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Abstract: The effects of magnetic fields on electron dynamics, spatially radiated power, and radiation
spectra in tightly focused circularly polarized laser pulses are studied in detail. The laser wavelength
Ao = 1 um. As the pulse width increases from Ag to 6\, the electron dynamics, spatially radiated
power, and spectral properties stabilize, and the benefit that can be enhanced by increasing the pulse
width decreases continuously, i.e., saturation is reached. However, although the benefits are better at
pulse widths equal to 6)Ag, to obtain high-energy, highly collimated X-rays, tightly focused circularly
polarized laser pulses with larger pulse widths is better.
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1. Introduction

Since the advent of chirped pulse amplification in 1985 [1], there has been a major
breakthrough in laser physics. Ultrashort laser pulses are currently the focus of atten-
tion due to their great potential for the study of ultrafast processes as the latest frontier
of international laser science. As an important source of modulated X-rays, ultrashort
ultra-intense laser pulses have also made important contributions to research in modern
astrophysics [2,3], medicine [4-6], nuclear physics [7,8], and archaeology [9].

On the one hand, some researchers pioneered the study of charged particles moving
in electromagnetic waves and constant magnetic fields, known as “self-resonance”. They
found that under certain conditions, the energy of a particle can increase indefinitely. In the
late 1990s and 2000s, Salamin, Faisal, and Keitel proposed the theory that the spectrum of
radiation emitted by electrons in laser fields and uniform magnetic fields [10-12]. Later, Yu
et al. found that backscattered electrons can achieve higher energies than forward-scattered
electrons and analyzed the acceleration of electrons in magnetic fields induced by linearly
polarized laser pulses. They found that the radiation occurs at the higher harmonics of
the cyclotron frequency [13,14]. Later, Gong et al. found that an applied magnetic field
could constrain the motion of electrons [15]. Later, Harjit Singh Ghotra et al. found that
the electron retains the energy for larger distance even after passage of the laser pulse in
a magnetic field [16]. Later, Xie et al. found that by choosing the appropriate fields and
initial momentum of electron, the high frequency part of the Thomson scattering spectra
can reach the frequency range of soft X-ray [17].

In nonlinear Thomson scattering, on the other hand, different parameters of the
incident laser pulse affect the trajectory and radiation properties of the electrons. For
example: different pulse widths [14], different laser intensities [18,19], different initial
positions of the electrons [20], different beam waist radii [21-23].

Nonlinear Thomson scattering refers to the transfer and scattering of energy caused
by the interaction of photons during the interaction between the electron and the intense
laser in Figure 1. This interaction causes the electrons to be forced to vibrate. The vibrating
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electrons radiate electromagnetic waves to their surroundings. In this process, nonlinear
effects cause the frequency, phase, and amplitude of the light to change, resulting in
new properties and effects. In this scheme, Thomson scattering occurs in a strongly
nonlinear regime, and electrons are directly accelerated and wiggled within an intense

=
laser field. Indeed, in that regime, the term —e7 x B of the Lorentz force—negligible at

low intensity—becomes comparable to the —eE component, and the motion is a nonlinear
function of the driving field in addition to becoming relativistic. The electron motion is no
longer harmonic, and the radiation emitted consists of high-order harmonics forming a
broadband spectrum that extends up to the X-ray range. In nonlinear Thomson scattering,
“nonlinear” refers to the situation in which the relationship between the intensity of light
and the electric field in the scattering process does not satisfy linearity. In traditional
scattering theory, the interaction between light and electrons is linear, i.e., the intensity
of light is proportional to the electric field. However, in nonlinear Thomson scattering,
the interaction between light and electrons is nonlinear, and there is a high degree of
nonlinearity between the intensity of light and the electric field [24].
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Figure 1. The schematic diagram of nonlinear Thomson scattering.

Previous work has focused on the study of stationary electrons subjected to tightly
focused laser pulses [18]. The resulting electron radiation collimation is not high enough
and the number of high harmonics is low. Therefore, it is crucial to find a method to
improve the collimation of the electron spatial radiation and to increase the number of
high harmonics.

However, most of the existing work ignores the effect of nonlinear Thomson scattering
on the electrons by various parameters of the incident tightly focused laser pulse in the
presence of an applied magnetic field, which is one of our main aims.

In this paper, the kinetic, spatially radiated power and spectral properties of electrons
in a circularly polarized tightly focused laser field subjected to a magnetic field are studied
for the first time. The effects of different pulse widths on the kinetic properties, spatially
radiated power and spectral properties of electrons are analyzed for a fixed peak amplitude,
beam waist radius and magnetic field size. The effects of a circularly polarized tightly
focused laser field with the same parameters on the kinetic, spatially radiated power
and spectral properties of the electrons in the presence of an applied magnetic field are
also compared. In the presence of an applied magnetic field, the radiative collimation of
electrons is higher and more powerful compared to the unapplied magnetic field. [18] The
superiority of the method is demonstrated.

First, our parameters are described below. The laser wavelength Ay = 1 pm. p = yu
is the electron momentum normalized by mc, u is the electron velocity normalized by the
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speed of light ¢, v is the relativistic factor of the electron, and the time and space coordinates
are normalized by w ! and k™!, respectively. w = 27tc/ A is the circular frequency of the
incident laser, k = 27t/ is the wave number of the laser in the vacuum, and c is the speed
of light (the description of normalization below will be omitted).

It is found that as the pulse width L increases from Ag to 6\, the collimation of its
spatial radiation keeps improving, the stability of the trajectory of the electron motion
keeps increasing, and the wave number of the higher harmonics keeps increasing. When
pulse width L is increased to 6\, the kinetic properties of the electrons, the spatial radiation
power, and the spectral properties tend to stabilize, and increasing the pulse width can
enhance the benefits of decreasing—that is, to reach the saturation state.

2. Materials and Methods

The normalized vector potential of the focused Gaussian pulsed laser electric field
after the applied magnetic field can be expressed as:

—

a= a) [COS((D)? + dsin( o) y} + BOX§
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where ag is the normalized laser amplitude being m%, m and e denote the electron rest
mass and net charge, L and b denote the pulse width and beam waist radius of the laser,

and the phase ¢ can be expressed as: ¢ =1+ @9 — 0 + %2 xR(z),n=z—t p?> =x>+y?
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Relativistic electron motion in a strong laser field is described by the Lorentz equation:
dip=0p+ (uV)p=—-E—-uxB 4)

Combining the above equations, the phase and vector potential can be bi-differentiated
as follows:
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Combining Equations (2)—(6) and the Coulomb norm condition V-a = 0, the decom-
position is developed in a three-dimensional spatial coordinate system, and the spatial
and temporal decomposition of the electron motion is achieved with a set of differential
equations as follows:

ydiux = (1 —us?)dway + uy (dyax — dxay) + - - -

uz(dzax — 0xaz) — UxUydiay — UxU0tay
vduy = (1 - uyz)atay + uy (9xay — dyax) + - - -

u, (0zay — dyay) — UxUydiay — UyU,da, )
ydiug = (1 - u,?)da, + ux(9xay — dzax) + - --

uy (dya, — dzay) — uxudiax — Uyu,diay

dyy = uxdiax + uyatay + uydia,

Electrons performing relativistic accelerated motion will release radiation, and the
power per unit stereo angle of the radiation is calculated as:

ap(y _ [ (7~ ) < dw] [

o N ¥

where the radiated power is normalized by e?w(?/4mc and Q) is the unit stereo angle. The
radiation direction n = sin(0)cos( ) X+ sin(0)sin(¢) ? + cos(0) .Z. tis the delay time
of the electron. The following relationship exists between t" and t:

t=t +Ry—nr (10)

where Ry is the distance between the observation point and the electron and r is the electron
site vector. It is assumed that the observation point is far from the point of interaction
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between the laser and the electron. The intensity of radiation energy per unit stereo angle
per unit frequency interval is

2

d’I o 1 X [(R - 3) X ﬁ} o
dwdQ /_w (1 - R-H)z e dt 11)

where I is the radiation intensity, w is the radiation frequency, d’I/dwd( is normalized by
e2wg?/4mc, s = Wy, /W, Wy, is the frequency of the radiation produced by scattering, and
wy is the laser frequency. The time of the electronic harmonic radiation and the spectral
characteristics can be obtained by solving Equations (9)—(11).

3. Results
3.1. Electron Motion Characteristics

In this section, we will discuss the effects of nonlinear Thomson scattering on electron
motion trajectory, spatial radiation, and spectrum for various parameters of the incident
tightly focused laser pulse in the presence of an applied magnetic field.

Based on the analysis of available data, we conclude that the electron trajectory, spatial
radiation, and spectrum calculated at the peak laser amplitude ag = 5 x 0.85 x 1077AV/1,
beam waist radius by = 4Ao, and magnetic field strength By = 0.3(kT) are more represen-
tative. Ag denotes the initial wavelength of action of the laser pulse, and A = 1 um. The
trajectory, spatial radiation, and spectrum of the electron in the above data are determined
by writing a MATLAB program.

Figure 2 shows the trajectory of the electron at L = 1A, L = 2Ag,L = 3Ao,L = 4Ag,
L = 5Ag,L = 6A¢,L = 10Ag, L = 15Ag, B = 0.3 under the combined effect of the laser pulse
and magnetic field, and L = 6A¢ without the effect of the magnetic field.
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Figure 2. Trajectory diagram of the electron (a) L = A9, B=10.3, (b) L = 2Ag, B=10.3, (c) L = 3,
B=03,(d)L = 4Ny, B=03, (e) L = 50, B=03, (f) L = 679, B=10.3, (g) L = 10Ny, B = 0.3,
(h)L =15A0,B=0.3,(i)) L =6A¢,B=0.
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The radial radii of the electron trajectories are 1, 1, 1.5, 4, 5, 5.5, 6,6, and 1.5, respectively
in each image.

The axes labeled in the figure are the same as in the schematic; the direction of electron
motion is the z-axis, the longitudinal axis is the x-axis, and the diagonal axis is the y-axis.

From Figure 2a-h, we can find that with laser and magnetic fields both acting, the
electrons end up making a stable spiral motion with a specific amount of energy. When
L = Ag, 2Ag, 3Ny, Figure 2a—c, the electron motion trajectory is a spiral that first becomes
larger and then smaller, taking on an olive-like shape. Its final minimal value is a stable
value. Specifically, the radial radii of the electrons are less than 0.4Ag. This is due to the
fact that the gradient between the rising and falling edges of the laser field is larger when
the pulse width is smaller. As a result, the electron is subjected to significant acceleration
and deceleration. The effect of deceleration on the electron is greater than the stabilizing
effect of the magnetic field on the electron motion. Therefore, the electron in the smaller
pulse width will appear in the first half of the olive-shaped and the second half of the
spiral-shaped trajectory.

When 37y < L < 6\, Figure 2d-h, the electron trajectory is a column-like helix, and its
final value is a stable value. This is reflected in the increase of radial radius of the electron,
which reaches saturation after L = 6Ag, and basically becomes stable at 6Ag. This is due to
the fact that the gradient between the rising and falling edges of the laser field is smaller
at larger pulse widths. The acceleration and deceleration of the electrons are weaker. The
effect of deceleration on the electrons is less than the stabilizing effect of the magnetic field
on the electron motion. Therefore, the trajectory of the electron shows a stable spiral.

The radial maximum displacement also differs between the two. When L = A, 2A¢, 3A,
the radial maximum displacement of electrons is less than Ay, while after L > 5A, the
radial maximum displacement of electrons increases with the increase of pulse width L,
and both are greater than 5A¢. This indicates that the magnetic field changes the trajectory
of electron motion significantly.

This is due to the fact that when the pulse width is small, the gradient along the rise
of the laser field is small and sweeps backward over the electron before the energy of
the electron has been increased to a maximum, whereas when the pulse width is large, a
sufficiently a long contact time is sufficient enough to maximize the energy of the electrons.
When the pulse width continues to increase, the radial radius of the back end of the electron
keeps getting larger and gradually remains constant because the gradient at the falling
edge is smaller and the electron loses less energy due to the action of the magnetic field.

In addition, from Figure 2i, we can also see that the final energy of the electron without
the magnetic field after the end of the laser field action is extremely small and close to a
linear motion. Under the action of the laser field, the electron trajectory is helical with a
maximum radial displacement less than Ag. The electron makes a nearly linear motion
along the z-axis after about 10 Rayleigh lengths instead of a distinct helical forward motion.

The shape of the electron trajectory changes because the electrons remain in a stable
spiral shape by the magnetic field even after the laser field action ends. When L > 37, as
the pulse width increases, the time of its influence becomes longer and the distance of the

electron movement in the x and ? directions increase.

Since the magnitude of the magnetic field is also influenced by the position in the
x-direction, the radius of stable rotation of the final helix increases. The trajectory of the
electrons then changes from the previous cut shape to a continuous column.

3.2. Space Radiation Characteristics of Electron

Figure 3 shows the spatial radiation map corresponding to the electron at L = 1A,
L =2Ag,L = 3N\, L = 4Ag,L = 5Ag,L = 6Ag,L = 10Ag,L = 15A¢,L = 6A¢, B = 0.3 under
the combined action of the laser pulse and the magnetic field, where the radiated power of
the electron has been normalized by the maximum radiated power. The parameters of the
laser are the same as above, and the initial state of the electron is stationary.
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Figure 3. Space radiation diagram of electrons (a) L = A9, B=0.3, (b) L = 2Ag, B=0.3, (c) L = 32,
B=03,(d) L = 4\o, B=03, () L = 5\p, B=03, (ff L = 6\, B=0.3, (g) L = 10Xy, B = 0.3,
(h) L = 15Ag, B=0.3, (i) L = 6Ag, B=0.

It can be seen from the figure that the radiation of electrons is concentrated in a
narrow cone in the direction of motion of electrons (Z-axis), and the size of the angle
between the central axis of the cone and the generatrix can be judged by the degree of
energy concentration.

It is worth noting that the electron radiation power in Figure 3 is normalized by the
maximum radiation power of the corresponding parameter itself. The specific values will
be introduced in Section 3.3.

The maximum value of the color bar in the figure is 1, and the minimum value is 0.

We can find that the collimation of spatial radiation radiated by electrons with-
out magnetic field is not strong and vortex-like. In contrast, the collimation of the en-
ergy radiated by electrons under the combined effect of laser and magnetic fields is
significantly better.

Moreover, the collimation of electron radiation is slightly worse when L = Ag, 2Aq, 3Ag
under the combined effect of laser field and applied magnetic field. When L > 3A, the
collimation of the electron radiation improves significantly, i.e., the angle between the
central axis of the cone and the generatrix becomes smaller. We also find that when L > 5),,
the collimation of the electron space radiation does not change much. There is a similarity
with the electron motion trajectory shown in Figure 2.

However, we also find that as L increases, especially when L = 10Ag, 15Ag there
appears an asymmetric in the radiation trajectory of the electrons, and in the positive
direction of the z axes, we find less radiation from the electrons. Therefore, we consider the
best outcome to be when L = 6A.

Since the direction of radiation of an electron is the direction of the velocity of the
electron’s motion [24]. Therefore, the greater the velocity of the electron in the z-axis direc-
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tion compared to the velocity in the x-axis and y-axis directions, the better the collimation
of the electron radiation. Whereas the intensity of electron radiated power is related to
the velocity and acceleration of the electron, I will discuss the maximum electron radiated
power intensity in Section 3.3.

The change of the shape and collimation of the electron space radiation is because
when L = Ay, 2)Ag, 3\ its electron trajectory is an unstable spiral combined with a stable
spiral column. Therefore, its radiation is perturbed by the electron motion trajectory. As
a result, the collimation is slightly poor. When L > 4\, the electron trajectory is a stable
spiral column, the trajectory is stable, so the radiation collimation is better. In contrast, the
electrons without magnetic field are not stable in their trajectory, so the collimation is worse
than the electron radiation under the action of laser field and magnetic field.

3.3. Maximum Radiated Power Angle of Electrons and the Trend of Corresponding Radiated Power

The blue line in Figure 4 is the maximum radiation power angle 8ax corresponding
to the electron in the case of different pulse widths, and we can find its maximum radiation
power angle decreases continuously when L < 6, i.e., the collimation increases; and
when L > 6A, it stabilizes at 3, i.e., it reaches the saturation state. Corresponding to the
result of Figure 3, the change of collimation of radiation is reflected.

22
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Figure 4. Maximum radiated power angle of electrons (blue) and the trend of corresponding radiated
power (red).

The red line in Figure 4 shows the radiated power corresponding to the maximum
radiated power angle Omax for electrons at different pulse widths. We can find that as
the pulse width L increases, the corresponding radiated power tends to rise and reaches
saturation roughly at L = 6Ag. This indicates that as the radiation collimation is enhanced,
the power released from it also increases and finally reaches saturation at L = 6A¢. Corre-
sponding to the result of Figure 3, the variation of the magnitude of the radiated power
is reflected.

The reason why there is a situation such as the red line in the figure above is that
when the pulse width L is small, the contact time between the laser field and the electrons
is short, and the energy of the laser field can’t all be transferred to the electrons, so that
the maximum radiated power of the electrons at the radiated power of the power is small.
As the pulse width increases, the contact time between the laser field and the electrons
becomes longer, and all the energy is transferred to the electrons, so the radiated power of
the electrons reaches saturation.

3.4. Spectral Characteristics of Electron Radiation

Figure 5 shows the corresponding spectrum of electrons at the maximum radiation
power angle (6 max’ @max) with the same parameter settings as above. Figure 5a—h show
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the effect of laser pulses with different pulse widths on the higher harmonics of the
electron radiation.
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Figure 5. Spectral characteristics of electron radiation (a) L = A9, B = 0.3, (b) L = 2A¢, B =0.3,
()L =32, B=03,(d)L =47, B=0.3,(e) L = 5Ap, B=0.3, (f) L = 6A¢, B=10.3, (g) L = 104,
B=0.3, (h)L =15\, B=0.3, (i) L = 6)¢, B =0.



Appl. Sci. 2023,13,11710

10 0f 13

The maximum horizontal coordinates in the graph are: a, b: 1000; ¢, d: 1500; e, g,
h: 200; f: 3000; i: 200.

The maximum vertical coordinates in the graph are: a: 1400; b: 7000; c: 12,000;
d: 9 x 10%; e: 2.5 x 10% g: 1.8 x 107; h: 1.2 x 10°; f: 31.5 x 10°; i: 5000.

Firstly, observing Figure 5 from the perspective of the distribution of energy, we can
easily see that for electrons in an applied magnetic field, its higher harmonics of the electron
radiation reach a tenth of the peak energy at 500w, when the pulse width of the laser
pulse is L = Ag,2Ag,3Ag. And as the pulse width of the laser pulse increases, the higher
harmonics of the electron radiation increase. When L = 4A,, the higher harmonics of the
electron radiation reach a tenth of the peak energy at 800wy.

When L > 6, the situation is similar to the one mentioned earlier, the electrons reach
saturation, and the higher harmonics of the electron radiation are almost constant, both
reaching a tenth of the peak energy at about 2000w,. However, the special point is that at
L = 6\, the electron’s higher harmonics of the electron radiation do not reach a tenth of
the peak energy until 2600 wy. This indicates that the electron’s high harmonics increase
until saturation (L = 6Ag) under the combined effect of the tightly focused laser pulse and
the magnetic field, and the best case is at L = 6A¢. We can assume that the tightly focused
laser pulse with L = 6Ag works best.

For the electron without the applied magnetic field, Figure 5i, its higher harmonics
of the electron radiation reach a tenth of the peak energy at only 150wy. This indicates
the superiority of the method of modulating X-rays using an applied magnetic field com-
pared to the conventional method, which has abilities that the conventional method does
not have.

Furthermore, observing from the perspective of the distribution of energy magnitudes,
we can find that the maximum energy of the electrons increases as the laser pulse L increases,
from 1200 at L = Ag to about 1.8 x 107 at L = 6A\g. However, when L = 107, 15)¢, the
higher harmonics of the electron radiation instead decrease to 1.1 x 107 and 1.4 x 107,
respectively. This also corresponds to the conclusion above that tightly focused laser pulses
at L = 6\ work best.

It is due to the fact that as the spatial radiation collimation of electrons increases, at
the maximum radiated power angle, we can observe more spectrums of electron radiation
of different angles. While the spectrum on the maximum radiation power angle and the
spectrum on the other azimuthal angles for superposition, resulting in higher harmonics of
the electron radiation on the high wy still have higher energy. That is to say, originally, the
energy on different orientation has its fixed main frequency. When the spatial radiation
collimation of electrons is improved, the spectrum on different orientation can be observed
at the same time, forming the spectrum that can be observed in Figure 5a-h. Therefore,
because of the asymmetry of the electrons in Figure 3 at pulse widths L = 10Aq, 157,
the higher harmonic energy of the electrons is low and decreases quickly. Because the
collimation of electrons in Figure 3 increases at pulse widths L = 4Ag ~ 6A, the higher
harmonics of the electron radiation show approximately the same shape but with different
magnitudes and distributions of energy. When L =2y ~ 3A, the electrons are less
affected by the magnetic field, and the trajectory and spatial radiation of the electrons
are approximately the same as the state without the magnetic field, so the shape of the
spectrum does not change much [25], although the magnitude of the energy still has a
significant increase.

3.5. Spectral Characteristics of Electron Radiation (2)

Figure 6 shows the spectrum of electrons under the influence of the corresponding
radiated power angle 0 with the same parameter settings as above. Figure 6a—h show the
effect of laser pulses with different pulse widths on the higher harmonics of the electron
radiation and spatial distribution of the electrons.
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The maximum vertical coordinates in the graph are: a, b, ¢, d, ¢, £, g, h: 3000; i: 1500.

Observing the figure from the perspective of energy distribution, it is easy to see
that for electrons with an applied magnetic field, its spectrum becomes wider and wider
when the pulse width of the laser pulse L = Ag, 2Ag, 37, 4Ag, 5Ag. At the same time, the
collimation of the spatial distribution increases, as the maximum energy also roughly
reaches 1 x 10°. When L = 61, 107, 15, the spatial distribution collimation of electrons
decreases. However, the distribution of its higher harmonics of the electron radiation is
different. For example, when L = 6, although its radiated power angle at the maximum
of the highest harmonic, i.e., the maximum radiated power angle Omayx is small, but the
radiated power angle at the lower of the higher harmonic still has about 18°. While
L = 15\, there is no such problem; the radiation power angle and the maximum radiation
power angle are almost the same. That is, there are no some smaller interference sources.

However, when observing Figure 6i, we find that the higher harmonics of the electron
radiation are extremely small, the energy is also extremely low, and the spatial collimation
is extremely poor. This also reflects the superiority of the X-ray modulation method by an
applied magnetic field.
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4. Conclusions

From the perspective of electron dynamics analysis, electrons in the smaller pulse
width of the impact of the trajectory are relatively small because of the smaller role of
the magnetic field, so the trajectory for the larger and then the smaller spiral is finally
stabilized at a stable value. The larger pulse width tends to stabilize the spiral column.
The spatial radiation properties of the electron also correspond to the trajectory of the
electron. Collimation is poor at smaller pulse widths, while as the pulse width increases,
the maximum radiated power angle stabilizes and collimation becomes better. When
the pulse width is greater than 6Ay, the spatial radiation of the electrons appears to be
asymmetric. The spectral characteristics of the electron radiation are also roughly the same
as the first two characteristics and are optimal when the pulse width is equal to 6Ag. When
the pulse width is small, there is less influence of the magnetic field, and the spectrum is
approximately the same as that without the magnetic field, while its repeatability increases
as the pulse width increases due to the predominance of the magnetic field and less
influence of the tightly focused laser field. The maximum value of the spectral energy
is greatest when the pulse width is equal to 6Ag because the collimation is best and the
corresponding radiation is available in all directions. When the pulse width is greater than
6Ag, the asymmetry increases and the maximum value of the corresponding spectral energy
decreases more quickly.

Therefore, in order to obtain high-energy, highly collimated X-rays with a given laser
pulse beam radius and peak laser amplitude, modulation can be performed by applying
a magnetic field and increasing the pulse width. The resulting X-rays not only increase
tremendously in energy but also become highly collimated. However, it should be noted
that although the collimation of the radiation and the magnitude of the radiated power
are optimal at a pulse width of 6, some small sources of interference can be found in
the X-rays corresponding to L = 6A¢ in Figure 6.This leads to the fact that although the
maximum power angle of the X-rays at L = 6A¢ is extremely small, the actual maximum
value of 0 is still not the minimum. Therefore, if we need X-rays with excellent collimation,
it is better to use X-rays with a pulse width L = 15A¢ modulation. The maximum value of
the corresponding spatial power angle at this point is the smallest, i.e., the best collimation.

This gives us a good way to use nonlinear Thomson scattering for scientific experi-
ments and some potential applications of modulated X-rays.
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