations were carried out using the software Mathematica™.



Figure 9 shows, on the first line, the five amplitude responses of the filters that were inserted into the branches of the Hammerstein structure that represent the nonlinear system in the simulation. The second line of Figure 9 shows the corresponding five impulse responses. The curves on the two rows are our references in the frequency and time domains, respectively.



Figure 10 compares the results obtained by applying the PuC procedure of model identification, viewed in terms of estimating the frequency responses of the filters on the five branches of the model itself, according to the three different procedures described above for the choice of frequency bands adopted for the exponential swept-sine signal at the input and for the corresponding matched filter. The three procedures can be summarized as follows: All have as their starting point the frequency range from    f  M I N     to    f  M A X    , within which the nonlinear system must operate. Specifically, for Procedure 1, the exponential swept-sine input test signal is defined in the range from    f  M I N     to    f  M A X     and the matched filter operates in the same frequency range; for Procedure 2, the range of the exponential swept-sine input test signal goes from    f  M I N     to    f  M A X    , while the matched filter covers the frequency range from    f  M I N     to   O r d M a x ∗  f  M A X    ; for Procedure 3, both the exponential swept-sine test signal at the input and the impulse response of the matched filter cover the frequency range from    f  M I N     to   O r d M a x ∗  f  M A X    .



In the case of Procedure 1 (panels “f” to “j”), it is evident that the amplitude response estimation is strictly limited to the maximum frequency    f  M A X     (10 kHz in the experiment) common to the exponential swept-sine signal and the matched filter, and this is in line with what was assumed following the observation of Figure 6.



In the case of Procedure 2 (panels “k” to “o”), the trends exhibit discontinuities at frequency multiple integers of    f  M A X    . For example, panel “k” shows a discontinuity at    f  M A X     (10 kHz) and an additional discontinuity at 3   f  M A X     (30 kHz). The trends between one discontinuity and the next are not in line with the desired ideal trend of the amplitude response (first row). This result confirms two aspects highlighted earlier. It confirms the considerations made in correspondence to Figure 7, which show that, in this case, the different functions,    G i   ( ω )  ,   are characterized in frequency bands that are different from each other, and therefore, only up to    f  M A X     are all the components that must add up present, while in higher frequency bands the lower order functions    G i   ( ω )    are not defined and the combination occurs in the absence of some contributions that would be essential. A second aspect that is evidenced by examining the panels from “k” to “o,” is that only some of the components enter into the combination, as evidenced by the structure of matrix    [   A C T   ]    in Relation (12). The    G i   ( ω )    functions that combine to give rise to the first order function,    H 1   ( ω )   , are all the    G i   ( ω )    components of odd index starting from    G 1   ( ω )   , and thus, the frequencies at which the components will be involved are odd integer multiples of    f  M A X     (10 kHz, 30 kHz, …); for    H k   ( ω )    of higher orders, given the upper triangular structure of the    [   A C T   ]    combination matrix, the    G i   ( ω )    functions that will combine will be those of indices k to OrdMax, and therefore, discontinuities in the combination will occur at higher frequencies. For example, in    H 2   ( ω )  ,   the first discontinuity occurs at 2   f  M A X     (20 kHz) and the next discontinuity occurs at 4   f  M A X     (40 kHz); in the case of    H 3   ( ω )  ,   the first discontinuity is found at 3   f  M A X     (30 kHz) and the next discontinutiy is found at 5   f  M A X     (50 kHz).



In the case of identification Procedure 3 (panels “p” to “t”), the trends faithfully reflect throughout the frequency band of interest the ideal trends. It is evident that the result comes from the combination of several components and, in fact, at frequency multiples of    f  M A X    , small irregularities are found; however, the overall trend is consistent with the ideal reference, and this denotes that there is a correct combination of all the necessary components. The only aspect that merits some further investigation concerns the peak found at the minimum frequency    f  M I N    .



The corresponding result obtained in the time domain is very interesting. For ease of reading, in each of Figure 11a, Figure 12a and Figure 13a are reported the reference trend of each of the three functions    h 1   ( t )   ,    h 2   ( t )  ,   and    h 3   ( t )    considered, respectively, shown as compared with those obtained by the identification Procedures 1, 2, and 3, plotted in Figure 11b–d, Figure 12b–d and Figure 13b–d, respectively.



The considerations can be made cumulatively with reference to the three figures considered. Identification Procedure 1, which involves a significant limitation in the bandwidth of the identified function and an abrupt jump in the amplitude response at    f  M A X    , leads, in all cases considered, to an increase in the duration of the initial peak and to a strongly oscillating trend in the response over time.



In the case of identification Procedure 2, it is not so much the band limitation that makes its effects on the time course, but the irregularities, which are observed in the amplitude response, are reflected in irregularities in the time course and, again, in oscillations in the response.



Only identification Procedure 3, in all the cases considered, provides an adequate ability to regain the time course of the functions considered, and thus, a correct identification of the Hammerstein model in both the time and frequency domains. It can be added that the trends of functions    h 4   ( t )    and    h 5   ( t )    lead to essentially equivalent considerations to those of the three functions    h 1   ( t )   ,    h 2   ( t )  ,   and    h 3   ( t )    shown in Figure 11, Figure 12 and Figure 13, respectively.




4. Discussion


The present work addressed the problem of the quality of the estimation of kernels characterizing the different branches of a Hammerstein model of a nonlinear system, in the case in which such a model is identified through the PuC technique. First, the work was concerned with verifying the real existence of the problem and, in particular, the presence of spurious oscillations at transitions in the time response of the system. To do this, and to verify that this problem is present in real physical devices, an attempt was made to verify the existence of the problem through a laboratory experiment. The experiment involved an ultrasonic system with probes designed to operate in air. An analysis of the results obtained by modeling the real physical system through a Hammerstein model showed that the impulsive responses of the various filters entering into the model’s characterization do indeed exhibit precursors, in the form of oscillations that anticipate the theoretically calculated instant of attack. It was hypothesized that the presence of such oscillations was associated with the Gibbs phenomenon, which motivated us to analyze possible limitations of the frequency band covered by the characterization of the different impulse responses of the filters that constitute the kernels of the Hammerstein model. This analysis of the frequency bands was carried out by rewriting the PuC procedure in the frequency domain and observing how the final result, i.e., the    H k   ( ω )    functions, were obtained by linearly combining the    G i   ( ω )    functions, which, in turn, were obtained through the convolution between the response of the nonlinear system to an exponential swept-sine signal and the filter matched to that signal.



Because of the way the matched filter was defined in the present case (optimized for additive white Gaussian noise), the convolution with the matched filter was equivalent to the correlation function of the response of the nonlinear system with the signal at its input.



If the signal at the input and the matched filter both had infinite bands, the correlation would extend over the entire frequency range; since the bands are limited, the frequency band in which the correlating signals overlap, i.e., the band in which the procedure allows the definition of the    G i   ( ω )    functions, depends on the frequency bands in which the input signal and the matched filter are defined. In addition, it can be observed that the combination of    G i   ( ω )    functions occurs through matrices whose upper triangular structure means that the    H k   ( ω )    functions of low  K  index, which are in most cases energetically more significant, are obtained by combining more    G i   ( ω )    functions than for the    H k   ( ω )    functions of high  K  index. This implies that if    G i   ( ω )    functions are defined in frequency bands that are inconsistent with each other, the    H k   ( ω )    functions that will be most affected will be those that are energetically more significant. Figure 6, Figure 7 and Figure 8 graphically represent the effect of frequency band limitations in the estimation of    G i   ( ω )    functions. An analysis of the schematizations shown in these figures shows that in order for the    G i   ( ω )    functions to ensure that the frequency band covered by the correlation, for all  K  indices, is the necessary one, both the exponential swept-sine signal as input and the matched filter must be defined in the frequency band from    f  M I N     to    OrdMax ∗   f  M A X    .



To verify that the analysis performed was correct, a specific experiment was designed. The experiment had to be able to compare the result obtained through PuC identification with the ideal result. To have such an ideal reference available, we chose to adopt a simulated experiment in which the nonlinear system was realized according to the Hammerstein model scheme. In this way, what kernel trends are expected to be estimated by the PuC identification system were known. The Results section describes the nonlinear system simulator and the results of the identification by means of the PuC procedure. The simulator was realized using a fifth-order Hammerstein system, placing on the five branches in parallel, linear filters whose parameters are given in Table 1, and whose amplitude and impulse responses are shown in Figure 9. Figure 10 shows, in terms of the amplitude responses of the five filters, the comparison between the ideal trends and the trends obtained by adopting the PuC procedure with three different choices of the frequency bands of the input signal and the matched filter. The reported result highlights the correctness of the assumptions made about the necessary bands. Only in the case in which both the exponential swept-sine signal at the input and the corresponding matched filter have frequency band ranging from    f  M I N     to    OrdMax ∗   f  M A X    , are all five amplitude response trends obtained by PuC identification reasonable estimates of the ideal trends across the whole useful band.



Figure 11, Figure 12 and Figure 13 show similar results in the time domain, comparing, in each figure, the ideal impulse responses and those obtained with the three choices of the frequency bands of the input signal and of the corresponding impulse response of the matched filter. Figure 11, Figure 12 and Figure 13 show the comparison of the results over time for the impulse responses    h 1   ( t )   ,    h 2   ( t )  ,   and    h 3   ( t )   , respectively. The time-domain analysis also confirms all the assumptions made. The best approximation always occurs when the chosen frequency bands range from    f  M I N     to    OrdMax ∗   f  M A X     and, in the case of different choices for frequency bands, the trends of the lowest index    h k   ( t )    functions are most strongly affected by this frequency limitation.




5. Conclusions


The present work focused on the quality of Hammerstein model identification, especially in the case in which high quality identification in the time domain is of interest. In this paper, we focused on an aspect observed in experiments, but on which the technical literature had not dwelt, i.e., the frequency band of the impulsive signals that are estimated through the PuC procedure as kernels that characterize the Hammerstein model. The analysis performed showed that the frequency band of the estimated signals was directly related to the frequency band of the exponential swept-sine test signal placed as input in the identification phase and to the band of the impulse response of the matched filter corresponding to that input signal. In the real case, both the test signal placed as input and the filter matched to that input signal are characterized by limited frequency bandwidths. This limitation is reflected in limitations that may not be homogeneous in the frequency bands of the impulsive signals being estimated.



The results obtained confirmed all the assumptions made in the paper. It is intended to continue research in this area to clarify the reason for the peak found at the minimum frequency,    f  M I N    , of the estimated kernels. In addition, we paln to extend this research activity along two lines: The first extension is to apply this criterion for choosing signal bands to some of the applications already addressed with Hammerstein models identified through the PuC technique. The second line of evolution of the research activity will be to test the possibility of defining procedures to improve the kernel estimation where, for practical reasons, it is not possible to extend the bandwidth of the input signal or of the matched filter to the optimal limit, and therefore, to prevent the effects of bandwidth limitations from being uncontrolled, and to test whether it is possible to limit negative effects on model identification.







Funding


The author acknowledges the support of the “Fondazione Cassa di Risparmio di Terni CARIT” for the partial financing of the research through the project “HydroTOUR—Hydrogen Terni Orizzonte Università e Ricerca”.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


The data underlying the results presented in this paper are not publicly available at this time but may be obtained from the author upon reasonable request.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Nelles, O. Nonlinear System Identification: From Classical Approaches to Neural Networks and Fuzzy Models; Springer: Berlin/Heidelberg, Germany, 2013. [Google Scholar]

	



Karimov, T.I.; Butusov, D.; Karimov, A.I. Computer simulation of audio circuits with vacuum tubes. In Proceedings of the IEEE International Conference on Soft Computing and Measurements (SCM), St. Petersburg, Russia, 25–27 May 2016; pp. 114–116. [Google Scholar]

	



Karjalainen, M.; Pakarinen, J. Wave digital simulation of a vacuum-tube amplifier. In Proceedings of the IEEE International Conference on Acoustics Speech and Signal Processing Proceedings, Toulouse, France, 14–19 May 2006; pp. 153–156. [Google Scholar]

	



Dunkel, W.R.; Rest, M.; Werner, K.; Olsen, M.; Smith, J.O. The fender Bassman 5F6-A family of preamplifier circuits—A wave digital filter case study. In Proceedings of the Proceedings of the 19th International Conference on Digital Audio Effects (DAFx-16), Brno, Czech Republic, 5–9 September 2016; pp. 263–270.

	



Romijn, R.; Özkan, L.; Weiland, S.; Ludlage, J.; Marquardt, W. A grey-box modeling approach for the reduction of nonlinear systems. J. Process Control 2008, 18, 906–914. [Google Scholar] [CrossRef]

	



Rogers, T.J.; Holmes, G.R.; Cross, E.J.; Worden, K. On a grey box modelling framework for nonlinear system identification. In Special Topics in Structural Dynamics; Springer: Cham, Switzerland, 2017; Volume 6, pp. 167–178. [Google Scholar]

	



Eichas, F.; Gerat, E.; Zölzer, U. Virtual analog modeling of dynamic range compression systems. In Audio Engineering Society Convention 142; Audio Engineering Society: New York, NY, USA, 2017; pp. 1–10. [Google Scholar]

	



Gerat, E.; Eichas, F.; Zölzer, U. Virtual analog modeling of a UREI 1176LN dynamic range control system. In Audio Engineering Society Convention 143; Audio Engineering Society: New York, NY, USA, 2017; pp. 1–10. [Google Scholar]

	



Buhrmester, V.; Münch, D.; Arens, M. Analysis of explainers of black box deep neural networks for computer vision: A survey. Mach. Learn. Knowl. Extr. 2021, 3, 966–989. [Google Scholar] [CrossRef]

	



Daniell, P.J.; Volterra, V. The theory of functionals and of integral and integro-differential equations. Math. Gaz. 1932, 16, 59. [Google Scholar] [CrossRef]

	



Schetzen, M. The Volterra and Wiener Theories of Non-Linear Systems; Wiley: Hoboken, NJ, USA, 1980. [Google Scholar]

	



Schetzen, M. Nonlinear system modeling based on the Wiener theory. Proc. IEEE 1981, 69, 1557–1573. [Google Scholar] [CrossRef]

	



Narendra, K.S.; Gallman, P.G. An iterative method for the identification of nonlinear systems using a Hammerstein model. IEEE Trans. Automat. Control 1966, 11, 546–550. [Google Scholar] [CrossRef]

	



Qin, S.J.; Badgwell, T.A. An overview of nonlinear model predictive control applications. Nonlinear Model Predict. Control 2000, 26, 369–392. [Google Scholar]

	



Reynders, E. System identification methods for (operational) modal analysis: Review and comparison. Arch. Comput. Methods Eng. 2012, 19, 51–124. [Google Scholar] [CrossRef]

	



Novák, A.; Simon, L.; Kadlec, F.; Lotton, P. Nonlinear system identification using exponential swept-sine signal. IEEE Trans. Instrum. Meas. 2010, 59, 2220–2229. [Google Scholar] [CrossRef]

	



Novak, A.; Maillou, B.; Lotton, P.; Simon, L. Nonparametric identification of nonlinear systems in series. IEEE Trans. Instrum. Meas. 2014, 63, 2220–2229. [Google Scholar] [CrossRef]

	



Farina, A.; Bellini, A.; Armelloni, E. Non-linear convolution: A new approach for the auralization of distorting systems. In Proceedings of the 110th Audio Engineering Society Convention, Amsterdam, The Netherlands, 12–15 May 2001; pp. 1–4. [Google Scholar]

	



Rébillat, M.; Hennequin, R.; Corteel, É.; Katz, B.F.G. Identification of cascade of hammerstein models for the description of nonlinearities in vibrating devices. J. Sound Vib. 2011, 330, 1018–1038. [Google Scholar] [CrossRef]

	



Burrascano, P.; Terenzi, A.; Cecchi, S.; Ciuffetti, M.; Spinsante, S. A Swept-Sine Type Single Measurement to Estimate Intermodulation Distortion in a Dynamic Range of Audio Signal Amplitudes. IEEE Trans. Instrum. Meas. 2021, 70, 1–11. [Google Scholar] [CrossRef]

	



Burrascano, P.; Ciuffetti, M. Early Detection of Defects through the Identification of Distortion Characteristics in Ultrasonic Responses. Mathematics 2021, 9, 850. [Google Scholar] [CrossRef]

	



Burrascano, P.; Ciuffetti, M. Noise Reduction in the Swept Sine Identification Procedure of Nonlinear Systems. Appl. Sci. 2021, 11, 7273. [Google Scholar] [CrossRef]

	



Burrascano, P.; Laureti, S.; Ricci, M.; Senni, L.; Silipigni, G.; Tomasello, R. Reactance Transformation to Improve Range Resolution in Pulse-Compression Detection Systems. In Proceedings of the 2017 40th nternational Conference on Telecommunications and Signal Processing (TSP), Barcelona, Spain, 5–7 July 2017; IEEE: Piscataway, NJ, USA, 2017; pp. 480–483. [Google Scholar]

	



Gibbs, J.W. Letter to the Editor, Fourier’s Series. Nature 1899, 59, 606. [Google Scholar] [CrossRef]

	



Gottlieb, S.; Jung, J.H.; Kim, S. A review of David Gottlieb’s work on the resolution of the Gibbs phenomenon. Commun. Comput. Phys. 2011, 9, 497–519. [Google Scholar] [CrossRef]

	



Mason, J.C.; Handscomb, D.C. Chebyshev Polynomials; CRC Press: Boca Raton, FL, USA, 2002. [Google Scholar]

	



Novak, A.; Lotton, P.; Simon, L. Synchronized Swept-Sine: Theory, Application and Implementation. J. Audio Eng. Soc. 2015, 63, 786–798. [Google Scholar] [CrossRef]

	



Handyscope HS5 USB Oscilloscope. Available online: https://www.tiepie.com/en/usb-oscilloscope/handyscope-hs5 (accessed on 10 January 2023).

	



Falco-Systems High_voltage_amplifier_WMA-300. Available online: https://www.falco-systems.com/High_voltage_amplifier_WMA-300.html (accessed on 10 January 2023).

	



Ultran Point Focused Transducers. Available online: https://ultrangroup.com/products/transducers/non-contact/point-focused-transducers/ (accessed on 10 January 2023).








[image: Applsci 13 01223 g001 550] 





Figure 1. The Hammerstein model. 
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Figure 2. Exponential swept-sine signal at the output of a nonlinear device: (a) Time behavior of the fundamental frequency and of the first two harmonics. Note that the time distance between the frequency of a harmonic and the same frequency seen as the fundamental frequency is independent of the considered frequency; (b) time placement of the    g k   ( t )    functions at the output of the matched filter for the fundamental frequency and for the first harmonics. 
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Figure 3. Schematic description of the PuC processing procedure for Hammerstein model identification. 
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Figure 4. The measurement bench (a) and one of the transducers (b) of the air-coupled ultrasonic transducers experiment. 
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Figure 5. The signal at different stages of processing obtained starting from the data measured in the laboratory with the measuring bench described in Figure 4: (a) Signal received by the Rx probe; (b) output of the matched filter; (c,d) magnifications of the fundamental frequency and 2° harmonic peaks. 
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Figure 6. Frequency overlap in the case in which both the swept-sine signal and the matched filter are defined between    f  M I N     and    f  M A X    . The solid lines represent the swept-sine signal (blue line) its second harmonic (orange line) its third harmonic (green line) and its fourth harmonic (red line). The dotted line represents the frequency band covered by the adapted filter. The four panels represent the cases when the matched filter correlates with (a) the fundamental frequency; (b) the second harmonic; (c) the third harmonic; (d) the fourth harmonic. 
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Figure 7. Frequency overlap in the case in which the Swept-Sine signal is defined between    f  M I N     and    f  M A X     and the matched filter is defined between    f  M I N     and   O r d M a x ∗  f  M A X    . The solid lines represent the swept-sine signal (blue line) its second harmonic (orange line) its third harmonic (green line) and its fourth harmonic (red line). The dotted line represents the frequency band covered by the adapted filter. The four panels represent the cases when the matched filter correlates with (a) the fundamental frequency; (b) the second harmonic; (c) the third harmonic; (d) the fourth harmonic. 
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Figure 8. Frequency overlap in the case in which both the matched filter and the input swept signal range between    f  M I N     and   O r d M a x ∗  f  M A X    . The solid lines represent the swept-sine signal (blue line) its second harmonic (orange line) its third harmonic (green line) and its fourth harmonic (red line). The dotted line represents the frequency band covered by the adapted filter. The four panels represent the cases when the matched filter correlates with (a) the fundamental frequency; (b) the second harmonic; (c) the third harmonic; (d) the fourth harmonic. 






Figure 8. Frequency overlap in the case in which both the matched filter and the input swept signal range between    f  M I N     and   O r d M a x ∗  f  M A X    . The solid lines represent the swept-sine signal (blue line) its second harmonic (orange line) its third harmonic (green line) and its fourth harmonic (red line). The dotted line represents the frequency band covered by the adapted filter. The four panels represent the cases when the matched filter correlates with (a) the fundamental frequency; (b) the second harmonic; (c) the third harmonic; (d) the fourth harmonic.
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Figure 9. Panels from (a–e) show the amplitude responses of the filters on the five branches of the Hammerstein model considered as reference behaviors in the experiment. Panels from (f–j) show the corresponding reference impulse responses. 
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Figure 10. Panels from (a–e) show the reference amplitude responses of the filters on the five branches of the Hammerstein model in the experiment. Panels from (f–j) show the amplitude responses estimated with the Procedure 1 (swept-sine range from    f  M I N     to    f  M A X    ; matched filter range from    f  M I N     to    f  M A X    ). Panels from (k–o) show the result applying Procedure 2 (swept-sine range from    f  M I N     to    f  M A X    ; matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ). Panels from (p–t) show the amplitude responses estimated with the Procedure 3 (swept-sine range from    f  M I N     to   O r d M a x ∗  f  M A X    ; matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ). 
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Figure 11. Function    h 1   ( t )   : Comparison of (a) the reference trend with those obtained by (b) identification Procedure 1 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to    f  M A X    ); (c) identification Procedure 2 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ); (d) identification Procedure 3 (swept-sine range from    f  M I N     to   O r d M a x ∗  f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ). 
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Figure 12. Function    h 2   ( t )   : Comparison of (a) the reference trend with those obtained by (b) identification Procedure 1 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to    f  M A X    ); (c) identification Procedure 2 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ); (d) identification Procedure 3 (swept-sine range from    f  M I N     to   O r d M a x ∗  f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ). 
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Figure 13. Function    h 3   ( t )   : Comparison of (a) the reference trend with those obtained by (b) identification Procedure 1 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to    f  M A X    ); (c) identification Procedure 2 (swept-sine range from    f  M I N     to    f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ); (d) identification Procedure 3 (swept-sine range from    f  M I N     to   O r d M a x ∗  f  M A X     and matched filter range from    f  M I N     to   O r d M a x ∗  f  M A X    ). 
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Table 1. Filter parameters in the five branches of the nonlinear system simulator.






Table 1. Filter parameters in the five branches of the nonlinear system simulator.





	Model Order
	Filter Name
	Filter Alignment
	Filter Order
	Low End Cutoff (Hz)
	High End Cutoff (Hz)





	1
	    H 1   ( ω )    
	Butterworth
	6
	300
	20.000



	2
	    H 2   ( ω )    
	Chebyshev
	5
	300
	20.000



	3
	    H 3   ( ω )    
	Butterworth
	4
	300
	20.000



	4
	    H 4   ( ω )    
	Chebyshev
	3
	300
	20.000



	5
	    H 5   ( ω )    
	Butterworth
	2
	300
	20.000
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