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Abstract: The aim of this paper is the development of a qualitative understanding of thermal hystere-
sis, namely the difference between the melting Tm and solidification Ts temperatures of nanoparticles
as a function of the particle size. In contrast to the melting temperature, the determination of the
absolute value of the solidification temperature for nanoparticles is generally more difficult and
subjected to significant uncertainties. In this study, we implemented a very generic approach based
on classical nucleation theory and define the thermal hysteresis for a nanoparticle relative to its value
for a much larger ‘reference’ particle made of the same material. The obtained thermal hysteresis
is found to vanish when decreasing the nanoparticle size. The approach is illustrated using the
examples of gold, bismuth, and platinum nanoparticles.
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1. Introduction

The melting of nanoparticles (NPs) has been widely studied both experimentally
and theoretically [1–8]. It has been well established that the melting temperatures of NPs
decrease when their size decreases, and this fact has been explained through a number
of models (see the review presented in [9]). Almost all of these models approximate
the particle shape using an ideal sphere with a radius R. The size-dependent melting
temperature Tm can then be written in the generic form:

Tm = Tb ·
(

1− X
R

)
(1)

Where Tb is the melting temperature of the bulk, and the quantity X depends on the
model. The simplest model is based on the condition for thermodynamic equilibrium at
melting temperature Tm for the particle in solid (S) and liquid (L) states, which implies
phase coexistence. Formally, this entails an equivalence of the corresponding atomic
(molecular) chemical potentials µS = µL. The latter are determined from the corresponding
free energies

FS =
4π

3
RS

3nS(−ES − T · SS) + 4πR2
SγS, FL =

4π

3
R3

LnL(−EL − T · SL) + 4πR2
LγL (2)

where nS,L are the atomic concentrations; ES,L and SS,L are the atomic cohesive energies
and entropies, respectively; γS,L are the surface energies of the corresponding states; and T
is the temperature. At T = Tm, the condition µS = µL results in

∆E− Tm · ∆S− 2∆γ

nLR
= 0→ Tm =

∆E
∆S

(
1− 2∆γ

∆EnLR

)
(3)

where R ≡ RL, ∆E = ES − EL, ∆S = SL − SS, and ∆γ = γS(nL/nS)
2/3 − γL. Assum-

ing that the factor ∆E/∆S can be replaced with its asymptotic value at R→ ∞ , namely,
∆E/∆S = Tb, we obtain an expression similar to that given in Equation (1).

In contrast to melting, the solidification of particles is a highly non-equilibrium process
initiated from a solid nucleus formed inside the particle bulk due to some degree of
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fluctuation. Once the nucleus exceeds the critical size, it can grow further into the rest
of the particle. Such a process is characterized by a certain energy barrier and can be
described according to classical nucleation theory (CNT) [10,11]. The key parameter in the
solidification process within the CNT is the nucleation probability

P(R, Ts) = N(R)M0 · exp
(
−∆FN(R, Ts)

kBTs

)
= exp

(
−∆FN(R, Ts)

kBTs
+ ln(N(R) ·M0)

)
(4)

where ∆FN(R, Ts) is the nucleation barrier, i.e., the free energy barrier for the formation
of the critical solid nucleus inside the liquid particle of radius R, and kB is the Boltzman
factor. The factor N(R) = 4/3 · πR3/v is the number of nucleation sites, while v is the
characteristic volume of the nucleation site. The factor M0 incorporates Zeldovich’s factor
and the attempt frequency to overcome the nucleation barrier and is assumed to be constant
in the current context. The probabilistic nature of the solidification process results in a
significant variation in the solidification temperature [12–17] and significantly hampers
its theoretical predictions [18,19]. As a result, there is currently no clear picture of the size
dependence of thermal hysteresis in nanoparticles.

This study presents an attempt to qualitatively understand the behavior of thermal
hysteresis in the melting–solidification of NPs as a function of particle radius.

2. Results and Discussion

The probabilistic nature of material solidification means that the liquid-to-solid trans-
formation is determined by the probability of forming a large enough (critical) solid nucleus
inside the liquid bulk, which then grows further through the entire system (in our case,
particles). Such a nucleation probability in the CNT is presented in Equation (4) and is
proportional to the number of sites at which the nucleus can be formed (nucleation sites)
and the frequency with which the nucleus at a given nucleation site is attempted to be
generated. The probability of forming the critical nucleus in a single attempt is given by
the Boltzmann-type exponential factor in Equation (4), wherein the activation energy is
represented by the free energy difference (the nucleation barrier) between the two states of
the particle: one containing the critical solid nucleus in the liquid particle, and the other is
just the liquid particle. The nucleation barrier depends on several parameters, including the
surface energy, which is different for liquid and solid particles; the solid–liquid interface
energy; and the energy density freed upon solidification (heat of fusion).

In relation to the dependence on size, the solidification of particles is controlled by
two factors: (i) the number of nucleation sites and (ii) the nucleation barrier. The size
dependence of the former is relatively clear provided that the nucleation site’s volume is
independent of and small compared to the particle volume. In contrast, the size dependence
of the nucleation barrier is less obvious, as illustrated by the analysis below.

2.1. Analysis of NP Solidification

The solidification processes in the NPs of different sizes can be analyzed within the
CNT on the basis of an equal nucleation probability, i.e., P(R, T) = Const. This means that
by choosing a reference particle of a radius R0 and a solidification temperature Ts0 and
equating the nucleation probabilities

P(R, Ts) = P(R0, Ts0) (5)

we can express the solidification parameters for the NPs of a radius R in terms of those for
the reference particle. The solidification of the NPs proceeds from the formation of a solid
nucleus of a radius x. To implement Equation (2), we require a suitable expression for the
nucleation barrier ∆FN(R, Ts). As the surface energy for the solid state is always higher
than that for the liquid state, we can assume that the solid nucleus is always surrounded by
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liquid to minimize the energy of the particle. Assuming (for simplicity) that the nucleus is
formed in the NP’s center, the excess free energy associated with it takes the form

∆FN (R, Ts, x) ≈ 4π

3
x3nS

(
−∆E + Ts · ∆S− ∆n

nS

2γL
3nLR

)
+ 4πx2γSL (6)

where γSL is the solid–liquid interface energy, ∆n = nS − nL. The change in entropy
upon melting ∆S as expressed using Equation (3) depends on the NP radius R; namely, it
decreases when decreasing R. By substituting it into Equation (6), we obtain

∆FN (R, T, x) ≈ 4π

3
x3nS∆E

(
−δ ·

(
1− α

R

)
− α

R

(
1 +

γL
∆γ

∆n
nS

))
+ 4πx2γSL (7)

where δ = 1− Ts/Tm , α = 2∆γ/(nL∆E), and ∆n = nS − nL. The parameter δ denotes
relative thermal hysteresis for the NP. The nucleation barrier is defined as ∆F(R, Ts, x = xm),

where xm = 2γSL ·
[
nS∆E

(
δ ·
(
1− α

R
)
+ α

R

(
1 + γL

∆γ
∆n
nS

))]−1
, and is equal to

∆FN(R, Ts) ≈
2π

3
(2γSL)

3

(∆E)2n2
S

(
δ ·
(
1− α

R
)
+ α

R

(
1 + γL

∆γ
∆n
nS

))2 (8)

It is worth pointing out that considering 0<δ<< 1, the nucleation barrier given by
Equation (8) decreases with a decreasing particle radius.

To study the solidification of NPs as a function of their size, we use Equation (5) for
the reference particle with the radius R0, which is large enough that the terms ∼ 1/R0 in
the corresponding nucleation barrier can be neglected. By substituting Equation (4) into
Equation (5), for which ∆FN(R, Ts) has been given by Equation (8), and omitting the terms
that are identical for both actual and reference particles, we obtain

− 4π

3
α2(1− λ)2

β(1− δ) ·
(
δ ·
(
1− α

R
)
+ α

R (1 + 6.7λ)
)2 + 3 ln(R) ≈ − 4π

3
α2

0(1− λ)2

β0(1− δ0)δ2
0
+ 3 ln(R0) (9)

where β = kBTm/γSL, β0 = kBTs0/γSL0, α0 = 2∆γ0/(nL∆E0), λ = 1− nL/nS, and the
parameters with ‘0’ in the subscript correspond to the reference particle with the melting
temperature Tm0 and solidification temperature Ts0, i.e., for which relative thermal hys-
teresis δ0 = 1− Ts0/Tm0. The logarithmic terms represent the R-dependent fractions of
the nucleation sites’ numbers. For illustrative purposes, in Equation (9), we also assumed
that ∆γ ≈ γSL ≈ 0.15γL [20]. Besides the melting temperature for the NPs, the energy
parameters ∆E, ∆γ, and γSL also depend on the particle radius R. Some of their ratios,
however, can be considered constants. For instance, a further simplification of Equation (9)
can be performed if we define α ≈ α0 and β ≈ β0 [21,22]. Then, the ultimate equation for
the relative thermal hysteresis δ reduces to

(1− δ)
(

δ ·
(

1− α0

R

)
+

α0

R
(1 + 6.7λ)

)2
− (1− δ0)δ

2
0

1− B
≈ 0, B =

9(1− δ0)δ
2
0 β0

4πα2
0(1− λ)2 ln

(
R0

R

)
(10)

2.2. Thermal Hysteresis

The value of the parameter δ0 can be defined as equal to that for the bulk; for most
simple metals, it is close to 0.17 [12,13,23,24]. Notably, decreasing δ0 to 0.1 (which is typical
for a SnAgCu alloy [25]) does not change the qualitative behavior of δ as a function of R. To
qualitatively understand the role of the parameters α0 and β0 in the present context of the
relative thermal hysteresis, Equation (10) was solved numerically for nS ≈ nL = 40 nm−3,
defining the reference particle radius as R0 = 50 µ. The results calculated for a number
of α0 and β0 values are presented in Figure 1. According to the figure, the value of
relative thermal hysteresis slightly increases when the particle radius decreases in the range
of 50–0.5 µ. A similar trend was observed for the SnAgCu alloy when the particle size
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decreased in the range of 500–100 µ [15]. In contrast, in the region of low R, the decrease in
R results in a steep decrease in δ for all the parameter values analyzed herein. This thermal
hysteresis behavior can be qualitatively explained by recalling that to maintain a constant
nucleation probability (Equation (4)), the decrease in the number of nucleation sites (the
term 3 ln(R) in Equation (9)) must be compensated for by the decrease in the nucleation
barrier ∆FN(R, Ts). To demonstrate the nucleation barrier can be decreased, it is convenient
to represent ∆FN(R, Ts) in Equation (9) for λ ≈ 0 in the two extreme cases.
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Figure 1. Relative thermal hysteresis as a function of the NP radius calculated by numerically solving
Equation (10) for λ = 0 and for different values of α0 [nm] and β0[nm2]: 1—α0 = 0.2, β0 = 0.1;
2—α0 = 0.3, β0 = 0.1; 3—α0 = 0.4, β0 = 0.1; 4—α0 = 0.3, β0 = 0.05; 5—α0 = 0.3, β0 = 0.2.

(i) ∆FN(R, Ts) ≈
4π

3
α0

2

β0(1− δ) · δ2 , R > 500 nm (11)

(ii) ∆FN(R, Ts) ≈
4π

3
α0

2

β0(1− δ) ·
(
δ ·
(
1− α0

R
)
+ α0

R
)2 , R < 10 nm (12)

According to Equation (11), a decrease in ∆FN(R, Ts) can be only achieved by increas-
ing the value of δ. In the extreme case (ii), the logarithmic term in Equation (9) shows a very
steep decrease when x increases (decreasing R). To compensate for this decrease, the corre-
sponding nucleation barrier given by Equation (12) must also decrease by a commensurably
steep decrease in δ.

To illustrate the relative thermal hysteresis behavior provided in Equation (10) with
respect to real metals, we solved this equation for Bi, Au, and Pt NPs using available data
for the latent heat of melting and surface energies [23,26,27]. According to Figure 2, a
rather similar relative hysteresis behavior is observed for the Pt and Au particles, which
show almost no increase at large particle sizes and a steep decrease to zero at R values of
2 and 3 nm, respectively.
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Figure 2. Relative thermal hysteresis as a function of the NP radius calculated by numerically solving
Equation (10) for Bi: α0 = 0.234, β0 = 0.124, λ = −0.033 , Au: α0 = 0.37, β0 = 0.08, λ = 0.06,
Pt: α0 = 0.29, β0 = 0.087, λ = 0.02. Insert: solid line denotes the solution from Equation (10) with
respect to Palladium (Pd) with δ0 = 0.28, α0 = 0.32, β0 = 0.087, λ = 0. Symbols are the results
calculated using the values of melting and solidification temperatures for nanoparticles obtained by
molecular dynamics simulations [28].

In contrast, the behavior of δ(R) for the Bi particles shows a noticeable increase with a
decreasing R in the range of R > 30 nm and a steep decrease for smaller radii. Interestingly,
the NP melting temperatures of the corresponding materials show a noticeable decrease
in the same ranges of R values as those of δ. The available experimental data for thermal
hysteresis in NPs are rather ambiguous, in some cases showing a significant decrease at low
R values, which is in agreement with our numerical results [29]. A more quantitative verifi-
cation of the proposed analytical approach can be performed by comparing its predictions
with the results of numerical simulations, as illustrated in the insert in Figure 2 wherein
Palladium is used as an example. As one can see, the relative hysteresis calculated using the
simulated melting–solidification temperatures [28] (symbols) is quite closely approximated
by the analytical curve obtained by solving Equation (10). Direct evidence of the decreased
nucleation barrier, and hence thermal hysteresis for small NPs, can be found by observing
the phase fluctuation in the Bi NPs under continuous electron beam illumination [16].

The presented analysis is based on several assumptions, which may restrict its ap-
plicability. The main assumption is that solidification can be described within a CNT for
all particles in the size range of interest. An additional assumption about the nucleation
probability is that the nucleation site volume v is independent of the particle size, which is
true if the latter is large enough compared to v. Very little is known about the nucleation
site volume in real systems. It is most likely that its size is of the order of a few interatomic
distances, in which case the above assumptions seem to be realistic for nanoparticles with
a radius over 1 nm. This can be applicable to particles made of pure metals and alloys
provided that the alloy composition is homogeneous throughout the particles. Thus, we
may conclude that the predicted size dependence of thermal hysteresis can be observed for
particles made of these materials.

3. Conclusions

Using classical nucleation theory under the condition of the same nucleation probabil-
ity for particles of different sizes, we analyzed relative thermal hysteresis δ = 1− Ts/Tm
with respect to the melting–solidification of particles. It has been found that δ exhibits
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two trends upon decreasing the particle size: (i) a moderate increase for relatively large,
greater-than-micron-sized particles, and (ii) a subsequent steep decrease for much smaller
particles in the size range of nanometers. It has been shown that this trend (i) is due to
a decrease in the number of nucleation sites upon decreasing the particle volume. The
second trend (ii) is associated with the decrease in the nucleation barrier in the sufficiently
small particles. Qualitatively, this latter decrease can be explained in terms of the increasing
relative contribution of the surface energy to the entropy change associated with the parti-
cles’ melting–solidification processes. Despite a rather simplified description of the particle
solidification process, the obtained numerical results (in some cases) show a qualitative
agreement with the available simulation data and experimental studies. The predicted
decrease in thermal hysteresis in small nanoparticles can be interpreted in terms of a vanish-
ing nucleation barrier, which may result in the random fluctuation of the particles between
liquid and solid states. If experimentally realized for a large enough ensemble of similar
nanoparticles, such an effect may be interesting for practical applications.
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