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Featured Application: To explore the benefits of an overactuated vehicle at the limits of handling
for autonomous driving. Development of a layered, modular, and computationally efficient control
architecture for vehicles equipped with wheel-independent motors and axle-wise independent
steering by separating the actuator allocation from the path tracking task.

Abstract: The motion control of vehicles poses distinct challenges for both vehicle stability and path
tracking, especially under critical environmental and driving conditions. Overactuated vehicles can
effectively utilize the available tyre–road friction potential by leveraging additional actuators, thus
enhancing their stability and controllability even in challenging scenarios. This paper introduces a
novel modular upstream control architecture for overactuated vehicles, integrating a fast and robust
linear time-varying model predictive path and speed tracking controller with a model following
approach and nonlinear control allocation to form a holistic vehicle motion controller. The architecture
decouples the path and speed tracking task from the actuator allocation, where torque vectoring and
rear-wheel steering are applied to achieve linear understeer reference vehicle behavior. It allows
for the use of a simpler path tracking controller, enabling long preview horizons and enhanced
computational efficiency. Nonlinearities, such as the mutual influence of lateral and longitudinal
tyre forces, are accounted for within the control allocation. The simulation results demonstrate that
the proposed control architecture and overactuation improve vehicle stability in critical driving
conditions and reduce path tracking errors compared to a dual-motor vehicle.

Keywords: control allocation; path tracking; autonomous driving; overactuated vehicles; vehicle
motion controller; stability envelope; controllability; vehicle motion controller

1. Introduction

With the electrification of powertrains, the number of drive motors in vehicles is
increasing. Vehicle configurations are evolving from dual-motors for all-wheel drive to
tri-motor systems with rear-axle torque vectoring (TV) and potentially to four motors [1].
Additionally, active front- and rear-wheel steering systems are being integrated to support
automated driving functions. This raises the question of the advantages provided by
multiple actuators for autonomous driving. Specifically, how do four-wheel steering (4WS)
and wheel-independent four-wheel drive (4WD) influence vehicle handling, path tracking,
and the stable domain of vehicle motion?

A diversified set of actuators, as highlighted by [2] in Figure 1, allows integrated
control or global chassis control to make optimal use of the available tyre–road friction
potential [3,4]. These integrated control strategies are part of the vehicle motion controller
(VMC) in Figure 2, which facilitates the matched use of the available chassis actuators [5,6].
By decoupling individual wheels with electric motors, TV can effectively be used to shape
the vehicle response and influence its stability [7–9]. Improved vehicle performance benefits
both manual and automated driving.
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Figure 1. Impact of integrated control on friction circle; adapted from [2].

Figure 2. Vehicle motion controller as part of a multilayered upstream control architecture [3].

Early path tracking controllers, such as pure pursuit controllers [10], operate without
inherent vehicle stability considerations and heavily rely on electronic stability control
(ESC). Advances in control theory, particularly model predictive control (MPC), integrate
stability considerations through nonlinear vehicle models [11], stability constraints with a
stability envelope (SE) based on phase plane analysis [12–15], or positive invariant sets to
constrain MPC within a robust tube [16].

In [17], the stable handling envelope is further extended by effectively using 4WS
and TV. Despite relying on a linear tyre model and unconstrained control allocation (CA),
the method demonstrates a significantly enhanced vehicle response with combined control.
Recent advancements, as shown in [18], incorporate nonlinear vehicle models and detailed
tyre information. These studies illustrate a TV stability controller based on MPC, which
optimizes brake intervention. Meanwhile, Ref. [19] utilizes an optimization-based approach
to study the theoretical limits of TV and 4WS for vehicle stability control, highlighting the
significant potential for increased vehicle controllability. Ref. [9] demonstrates how TV can
be used to adjust the linear understeer characteristics and extend the maximum attainable
lateral acceleration by allocating wheel torques through minimum slip-based optimization.

For automated driving, Ref. [20] investigates vehicle stability and minimal lateral dis-
placement during evasive maneuvers by using a basic driver model approach as a controller,
combined with a linear CA to optimize tyre force utilization through 4WS and TV. Similarly,
Ref. [21] applies offline optimized TV maps with a proportional–integral–derivative (PID)
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controller to improve the vehicle stability for an autonomous racing vehicle at the limits.
However, in both cases, the feedback controllers may exceed the physical limits as the
tyre saturations are not considered online. To incorporate detailed tyre information into
the feedback controller, Ref. [22] uses a semi-empirical tyre model combined with linear
time-varying model predictive control (LTV-MPC) to utilize brakes for TV, improving
path tracking.

Despite the vast research on overactuated vehicles for the stabilization and modifica-
tion of vehicle behavior, there appears to be a research gap regarding the use of overactuated
vehicles in automated driving applications and the implications for path and speed tracking
controller design, including

• predictable (linear) reference vehicle behavior;
• overactuation to generate the predictable (linear) reference vehicle behavior, as well as

to enlarge the stable region for maneuvering at the limits;
• linear and therefore fast MPC, instead of a more complex nonlinear variant, by taking

advantage of the (linear) reference vehicle behavior;
• a modular approach that allows switching between different actuator configurations

with the same control strategy/architecture;
• a modular approach that allows switching between automated and manual driving

without changing the control strategy/architecture.

Addressing these aspects forms the primary focus and novel contribution of this paper.
The remainder of this paper is organized as follows. Section 2 presents the proposed

controller architecture. Section 3 introduces the time-varying model predictive path track-
ing controller. Section 4 and Section 5 first introduce model following (MF), followed by the
nonlinear optimal CA. In Section 6, the control architecture is tested for a quasi-steady-state
and a transient driving maneuver using a detailed multi-body vehicle model. The vehi-
cle and control properties are analyzed using the phase plane method. Finally, the main
outcome of the paper is summarized and conclusions are drawn.

2. Control Architecture

The integrated control of all actuators, while simultaneously tracking a reference
path for autonomous path following, can be achieved using a single controller. However,
employing a single controller in this manner imposes limitations on the modularity and
increases the computational demands [18]. Therefore, in this paper, a modular control
architecture is proposed that separates CA from the path tracking task. Additionally, it
enables manual vehicle control without modifying the control architecture. However, CA
for manual driving is not within the scope of this work. This approach utilizes 4WS and
wheel-independent 4WD

• to optimally allocate TV and rear-wheel steering (RWS) to track the (linear) reference
vehicle behavior with respect to handling using MF and CA, and

• to utilize this reference vehicle behavior within the MPC framework to create a fast
and robust path tracking controller.

The architecture in this paper follows an upstream control approach with layered
vehicle control [3,23], as shown in Figure 2. Global demands are refined into actuator
commands in lower control layers. Key layers include the supervision strategy, high-level
control, and the CA layer. Detailed views of the high-level control and CA are provided in
Figure 3.

The control objective is to follow a reference path described by the path length s,
curvature ρ(s) and reference vehicle velocity Vref(s) given the current vehicle state, heading
error θ and lateral error e.

The high-level control comprises the LTV-MPC and MF. Unlike nonlinear MPC, this
approach results in a convex quadratic program (QP) with linear constraints, allowing
for efficient and robust solvers and long prediction horizons in the MPC. Consequently,
the high-level control does not account for nonlinearities such as tyre saturations and
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overactuation. These aspects are accounted for in the CA, which is formulated as a nonlinear
optimization problem without preview, being less computationally expensive than MPC.

High-Level
Controllinear

time-varying
model 

predicitve
path and speed

tracking 
control

(LTV-MPC)

(8) in Section 3

model 
following

(MF)

(9) in Section 4

nonlinear
optimal
control 

allocation
(CA)

(11) in Section 5

Control Allocation

vehicle state

Figure 3. Control architecture composed of LTV-MPC for path and speed tracking, MF for global
demand generation and CA. Inputs: segment of the reference path via V ref and ρ, along with current
tracking errors e and θ and vehicle state. Outputs: wheel torques Tw and steering angles δ f and δr.

Both layers are connected through global demands for the longitudinal force ΣFx,
lateral force ΣFy and yaw moment ΣMz generated by the MF, aiming to align the generated
vehicle response with the expected reference vehicle response in the MPC.

Considering the desired linear reference vehicle behavior, a two-wheel vehicle model
with linear tyre characteristics is sufficient to design the MPC and MF; see Figure 4a.
The planned trajectories of the MPC are constrained within a stability envelope (SE) to
address vehicle stability concerns related to tyre staturations [12]. Leveraging the results
of [19], which demonstrated the improved controllability of overactuated vehicles with
4WS and TV, and phase plane studies presented in later sections, this work extends the SE
limits to accommodate overactuation capabilities. The MPC outputs are the front wheel
steering (FWS) speed δ̇ f and drive force Fd to maintain the vehicle velocity given the
vehicle state, current path errors θ and e and a segment of the reference path by V ref and ρ
comprising sampled points originating from the current vehicle position and extending
until a look-ahead distance; see Figure 3.

In the subsequent CA layer, an optimal CA problem is employed to optimize the tyre
force utilization with RWS and TV and trim the vehicle to the desired reference vehicle
behavior [24]. Therefore, a four-wheel planar vehicle model is employed for the CA
considering the 4WS, tyre load transfer and nonlinear tyre characteristics; see Figure 4b
and Section 5. This is intended to make optimal use of the available tyre–road friction
potential. The output of the CA includes the RWS angle δr and the wheel torques Tw,i,
i ∈ {1, 2, 3, 4}, in addition to the feed-through FWS angle δ f . Assuming that the global force
and moment demand is achievable by the physical vehicle, the CA algorithm modifies the
vehicle dynamics to yield the reference vehicle behavior.

reference path

(a) (b)

Figure 4. (a) Two-wheel vehicle model used in MPC and MF. (b) Four-wheel vehicle model used
in CA.
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3. Linear Time-Varying Model Predictive Path and Speed Tracking
3.1. Prediction Model

The two-wheel vehicle model depicted in Figure 4a serves as the prediction model
for the vehicle’s motion. The longitudinal forces are accounted for by the drive force Fd,
independently of the lateral forces. The equations of motion (EoM) with the vehicle velocity
V, sideslip angle β and yaw rate ψ̇ read as follows:

V̇ =
1
m
(
ΣFx cos β + ΣFy sin β

)
, (1a)

β̇ =
1

Vm
(
−ΣFx sin β + ΣFy cos β − Vmψ̇

)
, (1b)

ψ̈ =
1
Iz

ΣMz, (1c)

with vehicle mass m and yaw moment of inertia Iz. ΣFx and ΣFy denote the total forces
acting on the vehicle along the respective coordinate frame axes, whereas ΣMz represents
the yaw moment generated by the tyres. The total forces and moment yield

ΣFx = Fd − Fy, f sin δ f , (2a)

ΣFy = Fy, f cos δ f + Fy,r, (2b)

ΣMz = l f Fy, f cos δ f − lrFy,r. (2c)

with the distances l f and lr from the center of gravity (CoG) of the vehicle model to the front
and rear axle, respectively. The sideslip angles α f and αr of the front and rear axle read

α f = δ f − arctan

(
l f ψ̇ + V sin β

V cos β

)
, (3a)

αr = arctan
(

lrψ̇ − V sin β

V cos β

)
. (3b)

The tyre/axle characteristics of the prediction model may be represented by a nonlinear
tyre model, e.g., the tyre brush model [25]. However, considering the assumed linear
reference vehicle behavior in this paper, lateral tyre forces are represented by Fy, f = C f α f
and Fy,r = Crαr, where C f and Cr denote the respective cornering stiffness.

The motion of the vehicle relative to the reference path is described in a Frenet coordi-
nate system—see Figure 4a—with the lateral error e and the heading error θ between the
longitudinal axis of the vehicle and the tangent to the path with curvature ρ(s) at length s.
The rates of change for the heading error, lateral error and path length are given by [26]

θ̇ = ψ̇ − ṡρ(s) with ṡ =
V cos(θ + β)

1 − ρ(s)e
, (4a)

ė = V sin(θ + β). (4b)

The nonlinear, time-continuous system model is obtained from (1) to (4):

ẋ(t) = f t(x(t), u(t), ρ(s)) (5)

with the state vector xT =
[
V β ψ̇ θ e δ f

]
and the input vector uT =

[
δ̇ f Fd

]
.

Since the CA may run at a higher sampling rate than the MPC, (5) includes an additional
integrator state for δ f to provide intermediate values for CA via first-order hold.
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Since path information, such as the curvature ρ(s), is available as a function of the
path length s, the prediction model is transformed into a space-continuous model. Thus,
the system model is rewritten with ẋ = ∂x

∂s
∂s
∂t = x′ ṡ

x′(s) =
1
ṡ

f t(·) = f s(x(s), u(s), ρ(s)), (6)

and linearized by truncating the Taylor series after the first-order term. The discretized
linear system equations required for the subsequent optimization problem in the LTV-MPC
are derived from the solution of the first-order differential equation system using the
zero-order hold assumption,

∆xk+1 = Ad|k ∆xk + Bd|k ∆uk, (7)

with the system matrix Ad|k and the input matrix Bd|k . Here, k represents the discrete step
index with constant step size ∆s.

3.2. Linear Time-Varying Model Predictive Control (LTV-MPC)

The path tracking controller is formulated as a static, convex optimization problem
subject to stability constraints, discrete state space dynamics and actuator constraints:

min
δ̇ f , Fd , sψ̇ , sβ

path and speed tracking︷ ︸︸ ︷
N+1

∑
i=2

qV

(
Vi − Vref|i

Vref|i

)2

+ qee2
i + qθθ2

i

+

N

∑
i=1

[
qδ̇ f

δ̇2
f |i + qFd F2

d|i + qψ̇s2
ψ̇|i + qβs2

β|i

]
︸ ︷︷ ︸

actuator regularization and stability envelope violation

(8a)

subject to ∆xk+1 = Ad|k ∆xk + Bd|k ∆uk, x1 = x(t), (8b)∣∣∣δ f |k+1

∣∣∣ ≤ δ f ,max, (8c)∣∣∣δ̇ f |k

∣∣∣ ≤ δ̇ f ,max, (8d)

Fd,min ≤ Fd|k ≤ Fd,max, (8e)

|ψ̇k+1| ≤ ψ̇max + sψ̇|k , (8f)∣∣βk+1 − gβψ̇k+1
∣∣ ≤ β0 + sβ|k , (8g)

with index k ∈ {1, 2, . . . , N} and N prediction steps. q⋆ denotes the respective weights.
The MPC evaluates the steering command δ̇ f ∈ RN , drive force Fd ∈ RN and slack
variables sψ̇ ∈ RN and sβ ∈ RN . These slack variables enable planned SE violations
in favor of path tracking. The SE is given by (8f) and (8g). Path and speed tracking
is enforced with the first summation term in (8a). Steering and drive force limits are
addressed in (8c), (8d) and (8e), respectively. While the steering limits originate from
the physical limitations of the actuator, the lower drive force limit aims to represent the
tyre–road friction potential at braking and the upper drive force limit aims to map the
maximum available motor torque. It is noteworthy that the MPC predicts based on distance,
while the actuators update at uniform sampling times. Hence, the controller is evaluated at
sampling time TMPC, allowing equidistant time execution despite distance-based prediction.
The static convex optimization problem is formulated using CasADi [27] and solved using
qpOASES [28].
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4. Model Following

The subsequent CA layer aims to achieve the vehicle response requested by the LTV-
MPC by utilizing the available actuators and exploiting the available tyre–road friction
potential. For this purpose, the CA utilizes the global force and torque demands, i.e., the
sum of forces ΣFx, ΣFy and moments ΣMz acting on the CoG of the vehicle model; see
Figure 3 and Equation (2). Given the control output from the MPC in a receding horizon
manner, i.e., δ̇ f |1 and Fd|1 , these demands are calculated in the MF layer. To allow for faster
actuator update rates at the CA compared to the MPC, this calculation is performed at
the CA sampling time TCA ≤ TMPC. As a result, the global force and torque demands are
sampled with TCA within an interval 0 ≤ t ≤ TMPC and read as follows:

ΣFx(t) = Fd|1 − C f α f (t) sin δ f (t), (9a)

ΣFy(t) = C f α f (t) cos δ f (t) + Crαr(t), (9b)

ΣMz(t) = l f C f α f (t) cos δ f (t)− lrCrαr(t). (9c)

The steering angle is updated based on the previously introduced integral behavior as
δ f (t) = δ f |1 + δ̇ f |1t. The subsequent CA distributes the tyre forces to meet the demands.
This aligns the vehicle with the desired reference vehicle behavior, enhancing the system’s
predictability and consequently improving the path and speed tracking.

5. Nonlinear Optimal Control Allocation

A nonlinear static optimization problem is formulated for the CA [24] to adjust the
RWS angle δr and the wheel torques Tw,i, i ∈ {1, 2, 3, 4}, respectively. Unlike MPC, CA
does not use preview information, enabling rapid solver times for this nonlinear program.
In the optimal CA, the actuators influencing the tyre forces are allocated by optimizing
the sum of the resulting forces and moments acting on the CoG of the four-wheel vehicle
model—see Figure 4b—to match the current global force and torque demands provided by
the MF. For the derivation of the sum of the resulting forces and moments, a nonlinear tyre
model and a basic wheel load model are considered.

5.1. Tyre and Wheel Load Model

The Magic Formula tyre model [25] is used to map the combined lateral and longitu-
dinal tyre forces

[
Fx,i Fy,i

]
= f (αi, κi, Fz,i) at each wheel. Besides the tyre sideslip angle αi

and the longitudinal tyre slip κi, [29], the wheel load Fz,i is input to the tyre model. The
wheel loads are calculated based on the longitudinal and lateral accelerations of the CoG of
the vehicle, ax and ay, respectively,

Fz,1 =
m

2(l f + lr)
(bg − hax)

(
1 −

h f

w f g
ay

)
, (10a)

Fz,2 =
m

2(l f + lr)
(bg − hax)

(
1 +

h f

w f g
ay

)
, (10b)

Fz,3 =
m

2(l f + lr)
(ag + hax)

(
1 − hr

wrg
ay

)
, (10c)

Fz,4 =
m

2(l f + lr)
(ag + hax)

(
1 +

hr

wrg
ay

)
, (10d)

where h is the height of the CoG relative to the road plane, h f and hr capture the influence
of vehicle roll on the load shift for the front and rear axle, and g is the acceleration of gravity.
The tyre characteristics employed in this study are shown in Figure 5. In the subsequent
CA, the tyre parameters are assumed to be known. Further research is required to assess
the impact of parameter and model errors on the model following performance; however,
a simpler tyre model with fewer parameters could be sufficient, as realized in the ESC [30].



Appl. Sci. 2024, 14, 10718 8 of 17

Figure 5. Left plot shows the normalized lateral tyre force Fy
Fz

over the normalized longitudinal tyre

force Fx
Fz

for various tyre sideslip angles α. Right plot shows the normalized longitudinal force Fx
Fz

over the longitudinal tyre slip κ for various tyre side slip angles α, with the gray area defining the
slip constraint for the CA.

5.2. Nonlinear Optimal Control Allocation

The objective of CA is to allocate the tyre slips κi and RWS angle δr such that the global
force and torque demands are met with the following nonlinear programming problem:

min
κ, δr

model following errors︷ ︸︸ ︷
qxe2

x + qye2
y + qze2

z +

actuator regularization︷ ︸︸ ︷
qδ̇r

δ̇r
2
+

4

∑
i=1

qκκ2
i (11a)

subject to ex = ΣF∗
x (κ, δr)− ΣFx, (11b)

ey = ΣF∗
y (κ, δr)− ΣFy, (11c)

ez = ΣM∗
z (κ, δr)− ΣMz, (11d)

|κi| ≤ κmax and |κ̇i| ≤ κ̇max, (11e)

|δr| ≤ δr,max and
∣∣δ̇r
∣∣ ≤ δ̇r,max, (11f)

where the steering speed δ̇r and the change in slip κ̇i are computed based on the values
of the previous evaluation of the CA and the sampling time TCA using finite differences.
ΣF∗

x , ΣF∗
y , and ΣM∗

z represent the allocated sum of lateral and longitudinal forces and the
yaw moment, respectively. By weighing the error terms ex, ey and ez appropriately with
weights qx, qy and qz, MF is achieved. Regularization terms support the optimization
problem by qδ̇r

and qκ and penalize the excessive use of the actuators. Actuator constraints
are considered for the RWS in (11f). To limit the longitudinal slip of the tyres, slips κi
are constrained with (11e). Wheel torques Tw,i = rl Fx,i are evaluated using the loaded
radii rl and the longitudinal tyre forces Fx,i obtained with the Magic Formula tyre model.
The nonlinear optimization problem is formulated using CasADi [27] with an sqp-method
using qpOASES [28].

6. Results and Discussion

The effectiveness of the proposed control architecture is studied concerning the follow-
ing aspects: (1) the adherence of the actual vehicle handling characteristics to the reference
vehicle behavior under quasi-steady-state conditions; (2) the impact of MF on the vehicle
model predictability in the MPC and the subsequent path and speed tracking capabilities;
(3) the impact of overactuation and MF on the stable handling envelope of the vehicle in the
phase plane and in transient driving conditions. Therefore, two respective maneuvers were
selected to investigate the characteristic properties of the proposed approach, as depicted
in Figure 6.

• Euler Spiral (ES). The main aims of this quasi-steady-state maneuver are to examine
the effectiveness of MF in following the reference vehicle behavior and to study the
respective enhancement of the MPC in path tracking at a constant Vref. Figure 6a (top)
illustrates the reference path of the ES. At the bottom, the handling behavior, δ f and β
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over normal acceleration an of the uncontrolled vehicle and the respective reference
vehicle behavior are displayed.

• U-Turn. The main aims of this transient maneuver are to investigate the MF and the
MPC performance up to the limits of handling under pure longitudinal, pure lateral,
and combined driving conditions. Figure 6b (top) shows the reference path with a
left turn; at the bottom, the desired trajectory in the gg diagram and the respective
velocity profile are depicted.

Two vehicle configurations are compared using a detailed multi-body vehicle model
set up in Simpack; see Figure 7. Both configurations utilize the control architecture depicted
in Figure 3 and differ only in the available actuator set.

The first configuration features 4WS and wheel-independent 4WD and is denoted
as “overactuated” in the subsequent discussion. The second overactuated configuration
features a reduced actuator set with FWS and dual-motors enabling axle-wise independent
drive and is denoted as “dual-motor”. Considering the reduced actuator set, additional
constraints are introduced in the CA (11) of the dual-motor configuration: δr = 0, Tw,1 =
Tw,2 and Tw,3 = Tw,4.

The parameters for the LTV-MPC are given Table 1, those for the CA in Table 2 and
the main vehicle parameters in Table 3.

uncontrolled

(a) Euler spiral with constant vehicle velocity. (b) U-turn with combined driving conditions.

Figure 6. (a) Euler spiral path (top) and handling diagram for uncontrolled vehicle and reference
vehicle behavior (bottom). (b) U-turn path (top) and desired acceleration in gg diagram with
corresponding reference vehicle velocity (bottom).

Figure 7. Multi-body vehicle model.
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Table 1. LTV-MPC parameters.

Name Value Unit
Dual-Motor Overactuated

N 50 -
∆s 1 m

TMPC 0.02 s

ψ̇max [13] 120 (deg/s)2

β0 [13] 20 deg
gβ [13] 0.175 s

Fd,min 1/2 mg N
Fd,max mg N
δ f ,max 30 deg
δ̇ f ,max 30 deg/s

qV 502 -
qe (3/1)2

(1/m)2

qθ (1/15)2
(1/deg)2

qδ̇ f
(4/δ̇ f ,max)

2
(s/deg)2

qFd (5/mg)2
(1/N)2

qψ̇ (25/10)2
(s/deg)2

qβ (25/23)2
(1/deg)2

Table 2. CA parameters.

Name Value Unit

TCA 0.01 s
q2 C f l2

f +Cr l2
r

C f +Cr
m2

κmax 0.25 -
κ̇max 0.25 1/s
δr,max 10 deg
δ̇r,max 10 deg/s

qx (1/mg)2 N−2

qy (1/mg)2 N−2

qz (2q/Iz g)2 (Nm)−2

qδ̇r
(0.03/10)2 (deg/s)−2

qκ (0.1/0.3)2 -

w f 0.829 mm
wr 0.826 mm
h 0.507 m
h1 h m
h2 1.08h m
rl 0.361 m

Table 3. Two-wheel vehicle model parameters.

Name Value Unit

m 1310 kg
Iz 2006 kgm2

l f 1.387 m
lr 1.107 m
C f 140.86 kN/rad
Cr 176.86 kN/rad
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6.1. Euler Spiral Maneuver

The reference velocity Vref is set to 25 m/s. The reference path features a linear increase
in curvature over a distance of 2250 m, starting from a straight line and culminating in
a circle with a radius of 62.8 m. By traveling at the constant velocity Vref, the controlled
vehicle is expected to follow the path in a quasi-steady-state manner, with a linear increase
in the normal acceleration an over both the traveled distance s and time t. Consequently,
the handling diagram of the vehicle is derived by tracking the reference path.

The parameters in Table 3 refer to the (linear) uncontrolled vehicle and parameterize
the prediction/reference vehicle behavior for the MPC and MF in (7) and in (9), respectively.
In Figure 6a (bottom), the corresponding handling diagram of the uncontrolled vehicle
(dotted) and desired reference vehicle behavior (black line) is shown. Black dots relate the
reference vehicle behavior to the corresponding position at the reference path.

The ES results are depicted in Figure 8. The response of the overactuated configuration
is represented by solid lines with square markers, while the dual-motor configuration is
represented by dotted lines with circle markers. The reference vehicle response is depicted
in gray. The top row displays the steering angle δ f , the sideslip angle β and the path tracking
error e over the normal acceleration an. In the bottom row, the actuator utilization for the
wheel torques Tw,i and the rear-wheel steering angle δr are shown. The vehicle response
will only follow the reference vehicle behavior when both MF and CA can compensate for
the error terms ex, ey and ez in (11). This results in a distribution of Tw,i and δr according
to (11a) that minimizes tyre slips κi.

Figure 8. Euler spiral maneuver simulated with the overactuated and dual-motor configurations.
Linear (reference) vehicle behavior given in gray. Top row shows front steering angle δ f , vehicle
sideslip angle β and path tracking error e characteristics over an. Bottom row shows actuator usage
for wheel torques Tw,i and rear-wheel steering angle δr.

Below an ≈ 4.5 m/s2, the CA of both the overactuated and the dual-motor configura-
tion allows for the accurate MF of the reference vehicle behavior. Since the chosen reference
vehicle behavior closely matches the linear domain of the uncontrolled vehicle in this range
of normal acceleration an—see Figure 6a (bottom)—minimal torque vectoring is needed to
compensate for deviations. While only very small drive torques are required by the CA of
the overactuated configuration (see Tw,i in Figure 8) to match the required additional yaw
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moment, in the dual-motor configuration, a large drive torque split is needed, driving the
rear axle and recuperating at the front axle. Consequently, the MPC tracks the reference
trajectory; see δ f and β and e in Figure 8. A closer inspection of the steering angle δ f and the
path tracking error e reveals that the CA of the dual-motor configuration more accurately
follows the reference vehicle behavior, and the MPC more precisely tracks the reference
path, compared to the overactuated configuration. Prohibiting opposite signs of the front
and rear drive torques in the CA (11) for the dual-motor configuration results in a slight
decrease in the tracking performance and a considerable decrease in the drive torque split.

The CA in the overactuated configuration improves the MF of the reference vehicle
behavior up to an ≈ 8.5 m/s2 by creating an additional positive yaw moment (braking
inner (left) and driving outer (right) wheels) to compensate for terminal understeer in
the uncontrolled vehicle and steering the rear wheels to compensate for the otherwise
increased sideslip angle β. The larger torque split for the overactuated configuration
starting at around an ≈ 5 m/s2 is used in combination with RWS to regulate the increase
in the vehicle sideslip angle as well. The maximum normal acceleration an is raised from
9.2 m/s2 to 9.4 m/s2, resulting in smaller possible quasi-steady-state cornering radii. As a
result, the path tracking error e is reduced from −1 m for the dual-motor configuration
to −0.25 m for the overactuated configuration at the maximum an. Consequently, the
enhanced MF enlarges the applicable range of the MPC’s prediction model, improving the
model predictability and resulting in lower path tracking errors e.

To improve the understanding of the root causes behind the varying MF performance
and path tracking accuracy of the overactuated configuration and the dual-motor configura-
tion, and to examine how MF facilitates the stable domain of handling under disturbances
in these configurations, phase planes for both configurations are drawn at three equilibria
along the ES, indicated by the red dots in Figure 8. The phase planes are calculated by
evaluating the CA response at discrete points in the phase plane and assessing the resulting
vehicle response. This allows for the identification and comparison of stable and unstable
domains between vehicle configurations. Moreover, the RMSE metric is introduced to
quantify how accurately the reference model is followed:

IMF(β, ψ̇) =

√
e2

y(β,ψ̇)

ΣF2
y(β,ψ̇)

+ e2
z(β,ψ̇)

ΣM2
z(β,ψ̇)

This metric provides an assessment of the MF error in the phase plane, highlighting
the deviation between the reference vehicle behavior and the actually achieved response.

In the top row of Figure 9, phase planes for constant δ f = {0, 1.5, 2} deg and Tw,i
according to CA (11) are shown for the dual-motor configuration. The bottom row displays
phase planes for the overactuated configuration at the same δ f as in the top row and Tw,i
and δr according to CA (11). A separatrix separates the unstable domain (red) from the
stable domain (white), where the trajectories converge to an equilibrium (red dots).

Evident from the phase planes is the enlarged stable domain for the overactuated
configuration compared to the dual-motor configuration. These findings closely align
with the enlarged controllability envelope described by [19] for TV and RWS. Moreover,
the distance between the equilibrium and the separatrix remains large even in cornering
conditions (δ f ̸= 0) at higher lateral accelerations for the overactuated configuration. Based
on these findings, the values for the SE for the overactuated vehicle in Table 1 are chosen.

The IMF measure is overlaid in grayscale with the indicator bar to the left of Figure 9.
Darker shades indicate a close match from the controlled vehicle to the reference vehicle
behavior. Conversely, lighter shades indicate an increasing MF error, where the cut-off
value of IMF is set to 5%. Compared to the dual-motor configuration, the overactuated
configuration shows considerably better MF performance, indicated by the enlarged dark
areas in the phase planes, where MF is not effective given the actuator set of the dual-motor
configuration at δ f = 1.5◦ and 2◦. Nevertheless, for the overactuated configuration, the
stable equilibrium moves beyond the boundary of the area of accurate MF for δ f > 2◦,
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aligning with the ES findings, where deviations from the reference vehicle behavior with
respect to the sideslip angle β and path tracking errors e occur for an > 8.5 m/s2 for the
overactuated configuration; see Figure 8.

overactuated overactuated overactuated

dual-motordual-motor dual-motor

unstable
domain

Figure 9. Phase planes at varying FWS angles corresponding to the dual-motor and overactuated
configurations at V = 25 m/s. Stable and unstable regions are shown in white and red, respectively.
The IMF measure is overlaid in grayscale. Red dots indicate stable equilibria corresponding to
Figure 8 (top).

6.2. U-Turn Maneuver

The U-turn incorporates trail-braking and out-of-corner accelerating to study the
stability and path tracking properties of the controlled vehicle at combined lateral and
longitudinal acceleration and transient driving conditions. The reference path is calculated
using the minimum curvature method [26], while the velocity profile is optimized by
maximizing the combined lateral and longitudinal acceleration subject to an upper limit,
defined by a reference acceleration level |aref|.

By design, the U-turn is symmetrical with respect to the apex of the corner in both the
reference path and velocity profile. Considering the linear reference vehicle behavior—see
Figure 6a (bottom)—the trajectory traced in the β-ψ̇ phase plane during the trail-braking
and out-of-corner accelerating phases should be similar. Consequently, no hysteresis should
appear in the phase plane.

In Figure 10, both the dual-motor and the overactuated vehicle configuration are
compared. Each row in the figure corresponds to a different combined reference acceleration
level |aref| and therefore velocity profile: |aref| = 5 m/s2 in the first row, 6 m/s2 in the
second, 7 m/s2 in the third and 8 m/s2 in the fourth. This approach aims to explore the
limits of handling and to investigate the MF error and consequently the path tracking error
of the MPC for both configurations. Within each row, the first plot shows the path tracking
error e, the second plot shows the gg-diagram and the third plot shows the phase plane β-ψ̇.



Appl. Sci. 2024, 14, 10718 14 of 17

The solid line represents the overactuated configuration, the dashed line represents the
dual-motor configuration and the reference line is shown in red with circle markers.

Figure 10. U-turn maneuver at varying reference acceleration levels |aref|. Results are shown for the
dual-motor configuration (dotted), the overactuated configuration (solid) and the reference trajectory
(red with circle markers).

As |aref| increases, the hysteresis of the dual-motor configuration appears; see the phase
plane β-ψ̇ at the right of Figure 10. This leads to skidding under braking. The noticeable
hysteresis in the phase plane of the dual-motor configuration suggests higher MF errors
compared to the overactuated configuration. At lower levels of acceleration, the path
tracking errors e are comparable for both configurations. However, differences become
apparent for |aref| = 7 m/s2 during corner entry (175 m to 225 m) under trail-braking,
where the dual-motor configuration saturates the front tyres, followed by skidding and
steering corrections by the path tracking controller (not depicted). The increased path error
e under trail-braking correlates well with the loss of model following in the trail-braking
branch in the phase plane. For both configurations, starting at |aref| > 5 m/s2, a vertical line
in the gg diagram at ax = 5 m/s2 is visible due to the Fd,max constraint in (8e), considering
the drive force limitations of the powertrain in the MPC.

At |aref| = 8 m/s2, large path tracking errors e in the MPC become apparent in the
dual-motor configuration due to insufficient MF. In contrast, the CA of the overactuated
configuration utilizes both TV and RWS to minimize and maintain consistent hysteresis
while increasing the maximum acceleration levels. The trajectories in the phase plane for
this configuration remain entirely within the black areas at the apex of the curve in the phase
planes depicted in Figure 9; hence, reasonable MF is provided to the MPC. Consequently,
the path tracking errors e remain similar across the acceleration levels for the overactuated
configuration.
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In Figure 11, the actuator commands for the overactuated configuration for the U-turn
at |aref| = 8 m/s2 are plotted. The figure displays the steering response on the front axle δ f
and the rear axle δr and the wheel torques Tw,i. During the transition to straight-line
running, the MPC applies negative steering corrections δ f at ≈ 260 m. These corrections are
apparent also in both the phase plane near the origin and the gg diagram at the maximum
ax in Figure 10.

Figure 11. U-turn actuator commands at reference acceleration level |aref| = 8 m/s2 for the overactu-
ated vehicle configuration.

For comparison, the ideal steering response δ f ,ref based on the reference vehicle behav-
ior is plotted in the left plot of Figure 11. The generated steering command of the proposed
architecture closely follows the desired steering response, indicating good MF behavior
with a similar understeer gradient. The positive rear-wheel steering compensates for the
otherwise larger vehicle sideslip angle β.

In the drive torque plots of the individual wheels Tw,i in Figure 11 (right), the braking,
cornering and accelerating phases are marked. During the braking phase, the CA distributes
torque to the front wheels, especially to the highly loaded front right tyre (i = 2). This
aligns with the allocation criterion (11e) that aims to minimize tyre slips κ. During this
phase, an additional outward-turning yaw moment is generated with the rear right wheel
(i = 4) to compensate for oversteer under braking. During the cornering phase, torques Tw,i
are predominantly used for TV, generating an inward-turning yaw moment to compensate
for limit understeer. During the acceleration phase at approximately 260 m, the MPC
performs steering corrections supported by an additional inward-turning yaw moment to
compensate for increased understeer during out-of-corner acceleration, visible through the
positive torque split in this phase. This is followed by a longitudinal acceleration phase at
270 m, during which the rear wheels contribute the majority of the driving torque, once
again to ensure minimal slip κ.

7. Summary and Conclusions

This study explores how 4WS and wheel-independent 4WD can contribute to safe
autonomous driving by improving the stable handling envelope and reducing path tracking
errors under both quasi-steady-state and transient driving conditions. The proposed
modular control approach separates the path and speed tracking task from the actuator
allocation task. Nonlinearities such as nonlinear tyre characteristics and overactuation are
considered in the computationally efficient static nonlinear optimal CA without preview,
providing the reference vehicle behavior demanded by MF. Given this reference vehicle
behavior, an LTV-MPC for path and speed tracking is utilized to enable rapid solver times
while considering long preview horizons. Consequently, this approach also allows for
simple adaptation to different actuator sets in the CA and the possibility of manual driving.
In addition, MF facilitates the flexible adjustment of the reference vehicle behavior.
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The simulation study demonstrates the effectiveness of TV and RWS in modifying
the vehicle characteristics, i.e., accurate MF, until the full tyre–road friction potential is
utilized. The results show reduced lateral errors in both quasi-steady-state and transient
maneuvers up to the limits of handling compared to a dual-motor vehicle configuration.
Moreover, the enlarged stable domain in the phase plane suggests enhanced robustness to
state disturbances. The influence of the individual actuators on the MF performance, i.e.,
how well the desired reference vehicle behavior can be followed by a given set of actuators,
has not yet been fully studied and may be of future interest.

Future work will involve implementing the control architecture on a prototype plat-
form equipped with wheel-independent motors and active FWS. Initial tests conducted
using a dSpace MicroAutoBox III have demonstrated an average task turnaround time of
0.25 ms, with peak times reaching up to 0.5 ms for the nonlinear optimal CA. These results
indicate that real-time performance is achievable under the proposed architecture.
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