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Abstract: IMUs (inertial measurement units) and cameras are widely utilized and combined
to autonomously measure the motion states of mobile robots. This paper presents a
loosely coupled algorithm for autonomous localization, the ICEKF (IMU-aided camera
extended Kalman filter), for the weighted data fusion of the IMU and visual measurement.
The algorithm fuses motion information on the velocity layer, thereby mitigating the
excessive accumulation of IMU errors caused by direct subtraction on the positional layer
after quadratic integration. Furthermore, by incorporating a weighting mechanism, the
algorithm allows for a flexible adjustment of the emphasis placed on IMU data versus
visual information, which augments the robustness and adaptability of autonomous motion
estimation for robots. The simulation and dataset experiments demonstrate that the ICEKF
can provide reliable estimates for robot motion trajectories.

Keywords: loosely coupled visual-inertial measurement; visual inertial odometry; robot
autonomous localization; data fusion

1. Introduction
1.1. Motivation

As the demand for autonomous mobility of robots continues to increase, localization
technology continues to evolve. When robots perform motion tasks in environments such as
extraterrestrial planets, rugged ground terrains, aerial spaces, or maritime environments [1-3],
they face various challenges, including unstable satellite signals, impact and vibration
upon sensors, limited visual features, and unpredictable light conditions. Furthermore,
autonomous localization is a requisite ability for aerial [4], ground [5,6], or maritime [3,7]
autonomous robots to successfully accomplish challenging tasks of local planning aiming
for navigation to prevent collisions.

Integrated visual-inertial sensors do not require active signal emission or depend on
external preset references, which benefits further data fusion as autonomous odometry.
Two primary fusion strategies exist to facilitate fusion: loosely coupled methods and tightly
coupled methods [8].

Loosely coupled methods are computationally efficient and maintain a higher update
rate than tightly coupled methods do, thereby enabling low-cost and compact implemen-
tations. This approach additionally allows the simultaneous integration of localization
information from multiple sources such as visual measurement, GNSS (global navigation
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satellite system), LIDAR (light detection and ranging), etc. [9,10]. Especially for applica-
tion on the multiagent [11], loosely coupled methods are naturally capable of processing
simultaneous multi-source information. Although the estimation accuracy is relatively
low owing to the lack of an optimization process, which tight-coupled methods [12,13]
usually perform, the integration of multiple measurement data into a loosely coupled
framework is inevitable to address the challenges of environmental uncertainty during
practical utilization. Therefore, a loosely coupled data fusion approach that is capable
of adjusting the weights of the measurement results from individual sensors or agents is
necessary to achieve a balanced output, considering how much the information source can
be trusted.

1.2. Related Work

Loosely coupled visual-inertial odometry methods are usually constructed based on
filter frameworks such as the EKF [14,15]. High-confidence visual keyframe measurements
are then periodically utilized to correct the high-frequency integration results from IMUs.
This basic structure effectively balances the updating rate and accuracy.

Kelly and Sukhatme [16] proposed a data fusion algorithm for the self-calibration
of a monocular visual-inertial system with proven observability. With a similar filtering
structure, Weiss and Siegwart [17] incorporated the world coordinate system drift in visual
measurements, as well as the spatial relationships between the IMU and the monocular
camera, into the EKF framework. This approach enables failure detection and scale-drift
estimation by fusing of measurement data on the position and attitude layers.

Achtelik and Weiss [18] constructed a filter-based framework to recover the relative
configuration of two drones performing IMUs and monocular visual measurements. To
address error amplification during the error propagation process in EKFs due to possible
inaccurate state modeling, BROSSARD et al. [19] proposed the visual-inertial invariant EKF
algorithm, which is based on Lie algebra rules. Furthermore, researchers designed visual—
inertial odometry that embraces the characteristics of novel filers such as the MEKF [20]
and the equivariant filter [21,22] to broaden the application of filter-based techniques in
motion estimation.

The aforementioned loosely coupled strategies have demonstrated remarkable per-
formance when mainly focused on the fusion of positional layers. However, since the
high-frequency update and the intrinsic drift of IMUs inevitably result in fast error ac-
cumulation, the effect of the final correction on the position and attitude layers will be
suboptimal when the visual measurement update frequency drops or accuracy deteriorates.
Furthermore, these methods are thus incapable of adjusting the emphasis on either source
while encountering external visual interference.

1.3. Our Approach

This paper presents a loosely coupled algorithm for autonomous localization with a
weighted data fusion on the linear velocity and angular velocity layers, namely the ICEKF.
The weight of the IMU measurement can be adjusted according to whether the external
conditions are favorable for visual measurement, thus increasing the overall accuracy of
autonomous localization. The real-time performance is promising since the time complexity
is O(n). The local weak observability of the ICEKF is demonstrated.

The organization of this paper is as follows: the state vector of the ICEKF is established
in the second section, the design of the propagation and update of the filter is discussed
in the third section, the observability analysis is presented in the fourth section, and the
fifth section carries out numerical studies of simulations and dataset experiments. Finally,
a summary is provided.
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2. Design of the State Vector

This section discusses the construction of the state vector and analyzes the weighted
coupling process on the velocity layer. The forms of the ICEKF state vector are then deducted.

2.1. Definition of Variables in the ICEKF

The descriptions of the main coordinate frames and variables used in this study are
listed in Table 1. The relationships between the coordinate frames of the IMU-aided camera
integration system are established, as shown in Figure 1, where p’. and 7', represent the rela-
tive linear translation and rotation between the IMU and the camera, which are considered
constants once calibrated. The IMU outputs linear acceleration a,,; and angular velocity w,;
in its rigid body coordinate frame. This paper considers the visual black-box measurement
outputting rotation g5, and unscaled linear translation p¢, in the world frame. The fusion
result is attached to the IMU coordinate frame, with the coupled linear translation and
rotation denoted as p'¢ and 7', respectively. The derivatives of the translation and rotation

. -ic
are vy, and gq,,. The units used in this paper are described in the SI, such as acceleration in
m?2/s and angular velocity in rad/s.

Table 1. Coordinate frames and notations in the ICEKF.

Symbol Description
w fixed world coordinate frame
i coordinate frame attached to the IMU
c coordinate frame attached to the camera
ic coordinate frame attached to the IMU-aided camera system
x represents a general viable vector, A is the coordinate frame
A attached to the vector, and B is the reference frame; for example, p¢,
B denotes the linear translation of the camera with the frame ¢,
measured with respect to the world frame w
translation vector of rigid bodies along 3 axes, of which the
p . . T T
quasi-quaternion descriptionis p = [0,p"]
_ unit quaternion according to the Hamilton notation [16], written as
i 7= 190,01,72,93]" = [q0,47]"
q* conjugate quaternion of g, and g* ® g=1
R rotation matrix converted from g, such as Ri, = R(7.,)
E2Y skew-symmetric matrix of x, and |xx |y = —x|yx | [23]
n white Gaussian noise vector with zero mean and covariance o
g gravity vector in the world frame

Figure 1. Relationships of the coordinate frames in the ICEKFE.
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2.2. Construction of the State Vector

Given the necessity for information fusion on the velocity layer, while containing
first-order derivatives and integrals, the state of the ICEKF is defined as a column vector
consisting of 30 elements, as follows:

. T T ;T _i T T T T, T T T
X={pi ool 75 7, o« buTbuA} M

where v, is the linear velocity of the visual measurement derived from p¢; w( is the
equivalent body angular velocity of the camera measured in the IMU frame; 7', and !
are the rotation velocity and body angular velocity, respectively; b,; and b,,; are the biases
of a,,; and w,,;, respectively; A is the scale coefficient of the monocular visual translation.
The remaining variables are described in the last section. Let a, be the linear acceleration
of the IMU measured in the world frame, where a, = R, (a,;; — by; — nga,,). Additionally,
w:: = Wi — bwi — Nw,y,-
The relationships among the variables in the ICEKF state are shown in Figure 2.

¢wmi

MU kﬁMU Accelerations IMU Angular
am;L a, Velocities @
< __________________
ammn e v b, Dy A Biases
\  Integral | b,

\4 a):
S N "y v !
{ Coupling 1 M, ( Coupled Linear Coupled Angular
| Coefficients | | | Velocities v | | | Velocities g,
T g A ! X
A) Sl ‘
| Differential | | Differential |
A A Scale
Coefficient
| Visual Unscaled Visual Attitudes
Camera #‘ . . _
Translation p, q.

Figure 2. Relationships among the variables in the ICEKF state vector.

When the visual measurement is treated as a black box, v¢, = p;,. To obtain w¢, g,
should be transformed to ﬁ;;, which is the visual rotation described in the IMU frame.
Then, w{ can be obtained from the derivatives of the Euler angles recovered from ﬁ;:. The
coupling coefficients of the linear and angular velocities, jo, ptw € [0, 1], are independent of
the state update. This design guarantees that the coupling weights are always adjustable,
which increases the accuracy of motion estimation without impacting observability.

To focus on the filter construction in this paper, the following is assumed:

1. The drift of the visual world frame in the visual black-box measurement is negligible
due to its slow variation.

2. The outcomes acquired through the first-order derivation of measurement results
are modeled as random walk, including w¢ and v5,.
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qic = %q

P

2.3. Coupling Process

The coupling process of the linear velocities of the IMU-camera system requires a
weighted summation as follows:

= povl, + A(1 — 1o )RS, 2)

The angular velocity, which covaries with the rotation of the coordinate frames, cannot
be directly summed. According to Appendix A and the proposed lemmas in Appendix B,
with g € [0, 1], the following equations hold:

L) = 1@)" e (nal), o
%(ﬁg‘,’)l_yw . (qw>l "o (1= pew)wy), (4)

where ﬁ% is the equivalent rotation of the visual measurement in the IMU frame.
After further deduction according to Appendix A, the derivative of g is written as
follows: ' ) .
_lc d _ N\ 1THw i\ Hw d (= He
To= @) o (7)) +@)" e &(7)

=) oo (m) e

where @ = [0, w] is the supplementary vector of the body angular vector w.

, ©)
qlC ® w

Angular Velocity fusion according to Equation (5) is performed while assuming that
gic = qw = q.,, which are all attached to the IMU frame. Thus, potential errors can be
caused by the assembly and measurement noise for a real IMU-camera integrated rig.
However, after careful calibration and the filter process, the influence of the possible

inconsistency is negligible.

2.4. Simplification of the State Vector

To simplify further discussion, the subscripts of the variables described in the world
coordinate system are omitted; thus, the ICEKEF state vector in Equation (1) is rewritten
as follows:

T
X = {picT vCT viT quT qiTwCTwiT bawaT/\} ’ (6)

The derivatives of the variables in the vector are as follows:

= Vjc = Ho0; + )L(l - yv)R Ve, Ve = Ny, U = Rj(ay,;i — by —na,,) — g,

Qw; g e+ ey 9w, ql =13, ®@;, we =14, Wi = L (Wi — b, — Nw,,), )

b = Hp,;, b(w - nbwl/)\ =Ny,

where v, w,, and A are modeled as random walk, and notably g, = ﬁé Rqs, = ﬁf‘;

2.5. Error of the State Vector

Let X denote the expectation of X, and let X denote the error between the expectation,
and the measurement, written as X = X — X. X with 28 elements, is described as follows:

~ T
X = {ApiCT Av.T Av;T 60,7 60, Aw.T Aw;T Aby,TAb,,;T AA} , ®)

With the small-angle assumption, when the rotation angle corresponding to a unit

T
quaternion 7 is very small, the error of g is written as 6§ = (g9, 69" | T~ [1, %MT} [23].
Because the algorithm operates at a high update rate, the high-order terms that yield
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negligible computational results are disregarded, such as 6q - Aw, Jq - 6q, and ¢ - n. Then,

the description of the derivative X can be inspected.
According to Equation (2), the derivative of the coupled translation error is as follows:

Ap;. = tol>v; + A1 — po)READ, )

The expectation of the linear acceleration of the IMU is a; = a,,; — b,i, and Ab,; =
by — by, According to Appendix A, the rotation can be reformed as R; = R(7,) ~
R;(I3 + [66; x | ) under the small angle assumption. After neglecting the high-order terms,
the error of the linear velocity of the IMU is written as follows:

N ~

Av; = a; — & = Ri(@p; — bai —1a,,) — 8§ — Ri(am; —by) +g

| N , (10)
~ —R; Lﬁi X J (561' - R,‘Abm' —Ng,.

For general quatermons and angular velocities, § = § ® 67 and @ = w + Aw. By
subjecting §,.* = (7,)"~ Ho ® (g;)"" and (§;*)* ® §;"v= 1 to Equation (5), the error of
the coupled rotation can be deducted as follows:

- ES wANw A 2l—ue — 1—upy2 A —
§qic = q:fc ® ( 2 qzyw Qw; D4, - Ho e ® We — Lq? QWw;®q, : ® 5qic - quic Qwe® 5qic)
w 5= — — — 1— w 1-pw 2o\ Ay A 2l—pw —
= [507, 07, 24 © (@ + Aw)) ®qc1 e tp (@) o (@) e ewon v o]

* [1_2Hw 0 @ (@e + M) — 4@ © o7,

, o a
o @ (g 1) @@ o, e s, @ @,
= | +530m @ (q ) @ Aw gl | 1*'*«’5%@/;@
w (2l1-to ~Al—pe — wi
*%(qc V) Qw; R, " ®q; W @6,

According to Appendix A, the rotation of p;. with respect to g.! #« is written as

follows:
- T

1= 21— 1w
(@) epeed " aRr(@ " ) Pic = Ry cPics (12)
where RWCT is the rotation matrix converted from ﬁcl’f‘w
By subjecting Equation (12) to Equation (11) and disregarding the high-order terms,
the following is obtained:

Beog, ;)2 T ]
Hot Wi 1-pw 6q,. ® W,
. 0 27 ic
5ﬁic = _MZ‘U R T(f) ® 5qzc + 71 zywwc & (quc
. + 15 55, © Aw.
_'_HTw(Squ ® RywcTsz ]
[ 0 (R Tan) % [ 0 —a&f o 13)
RT@w; —|(Ruyc"@;)x] 5q,, @ —|@cx] 5q;.
_me) |0 (RywcT(f)i)T 90 4 e 0 —& 90
2 L RCT“A’z L(R}twch)i) XJ 5% : we LwCXJ §qlc
0 —(RupcTAw;) [ 90 1 n 0 —(Awe)" 1 [ o
RAw; —|(Ry,e"Awi)x] || oqic | | Awe —|A@cx] || g
~ Hw{ 0 fo }_ww{ 0 fo
C L 2| (Ryc' @i) x| og;c GoRyc Aw; | 2| @cx |og; qoAwe '
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T
Then, with the small angle assumption 6g;. = [qo,64,." | T~ {1, %(561-;} , the error of
the coupled equivalent Euler angle is simplified as follows:

80ic = — o H(RMT@) xJ 50;, — RWTAwi] —(1— peo)[|@cx |00 — Awe],  (14)

The expectation of the body angular velocity of the IMU is @; = w,; — b, and
Aby,; = b,; — b,,;. Resembling the process above, the error of the rotation of the IMU is
written as follows:

07, = 4; @ (4, — 4, 07;) = 364, ® (wl + A“’z — 3W; ® o7
_1] 0 —wi qio | 1 ] l qio ] 1[ —Aw; ] [ qio ]
2 @ —|wix] oq,; 2 wl Lwlx ] oq,; Aw; —|Aw;x | oq; | (15)
[ 0
x]éq; 3qi0Aw;

Equation (15) can be simplified with the small angle assumption as follows:
00; = —|@;x |060; — Aw; = — | @;x |00; — Ab; — e, (16)
The derivatives of the remaining terms in X are as follows:

d . . .
It Abwi + nw,m') = Nwi, Abui = nbm-/Abwi = nbw,-/ A)\ =Ny, (17)

Avc = nz,C,A&JC = nwc,A&Ji = dt(

3. Propagation and Update of the ICEKF

The propagation and update of the ICEKF are described in detail in this section. The
key matrices in the propagation step determine the internal transition process of the filter.
The update step rectifies the filtered outcomes in reference to the measurement results.

3.1. Propagation

For the linearized continuous-time errors of an ICEKEF state, the following equation
exists [24]: B
X =F.X+ Gcn, (18)

T

wWe

ﬁml, E,ml nlf n,f ] is the propagation noise vector for the ICEKF fol-

lowing the Gaussian distribution. F. and G, are considered constant during every iteration.

T

n we

wheren = [n ng, N

To discretize Equation (18) during the period At, we write the description of the dis-
crete state transition matrix F; and the discrete noise covariance matrix Q, as follows [24]:

{ Fj = exp(FcAt) =1y + FeAt + 3 FPAR + )

Qs = [/ Fy(t)GQ .Gl Fy(v) dr ’

where Q. = diag(c? ﬁai, a,%wC, ’%wz" 0',%%, (rﬁb ) is the diagonal matrix converted from

wi

Gaussian noise.
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Section 2.5 presents the specific expression of X. Considering that the algorithm
operates at a high frequency, only the first-order expansion in Equation (19) is considered.
The complete expression of F; is derived as follows:

I3A1 Ay ... O3x19
03 I3 oo O3x22
03 03 I3 03 A3 0303 A4 030
Fd— 3 U3 13 U3 413 U3 U3 /14 U3 U3zx1 , (20)
0303 03 A5 03 Ag Ay 03 03 031
03 03 03 03 Ag 03 03 03 Ag 031
| O13x15 ... Ii3x13 128428
where Ay = A(l — uo)RIAL Ay = wolAt, A3 = —Ri|aix|At, Ay = —RiAt,

As =13 — (,uw L(RplwcT(‘A]i) XJ + (1= po) [@c X | )At/ Ag = (1 —po)3At, A7 = VwRywcTAt/
Ag = I3 — |wrx | At, and Ag = —I3At.

Q, can be further derived by combining Equation (20) and G, and the explicit form
of G, is recovered according to Equation (18) as follows:

03 03 03 03 03 03
I3 03 03 03 03 03
03 — R; 03 03 03 03
03 03 03 03 03 03
030303 — I3 03 03
03 03 I3 03 03 03
03 03 03 03 I3 03
0718

Ge

(21)

- 28%18

3.2. Measurement

Let the state measurement matrix at the k-th step of the ICEKF be z;. After the
measured linear translation zp, the attitude quaternion z;, the linear velocity z,, and the
angular velocity z, are obtained by comparing the results from the keyframes of the visual
measurement with the expectation of the ICEKF, z; is obtained as follows:

~ T
3 = [z{,z,fzg EZ,] , 22)
For the error of the linear translation, the following holds:

Zp = (Pic = RieP)A +mp — (P = Rip))A ) o
- (ijA - ﬁic/\) + (f’ic/\ - ﬁic)\) + [Ricpf/\ - RiC(I3 + L(SeiCXJ )Plc/w + (—R,‘Cpf/\ + Ricpf)\) + ny (23)
= ADp + Ric | (PfA) % |60ic + (Pic — Ricpf) AL +my

For the error of the attitude quaternion considering the small angle assumption, the
following equation is used:

1

, (24)
106, +ng

% =00 (@e1) =g, ~ l
For the error of the linear velocity, the following holds:
Zy = Vic — Djc

= 1o AviAt + A(1 — 1) RLAD, , (25)
= —‘leAtRi LaiXJ§6i - ‘uvAtRiAba + )\(1 — ‘uv>RZCAUC + 1y
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Since the angular velocities in different coordinate frames cannot be directly subtracted,
the measurement error can be indirectly obtained according to Equation (14) as follows:

Zw = 5éicAt +ny (26)
= —At[peo | (Rue T@i) x| + (1 = po) [@e x |160ic + (1 — po) MtAwe + peo ARy e T Aw; + 1y ’
Based on the description of X in Equation (8) and the above expansion of the measure-
ment process, under the small angle assumption, the measurement error is reformulated

as follows:
Z ~ Hi Xy + ny, (27)

where Hj is the measurement matrix, and the measurement noise is simplified as

iy = [np ng nyTng, T ]T. Thus, Hy can be recovered from Equations (22)—(26) as follows:

Al3x3 03x6 Bi 03415 By
O30  3lx3  O3x16 (28)

H, = N ,
03x3 B3 0356 B4 0356 — oAt R 034
039 B5 0353 (1 — pa) Atz DRy " 037 | 1) 00
where B; = R;c| (pSA) x|, By = p;. — Ricp§, B3 = AAH(1 — 1ip)RE, By = — o AtR;| 4;x | and

Bs = Ot (Rope 1) | + (1~ o) e .

3.3. Entire ICEKF Process

The entire process of the ICEKF in the k-th iteration is presented as follows:
Step 1. By calculating F; and Q, according to Equation (19), the prior covariance
matrix of errors Py, can be obtained from the following:

Py gk = FaPyFa + Qq, (29)

Step 2. The Kalman gain matrix K}, is updated as follows:

{ Sk = HiPyoy i HY + Ry (30)

Ki = Py Hy S

where R; is the measurement noise matrix. . .

Step 3. The current state X, Flkt1 = X, 1kt X is calculated according to X, = Kz,
where z, is obtained via Equation (27).

Step 4. The posterior covariance matrix of errors Py ;11 is updated, and Step 1 is
carried out again according to the following:

T
Py ki1 = (Dsxos — KeHi) Pryqpe(Tasxos — KeHy) ' + K ReKY, 31)

During Step 2, the measurement error model of the visual measurement can be
preestablished as described in [25,26]. While updating the attitude during Step 3, the
angular error of rotation in )A?k is achieved with the small angle assumption. Therefore, the
quaternion form of the attitude expectation g, ; must be recovered as follows [23]:

/\

o, (5

NI—

T
1 - 5‘1k oy, 0qy | if 03104, <1 , (32)

1+5qT6A (1,641 if gl g, > 1
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For a clearer view of the entire process, the data flow during the k-th iteration is

illustrated by Figure 3.
IMU And
the Visua
Black Box
X=X-X"
\_ Propagation

Figure 3. The data flow of the variables in the ICEKF.

Visual

Keyframe

. Update

4. Nonlinear Observability Analysis

The nonlinear system with an ICEKF can function properly if it has local weak observ-

ability, as described in [27]. To simplify the observability analysis with angular velocity

layer fusion, a pair of virtual coupled measurement variables are defined as angular ve-

locity w,,;. with bias b, , which can be regarded as the yields obtained from correcting

wy,; and by, with visual measurement. Thus, referring to the observation system modeling

in [16], the nonlinear system representing the fusion measurement results can be expressed

as follows:
fo

Ho0; + A(l - .uv)Révc |
O3x1

Ribs, — g
%: ﬁic) bwlc
3E %)b%
03x1
03x1
03x1
03x1
0 i

———

h

033
033
033
04><3
1s

=l
033
033
033

03x3
0

)

Wi +

f2 f3
— —
U3x3 03x3
U3x3 03x3
03x3 R;
%E(qic) O4x3
O4x3 Whyic + Oac3 A,
03x3 03x3
03%3 03x3
03%3 03x3
03%3 03x3
0 L0 ]

where for a general unit quaternion g, there is the following:

G= o.sa(ﬁ)w
2(q) = [

9ols — g%

] ,

(33)

(34)
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VLo,
VLOhg
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VL hy
VLZOhl

171
VLfaLthl

. T
The measurement functions are designed as h(X) = [hl T.. .,hgT} , with
= (pic = RiP)A o = Tiey by = Gy, by = ' Gie, hs = 183, he = vc, hy = we,
and hg = w;.
According to the detailed deduction in Appendix C, the observability matrix of the
system is constructed with the Lie derivative as follows:

[ Pic ve ;i Tic q we wj ba b, A
P N T = T N S I NN
u o oo W, 0 0. "0 "o 0 u;
0 0 0 u, 0 0 0 0 0 0
0 0 0 0 Us 0 0 0 0 0
0 0 0 U 0 0 0 0 0 0
0 0 0 0 U 0 0 0 0 0
— o u o 0 0 0o 0 0 0 0 . (35)
0 0 0 0 0 Uy 0 0 0 0
0 0 0 0 0 0 U 0 0 0
0 Un U Gy 0 0 0 Gpg 0 G
0o 0 0 0 0 Uz 0 0 0 0
0 0 0 Guag Guys 0 0 UWis Gpuig G
|0 0 0 Gy Gps 0 0 0 0 Uis | .50

where each column corresponds to the entries in the state vector of the ICEKF, the ma-
trices G with indices represent blocks that are irrelevant to the rank analysis, and the
matrices U with subscripts are blocks contributing to the column rank of (), as follows:
U] = 13)\, U4, U5 = 14, Ug, Ug, U]O = 13, U12 = A‘uvlg, U14 = 0.53 (ﬁi)’ U15 = —/\]lle', and
Uy = U(R;).

To prove that Q) has full rank, block Gaussian elimination is applied. The rows of
blocks can be rearranged so that only one block in each row is allowed to determine whether
the corresponding column of blocks has full column rank. Following this process, all the
block columns in ), with the exception of the last one corresponding to Uy, have full
column rank when A, i, are nonzero.

Expanding the rotation matrix R; as three columns yields the following:

L}a L}Ohl = AMoR; = Apig [reryrz], (36)

An explicit form is achieved by inspecting the Lie derivative of Equation (36) as
Uy = po [rxTryTrzT} Tgxl. As described in [16], if the linear acceleration was excited on at
least one axis, one of ry, ry, or r; would be a nonzero vector.

In accordance with the analysis above, it can be demonstrated that for the visual—-
inertial system with the ICEKF described in this paper, when A, yi,, are nonzero and the
IMU is excited in any direction, the observability matrix has full column rank, which means
that the system has local weak observability [27]. The above conditions are readily fulfilled
during practical applications.

5. Simulation and Experiments

Three-dimensional motion simulation and dataset experiments are conducted in this
section to analyze the performance of the ICEKE.

5.1. Simulation

Assuming that the coordinate frames of the IMU and the camera are aligned, the pose
transformation between them can be omitted. To observe the convergence process, we
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deliberately assign random initial values to the prior covariance matrix Py;. The starting
point is [1,0,0]. The covariance matrix of measurement error Ry is designed as a skew-
symmetric matrix with small random values. Gaussian noise is introduced to all the virtual
measurement values. The coefficients are set as i, = 0.5, i, = 0.5, and A = 1. The virtual
IMU-camera rig is directed to move along a virtual helical trajectory, as described by the
following equation:

X = cos (% nt)

Yy = sin(%ﬂt) , (37)

z=t

The three-dimensional position curves of the ICEKF and the ground truth are shown
in Figure 4, which reveals that the estimated results align closely with the true values. The
position errors of the ICEKF estimation against the ground truth of the IMU-camera rig
along the three axes are depicted in Figure 5, and Figure 6 shows the orientation errors.
The curve of A is shown in Figure 7.

—ICEKF
— GroundTruth
— ™~
o 1.5

— 1

0.5

2T Xmy

Figure 4. Three-dimensional position curves of the simulation.
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Figure 5. Position error of the simulation.
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Figure 6. Orientation error of the simulation.
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Figure 7. Visual scale of the simulation.

The norm errors between the ground truth and the simulation results, including the
statistical values of the RMSE (root mean square error), mean error, and STD (standard
deviation) for both coupled translation p;. and attitude g,, across all three axes, are detailed
in Table 2. The errors of the attitude are obtained by converting ;. to roll-pitch-yaw.

Table 2. Norm errors of the translation and attitude between the ground truth and the simulation
results.

Translation Translation Translation Attitude Attitude Attitude
RMSE Mean Error STD RMSE Mean Error STD
0.207 m 0.1447 m 0.1408 m 0.1684 rad 0.1348 rad 0.1008 rad

The curves and numerical statistics show that despite the randomized Py and Ry
alongside a high yaw angle velocity disturbing the initial convergence, the ICEKF ultimately
converges without much specific parameter tuning. This indicates that the ICEKF possesses
strong robustness while yielding reliable motion estimates.

To further test the filter’s ability to converge, an initial state estimate set is designed
which conducts the virtual rig starting from the different three-dimensional points to the
actual desired starting point [1,0,0]. The initial estimate set, varying from [0,—1,—1] to
[1,0,0], and the converging process are illustrated by Figure 8, which depicts how even
when facing uncertain initial estimates, the filter can converge with a decent performance.
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Figure 8. The initial estimate set and the converging process.

5.2. Dataset Experiment

To inspect the effectiveness of the algorithm in real-world scenarios, this paper em-
ploys the EuRoC ROOMO1 and MainHall02 datasets [28] for validation. Since this study
investigates the performance of the loosely coupled visual-inertial algorithm itself in-
stead of visual odometry, one of the state-of-the-art visual SLAM algorithms, monocular
ORB-SLAM V3 [29], serves as the visual black-box approach. Given that this algorithm
has been confirmed to exhibit exceptional ATE performance, this paper focuses on RPE
comparisons of different algorithms by employing EVO tools [30] to analyze trajectories.
The ICEKF operates with the IMU data at 200 Hz, and meanwhile the visual measurement
runs at 20 Hz. To facilitate the comparison, each frame from the visual measurement with
ORB-SLAM is considered a keyframe.

The coefficients are y, = 0.9 and y,, = 0.5, and the initial scale factor is determined
based on the prior results of the visual algorithm as A = 2.04. Given that the hardware
setup and scenario are fixed in the dataset, the initial covariance matrix Py of the ICEKF
can be easily adjusted via multiple runs. In the first run, the initial Py is selected randomly,
and eventually stabilizes as the algorithm progresses. The final updated Py is utilized to
run the scenario test again, which greatly increases the convergence speed and provides
high resilience against noise. For applications in unknown environments, initial covariance
estimation can be conducted in a similar scenario to further improve convergence efficiency.

Dataset experiments with monocular ORB-SLAM, its IMU variant, and the monocular
MSCKF with an IMU were performed. The entire experiment processes are shown in
Figures 9 and 10.

The contrast between the three-dimensional position output of the ICEKF and the ground
truth is shown in Figures 11 and 12. The three-dimensional position errors and the orientation
errors between the output of the ICEKF and the ground truth after applying alignment using
Umeyama’s method [30] from the two dataset tests are shown in Figures 13-16.
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(@)

(b) ()

Figure 9. Dataset experiments (ROOMO01): (a) monocular ORB-SLAM, (b) monocular ORB-SLAM
with IMU, and (c) monocular MSCKE.

Figure 10. Dataset experiments (MainHall02): (a) monocular ORB-SLAM, (b) monocular ORB-SLAM
with IMU, and (c) monocular MSCKE.

Trajectory analysis using EVO is conducted, in which the ICEKF with the results
from ORB-SLAM and its IMU variant, as well as the data obtained from the monocu-
lar MSCKEF [31], are compared against the ground truth, with the statistical RPE results
presented in Tables 3 and 4.

The comparative results indicate that the ICEKF ensures real-time measurement
through high-frequency IMU updates and achieves an accuracy comparable to that of the
monocular ORB-SLAM and its IMU variant while outperforming the monocular MSCKE.
Although the trajectory does not reach the high accuracy of ORB-SLAM-based methods
owing to the lack of posterior batch optimization processing, the computational complexity
of the coupled part of the algorithm is only O(n), which benefits localization applica-
tions. Moreover, the algorithm framework can be directly utilized with other localization
algorithms to improve their measurement stability in complex environments.
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Figure 11. Position output of the ICEKF and the ground truth (ROOMO1).
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Figure 12. Position output of the ICEKF and the ground truth (MainHall02).
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Figure 13. Position error between the ICEKF and the ground truth (ROOMO1).
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Figure 15. Position error between the ICEKF and the ground truth (MainHall02).

2 T

1.5

o
=

Orientation error [rad]
-, ©
w —_ W (=)

'
[\

T

T T T T

—Roll error
SH Pitch error B
— Yaw error
1 1 1 1 1 1
0 20 40 60 80 100 120 140
Time [s]

Figure 16. Orientation error between the ICEKF and the ground truth (MainHall02).



Appl. Sci. 2025, 15, 989 18 0f 23

Table 3. Norm errors of the translations between the ground truth and the results of the dataset

experiments (ROOMO1).
Translation RMSE Translation Mean Translation STD
Error
ICEKF 0.04153 m 0.00574 m 0.04112 m
Monocular
ORB-SLAM V3 0.0393 m 0.0355 m 0.01678 m
Monocular
ORB-SLAM V3 0.003841 m 0.002973 m 0.002433 m
with IMU
Monocular MSCKF 0.1305 m 0.05366 m 0.119 m

Table 4. Norm errors of the translations between the ground truth and the results of the dataset
experiments (MainHall02).

Translation RMSE Translation Mean Translation STD

Error
ICEKF 0.08922 m 0.009765 m 0.08869 m

Monocular

ORB-SLAM V3 0.735m 0.533 m 0.506 m
Monocular

ORB-SLAM V3 0.001366 m 0.004981 m 0.01272 m
with IMU

Monocular MSCKF 0.2689 m 0.09905 m 0.25m

To assess the robustness of the ICEKF with regard to leap noise from visual measure-
ments, this study incorporates random stimulations with an amplitude of 0.5 m into the
visual measurement result to imitate harsh visual measurement failure. Figure 17 shows
a comparison of the partial trajectory from the ICEKF against the corrupted visual mea-

surement. This indicates that the ICEKF can significantly mitigate the impact of sporadic
instability from visual measurements.

Monocular ORB-SLAM V3
0 - ICEKF
\\
-0.2
g
w — —
-0.4
- A Noise point
S S
,—,%/J S~~~ / -
0.6 - — T /—/
0 T 14
~—__ - 1.3
0.5 — 12
x[m] 111 y[m]

Figure 17. Comparison of the partial trajectory from the ICEKF against the visual measurement with
leap noise.

6. Conclusions

This study introduces a novel weighted loosely coupled algorithm for fusing data
from IMUs and visual measurements and demonstrates its observability. The algorithm, of
which the coupled part possesses a computational complexity of O(n), retains the high-
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frequency update capability inherent to the EKF framework, thus enabling high-accuracy
active localization. Both simulation and dataset tests reveal that the ICEKF achieves deep
integration of the IMU and the visual data on the velocity layer throughout the updating
process, which benefits the localization performance. By conveniently tuning the weights
assigned to different data sources, the framework improves both the fusion accuracy and
the resilience to abrupt noise. In future studies, we will aim to apply the approach across
multiple devices by analyzing the sensitivity of the coupling coefficients in challenging
real-life scenarios.
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Appendix A

Assuming that the rotation g7 is accomplished during a certain period and that the
corresponding body angular velocity is w, § = %ﬁ ® @ [30], where @ = [0, w]. The u-th
power of g is written as g*, which is a unit quaternion that denotes scaling the rotation
angle around the virtual axis with u € [0,1] [32].

A three-element vector p rotating according to g is written as § ® p ® §* £ R(q)p with
p=[0p""

For general quaternions, the error between the measurement and the expectation is

defined as 07 from § = § ® 0g. The derivative formis 0§ =7 ® (q — ﬁ ® (5q> [16].

According to R(67) ~ I + |06 | [23], there is R(7) = R(q)R(69) ~ R(q) (I + [56x]).
Assuming that there are two quaternions, § = [g,,9"] Tandp = [po-PT] T, the

following equation exists:
po P
P pols+ [px]

qo0 —qT

®7. Al
q qol3+ [gx] 1 (A1)

qep = l ®p= l
Appendix B

The following lemmas are proposed in this paper for the coupling process on the
velocity layer.
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Lemma Al. For the IMU-camera measurement system in Figure 1, let 75:; be the equivalent

rotation of ¢, described in the IMU frame. Assuming that g', g, and q;'] are unit quaternions with

. f . . . N 1—to
7 =7, = 0 75 = (@,)" @ (7). where ey € [0,1]
Proof of Lemma Al. Rewriting the quaternions into axis-angle form [32] yields
ﬁéf, = [cos b, ti sinb;], ﬁf; = [cosb,r.sinf|, and qiu = [cosb;,r;sinf;], with
0. = 6; =0, = 6, and unit vectors r;, = 1. =1, = 1.
Inspecting the exponential form of quaternions [33], we have the following;:

(22)" " = exp (1~ ) log 75) = exp((1 - i) [0,61)
= [cos((1 = )0, rsin(1 = 1 )6)

, (A2)

(%)”w = eXP(le logﬁ;,) = exp(pw[0,0r])
= [cos(pwb), rsin(pewb)) . (A3)

Three conditions are discussed as follows:
N0 1 . SANY 1
1. When p, = 1, (ﬁ%) = [1,0], and (7,,) = [cosb,rsinb)], (qfu) ® (7,) =
[cos6,rsinf] = gc.
s — N\ —i\0 _ —ic
2. When p,, = 0, similarly, (qw) ® (q,) =75
When 1, € (0,1), there is the following:

@)™ @ (72)" " = feos((1 — o)), sin(1 — p)0)] o (1), in(cb)]

= [cos((1 — pew)0) cos(pwb) — sin((1 — pw)0) sin(pe ) (r-r), ' (A4)
rcos((1 — pw)o) sin(wa) + rcos(pwf) sin((1 — pew)0) + (r x 7)sin((1 — pe)0) sin(pw0)]

= [cos 6, rsinf] = g

1-u

Therefore, for all three conditions, ¢ = (},)" ® (ﬁ;;) “ holds. [J

Lemma A2. Letting u € [0, 1], for the derivative of the u-th power of a general unit quaternion g,
7@ = 2" ® (h@).

Proof of Lemma A2. Referring to Equation (314) in [32] (pp. 483), for a general quaternion
in the space-reference inertia axes, namely, the body frame in this paper, 4(7) = 17 ® (@).
Referring to Equation (15) in [34] (pp. 168), for a unit quaternion g denoting rotation «
around unit vector 7, %a = w - rexists.
To scale the rotation angle with a coefficient 4 € [0,1], since the vector r remains
unchanged, %ya = (pw) - r. Thus, %(ﬁ’*) = 14" ® (yw) holds. O

Appendix C

The Lie derivative of the measurement function h(x) with respect to the vector f(x) is

written as follows: oh
Lih(x) = Vh(x) = a(xx)f ). )

The k-th order Lie derivative of h(x) with respect to f(x) is written as follows:

oL h(x)
Lkh(x) = <fax)f(x). (A6)
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Specifically, the zeroth-order Lie derivative of h(x) is the measurement function itself,
namely LOh(x) £ h(x).
By deducting the gradient of the zeroth-order Lie derivatives of the measurement

. : T T T . .
function among h (X) = {hl oo hg } , we obtain the following:

VL = [I3A 03x3 033 AT(G, P5) 034 03x3 O03x3 03.303x3 (P — Ricpt)]
VLo = [043 04x3 043 Is Osus 0sx3 0sx3 0sx3 0sx3 041)
VL3 = [043 04x3 04x3 Oaxs Is 0sx3 0sx3 0sx3 Osx3 041]

VL% = (0143 01x3 O1x3 2(G;)" Oixa O1xs Oixs Oixs Oixs 0}

VL% = (0143 01x3 O1x3 O1xs 2(F,)" 01x3 O1x3 O1x3 O1x3 0}
VL6 = [03x3 Iz 0343 03x4 034 03x3 03x3 03x3 03x3 03x1]
VL = [03x3 03x3 03x3 03x4 O3xs I3 0343 0343 03x3 0341]
VL%g = [03x3 03x3 03x3 03x4 O3xs 03x3 I3 03.3 0O3x3 0341]

(A7)

The first-order Lie derivative of hy with respect to f;, and its gradient are as follows:

. 1 . s
i = VL - f) = )\(yvvi +A(1- yv)R;vc) + SAT(d, pf)a(qic)bwi. (A8)
Vigh = [03><3 M(1—po)RE Mpiols Giog) 03ua 0353 03x3 Gpg) 0343 G[9,10]} (A9)

The first-order Lie derivative of h3 with respect to f,, and its gradient are as follows:
Liyhs = VL -f, = 058 (ﬁl)bwi. (A10)

VL}oh?) = [04><3 0453 0453 0454 0454 I3 0453 0453 0.55 (ﬁl> 04><1} (A11)

The second-order Lie derivative of hy with respect to f;, and its gradient are as follows:
1 -
L2y = VL) Iy - fy = Apto(~Ribai — ) + EGME(qic)bm. (A12)

VL)%Ohlz 033 03x3 03x3 Gpi4) Gpis) 03x3 03x3  —AHoR; Gy G[u,w]] (A13)

The second-order Lie derivative of hy with respect to f; as well as f; and its gradient
are as follows:

171 _ 1 _ L 1 1 1 1 1 1
LLL = VLEhy - fy = ApioR; = [Lfm Lih L} Lhin Lmethle. (A14)
1 1
VLlalL{Oh1
171 _
vLfaLfoh1 o VLf3,2Lf0hl (A15)
VL} Ll m
33 0

= [09><3 09x3 09x3 Gpza) Grzs) 09x3 09x3 0Ogu3 Ogis U(Ri)}9x30
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