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Abstract: The aim of this paper is to develop a mathematical model for an unconventional worm
gear consisting of a globoid worm and a worm wheel where the teeth are bearings. Using rolling
elements such the teeth of the worm wheel (ball bearings) transforms the sliding friction to rolling
friction during the process of worm gear meshing, improving power. The geometry of the compo-
nent elements of the gear is analyzed in correlation with its kinematics. After the creation of the
mathematical model, it is validated both analytically (through complex graphic representations) and
experimentally (by creating, for a particular case, the 3D model and the concrete physical model
(prototype) of the gear through 3D printing).

Keywords: mathematical model; globoid worm; rolling friction; analytical validation; experimental
validation; graphical simulation; additive manufacturing

1. Introduction

To fulfill the increasing demands for a high gear transmission ratio using a single
stage (up to 80) with compact gear dimensions, high load-carrying capacity, and smooth-
ness in operation, etc. —needed for lifting-and-shifting machines in the aerospace industry
and modern manufacturing processes—various worm drive types are used. These space-
saving gearings, depending on the external surface shape of the worm and wheel, can be
cylindrical (with a cylindrical worm known as a single-enveloping worm being the most
commonly used [1]); globoid, known as the TA or Hindley worm drive or double-envel-
oping worm (DEW) (in this case, either the worm is globoid [2] or both the worm and
wheel are globoid); or special (where the worm has a conical shape, called a spiroid [1],
and the other element is a face-type gear) [3].

Until now, worm drives have been the subject of many researchers’ studies. In the
technical literature, there are significant publications about mathematical modeling meth-
ods, various surface analyses, research regarding new types of worm gears, and manu-
facturing processes.

A summary of the development phases of these worm gearings is presented in [4].
Litvin and Fuentes [5] described a study on the theory of gearing. Ninacs, Cristea, and
Haragas [6] presented a detailed kinematic and functional analysis of a double-envelope
worm gear. Practical design aspects are detailed [7]. Zhao, Huai, and Zhang [8] proposed
anew meshing theory for a globoid worm gear considering some modifications regarding
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the following parameters: center distance, transmitting ratio, and the height of the cutter
frame. Xu, Qin, and Shi [9] suggested new research on worm gear drives based on the
practical manufacturing process known as the direct digital modeling method (DDMM).
They presented a detailed discussion on the misalignment errors and contact defor-
mations in the contact zone and concluded that the proposed design solution is character-
ized by reduced misalignment and transmission errors. Polowniak, Sobolak, and Marci-
niec [10] created an algorithm for generating the helix of a double-enveloping worm gear.
They generated CAD models, which were used for FEM analysis to manufacture real pro-
totypes employing additive manufacturing processes. Zhao and Zang [11] presented a
study regarding the curvature analysis for the helicoidal surface of a modified TA worm.
However, the author of this study did not investigate the meshing process. A meshing
theory for the TA worm gearing is described [12]. The performance of the studied worm
gear set is considerably favorable over the other types of conical worm drive. A discussion
about a new type of spiroid gear set is detailed [12]. Regarding the manufacturing process,
the following studies were conducted. Andrianto, Wu, and Arifin [13] developed a new
method for machining double-enveloping worms (DEWs). Firstly, they carried out a vir-
tual simulation of the cutting process, followed by an experimental test of a worm gear
set. In their research, Rui et al. [14] presented a land surface cutting Hob’s design for in-
creasing the machining tool’s service life. Lei et al. [15] proposed a five-axis tool path for
worm gear flank milling. This machining process is then compared to the conventional
end milling processes. The method studied offers high process efficiency and surface qual-
ity. Dong et al. [16] described a method of rough turning for the toroidal worm that per-
mits higher-efficiency manufacturing. Chen Y. et al. [17] introduced a new type of worm
drive consisting of a planar internal gear and a crown worm. The components were ma-
chined and then the obtained prototype was assembled and subject to a running test, in
which the efficiency and the oil temperature were checked.

Double-enveloping worm drives, as previously mentioned, have applications in var-
ious domains considering their advantages (as compared to the other worm gear types)
such as higher efficiency (because of more favorable functioning conditions [10]), smooth-
ness, and silence in operation, high load capacity due to a higher contact ratio, etc. How-
ever, this type of worm gear is sensitive to tolerance, needs accurate alignment, and is
characterized by high wear and a tendency to seize [1]. Another significant aspect is the
backlash, which has a major impact on smooth operation and over-transmission errors.

To overcome these disadvantages of the globoid worm gear drive, a new roller en-
veloping toroidal worm gear was proposed. This design solution consists of a worm wheel
in which the teeth are replaced with deep groove ball bearings. Using rolling elements
turns the sliding friction into rolling friction during the process of worm gear meshing,
which eliminates the backlash [18] (when they are used custom-designed bearings) and
conducts higher gear efficiency. In [18], Deng et al. investigated a new single-roller envel-
oping hourglass worm gear. They proposed a design to eliminate the backlash in mating
gear transmission. A parametric study was conducted to analyze the influence of some
design variables, i.e., the center distance, roller radius, transmission ratio, and radius of
the base circle over the gear set characteristics. An analysis of the dynamic behavior of
these gears was carried out in [19-21]. The 3D-generated CAD model was then compared
with the calculated one. A very good match was found. Another interesting study about
these new gearings is described in [9]. It presented a methodology for thermal power cal-
culation.

What we pursue as a priority in this paper is to obtain a general mathematical model
of the non-conventional worm gear with bearings that is clear, coherent, demonstrable,
and easy to apply for particular situations, an essential aspect for the realization of both
3D and physical models. The objective of the paper is to reduce the friction force in the
worm-roller gear using the rolling force of the bearing (tooth) on the surface of a helical
worm. In this paper, a mathematical model of a double-deep groove ball-bearing envel-
oping worm gear drive is presented. A total of 36 bearings were used (each new worm
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wheel tooth was composed of two bearings), replacing the worm wheel teeth. Here, a
mathematical model is first formulated, followed by graphical validation of the globoid
helix. The Wolfram 14.1, online version [22] program was utilized to generate globoid hel-
ices.

2. Materials and Methods

The “classic” globoid worm gear (Figure 1) consists of a globoid worm and a similar
globoid worm wheel [4]. The globoid worm is one in which the helix coils around a toroi-
dal reference surface. Kinematic and functional analyzes of this type of gear are carried
out in works [1,10,13,16,23-25]. Constructive design aspects are presented in [4]. The ma-
terials used include hardened steels (generally case-hardening steels) for the worm and
an anti-friction material (tin bronze or aluminum, nodular graphite cast iron or gray) for
the worm wheel.
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Figure 1. Globoid worm gear.

The advantages of this gear include its quiet operation, high degree of coverage, and
high bearing capacity (smaller gauge at the same power to be transmitted).

The main disadvantage is that of frictional losses (due to the sliding friction between
the worm turn and the worm gear teeth). As the friction is intense, there is a significant
release of heat and, implicitly, the transmission efficiency will be reduced.

Another disadvantage is that of positioning accuracy because there is quite a large
interplay (denoted j in Figure 1) between the elements in contact.

To reduce the effects of these disadvantages, several variants of “unconventional”
gears have been proposed in which the sliding friction is replaced by rolling friction (the
rolling friction coefficient is about ten times lower than the sliding friction coefficient).
Also, the play in the gear can be precisely controlled; even pre-tensioning can be achieved.

Such a construction is the worm gear with bearings (Figure 2), which is the subject of
study in this paper.
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Figure 2. Worm gear with a single row of bearings per roller.

In this gear, the shape of the worm does not change, but the driven wheel will have
radial bearings instead of teeth. The contact between the worm coil and the bearings is a
linear contact (Hertz contact theory). The bearings will rotate around their own axis dur-
ing operation. By changing the pitch of the spiral of the auger, the contact between its
flanks and the bearings will be in different directions (Figure 2), which leads to the can-
cellation of the play between the elements of the gear components.

Various studies on specific aspects of this gear can be found in works [2-6,18,19,26—
41]. In these articles, theoretical and experimental research, 3D modeling, finite element
analysis, and research on concrete physical models are presented.

The mathematical model of this type of gear, however, is treated in a cursory manner.
Rather, the defining equations seem to be obtained after the model generation and not the
other way around, as would normally be the case.

2.1. Geometry of the Unconventional Worm Gear with Bearings, Kinematic Analysis, and Math-
ematical Model Formulation

The main geometric elements of the gear are shown in Figure 3. In the axial section,
the flanks of the spiral of the worm are rectilinear and tangent to the profiling circle (with
the center in O2 and diameter d, equal to the outer diameter of the bearing), which is con-
centric with the worm wheel. The inclination of the helix profile will be equal to the an-
gular pitch 6 between the rollers of the worm wheel.

Consider point M positioned in the center of the roller (bearing) and points A, B, D
and E at its ends. The displacement of the lines AB and DE in the Oixz system (related to
the worm gear) results in the generation of the flanks of the spiral (Figure 3).

The equations of point M related to the worm wheel (system Oix:) are:

_9% d, .
x=""-sing, x=—%-sinQ,
d d d
yz(a—?zj+72-(1—coscp2) y=a—72-cosq)2 1)
Z:O Z=0

Relative to the driven wheel, the trajectory of point M is an arc of a circle. The position
equations of point M related to the worm (system Oixyz) are:
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where

d2 is the worm wheel pitch diameter, mm;

a represents the center distance, mm;

@1 is the angle of the position for the worm wheel, ° (degrees);
@2 is the angle of the position for the worm wheel, ° (degrees).
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Figure 3. The geometry of the worm gear with bearings.
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where
u12 represents the gear ratio
z n
_22_%
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L

where
z, is the worm wheel number of radial ball bearings, i.e., the number of teeth (in a classic
worm gearing);
z; represents the thread number of the worm;
n; and n, represent the rotational speed of the worm and wheel, respectively.

Relative to the worm, the trajectory of the M point is a helix wound on a toroidal
surface (an inner circular torus).

Starting from Equation (2) of point M, the position equations of characteristic points
A, B, D, and E (related to the coordinate system Oixyz) are shown:

Equations of point A (system Oixz) are as follows:

x—i-cos + 2—h -sin
> D, > 0,

d . d,
y= a+5-s1n(p2— 7—h -COS @, |-COSQ, (5)

d . d, .
z=- a+5-sm(p2— ?—h -COS @, |-sin @,

where

d is the outer diameter of the bearing.

h==r ©)

where
B, is the bearing width.

Equations of point B (system Oix:) are as follows:
x—i cos @, + 2+h sin @
2 2 ’

d . d,
y= a+5-sm(p2— 7+h -COS @, |-COSQ, )

d . d, .
z=—|a+—-sin@Q,—| —=+h |-cos@, |-sin¢,

2 2
The parametric equations of the line AB (O1xz system) are as follows:

. . d
X-COS(, COSP, + ¥ -sin @, —{a-sm(p2 +3}-coscp] =0
®)

y-sin@, +z-cos@, =0

For point D, the equations are:



Appl. Sci. 2024, 14, 10833 7 of 17

x——i-cos + 2—h -sin
> D, > (%

d . d,
y= a—E-sm(pz— 7—}1 -COS @, |-cos, )

z=- a—i-sin - ﬁ—h -COS -sin
> D, > (% 0,

For point E, the equations are:
x——i cosQ, + i+h sin @
2 2 ’

d . d,
y=|a=5sing, —| 24 |-cos, |-cosq, (10)

d . d, .
z=—|a——-sin@,—| —=+h [-cos@, |-sinQ,

2 2
The parametric equations of the line DE (O1xyz system) are as follows:

) . d
X+ COS COS + y-Sin —| a-sin —— |+ COS =0
®, ¢ Ty ®, { ®, ) } ®, 1)

y-sing@, +z-cos¢, =0

The surfaces described by lines AB and DE in the O1xyz system (parametric Equations
(8) and (11)) materialize the surfaces of the flanks of the spiral of the worm (as will be
explained in the next subsection).

The profile of the worm’s spiral in its axial plane will be linear. The inclination of the
profile of the spiral will be equal to the angular pitch 0 between the driven wheel rollers
(Figure 4).
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Figure 4. The profile of the worm wheel.
2-m

0= [rad] (12)

Zy

The inclination of the flank of the worm is as follows:

0

o= 5 [rad] (13)

The contact between the flank of the auger spiral and the rollers (bearings) is shown
in Figure 5. The plane in which the point of contact is located makes an angle 3, equal to
the angle of inclination of the spiral helix on the splitting diameter, with the frontal median
plane of the wheel (which also contains the axis of the auger). This angle is variable with
a maximum value for d1min and smaller values towards the ends.

In the axial section of the worm, the distance between the flanks is:

d = d
© cosP

(14)

This must be taken into account when machining the worm. Thus, the diameter of
the machining tool (finger cutter) must be larger than ds calculated with the minimum
value of f3.

The angle 3 can be calculated from the velocity plane (Figure 6).
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b

Figure 6. The velocity plane.

v

tanfp=-2 = P=arctan| = (15)
Y| Y

where

v2 is the peripheral speed of the driven wheel (constant).
v1 is the peripheral speed of the worm (variable).

n-d,-n
=—L L [m/ 16
" =%0.1000 ™ (16)

n-d,-n,
=— 17
27601000 [m/s] (17)

Substituting relations (16) and (17) into relation (15) and taking into account relation
(4) gives:

Bzarctan[ % J (18)

Uy, -d,

The worm splitting diameter 41 is variable, its minimum value being dimin.
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d =d, +d,(1-cosg,) (19)
i =2-a—d, (20)
Finally:
d
B = arctan s (21)
u,-(2-a—d, cosg,)
Rolling speed of the bearings (rollers):
v, =—! (22)
" cosP [m/s]
Speed of the bearings (rollers):
60000-v,
n, =——— [rpm] (23)
n-d

The common point of the rolling surfaces is the common normal line, where the dis-
placement occurs in a perpendicular tangent plane. The bearings move in the direction of
the tangent of the reference helix line, which means that the generatrix of the bearing is in
contact with the helicoid surface in front of the axis section of the worm. The contact gen-
eratrix of the bearing is a straight line that skews from the worm axis, so they are not
coplanar.

2.2. Analytic Validation of the 3D Model

For the graphic representation of the previously determined equations, a particular
case was considered, for which the following values were selected: 2 = 100 mm; d2 = 154
mm; p2=-40 .... +40°%; z1=1; z2=18; d = 16 mm; B, = 10 mm. The Wolfram [20] program was
used to plot the graphs and validate the above equations. The obtained results are pre-
sented in Figures 7-11.

(b)

Figure 7. The trajectory of point M. (a)—related to the worm; (b)—related to the worm wheel.

The trajectory of point M relative to the worm (O system) is obviously a helix
wound on a toroidal surface and relative to the driven wheel is an arc of a circle (which
appears distorted due to perspective) (Figure 5).
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(@) (b)
Figure 8. The trajectories of A, B, C, and D points. (a)—A and B points; (b)—D and E points.
The graphs of points A, B, D, and E follow the same pattern, with the gap due to the

positioning of the points in relation to point M. The fact that their trajectories are correct
is confirmed by the practical realization of the 3D model of the worm (Figure 6).

(b)

Figure 9. The worm flank surface generated by sweeping the AB segment along the globoid-guided
curve. (a)—isometric position; (b)—frontal position.
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(a) (b)

Figure 10. The worm flank surface generated by sweeping the DE segment along the globoid-guided
curve. (a)—isometric position; (b)—frontal position.

Lines AB and DE each generate one flank of the worm spiral (Figures 9 and 10), their
combination leading to the realization of the functional surfaces of the globoid spiral (Fig-
ure 11). The obtained results resemble that of a worm.

40

I
) .020

40|

20

40 |,

0 50

Figure 11. An overlap image of the surfaces of the globoid worm generated by sweeping segments
AB and DE through the globoid-guided curves.

To create the 3D model of the worm, Equations (8) and (11) were used to generate
the helices along which the profile of the worm’s spiral is generated (Figure 12). It can be
seen that the propellers are tangent to the edges of the wheel rollers (bearings), which
confirms that the mathematical model is correct. A 3D model of the worm (made in Solid
Works) is presented in Figure 13, and that of the gear is shown in Figure 14.
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Figure 12. Generation of helices of the spiral.

Figure 13. Three-dimensional model of the worm.

Figure 14. Three-dimensional model of the gear.
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At this moment, when the mathematical model of the worm gearing’s geometry is
validated, the authors generate 3D models of the worm and worm wheel in SolidWorks
to obtain .stl files necessary for achieving a 3D prototype of the worm gearing. Figure 12
shows the prototype of the globoid worm gear obtained employing 3D printing additive
manufacturing.

3. Results
Experimental Validation of the Physical Model

For the experimental validation of the mathematical model, the physical model of the
mechanism was made. The worm (Figure 15), driven wheel body, and worm bearings
were made from PLA on a Creatbot DX Plus 3D printer. Two 625 series bearings were
used for each “tooth” of the driven wheel. The dimensions of the gear elements are those
used in the creation of the 3D model. Even if the dimensional accuracy is not at the same
level as a machined part, it is sufficient for preliminary checks.

Figure 15. Three-dimensional prototype worm and bearings obtained through additive manufac-
turing.

The physical model (Figure 16) works, and the gearing is correct.
Other constructive, kinematic, and even dynamic aspects can be studied on it, and
various tests and trials can be carried out.
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Figure 16. Prototype of the unconventional worm gear with bearings.

The accuracy of the presented theoretical model as well as the numerical analysis is
therefore verified by making the 3D model and assembling it in a perfectly functional
worm gear.

4. Conclusions

A mathematical model consisting of a non-conventional worm gear is presented in
this study. The main aim of the paper was to develop a mathematical model for the non-
conventional worm gear that is simple and easy to implement in practice but, at the same
time, correct. The main problem was given by the globoid shape of the worm and the fact
that the profile of the gap between the turns are rectangular, and this profile was found in
the median frontal plane of the wheel, a plane that also contains the axis of the worm. Any
machine on a CNC machine can be easily programmed taking these aspects into account.

The contact between the worm coil and the rollers is a linear Hertzian contact, and
the relative motion is a rolling one. Due to this fact, the efficiency of such a transmission
is obviously much higher than that of classic globoid gear: the friction force caused by the
rolling of the bearing on the surface of the worm is lower.

The contact generatrix of the bearing is a straight line that skews from the worm axis,
so they are not coplanar.

A finite element analysis of the stresses to which the active elements of the gear (the
spiral of the worm and the rollers) are subjected can be performed based on its 3D model.

The presented mathematical model is viable, having been validated both theoreti-
cally and experimentally. It can be applied for different transmission ratios and compo-
nent sizes.
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A dynamic analysis of the studied mechanism can be carried out, including a calcu-
lation of the transmission efficiency. For example, the stresses to which the bolts on which
the bearings are fixed are subjected can be analyzed.

Mechanical transmissions with gears of this type have applications in various tech-
nical fields, ranging from robotics and precision industrial transmissions to the field of
micro air vehicles.
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