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Abstract

:

We consider a dilute and ultracold bosonic gas of weakly-interacting atoms. Within the framework of quantum field theory, we derive a zero-temperature modified Gross–Pitaevskii equation with beyond-mean-field corrections due to quantum depletion and anomalous density. This result is obtained from the stationary equation of the Bose–Einstein order parameter coupled to the Bogoliubov–de Gennes equations of the out-of-condensate field operator. We show that, in the presence of a generic external trapping potential, the key steps to get the modified Gross–Pitaevskii equation are the semiclassical approximation for the Bogoliubov–de Gennes equations, a slowly-varying order parameter and a small quantum depletion. In the uniform case, from the modified Gross–Pitaevskii equation, we get the familiar equation of state with Lee–Huang–Yang correction.
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1. Introduction


In 1924, Bose and Einstein introduced the concept of Bose–Einstein statistics and also Bose–Einstein condensation, i.e., the macroscopic occupation of the lowest single-particle state of a system of bosons [1,2]. In 1938, London suggested that the normal-superfluid phase transition of    4  He is related to the Bose–Einstein condensation and to the existence of a macroscopic wavefunction for the Bose condensate [3,4]. In 1947, Bogoliubov calculated, for a uniform weakly-interacting Bose gas, the quantum depletion, i.e., the fraction of bosons that are not in the Bose condensate at zero temperature due to a repulsive interaction strength [5]. In 1957, Lee, Huang and Yang evaluated the first correcting term to the mean-field equation of state of a uniform and weakly-interacting Bose gas [6]. In 1961, Gross and Pitaevskii derived the mean-field equation for the space-dependent macroscopic wavefunction of a weakly-interacting Bose gas in the presence of an external trapping potential [7,8]. The Gross–Pitaevskii equation is the main tool used to describe the properties of the Bose–Einstein condensates, which are now routinely produced with ultracold and dilute alkali-metal atoms [9].



Some years ago, experiments with atomic gases reported evidence of beyond-mean-field effects on the equation of state of repulsive bosons [10,11]. These experimental results are quite well reproduced [12] by a modified Gross–Pitaevskii equation, which includes a beyond-mean-field correction that is the local version of the Lee–Huang–Yang term. A few years ago, Petrov suggested theoretically the existence of self-bound quantum droplets in an attractive Bose-Bose mixture, where the collapse is suppressed by a beyond-mean-field term [13]. Very recent experiments [14,15] with two internal states of    39  K atoms in a three-dimensional configuration substantially confirm these theoretical predictions based on a modified Gross–Pitaevskii equation.



Beyond-mean-field correcting terms into the Gross–Pitaevskii equation [16,17,18], or into similar nonlinear Schrödinger equations for superfluids [19,20], are usually introduced heuristically in the spirit of the density functional theory. Here, we derive the modified Gross–Pitaevskii equation in a self-consistent way, starting from the Heisenberg equation of motion of the bosonic field operator    ψ ^   ( r , t )    and the familiar Bogoliubov prescription of writing the quantum field operator as the sum of a classical complex field    ψ 0   ( r )   , which is the order parameter or macroscopic wavefunction of the Bose–Einstein condensate, and a quantum field    η ^   ( r , t )   , which takes into account quantum and thermal fluctuations [21,22]. The presence of a generic external trapping potential   U ( r )   is circumvented by adopting a semiclassical approximation for the Bogoliubov–de Gennes equations of the fluctuating quantum field [23,24]. In this way, at zero temperature, we obtain the local density    n ˜   ( r )    of the out-of-condensate bosons as a function of the classical field    ψ 0   ( r )    and the corresponding equation for    ψ 0   ( r )   , that is the stationary modified Gross–Pitaevskii equation with beyond-mean-field terms. From these terms, we recover the Lee–Huang–Yang correction [6] in the case of a uniform and real Bose–Einstein order parameter.




2. Quantum Field Theory of Bosons


Let us consider the bosonic quantum field operator    ψ ^   ( r , t )    describing a non-relativistic system of confined and interacting identical atoms in the same hyperfine state. Its Heisenberg equation of motion is given by [21]:


  i ℏ  ∂  ∂ t    ψ ^   ( r , t )  =  −   ℏ 2   2 m    ∇ 2  + U  ( r )  − μ   ψ ^   ( r , t )  + g     ψ ^   +   ( r , t )   ψ ^   ( r , t )   ψ ^   ( r , t )   .  



(1)




where m is the mass of the atom,   U ( r )   is the confining external potential, g is the strength of the interatomic potential and  μ  is the chemical potential, which is fixed by the conservation of the particle number N, that is an eigenvalue of the number operator:


   N ^  = ∫  d 3  r     ψ ^   +   ( r , t )   ψ ^   ( r , t )   .  



(2)







The bosonic field operator    ψ ^   ( r , t )    satisfies the familiar equal-time commutation rules. In Equation (1), we have assumed that the system is very dilute and such that the scattering length and the range of the interatomic interaction are much smaller than the average interatomic distance. Thus, the true interatomic potential is approximated by a local pseudo-potential:


  V  ( r ,   r  ′  )  = g   δ 3   ( r −   r  ′  )   ,  



(3)




where:


  g =   4 π  ℏ 2   a s   m   



(4)




is the scattering amplitude of the spin triplet channel with   a s   the s-wave scattering length [21].




3. Bogoliubov Prescription and Quantum Fluctuations


In a bosonic system, one can separate Bose-condensed particles from non-condensed ones by using of Bogoliubov prescription [21,22]:


   ψ ^   ( r , t )  =  ψ 0   ( r )  +  η ^   ( r , t )   ,  



(5)




where:


   ψ 0   ( r )  =  〈  ψ ^   ( r , t )  〉   



(6)




is the time-independent, but space-dependent complex order parameter (macroscopic wavefunction) of the Bose–Einstein condensate with   〈 … 〉   the thermal average over an equilibrium ensemble. Notice that we work at thermal equilibrium, and consequently, the thermal averages are time independent. The field    η ^   ( r , t )    is the operator of quantum and thermal fluctuations, which describes out-of-condensate bosons.



The Bogoliubov prescription for the field operator    ψ ^   ( r , t )    enables us to write the three-body thermal average in the following way:


   〈    ψ ^   +   ( r , t )   ψ ^   ( r , t )   ψ ^   ( r , t )  〉  =   |  ψ 0   ( r )  |  2   ψ 0   ( r )  + 2  n ˜   ( r )    ψ 0   ( r )  +  m ˜   ( r )    ψ 0 *   ( r )  +  s ˜   ( r )   ,  



(7)




where    n ˜   ( r )  =  〈    η ^   +   ( r , t )   η ^   ( r , t )  〉    is the density of non-condensed particles, while    m ˜   ( r )  =  〈  η ^   ( r , t )   η ^   ( r , t )  〉    is the anomalous density and    s ˜   ( r )  =  〈    η ^   +   ( r , t )   η ^   ( r , t )   η ^   ( r , t )  〉    is the anomalous correlation [22].



Now, we obtain an equation for    ψ 0   ( r )    by taking the thermal average on Equation (1). In this way, we find:


  μ   ψ 0   ( r )  =  −   ℏ 2   2 m    ∇ 2  + U  ( r )  + g   |  ψ 0   ( r )  |  2  + 2 g  n ˜   ( r )    ψ 0   ( r )  + g  m ˜   ( r )   ψ 0 *   ( r )  + g  s ˜   ( r )   ,  



(8)




which is the exact equation of motion of the Bose–Einstein order parameter    ψ 0   ( r )    [22,23]. This is not a closed equation due to the presence of the non-condensed density    n ˜   ( r )    and of the anomalous densities    m ˜   ( r )    and    s ˜   ( r )   . Neglecting the non-condensed density and the anomalous densities, the previous equation becomes:


  μ   ψ 0   ( r )  =  −   ℏ 2   2 m    ∇ 2  + U  ( r )  + g   |  ψ 0   ( r )  |  2    ψ 0   ( r )   ,  



(9)




which is the familiar Gross–Pitaevskii equation [7,8]. A less drastic approximation, which is called the Bogoliubov–Popov–Beliaev approximation [22,23,24], neglects only the term    s ˜   ( r )   . Then, the equation of motion of the Bose–Einstein order parameter    ψ 0   ( r )    becomes:


  μ   ψ 0   ( r )  =  −   ℏ 2   2 m    ∇ 2  + U  ( r )  + g   |  ψ 0   ( r )  |  2  + 2 g  n ˜   ( r )    ψ 0   ( r )  + g  m ˜   ( r )   ψ 0 *   ( r )   .  



(10)







Furthermore, this equation is not closed. We must add an equation for the non-condensed density    n ˜   ( r )    and the anomalous density    n ˜   ( r )    by studying the fluctuation operator    η ^   ( r , t )    [22,23].



The equation of motion of the fluctuation operator    η ^   ( r , t )    is obtained by subtracting Equation (10) from Equation (1). The standard Bogoliubov–Popov approximation [22,23] neglects both the non-condensate density and the anomalous terms, and it takes only linear terms of    η ^   ( r , t )    and      η ^   +   ( r , t )   . In this way, the linearized equation of motion of the fluctuation operator reads:


  i ℏ  ∂  ∂ t    η ^   ( r , t )  =  −   ℏ 2   2 m    ∇ 2  + U  ( r )  − μ + 2 g   |  ψ 0   ( r )  |  2    η ^   ( r , t )  + g  ψ 0    ( r )  2     η ^   +   ( r , t )   .  



(11)








4. Bogoliubov–de Gennes Equations and Their Semiclassical Approximation


The fluctuation operator can be written as:


   η ^   ( r , t )  =  ∑ j    u j   ( r )   e  − i  E j  t / ℏ     a ^  j  +  v j   ( r )   e  i  E j  t / ℏ     a ^  j +    ,  



(12)




where    a ^  j   and    a ^  j +   are bosonic operators and the real functions    u j   ( r )    and    v j   ( r )    are the wavefunctions of the quasi-particle and quasi-hole excitations of energy   E j   [23]. As a consequence, one finds:


   n ˜   ( r )  =  ∑ j     u j    ( r )  2  +  v j    ( r )  2    〈    a ^   j +    a ^  j  〉  +  v j    ( r )  2    ,  



(13)




and:


   〈    a ^   j +    a ^  j  〉  =  1   e   E j  /  k B  T   − 1    



(14)




is the Bose factor at temperature T with   k B   the Boltzmann constant. We stress that at zero temperature, one gets:


   n ˜   ( r )  =  ∑ j   v j    ( r )  2   ,  



(15)




and also:


   m ˜   ( r )  =  ∑ j   u j   ( r )    v j   ( r )   .  



(16)







By inserting Equation (12) into Equation (11), we obtain the Bogoliubov–de Gennes equations:


      L ^   u j   ( r )  + g  ψ 0    ( r )  2   v j   ( r )     =     E j   u j   ( r )   ,     



(17)






      L ^   v j   ( r )  + g  ψ 0 *    ( r )  2   u j   ( r )     =    −  E j   v j   ( r )   .     



(18)




where:


   L ^  = −   ℏ 2   2 m    ∇ 2  + U  ( r )  − μ + 2 g   |  ψ 0   ( r )  |  2   .  



(19)







The solution of these equation can be done numerically by choosing the external potential   U ( r )  . However, an analytical solution can be obtained within the semiclassical approximation, where   − i ∇ → k   and    ∑ j  → ∫  d 3  k /   ( 2 π )  3    [23]. It follows that the Bogoliubov differential equations become algebraic equations:


      L k   ( r )    u k   ( r )  + g  ψ 0    ( r )  2   v k   ( r )     =     E k   ( r )    u k   ( r )   ,     



(20)






      L k   ( r )    v k   ( r )  + g  ψ 0 *    ( r )  2   u k   ( r )     =    −  E k   ( r )    v k   ( r )   ,     



(21)




where:


   L k   ( r )  =    ℏ 2   k 2    2 m   + U  ( r )  − μ + 2 g   |  ψ 0   ( r )  |  2   ,  



(22)




and that the zero-temperature non-condensed density reads:


   n ˜   ( r )  = ∫    d 3  k    ( 2 π )  3    v k    ( r )  2   .  



(23)







This quantity is also called local quantum depletion of the Bose–Einstein condensate. In addition, the local anomalous density is given by:


   m ˜   ( r )  = ∫    d 3  k    ( 2 π )  3    u k   ( r )    v k   ( r )   .  



(24)








5. Local Quantum Depletion and Generalized Gross–Pitaevskii Equation


Assuming a slowly-varying order parameter, such that the gradient term can be neglected, but also a small quantum depletion, from Equation (10), the chemical potential  μ  can be approximated as:


   μ ≃ g |   ψ 0     ( r )  |  2  + U  ( r )   .  



(25)







It is then straightforward to derive the elementary excitations:


   E k   ( r )  =      ℏ 2   k 2    2 m       ℏ 2   k 2    2 m   + 2 g   |  ψ 0   ( r )  |  2      ,  



(26)




and the real quasi-particle amplitudes:


      u k   ( r )     =     1  2          ℏ 2   k 2    2 m   + g   |  ψ 0   ( r )  |  2     E k   ( r )    + 1   1 / 2       



(27)






      v k   ( r )     =    −  1  2          ℏ 2   k 2    2 m   + g   |  ψ 0   ( r )  |  2     E k   ( r )    − 1   1 / 2    .     



(28)







We can now insert Equation (28) into (23), and after integration over the linear momenta, we obtain:


   n ˜   ( r )  =   2   12  π 2        2 m g   ℏ 2     3 / 2     |  ψ 0   ( r )  |  3   .  



(29)







This is the local version of the familiar Bogoliubov term for the quantum depletion, originally obtained for a uniform bosonic system, i.e., with   U ( r ) = 0  . For the local anomalous average density, after dimensional regularization [12], we find instead:


   m ˜   ( r )  = 3   n ˜   ( r )   .  



(30)







Finally, inserting this expression into Equation (10), we get:


        μ   ψ 0   ( r )      =  −   ℏ 2   2 m    ∇ 2   + U  ( r )  + g |   ψ 0     ( r )  |  2  +   2   6  π 2        2 m   ℏ 2     3 / 2    g  5 / 2     |  ψ 0   ( r )  |  3    ψ 0   ( r )         +   2   4  π 2        2 m g   ℏ 2     3 / 2    g  5 / 2     |  ψ 0   ( r )  |  3   ψ 0 *   ( r )   .        



(31)







This is a modified Gross–Pitaevskii equation containing beyond-mean-field corrections due the the presence of local quantum depletion and anomalous average density. The chemical potential  μ  of Equation (31) is fixed by the normalization condition:


  N = ∫  d 3  r   |   ψ 0     ( r )  |  2  +  n ˜   ( r )   = ∫  d 3  r   |   ψ 0     ( r )  |  2  +   2   12  π 2        2 m g   ℏ 2     3 / 2     |  ψ 0   ( r )  |  3    



(32)




with N the total number of bosons.



It is important to stress that, in the case of a uniform and real Bose–Einstein condensate, Equation (31) gives:


  μ = g  n 0  + 2 g  n ˜  + 3 g  n ˜  = g n + 4 g  n ˜  = g n + g  n 0   32  3  π       n 0   a s 3     ,  



(33)




which is the chemical potential with the familiar beyond-mean-field Lee–Huang–Yang correction [6] under the assumption of small quantum depletion. Clearly, one does not obtain this zero-temperature result neglecting the anomalous average density   m ˜  .




6. Conclusions


We have shown that a modified Gross–Pitaevskii equation with local beyond-mean-field terms can be obtained in a straightforward way from a quantum-field-theory formulation without invoking the density functional theory. However, the derivation is not exact because one performs some approximations on the spectrum of elementary excitations and on the spatial dependence of the macroscopic wavefunction of the Bose–Einstein condensate. In [25], a different derivation of a zero-temperature stationary modified Gross–Pitaevskii equation without external confinement is shown, but which also takes into account anomalous averages. A more formal and mathematical approach to the Hartree–Fock–Bogoliubov methods to obtain time-dependent modified Gross–Pitaevskii equations can be found in [26]. In the near future, we want to derive and use coupled modified Gross–Pitaevskii equations for studying Bose-Bose mixtures under double-well confinement and spin-orbit coupling, extending our previous results [27,28].







Funding


This research was funded by Italian Ministry of Education, University and Research, grant "Fondo per il finanziamento delle attivita base di ricerca" (FFABR, 2017).




Acknowledgments


The author thanks A. Cappellaro, A. Recati, S. Stringari, F. Toigo, A. Tononi and Z.Q. Yu for useful discussions and suggestions. The author acknowledges partial support from the FFABR grant of the Italian Ministry of Education, University and Research.




Conflicts of Interest


The author declares no conflict of interest.




References


	



Bose, S.N. Plancks Gesetz und Lichtquantenhypothese. Z. Phys. 1924, 26, 178–181. [Google Scholar] [CrossRef]

	



Einstein, A. Quantentheorie des Einatomigen Idealen Gases; Preussische Akademie der Wissenshaften: Berlin, Germany, 1924; Volume 22, p. 261. [Google Scholar]

	



London, F. The λ-phenomenon of liquid helium and the Bose–Einstein degeneracy. Nature 1938, 141, 643–644. [Google Scholar] [CrossRef]

	



London, F. On the Bose–Einstein Condensation. Phys. Rev. 1938, 54, 947. [Google Scholar] [CrossRef]

	



Bogoliubov, N.N. On the theory of superfluidity. J. Phys. 1947, 11, 23–32. [Google Scholar]

	



Lee, D.T.; Huang, K.; Yang, C.N. Eigenvalues and Eigenfunctions of a Bose System of Hard Spheres and Its Low-Temperature Properties. Phys. Rev. 1957, 106, 1135. [Google Scholar] [CrossRef]

	



Gross, E.P. Structure of a quantized vortex in boson systems. Nuovo Cimento 1961, 20, 454–477. [Google Scholar] [CrossRef][Green Version]

	



Pitaevskii, L.P. Vortex Lines in an Imperfect Bose Gas. Sov. Phys. JETP 1961, 13, 451–454. [Google Scholar]

	



Leggett, A.J. Bose–Einstein condensation in the alkali gases: Some fundamental concepts. Rev. Mod. Phys. 2001, 73, 307. [Google Scholar] [CrossRef]

	



Papp, S.B.; Pino, J.P.; Wild, R.J.; Ronen, S.; Wieman, C.E.; Jin, D.S.; Cornell, E.A. Bragg Spectroscopy of a Strongly Interacting 85Rb Bose–Einstein Condensate. Phys. Rev. Lett. 2008, 101, 135301. [Google Scholar] [CrossRef] [PubMed]

	



Wild, R.J.; Makotyn, P.; Pino, J.M.; Cornell, E.A.; Jin, D.S. Measurements of Tan’s contact in an atomic Bose–Einstein condensate. Phys. Rev. Lett. 2012, 108, 145305. [Google Scholar] [CrossRef] [PubMed]

	



Salasnich, L.; Toigo, F. Zero-point energy of ultracold atoms. Phys. Rep. 2016, 640, 1–29. [Google Scholar] [CrossRef][Green Version]

	



Petrov, D.S. Quantum Mechanical Stabilization of a Collapsing Bose-Bose Mixture. Phys. Rev. Lett. 2015, 115, 155302. [Google Scholar] [CrossRef] [PubMed]

	



Cabrera, C.R.; Tanzi, L.; Sanz, J.; Naylor, B.; Thomas, P.; Cheiney, P.; Tarruell, L. Quantum liquid droplets in a mixture of Bose–Einstein condensates. Science 2018, 359, 6373. [Google Scholar] [CrossRef] [PubMed]

	



Semeghini, G.; Ferioli, G.; Masi, L.; Mazzinghi, C.; Wolswijk, L.; Minardi, F.; Modugno, M.; Modugno, G.; Inguscio, M.; Fattori, M. Self-Bound Quantum Droplets of Atomic Mixtures in Free Space. Phys. Rev. Lett. 2018, 120, 235301. [Google Scholar] [CrossRef] [PubMed][Green Version]

	



Fabrocini, A.; Polls, A. Beyond the Gross–Pitaevskii approximation: Local density versus correlated basis approach for trapped bosons. Phys. Rev. A 1999, 60, 2319. [Google Scholar] [CrossRef]

	



Salasnich, L.; Parola, A.; Reatto, L. Bose condensate in a double-well trap: Ground state and elementary excitations. Phys. Rev. A 1999, 60, 4171. [Google Scholar] [CrossRef]

	



Fabrocini, A.; Polls, A. Bose–Einstein condensates in the large-gas-parameter regime. Phys. Rev. A 2001, 64, 063610. [Google Scholar] [CrossRef]

	



Adhikari, S.K.; Salasnich, L. Effective nonlinear Schrödinger equations for cigar-shaped and disc-shaped Fermi superfluids at unitarity. New J. Phys. 2009, 11, 023011. [Google Scholar] [CrossRef][Green Version]

	



Adhikari, S.K.; Salasnich, L. Vortex lattice in the crossover of a Bose gas from weak coupling to unitarity. Sci. Rep. 2018, 8, 8825. [Google Scholar] [CrossRef] [PubMed]

	



Stoof, H.T.C.; Dickerscheid, D.M.; Gubbels, K. Ultracold Quantum Fields; Springer: Berlin, Germany, 2008. [Google Scholar]

	



Griffin, A.; Nikuni, T.; Zaremba, E. Bose-Condensed Gases at Finite Temperatures; Cambridge University Press: Cambridge, UK, 2009. [Google Scholar]

	



Giorgini, S.; Pitaevskii, L.P.; Stringari, S. Thermodynamics of a trapped Bose-condensed gas. J. Low Temp. Phys. 1997, 109, 309–355. [Google Scholar] [CrossRef]

	



Giorgini, S. Collisionless dynamics of dilute Bose gases: Role of quantum and thermal fluctuations. Phys. Rev. A 2000, 61, 063615. [Google Scholar] [CrossRef]

	



Stringari, S. Quantum fluctuations and Gross–Pitaevskii theory. arXiv, 2018; arXiv:1805.11325. [Google Scholar]

	



Bach, V.; Breteaux, S.; Chen, T.; Frohlich, J.; Sigal, I.M. The time-dependent Hartree-Fock-Bogoliuvob equations for Bosons. arXiv, 2018; arXiv:1602.05171. [Google Scholar]

	



Mazzarella, G.; Moratti, M.; Salasnich, L.; Salerno, M.; Toigo, F. Atomic Josephson junction with two bosonic species. J. Phys. B 2009, 42, 125301. [Google Scholar] [CrossRef][Green Version]

	



Salasnich, L.; Cardoso, W.B.; Malomed, B.A. Localized modes in quasi-two-dimensional Bose–Einstein condensates with spin-orbit and Rabi couplings. Phys. Rev. A 2014, 90, 033629. [Google Scholar] [CrossRef]







© 2018 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  applsci-08-01998


  
    		
      applsci-08-01998
    


  




  





media/file0.png





