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Abstract: This paper presents a Markov chain random carrier frequency modulation (MRCFM)
technique for suppressing sideband vibro-acoustic responses caused by discontinuous pulse-width
modulation (DPWM) in permanent magnet synchronous motors (PMSMs) for new energy vehicles.
Firstly, the spectral and order distributions of the sideband current harmonics and radial electro-
magnetic forces introduced by DPWM are characterized and identified. Then, the principle and
implementation method of three-state Markov chain random number generation are proposed, and
particle swarm optimization (PSO) algorithm is chosen to quickly find the key parameters of transition
probability and random gain. A Simulink and JMAG multi-physics field co-simulation model is built
to simulate and predict the suppression effect of the MRCFM method on the sideband vibro-acoustic
response. Finally, a 12-slot-10-pole PMSM test platform is built for experimental testing. The results
show that the sideband current harmonics and vibro-acoustic response are effectively suppressed
after the optimization of Markov chain algorithm. The constructed multi-physics field co-simulation
model can accurately predict the amplitude characteristics of the sideband current harmonics and
vibro-acoustic response.

Keywords: permanent magnet synchronous motor; Markov chain random carrier frequency
modulation; multi-physics field co-simulation model; sideband current harmonic; vibro-acoustics
control; discontinuous pulse-width modulation

1. Introduction

In recent years, by virtue of their high efficiency, high reliability and superior speed
regulation performance, permanent magnet synchronous motors (PMSMs) have been
widely used in the development of new energy vehicles [1,2]. The drive system of a
PMSM typically uses the voltage source inverter (VSI) as the hardware-based control sys-
tem [3]. However, the VSI drive makes the motor line voltage and phase current rich
in harmonic components [4,5]. Usually, conventional pulse-width modulation (PWM)
techniques employ fixed carrier frequency modulation, resulting in the sideband harmonic
current spectrum concentrated in the carrier frequency and its multiples [6–8], thereby caus-
ing a high-frequency, uncomfortable “whistling” radiated from the motor [9], presenting a
challenge to the vehicle’s noise, vibration and harshness (NVH) performance [10].

In order to effectively suppress the harmonic components of sidebands, many scholars,
both domestic and abroad, have conducted research on optimizing the harmonic current of
the inverter. Cassat et al. [11] analyzed the current’s harmonic characteristics introduced
by PWM and derived the corresponding analytical model of radial electromagnetic force.
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Tsoumas et al. [12] investigated the basic characteristics of on-line and off-line PWM tech-
niques and their effects on the electromagnetic noise of motors, validating the accuracy
of the theoretical analysis through experiments under variable speed conditions. Schulz
et al. [13] proposed a method for implementing variable-delay random pulse-width modu-
lation in automotive traction drive inverters, which can reduce electromagnetic radiation
from the inverter and minimize electromagnetic compatibility filtering to decrease the noise
generated by the drive system. Zhang et al. [14] proposed a new method of combining a
dual three-phase PMSM with a carrier phase-shift mechanism to substantially reduce the
odd-order PWM frequency vibration. Xu et al. [15] analyzed the effects of spread spectrum
modulation based on sinusoidal waves. Although the periodic spread spectrum modula-
tion technique allows the originally fixed carrier frequency to be varied in a deterministic
and controllable manner, the sideband harmonic suppression is limited. Qiu et al. [16]
analyzed the relationship between sideband current harmonics and mechanical vibration
noise in different carrier frequency domains, which provides a theoretical foundation for
the prediction of the vibro-acoustics of PMSMs.

However, the studies on current harmonics and the vibro-acoustic response are mostly
based on continuous pulse-width modulation (CPWM) [17,18], and the characteristic laws
of sideband harmonics generated by the DPWM strategies are not yet well studied. The
DPWM can significantly improve the inverter efficiency and has been widely applied in
high-power voltage source inverters [19,20], but it produces richer sideband harmonic
components. Despite its effectiveness in suppressing sideband harmonic components,
random carrier frequency modulation (RCFM) has a flaw when it comes to total harmonic
distortion [21]. Conventional RCFM techniques usually employ pseudo-random number
generation methods based on the use of linear congruence or look-up table methods [22].
Compared with ideal random numbers, pseudo-random numbers may be larger than or
smaller than the mathematical expectation within local time periods, which results in the
generated randomized carrier frequency being successively larger or smaller than the initial
carrier frequency [23]. This imbalance will not maximize the suppression of sideband
harmonics to further suppress the sideband vibro-acoustics [24–26], and it will result in
large current ripples in the output signal of the system, thereby causing output torque
fluctuations and the generation of additional switching losses [27].

To this end, this paper proposes a Markov chain random carrier frequency modulation
(MRCFM) technique to promote the inhibitory effect of sideband harmonic current and
vibration noise. Firstly, the sideband current harmonics and radial electromagnetic force
introduced by the DPWM are characterized and analyzed. The MRCFM approach aims
to improve the DPWM strategy by utilizing the three-state Markov chain algorithm and
integrating it with the PSO algorithm for random parameter optimization. Secondly, a
multi-physics co-simulation model is established to simulate and predict the suppression
effect of the MRCFM approach on sideband vibro-acoustic response. The vibro-acoustic
response of the experimental prototype is calculated based on the modal superposition and
complete integration method. Finally, the validity of the MRCFM method and the accuracy
of the co-simulation model are verified by experiments.

2. Sideband Component Feature Identification Based on DPWM
2.1. Principle of DPWM

The classical SVPWM follows the principle of vector proximity synthesis. Figure 1
shows the voltage space vector sector diagram of SVPWM. The six basic voltage vectors
U1(100), U2(010), U3(110), U4(001), U5(101) and U6(011) together divide the plane into
six sectors. The two zero vectors, U0(000) and U7(111), are located at the origin with an
amplitude of zero and are only used to complement the vector action time. When the
reference voltage vector Uout is located in a certain sector, its value can be synthesized by
the two basic voltage vectors in the sector with the zero vector equivalent. Taking sector I
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as an example, the reference voltage vector can be obtained according to the volt-second
equilibrium principle as

→
Uout =

→
U4

T4

TS
+

→
U6

T6

TS
+

→
U0,7

T0,7

TS
(1)

TS = T4 + T6 + T0,7 (2)

where TS denotes the switching period. T4, T6 and T0,7 denote the action times of the
fundamental voltage vectors U4, U6 and the zero vector U0,7, respectively.
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Figure 1. Diagram of the voltage space vector.

The most direct method of converting from CPWM to DPWM is to discard the zero
vector. By selecting only a single zero vector in the whole switching cycle to compensate for
the vector action time, the bridge arm of a phase of the inverter will be in the clamped state
at a specific time. The switching sequence of DPWM is shown in Figure 2, which shows
that due to the selection of only one zero vector, the switching sequence of the DPWM
scheme becomes a five-segmented one. Different clamping methods can obtain six different
DPWM modulation strategies, i.e., DPWMMIN, DPWMMAX, DPWM0, DPWM1, DPWM2
and DPWM3 [28].
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2.2. Analysis of Sideband Current Harmonics and Radial Electromagnetic Force Characteristics

Sideband current harmonics can be investigated by constructing the double Fourier
series in the frame of the stator coordinate system with the modulating wave frequency
ω0 and the carrier frequency ωc as variable; the sideband harmonic components in the
rotor coordinate system are then directly resolved by rearranging them through coordinate
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transformations [6]. Taking the first carrier frequency domain as an example, when n = 1,
ignoring the higher harmonics with smaller amplitudes, the sideband current harmonics in
the DPWM can be shown as

ih(t) ≈ ε1iα1 cos[2π(ωc ± α1ω0)t]+
ε2iα2 cos[2π(ωc ± α2ω0)t]+
ε3iα3 cos[2π(ωc ± α3ω0)t]

(3)

where iα1, iα2 and iα3 denote the current harmonic amplitudes with eigenfrequencies ωc
± α1ω0, ωc ± α2ω0 and ωc ± α3ω0, respectively. The specific values of α1, α2 and α3 are
shown in Table 1.

Table 1. The different DPWM modes correspond to ε1, ε2, ε3, α1, α2, α3.

DPWM Mode ε1 ε2 ε3 α1 α2 α3

0 1 1 0 2 4 /
1 1 1 1 4 6 8
2 1 1 0 2 4 /
3 1 1 1 4 6 8

MAX 1 0 0 1 / /
MIN 1 0 0 1 / /

The amplitude of the sideband current harmonics depends on the modulation ratio
and speed of the motor [29,30]. The distribution of current harmonics under different
DPWM modes can be derived from Equation (3) and Table 1.

The vibro-acoustic response of PMSM is mainly caused by the electromagnetic force act-
ing on the stator, and the radial electromagnetic force density can be defined by Maxwell’s
stress tensor method as

f (θ, t) =
1

2µ0

[
Br(θ, t)2 − Bt(θ, t)2

]
≈ 1

2µ0
Br(θ, t)2 (4)

where Br denotes the radial air-gap flux density. Bt denotes the tangential air-gap flux
density. µ0 denotes the vacuum permeability. Since Br is much greater than Bt, the electro-
magnetic force effect generated by the tangential air-gap flux density is ignored.

Neglecting magnetic saturation effects and considering the principle of magnetic field
superposition, as shown in Equation (5), the radial air-gap flux density Br can be decom-
posed into the v-th stator armature magnetic field Barm_v and the µ-th rotor permanent
magnet magnetic field Bmag_µ.

Br(θ, t) = Barmν(θ, t) + Bmagu(θ, t) (5)

Barm_v(θ, t) =
∞

∑
v=1

Farm_v cos(vpθ ± ωt) =
∞

∑
v=1

3
√

2NkId/q

πvp
cos(vpθ ± ωt) (6)

Bmag_u(θ, t) =
∞

∑
µ=1

Fmag_µ cos(µpθ ± ωt + φ) =
∞

∑
µ=1

3
√

2NkId/q

πµp
cos(µpθ ± ωt + φ) (7)

where Farm_v and Fmag_µ denote the stator armature electromotive force and permanent
magnet electromotive force, respectively. N denotes the number of coil turns. p denotes
the number of pole pairs. µ and v denote the harmonic orders of the permanent magnet
magnetic field and the armature magnetic field, respectively. φ denotes the angle between
the current vector and the α axis.

Given the relatively modest amplitude of both the fundamental armature field and
the harmonic armature field, the calculation is simplified by only considering the sideband
electromagnetic force that arises from the interaction between the permanent magnet field
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and the harmonic armature field. By substituting Equations (5)–(7) into (4), the sideband
radial electromagnetic force density can be presented as follows:
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where Nt denotes the unit motor, numerically taking the maximum common factor of the
motor pole pair number p and slot number z. k denotes the winding coefficient.

In Equation (8), it can be seen that the sideband electromagnetic force has obvious
time-frequency characteristics. The frequency distribution of the major sideband harmonics
can be expressed as nωc ± kω0, where n and k are combinations of odd and even parities.
Combining the sideband current harmonic characteristic frequencies near the first carrier
frequency, when n = 1, the spatio-temporal characteristics of sideband components near
the carrier frequency domain of the DPWM are shown in Table 2. Based on the above, the
analytical model of the sideband harmonic components and radial electromagnetic force
characteristics introduced by the conventional DPWM technique is completely established.

Table 2. Distribution of spatial and temporal characteristics of sideband components.

Current Harmonics Magnetic Flux Density Radial
Electromagnetic Force

ωc − 7ω0 ωc − 7ω0 ωc − 6ω0, ωc − 8ω0
ωc − 5ω0 ωc − 5ω0 ωc − 4ω0, ωc − 6ω0
ωc + 5ω0 ωc + 5ω0 ωc + 4ω0, ωc + 6ω0
ωc + 7ω0 ωc + 7ω0 ωc − 6ω0, ωc − 8ω0

3. Principle and Implementation of Markov Chain Random Carrier
Frequency Modulation
3.1. Principles of RCFM Technique and Random Number Analysis

Conventional PWM techniques employ fixed carrier frequency modulation, resulting
in the sideband harmonic current spectrum concentrated in the carrier frequency and
its multiples, which significantly affects the vibro-acoustics performance of the motor.
By combining the carrier frequency with random numbers, the carrier frequency can
be randomly varied within a certain range. The random carrier frequency ωn+1 after
randomization of the original fixed carrier frequency ωc can be expressed as

ωn+1 = ωc + R · s (9)

where s denotes the random number varying in the range of (−1, 1). R denotes the random
gain of the pseudo-random number generation strategy, which is specified in the spectrum
as the spreading width of the sideband harmonic components.

The core of the RCFM technique is the random number generation strategy. The
pseudo-random number generation method, linear congruential method, table look-up
method and chaotic mapping method are usually used to generate random numbers. If
the randomness of random numbers is good, the harmonic current will be uniformly dis-
tributed within the carrier frequency range, and the harmonic amplitude will be effectively
reduced, thus further suppressing the vibration noise of the motor.

The modulation effect after the carrier frequency randomization is determined by the
random value s and the random gain R at a certain moment, i.e., the carrier frequency
varies within the range of [ωc − R, ωc + R], and the PWM signal after asymmetric random
modulation is shown in Figure 3. In addition, since RCFM does not impose restrictions on
random number generation, it unavoidably results in random number values exceeding
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or falling below the average expected value during the generation process. Consequently,
the random carrier frequency affected by it will be larger or smaller than the center carrier
frequency in a certain period of time, as shown in Figure 4.
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3.2. Markov Chain Principle and Three-State Random Number Generation Process

For the traditional RCFM, there exists the problem of uneven distribution of random
numbers in a short period of time, which results in increased pulsation components in
phase current and switching losses. In this paper, a three-state Markov chain model is
introduced to optimize the effect of random number generation, and the particle swarm
optimization (PSO) algorithm is applied to select the optimal transition probabilities and
random gains. The Markov process is known as a memoryless process, meaning that the
value of the random event sequence at the next moment (an+1, tn+1) is only related to the
current value (an, tn), which is independent of previous values, and the sequence of the
continuity random numbers can be expressed as

M{(an+1, tn+1)|(a1, t1), (a2, t2), . . . , (an, tn)} =
M{(an+1, tn+1)|(an, tn)}

(10)

In the random optimization algorithm simulation and practical design, it is necessary
to discretize the continuous events to form discrete Markov chains. Therefore, this paper
introduces the conditional transition probability Pij(m,n) at a single moment, which can be
denoted as

Pij(m, n) = P
{

Xn = aj
∣∣Xm = ai

}
=

P{Xn = j|Xm = i}, i, j ∈ S
(11)
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where S denotes the state space, S = {a1, a2, . . ., an}. The transition probability Pij(m,n) is the
conditional probability that the system is in state ai at time m and transitions to state aj after
(n − m) time steps; it can also be interpreted as the probability that the system transitions
from state i at time m to state j at time n.

The random number generation module only needs to consider the value of the previ-
ous moment, and it only takes one step from time m to time n. This type of Markov chain is
called a homogeneous Markov chain with stationary transition probabilities. Pij(m,m + 1) is
denoted as Pij(m), i.e.,

Pij(m) = Pij = P{Xm+1 = j|Xm = i}, i, j ∈ S (12)

Representing all transition probabilities in the above homogeneous Markov chain in
the matrix form, the transition probability matrix P is

P =
{

pij, i, j ∈ S
}
=

p11 · · · p1m
...

. . .
...

pn1 · · · pnm

 (13)

where each element of P belongs to the value of [0,1], and the sum of the elements in each
row and column is 1.

Based on the above, it can be seen that the larger the state space, the more elements the
transition matrix contains, which also means that the effect of optimized random numbers
is more ideal. However, the increase in random state space will also bring additional
computation to the chip processor. Considering the effect of optimized random numbers
and the amount of computation, this paper chooses to introduce the three-state Markov
chain into the RCFM technique.

The design of three-state Markov chain random carrier frequency modulation is to
divide the original carrier frequency variation interval [ωc − R, ωc + R] into three parts:
[ωc − R, ωc − k × R], [ωc − k × R, ωc + k × R] and [ωc + k × R, ωc + R], with k denoting
the modulation coefficient and k ∈ (0, 0.33). The three parts correspond to states 1, 2 and
3, respectively. The state of the next carrier frequency is determined by the judgment of
the state of the current carrier frequency. Figure 5 shows the state parameter transition
diagram of three-state Markov chain carrier frequency.
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In Figure 5, it can be seen that if the current carrier frequency of the system be-
longs to state 1, the next generated carrier frequency of the system can only belong to
state 2 or 3, and the probability of belonging to state 3 is P1, while the probability of
belonging to state 2 is 1 − P1. If the current carrier frequency of the system belongs
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to state 2, then the probability of the next generated carrier frequency still belonging
to state 2 is P2, while the probabilities of being in state 1 or 3 are both (1 − P2)/2. If
the current carrier frequency of the system belongs to state 3, the next generated carrier
frequency of the system can only belong to state 1 or 2, where the probability of being
in state 1 is P1, and the probability of being in state 2 is 1 − P1. If the current carrier
frequency of the system belongs to state 3, the next generated carrier frequency of the
system can only belong to state 1 or 2, where the probability of belonging to state 1 is
P1, and the probability of belonging to state 2 is 1 − P1. Therefore, the transition probability
matrix of the three-state Markov chain can be expressed as

P =

p11 p12 p13
p21 p22 p23
p31 p32 p33

 =

 0 p1 1 − p1
(1 − p1)/2 p2 (1 − p1)/2

1 − p1 p1 0

 (14)

where p1 and p2 take the values of (0, 1).
The three-state Markov chain random carrier frequency generation result is shown in

Figure 6. Compared with the conventional random carrier frequency generation results,
the performance of random numbers is further improved, and the randomized carrier
frequency distribution is more uniform, which verifies the effectiveness of the three-state
Markov chain random number algorithm.
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3.3. Random Parameter Optimization Based on Particle Swarm Optimization Algorithm

Based on the above analysis, it can be seen that the random gain R and the transition
probability P have significant effects on the modulation effect after the carrier frequency
randomization, and these two parameters need to be constrained to the range of values
in the design of the system parameters. In order to improve the computational speed,
particle swarm optimization (PSO) algorithm is chosen to quickly find the optimal R and
P parameters. Based on the optimal random parameters, three-state Markov chain random
carrier frequency modulation is introduced to improve the random carrier frequency
distribution, so as to meet the optimal sideband harmonic components and vibro-acoustic
response suppression effects.

As a stochastic search algorithm, the core driving factor of the PSO algorithm is to
share and update the global historical optimal solution Gbest with the individual historical
optimal solution Pbest, so as to realize the optimal solution of the individual extremum and
the particle swarm globally, and the specific process is shown in Figure 7.
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The results of the random parameter optimization based on the PSO algorithm are
shown in Figure 8. During the iteration process, the maximum number of iterative steps
is set to 60, and the error value of the objective function stabilizes within 40 iterative
steps, indicating that the suppression effect of sideband current harmonics reaches the
optimization. At this time, the value of the transition probability P is 0.68. Figure 8b shows
that the peak value of sideband harmonics decreases with the increase in stochastic gain
R and reaches the optimal effect at R = 2000. Figure 8c shows that the suppression of
sideband harmonics response tends to be saturated when the value of R is larger than
2000 Hz. According to the above random parameter optimization analysis, setting the
transition probability P to 0.68 and the random gain R to 2000 can optimize the suppression
effect of sideband current harmonics.
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4. Analytical Prediction of the Suppressive Impact of MRCFM on
Sideband Constituents
4.1. Analysis and Prediction of Sideband Current Harmonic Suppression Effect

In this paper, a vector control model of PMSM is established in JMAG via field-
circuit coupling. Table 3 displays the main parameters of the motor. Considering that the
operational range of the test prototype is 500~1500 r/min and 2~6 Nm, 1000 r/min and
4 Nm are therefore chosen as the steady running conditions to simulate and analyze the
harmonic currents before and after the adoption of the MRCFM method.

Table 3. Key parameters of the prototype.

Parameters Values Parameters Values

Number of slots 12 Rated torque 8 Nm
Number of poles 10 d-axis inductance 1.2 mH

Rated speed 2000 r/min q-axis inductance 3.4 mH
Rated power 3 kW DC link voltage 300 V

The second carrier frequency domain is beyond the range of the sensitive frequency
band of the human ear; therefore, the simulation prediction and verification in this paper
only focus on the sideband components near the first carrier frequency domain. Figure 9
displays the simulated frequency spectra of the sideband harmonics in the phase current for
six pulse-width modulation techniques, using ωc = 8 kHz and ω0 = 83.33 Hz as the carrier
frequency. The characteristic frequencies corresponding to the main-order components of
DPWMMIN and DPWMMAX are ωc ± ω0. The sideband current harmonic distributions of
DPWM0 and DPWM2 are located in ωc ± 2ω0 and ωc ± 4ω0. The main-order components
of DPWM1 and DPWM3 are extended to farther bands, located at ωc ± 3ω0, ωc ± 5ω0 and
ωc ± 7ω0. As shown in Figure 10, after adopting the MRCFM method, the peak values
of sideband current harmonics for various PWM strategies decrease significantly. The
harmonic peak values of DPWMMIN/MAX, DPWM0/2 and DPWM1/3 decrease by 33.0%,
33.3% and 38.5%, respectively.
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4.2. Modal Analysis

The structural characteristics of the motor have a large impact on its vibration noise.
Resonance occurs when the frequency of electromagnetic force closely matches the natural
frequency, which in turn worsens the NVH performance of the motor [31]. In this paper,
finite element analysis is performed in JMAG to obtain the modal parameters of the
prototype. Since the electromagnetic force is almost uniformly distributed along the axial
direction, the circumferential mode contributes the most to the vibration. To validate
the precision of the finite element model, the modal experiments are carried out in this
paper using the moving force hammer method. During the experiment, the prototype
is suspended by an elastic rope, and five acceleration sensors are placed to obtain the
vibration response of the shell surface. The measured and simulated modal shapes and
frequencies are shown in Table 4, and the front cover is hidden in the simulation results
to visualize the vibration shapes of each order. The results show that the relative errors
between measurement and simulation are within 5%, which indicates the accuracy of the
finite element model.
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Table 4. Experimental validation of modal parameters.

Modal Order Measured Result Simulation Result Relative Error
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4.3. Analysis and Prediction of Sideband Vibration Suppression Effects 
To forecast the suppressive effect of MRCFM on vibro-acoustics, this paper develops 

a Simulink and JMAG multi-physics field co-simulation model. The calculation process is 
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where [M], [C] and [K] denote the mass, damping and stiffness matrices, respectively. N 
denotes the superimposed modal order. Фi denotes the i-th order modal vibration mode. 
yi denotes the displacement in the modal coordinate system of the node. 

 
Figure 11. The multi-physics field analysis process for electromagnetic noise of PMSM. 

The sideband vibration response spectra of the prototype with different PWM strat-
egies are shown in Figure 12, which shows that the unoptimized PWM strategies have 
obvious order characteristics. Figure 13 shows the sideband vibration response spectra of 
the PWM strategies after the introduction of the MRCFM method. After the introduction 
of the MRCFM method, the PWM strategies no longer have significant main-order com-
ponents, and the sideband vibration response amplitude is smaller and uniformly distrib-
uted. The peak sideband vibration responses are reduced by 36.7%, 39.5% and 42.0% for 
DPWMMIN/MAX, DPWM0/2 and DPWM1/3, respectively. 

Appl. Sci. 2024, 14, x FOR PEER REVIEW 12 of 20 
 

2047.1 HZ 2055.3 Hz 

4 
 

 

1.0% 

2891.2 Hz 2861.5 Hz 

5 
  

4.6% 

3645.7 Hz 3475.6 Hz 

4.3. Analysis and Prediction of Sideband Vibration Suppression Effects 
To forecast the suppressive effect of MRCFM on vibro-acoustics, this paper develops 

a Simulink and JMAG multi-physics field co-simulation model. The calculation process is 
shown in Figure 11. Firstly, the electromagnetic force on the inner surface of the stator 
tooth is calculated by the two-dimensional electromagnetic model of the motor, and the 
nodal force is mapped into the structural model as an excitation. Finally, the vibration 
response of the prototype is calculated by the modal superposition method [32]. The equa-
tion of the modal superposition method can be expressed as 

{ } [ ] { } [ ] { } [ ] { }
N N N

i i i ii i
i i i

F M y C y K y= Φ + Φ + Φ  
 

 (15)

where [M], [C] and [K] denote the mass, damping and stiffness matrices, respectively. N 
denotes the superimposed modal order. Фi denotes the i-th order modal vibration mode. 
yi denotes the displacement in the modal coordinate system of the node. 

 
Figure 11. The multi-physics field analysis process for electromagnetic noise of PMSM. 

The sideband vibration response spectra of the prototype with different PWM strat-
egies are shown in Figure 12, which shows that the unoptimized PWM strategies have 
obvious order characteristics. Figure 13 shows the sideband vibration response spectra of 
the PWM strategies after the introduction of the MRCFM method. After the introduction 
of the MRCFM method, the PWM strategies no longer have significant main-order com-
ponents, and the sideband vibration response amplitude is smaller and uniformly distrib-
uted. The peak sideband vibration responses are reduced by 36.7%, 39.5% and 42.0% for 
DPWMMIN/MAX, DPWM0/2 and DPWM1/3, respectively. 

1.0%

2891.2 Hz 2861.5 Hz

5

Appl. Sci. 2024, 14, x FOR PEER REVIEW 12 of 20 
 

2047.1 HZ 2055.3 Hz 

4 
 

 

1.0% 

2891.2 Hz 2861.5 Hz 

5 
  

4.6% 

3645.7 Hz 3475.6 Hz 

4.3. Analysis and Prediction of Sideband Vibration Suppression Effects 
To forecast the suppressive effect of MRCFM on vibro-acoustics, this paper develops 

a Simulink and JMAG multi-physics field co-simulation model. The calculation process is 
shown in Figure 11. Firstly, the electromagnetic force on the inner surface of the stator 
tooth is calculated by the two-dimensional electromagnetic model of the motor, and the 
nodal force is mapped into the structural model as an excitation. Finally, the vibration 
response of the prototype is calculated by the modal superposition method [32]. The equa-
tion of the modal superposition method can be expressed as 

{ } [ ] { } [ ] { } [ ] { }
N N N

i i i ii i
i i i

F M y C y K y= Φ + Φ + Φ  
 

 (15)

where [M], [C] and [K] denote the mass, damping and stiffness matrices, respectively. N 
denotes the superimposed modal order. Фi denotes the i-th order modal vibration mode. 
yi denotes the displacement in the modal coordinate system of the node. 

 
Figure 11. The multi-physics field analysis process for electromagnetic noise of PMSM. 

The sideband vibration response spectra of the prototype with different PWM strat-
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4.3. Analysis and Prediction of Sideband Vibration Suppression Effects

To forecast the suppressive effect of MRCFM on vibro-acoustics, this paper develops a
Simulink and JMAG multi-physics field co-simulation model. The calculation process is
shown in Figure 11. Firstly, the electromagnetic force on the inner surface of the stator tooth
is calculated by the two-dimensional electromagnetic model of the motor, and the nodal
force is mapped into the structural model as an excitation. Finally, the vibration response
of the prototype is calculated by the modal superposition method [32]. The equation of the
modal superposition method can be expressed as

{F} = [M]
N

∑
i
{Φi}

··
yi + [C]

N

∑
i
{Φi}

·
yi + [K]

N

∑
i
{Φi}yi (15)

where [M], [C] and [K] denote the mass, damping and stiffness matrices, respectively.
N denotes the superimposed modal order. Φi denotes the i-th order modal vibration mode.
yi denotes the displacement in the modal coordinate system of the node.
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The sideband vibration response spectra of the prototype with different PWM strate-
gies are shown in Figure 12, which shows that the unoptimized PWM strategies have
obvious order characteristics. Figure 13 shows the sideband vibration response spectra
of the PWM strategies after the introduction of the MRCFM method. After the introduc-
tion of the MRCFM method, the PWM strategies no longer have significant main-order
components, and the sideband vibration response amplitude is smaller and uniformly
distributed. The peak sideband vibration responses are reduced by 36.7%, 39.5% and 42.0%
for DPWMMIN/MAX, DPWM0/2 and DPWM1/3, respectively.
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4.4. Analysis and Prediction of Sideband Acoustic Suppression Effects

In order to investigate the sideband acoustic responses caused by different PWM
strategies, simulation analysis is conducted using the multi-physics field simulation model
mentioned above, and the obtained acoustic results are processed by using the A-weighting
of the sound pressure level (SPL-A). The sideband acoustic response spectra of the prototype
with different PWM strategies are shown in Figure 14. Combined with the vibration results,
it can be seen that the sideband electromagnetic noise caused by PWM strategies has peak
features corresponding to the vibration response. Figure 15 shows the sideband acoustic
response spectra of each PWM strategy after the introduction of the MRCFM method.
The peaks of the sideband acoustic responses of each strategy are significantly reduced;
DPWMMIN/MAX, DPWMMIN/MAX, DPWM0/2 and DPWM1/3 are reduced by 15.3%,
12.9% and 12.7%, respectively, corresponding to optimization amplitudes of 7~9 dBA.
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5. The Validation of Experiments
5.1. Experiment Platform for the Test

In order to verify the effectiveness of MRCFM and the accuracy of the multi-physics
field numerical prediction model, this paper conducts vibration and noise response tests
using various PWM strategies mentioned in the paper. For comparison and verification with
the simulation results, the experiments are still chosen to be conducted at 1000 r/min and
4 Nm working conditions, and other parameter settings are consistent with the simulation
predictions from the previous paper. The experimental platform is positioned in a semi-
anechoic chamber environment to minimize the impact of background noise. Figure 16
shows the layout of the PMSM vibration noise test system. Based on the dSPACE semi-
physical simulation platform, MATLAB/Simulink and the motor controller are used to
achieve the hardware-in-the-loop real-time control. The phase current signals are recorded
by the Teletronix-A622 current probe. The torque-speed power sensor of TSP type is
used for the measurement of torque speed. The ICP-type three-channel accelerometer,
microphone and the front-end of the LMS are used to acquire the acoustic vibration signals
and subsequently analyzed using the accompanying software LMS Test.Lab 2021.1.
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5.2. The Sideband Current Harmonics Comparative Test

In order to validate the precision of the simulation prediction results, the sideband
current harmonic spectra of the prototype under steady state operating conditions are
verified and analyzed. Figure 17 shows the phase current sideband harmonic spectra
of six classical generalized DPWMs before and after MRCFM optimization. It can be
seen that DPWMs with fixed carrier frequency modulation have obvious main-order
components whose distribution characteristics are basically consistent with the simulation
prediction results mentioned above. The peak values of the sideband current harmonics
of the optimized DPWMs are significantly reduced. The harmonic components originally
concentrated near the carrier frequency are uniformly spread to its surroundings, which
shows that the MRCFM has a good harmonic suppression effect. Figure 18 shows the
comparison curves between the simulated and measured peak values of the sideband
current harmonics of different PWM strategies. It can be seen that the simulated and
measured results are very close to each other with an error of no more than 0.004 A, which
verifies the accuracy of the numerical prediction model of multi-physics field.
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5.3. The Sideband Vibration Comparative Test

To confirm that the MRCFM approach can effectively suppress the sideband vibration
response, vibration response tests are conducted on the experimental prototypes under
various PWM modulation strategies. Figure 19 shows the measured sideband vibration
response spectra of six classical generalized DPWMs before and after MRCFM optimiza-
tion. It can be seen that the vibration response of DPWMs without optimization is mainly
concentrated near the carrier frequency and corresponds to the distribution characteristics
of current harmonics, further confirming that the sideband current harmonics are the
main factors causing high-frequency vibration of PMSM. Combining the analysis results of
the previous simulation prediction section, it can be seen that the multi-physical coupled
numerical prediction model can accurately predict the characteristics of sideband vibration
response of the prototype. The main-order components of various PWM strategies disap-
pear, and the vibration peaks decrease significantly after optimization. Figure 20 displays
the comparison curve of simulated and measured peak values of sideband vibration re-
sponse of the prototype using different PWM strategies. It can be seen that MRCFM has a
significant suppression effect on sideband vibration response caused by PWM strategies.
The simulated values are slightly lower than the measured values, but the vibration error is
not exceeding 0.04 m/s2.
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5.4. The Sideband Acoustic Comparative Test

To confirm that MRCFM can suppress the sideband acoustic response of PWM strate-
gies, this paper conducts noise tests on the prototypes under different PWM strategies.
In order to better reflect the real experience of the human ear in the measured noise, the
acoustic data obtained from the experimental acquisition are subjected to A-weighting of
the sound pressure level (SPL-A). Figure 21 presents the sideband acoustic response spectra
of different PWM strategies. The primary characteristics of the DPWM acoustic response
resemble the vibration signal. The sideband noise peaks caused by various PWM strategies
are all over 61.0 dBA without optimization. After the optimization of MRCFM, the acoustic
response spectra of various PWM strategies are uniformly distributed, and the peaks of the
sideband noises are all less than 57.2 dBA. Figure 22 shows the comparison curves between
simulated and measured sideband acoustic response peaks of various PWM strategies. The
simulation results are fundamentally consistent with the measured results, which verifies
the accuracy of the theoretical analysis and the multi-physics numerical prediction model.
After optimization, each PWM’s peak sideband acoustic response drops by 7–9 dBA. The
results reveal that the MRCFM has a better suppression effect on the sideband acoustic
response generated by the PWM strategy.
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6. Conclusions

This paper proposes a MRCFM approach to suppress the DPWM-induced sideband
harmonic and vibro-acoustic components. The multi-physical field co-simulation predic-
tion model is developed to numerically forecast the spectral distribution and amplitude
characteristics of the sideband vibro-acoustic response with different PWM strategies.
According to the research results, the conclusions are as follows:

(1) The proposed MRCFM can effectively optimize the performance of random num-
bers, further optimizing the sideband current harmonics and vibro-acoustic response, and
the distribution of the sideband spectrum shows better uniformity. The optimal noise
suppression effect can reach 11 dBA.

(2) The co-simulation model constructed based on multi-physics fields can accurately
predict the sideband vibro-acoustic response of each DPWM scheme. The error between
the simulation results and the measured results is within 8%, which verifies the accuracy of
the co-simulation prediction model with multi-physics fields.

(3) The proposed PSO optimization algorithm can effectively optimize the random
gain R and the transition probability P, and the analysis method proposed in this paper
can be applied to the prediction and analysis of sideband acoustic vibration of PMSM
under various PWM strategies, which can provide a new idea for the identification and
optimization of sideband acoustic vibration characteristics of PMSM.
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Abbreviations

Abbreviations
MRCFM Markov chain random carrier frequency modulation PMSM Permanent magnet synchronous motor
DPWM Discontinuous pulse-width modulation VSI Voltage source inverter
RCFM Random carrier frequency modulation PWM Pulse-width modulation
NVH Noise, vibration and harshness PSO Particle swarm optimization
CPWM Continuous pulse-width modulation SVPWM Space vector pulse-width modulation
Nomenclature
TS Switching period ω0 Modulating wave frequency
ωc Carrier frequency iα1, iα2, iα3 Current harmonic amplitude
Br Radial air-gap flux density Bt Tangential air-gap flux density
µ0 Vacuum permeability Barm Stator armature magnetic field
Bmag Rotor permanent magnet magnetic field Fmag Permanent magnet electromotive force
Farm Stator armature electromotive force N Number of coil turns
p Number of pole pairs Nt Unit motor
µ, v Harmonic orders k Winding coefficient
[M] Mass matrix [C] Damping matrix
[K] Stiffness matrix N Modal order
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