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Abstract: The evolution of engineering applications is increasingly shifting towards the embedded
nature, resulting in low-cost solutions, micro/nano dimensional and actuators being exploited
as fundamental components to connect the physical nature of information with the abstract one,
which is represented in the logical form in a machine. In this context, the scientific community has
gained interest in modeling membrane Micro-Electro-Mechanical-Systems (MEMS), leading to a
wide diffusion on an industrial level owing to their ease of modeling and realization. Physically,
once the external voltage is applied, an electrostatic field, orthogonal to the tangent line of the
membrane, is established inside the device, producing an electrostatic pressure that acts on the
membrane, deforming it. Evidently, the greater the amplitude of the electrostatic field is, the greater
the curvature of the membrane. Thus, it seems natural to consider the amplitude of the electrostatic
tield proportional to the curvature of the membrane. Starting with this principle, the authors are
actively involved in developing a second-order semi-linear elliptic model in 1D and 2D geometries,
obtaining important results regarding the existence, uniqueness and stability of solutions as well as
evaluating the particular operating conditions of use of membrane MEMS devices. In this context,
the idea of providing a survey matures to discussing the similarities and differences between the
analytical and numerical results in detail, thereby supporting the choice of certain membrane MEMS
devices according to the industrial application. Finally, some original results about the stability of the
membrane in 2D geometry are presented and discussed.

Keywords: electrostatic membrane MEMS devices; electrostatic actuator; boundary non-linear
differential problems; singularities; curvature; ghost solutions; stability; optimal control

1. Introduction

Recent industrial guidelines direct researchers and designers towards the development of
low-cost devices to combine physical properties with low-level machine languages. Thus arises
the need to design sensors and actuators to meet the multiple requirements of the most
widespread industrial, civil and biomedical applications [1-3]. In this context, static and dynamic
Micro-Electro-Mechanical-Systems (MEMS) technology has matured, especially in domains where
miniaturized and integrated electromechanical systems are required [4—6]. Moreover, MEMS represent
one of the most important achievements of engineering on an industrial scale [5,6]. Currently,
the industrial applications of MEMS devices are extremely varied, from applications in the biomedical
domain [2,3,7] and thermally driven systems [8,9] to elastic structures [1,10] gaining wide acclaim,
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owing to both coupled thermal-elastic systems [5,8,9] and electrostatic-elastic systems [4,5,11] for
industrial applications. The MEMS technology makes it possible to integrate both electronic circuits and
opto-mechanical devices on the same silicon substrate [12,13], employing manufacturing technologies
similar to those used for the realization of integrated circuits. The dimensions of an MEMS device
generally vary between a few pms and 1 mm, while its individual components vary between 11 mm
and pms [4,5,11,14]. The most widely used MEMS devices belong to the class of the electrostatic-elastic
systems [5,11], which consist of two parallel plates, one fixed and the other deformable [5,14,15].
A voltage V is applied, and the deformable plate moves. Often, many applications require that a
membrane replace the deformable plate, reducing the inertial effects [16-24]. Usually, the models
use the deflection of the membrane, u, as an independent variable [16-24]. If, on the one hand,
the demand for MEMS devices is strong, on the other hand, it is not always possible to formulate
models that are easy to implement [5,11,14,15]. Further, these formulations hardly allow resolution
in closed form [16-24], so one must be satisfied with obtaining conditions that ensure both existence
and uniqueness of the solution [14,16,17,20]. The alternative is the numerical approach, which,
although interesting, does not prevent us from being present for ghost solutions [17,19,21-23].
Thus, analytical approaches and numerical techniques work together to obtain solutions, respecting
the analytical conditions that guarantee existence and uniqueness of the solution without ghost
solutions [17,19,21-23]. In this context, the experience of the authors in the field of modeling
electrostatic MEMS membrane devices with strong non-linearity has grown [16-24]. In particular,
by combining the physics of the problem with important results of differential geometry [25]
analytical results have been obtained in terms of the existence and uniqueness of the solution in some
cases [16-24] and numerical solutions in the absence of ghost solutions in other cases [16-24]. However,
the conditions that guarantee existence and uniqueness are often independent of the electromechanical
properties of the membrane material, making the studied models unattractive from an industrial point
of view [16,20,24,26]. All these works start from the physical observation that the electrostatic field, E,
on the membrane is orthogonal to the tangent line to the membrane at the point considered. Moreover,
the greater the |E|, the more the membrane will deform, thus, it appeared legitimate in these works to
consider |E| proportional to the curvature K of the membrane. This made it possible to obtain, both in
1D and 2D geometries with circular symmetries, the second order semi-linear elliptic differential
models that, although not explicitly resolvable, easily allow algebraic conditions to be obtained,
ensuring the existence and uniqueness of the solution [16,20,26]. Further, regarding 1D geometry,
this approach allowed for a differential model wherein any singularities, typical of models known in
literature, do not appear explicitly [16]. Moreover, when V is applied, the membrane risks touching
the upper plate; therefore, stability and optimal control problems were solved to achieve a range
of possible values of V to achieve the mechanical inertia of the membrane and the maximum value
permissible for V. These problems, concerning 1D geometry, have been solved and presented in [26],
while for geometry 2D, we present the original results in the present study. Finally, a comparison of the
achieved results is discussed. Once the analytical studies in 1D and 2D geometries have been compared,
numerical approaches, such as the shooting procedure, the Relaxation procedure, and the Keller-Box
Scheme for recovering u in both geometries, studied in [17,19,21-23], are presented and compared.
This survey is structured as follows. The first section discusses some theoretical backgrounds
(Section 2) where the well-known Cassani-d’O-Ghoussoub model is presented (a sort of a milestone
in membrane MEMS devices). Section 3 presents the physical-mathematical approach exploiting
the proportionality between |E| and K in order to achieve the differential model for a 1D membrane
MEMS Device. Section 4 presents the proposed model in general terms in a way that well-known
general results can be applied to it. Following this, a 2D circular membrane MEMS Device model is
presented in Section 5 using concepts based on mean curvature and differential geometry. Thereafter,
a comparison between the algebraic conditions ensuring the existence of at least one solution for both
1D and 2D models is presented and discussed in Section 6, highlighting which of the two algebraic
conditions is stronger than the other. Thus, the uniqueness of the solution for both 1D and 2D models
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is discussed in Section 7, providing food for thought and a comparison between the results obtained
by both geometries in order, followed by a discussion of the conditions ensuring the simultaneous
existence and uniqueness in both geometries (Section 8). Section 9 deals with the stability and the
optimal control problems in 1D geometry, highlighting the range of possible values for V and the
limitations concerning the V, which is necessary to win the mechanical inertia of the membrane and
the maximum permissible value of V. Moreover, some remarks about the potential energy in 1D
geometry are presented and discussed. Some original results of stability and optimal control in 2D
geometry are also discussed in Section 10; the relative range of values of V is shown together with
the limitations for the minimum V to overcome the membrane inertia and the maximum admissible
V. Then, in the same section, relative to 2D geometry, some useful considerations on the values of
V maximizing the energy variation are considered and compared with the results obtained in 1D
geometry. Following this, numerical approaches for recovering the membrane profile in 1D geometry
are discussed in Section 11, providing interesting results in terms of convergence areas and ghost
solutions. In Section 12, the most important results obtained by applying numerical techniques on
the 2D model are discussed, also highlighting the cases in which, in addition to the non-convergence
of the procedure, the phenomena of instability are highlighted. Then, Section 13 offers a comparison
between the limitations of the mechanical stress values obtained in both the 1D and 2D formulations.
Finally, the conclusion and some future perspectives are presented in the last section of this survey.
To facilitate the reading of the survey, the proofs relating to the results known in the literature are
reported in the appendices, while proofs of the original results are reported in the text of the survey.

2. Some Theoretical Backgrounds

The starting point is a well-known dimensionless steady-state model, studied in [5,15]. It considers
an MEMS composed of two parallel plates: one fixed and the other deformable, but clumped at the
boundary of a region Q) = [—0.5,0.5] (dimensionless conditions). When a voltage drop is applied,
the deformable plate deflects from the rest state (characterized by u(x) = 0) towards the fixed plate
(lower plate), located at height i = 1. The profile u(x), in the stationary case, was studied using the
well-known fourth-order elliptic model [5,15,16]

(h— ") 82u(x) = (0 fo IVu(x)2dx +7 ) du(x) + il
a-utor (v fo i) (1)

u(x) =Au(x) —du, =0, x€9Q, d>0, 0<u(x)<1l xeQ

where f; is a bounded function carrying the dielectric properties of the material constituting the
deformable plate; A; is a quantity depending on V applied between the plates; p, v and ) are related
to the electric and mechanic properties of the material constituting the deformable plate. Moreover,
if 0 < 2, one can take into account more general Coulomb potential. Moreover, the existence of at least
one solution has been studied using the Steklov boundary condition, achieving Dirichlet and Navier
boundary ones: u, represents the outer normal derivative of u on d() and, if d = 0, one obtains the
Navier boundary conditions, while, if d = +00, one obtains the Dirichlet boundary conditions [5,15].
(1) is a generalization of the model studied in [15], with negligible thickness of the deformable plate.
Particularly, neglecting inertial and non-local effects (¢ = 2, p = v = x = 0), (1), becomes:

2 _ _MAK)
A7u(®) = atp )
0<u(x)<1inQ, u=Au(x)—du,, ondQ, d>0.

The Cassani-d’O-Ghoussoub Model and Some Theoretical Backgrounds

In R3 with a system of Cartesian axes O’x'y’z’ (see Figure 1a), let us consider an electrostatic-elastic
system with length 2L, composed by a pair of parallel plates (one fixed and the other one elastic but
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clumped at the edges). The plates are located at a mutual distance & but lying orthogonal to z’. When V
is applied, the elastic plate moves towards the fixed plate (for it V' = 0). Thus, the electrostatic potential
¢ satisfies A¢ = 0 between the plates, such that ¢ = V on the elastic plate and ¢ = 0 on the fixed plate.
Thus, indicating by A | the Laplacian operator, with respect to x” and y’ only, the deflection w’ of the
elastic plate satisfies the equation [5]:

—TA W' (x) + DAL w'(x) = —%O\V‘PF &)

where T is the mechanical tension of the plate D is the flexural stiffness and € is the permittivity of
the free space. In (3), — | V¢|? represents a source term due to E coupling the solution of the elastic
problem to the solution of the electrostatic one [5,16]. Exploiting the following scaling factors

_e X oy 7
P = X= o Y= or 2E 4)

(3) becomes the following nonlinear coupled partial differential equation system [5,16]:

8P +22 =0

2
—Ajw(x) + 6% w(x) = —A? {ez\VL<I>|2 + (%%) } ®)
® =1 onelastic plate, ® =0 on fixed plate

where the importance of tension and rigidity is § = ﬁ and the aspect ratio of the system becomes
€= % Finally, setting A1 = A2, we write:
eoV?(2L)? )
M=A2= 2" = v
1 13T Q (6)
in which 2
€0 2L

considers the electro-mechanical properties of the material constituting the deformable plate.
0, in dimensionless conditions and by (4) becomes 5% > 10!2. If a membrane replaces the deformable
plate, the thickness with D and J is negligible. Then, as e — 0, the first equation of (5) becomes %27? =0
so that ® = Z from which the second equation of (5) becomes [5,16]:

dw(x) A2 .
& = p 09 ®)
w(—0.5) = w(0.5) = 1.
If we placing w(x) = 1+ u(x), (8) becomes dzb;(zx) = (1+;\§x))2 in Q, with u(—0.5) = u(0.5) = 0 and
reversing z so that the membrane at rest is located on z = 0, we write the Cassani-d’O-Ghoussoub
model [15]:
Pu(x) _ A2 .
A2~ (1—u(x))? in () )
u(—0.5) =u(0.5) =0

We note that with an appropriate setting of the parameters in (1), (9) is easily obtainable. Moreover,
condition 0 < u(x) < 1 in (9) is imperative for the membrane to not touch the fixed plate.
Thus, a critical security distance, d*, must be taken into account, so that 0 < u(x) < h —d*.
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Figure 1. (a) The electrostatic-elastic system, (b) E orthogonal to the membrane profile.

3. The Physical-Mathematical Approach: |E| Proportional to the Curvature of the Membrane

Electrostatic and Mechanical Pressures

Once V is applied, an electrostatic pressure, [23,24,27]

€0 V2

1
Pel = 5 m, (10)

takes place. Thus, if k is a dimensionless coefficient of proportionality, it makes sense to write p = kp,;
where p is the mechanical pressure which, if its amplitude is sufficient to win the mechanical inertia of
the membrane, pushes the membrane towards the fixed plate.

Remark 1. In (10) Y is proportional to |E|? [5,11,16,27], so that E produces p;. Moreover, from (9),

( )
considering (6) )‘ (E=TE)cie |E|2.

Thus, by Remark 1, (9) becomes:

dxz

Pul) _ 9|2 in QO =[-0.5,0.5] )
6 e RT, u(—0.5) =u(0.5) = 0.

Remark 2. The higher E is, the more the membrane will be curved. Moreover, E, regardless of the deformation
of the membrane, is always locally orthogonal to the straight line tangent to the membrane at the point considered
(see Figure 1b) [27]. Thus, we consider |E| proportional to the curvature of the membrane [16,17,20,26]:

|E| = p(x, u(x))K(x, u(x)) (12)

where K(x,1(x)) is the curvature of the deformed membrane and u(x,u(x)) is the proportionality function
between |E| and K(x,u(x)).

Therefore, (11), considering Remark 2, becomes:

dx2

Pulx) _ —0(p(x,u(x))?(K(x,u(x)))? in Q=[-0.5,0.5] 13)
6 eRT, u(—05)=wu(05)=0, 0<u(x)<h-—d*

Remark 3. Physically, u(x,u(x)) € C°([-0.5,0.5]) x [0,1) [16,17]. Moreover, to prevent the electric
discharge between the plates, the membrane must be sufficiently far from the undeformable plate. In other words,

plxu(x)) = A1 —u(x) —d*) ™ (14)

where d* = e% with €; is the dielectric strength of the material constituting the membrane, even if the deflection
assumes its maximum deformation [5,11,14].
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Finally, by (14), (13) becomes:

2u X .
Pu) = B (K(xu(x))? in Q= [-05,05] -
0 eRT, u(—05)=u(05)=0, 0<u(x)<h-—d*.

(15) can be studied by considering 1D geometry and 2D circular geometry [16,20]. If the geometry
is 1D, K(x, u(x)) assumes the well-known formulation studied in the basic university courses of
Calculus [28]. In 2D circular geometry, the formulation obtained is more complex, which requires
some precautions [20]. In the remainder of the survey, we will present both models.

4. 1D Membrane MEMS Device: The Differential Model

K(x,u(x))in 1D geometry can be easily written as [28] (for geometrical details, see both Figure 2a,b

Kesato = (2282 2 o

Thus, substituting (16) into the equation of (15), we can obtain [16,18]:

2\ 3
L) = L (14 (%2)) (= —u(x))* in 0 =[-05,05 )
0 R, u(—05)=u(05)=0, 0<u(x)<h-—d.

upper plate
upper plate Ve O
deformable -~ membrane
membrane h h . ¢

d

lower plate V=0
2L _ 2L
lower plate g
(a) (b)
Figure 2. (a) Electrostatic Micro-Electro-Mechanical-Systems (MEMS) device, (b) typical profile of a
MEMS membrane.

Remark 4. Substituting (16) into (17), you would get:

oo SO () o

from which, being u(x) > 0, the two following cases could occur:

1. dz;)c(zx) = 0, thus dt;(xx) = constant. Here being u(x) linear, from dzd’;(zx) = 0 it follows that |E| = 0.
Thus, there exists u(x) # 0 also when |E| = 0, so that this condition must be discarted.
2. Therefore
d?u(x) » d?u(x)\2 du(x)\2\ 3
q o) (T ) (14 (5) ) =0 19)

so that (17) makes sense.
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General Formulation of the 1D Model

(17) can be written in a more general manner. In fact, being Q) = [-0.5,0.5] and u : QO — R,
we suppose that u(x) € C2(Q) is the solution of the following general problem (in the Dirichlet form):

21 p .
d;x(zx) +f(X,u(x), db;(;)) =0in Q)
u(—0.5) =u(05) =0, O<u<h—d*

(20)

where f € C%(Q x R x R). Then, considering (17), it follows that f(x,u(x), dl;(;)) = 91?(1 +

2\3
(db‘;—(xx)> ) (h — d* — u(x))?. Apparently, (17) does not present the singularity that characterizes (9).

However, if u(x) = h — d*, from (17) we would achieve dzd’;(zx) = 0. Thus, considering Remark 4,

|E| = 0 produces a linear u(x), which represents a physically unacceptable condition.

Remark 5. It is worth noting that when the membrane is too thin, the formation of wrinkles around the
membrane is highly probable. However, in this work, in the curvature formulation (see (16)) the basic hypothesis
is that the membrane profile u(x) € C*(Q). This implies that abrupt local variations of the profile are excluded
a priori. In other words, wrinkles around the membrane are not allowed. Obviously, removing the hypothesis
that u(x) € C?(Q)) will result in formulating the curvature so that any wrinkles around the membrane can be
taken into account.

5. 2D Circular Membrane MEMS Device: The Differential Model

Let us consider two parallel disks with radius R, mutual distance % (in dimensionless condition,
h = 1) and a circular membrane of the same radius but clumped on the edge of the lower disk,
which acts as a support for the membrane. Axial symmetry in the geometry of the membrane inside
the device is observed, and considering the z axis a rotation axis, u of the membrane can be thought
of as a surface obtained by rotating the curve C, located on the vertical plane rz in the first quadrant
and around the axis z when 0 < r < R. Thus, u only depends on the radial coordinate r so that this
problem can be considered as a 1D problem wherein the independent variable x is replaced by the
radial coordinate 7.

E between the disks generates a p,; (see (10) in which the coordinate x is replaced by the radial
coordinate r), deflecting the membrane. Finally, when the membrane deforms towards the upper disk,
the electrostatic capacitance the distance between the membrane and the upper disk varies locally.
Therefore, considering the Remark 1 (here is still valid) and just considering the radial part of the
Laplace operator [28], model (17) becomes

dzu(r) ldu(i’) — _ 2 — [
{ + 1o 0|E[> in Q= [-0.5,0.5] 1)

0 eRT, u(—05)=u(05)=0, 0<u(x)<h-—d*.

However, (12) holds (x is replaced by r) so that (21) can be written as:

dr? (1—u(r)—d*

Co) 4 1) - O (K(ru(n)? in Q= [~05,05) )
0 eRY, u(—05)=u(05)=0, 0<u(x)<h—d*.

Finally, exploiting the expression of mean curvature [25,29]

~ 1/ldu(r) | du(r)
=5 ) @)
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(22) becomes:

dr? rodr 0A2

d?u(r) _ _ldu(r) _ (1—u(r)—d*)? in O = [_0'5 05]
o (24)
0 eRT, u(—05)=u(05)=0, 0<u(x)<h-—d*.

For details on how to obtain (24), see Appendix A.

Remark 6. Also in this case, as highlighted in Remark 5, in the formulation of the mean curvature (23),
the hypothesis that u(x) € C2(Q) remains, so that the possibility of the formation of wrinkles around the
membrane is excluded a priori.

General Formulation of the 2D Model

As in the 1D framework, (24) can be written in a more general way, considering Q) = [—0.5,0.5]
and a singularity located at —0.5. Thus, u(r) : (—0.5,0.5) — R, with u(r) € C2(Q)). Then, (24) is a
particular case of the general following model:

d2u(r)
- TF (7 ud ) (25)
u(0.5) =B, 03 _

with F € C°((—0.5,0.5] x R x R) and B, m € R. Moreover, setting

o _g%\2
r dr +(1 u((;zz d)’ (26)

F(r, u(r), dL;(rr) ) _ 1du(r)
B =0, and m = 0, we achieve (24). The need to rewrite both the problems 1D and 2D ((17) and (24),
respectively) in general terms (as in (20) and (26)) lies in the fact that this generalization allows for
using general results on the existence and uniqueness of the solution, as consolidated in the literature,
relating to the class of boundary value problems [16,18,20]. Both (17) and (24) do not allow obtaining
the solutions explicitly. Therefore, we must be satisfied with obtaining any conditions that ensure the
existence and uniqueness of the solution. However, it must be considered that (17) has no obvious
singularities, while (24) explicitly manifests a singularity when r = 0 [16,18,20].

6. A Comparison of the Algebraic Conditions Ensuring the Existence of at Least One Solution for
both 1D and 2D Models

6.1. On the Existence of at Least One Solution for the 1D Model

As highlighted in [16], it is not possible to obtain the solution in explicit form for (17), so one
looks for any conditions ensuring existence and uniqueness. Usually, an important tool is the
Banach—Caccioppoli fixed point theorem [28], which guarantees the existence and uniqueness of
a fixed point for certain maps of metric spaces on themselves, providing a constructive method to
find them. This result has the advantage of proving simultaneously the existence and uniqueness
of the solution. However, the conditions to be verified are stringent, and, therefore, for certain
Boundary Value Problems (BVPs), such verifications are often impractical. In [16], this theorem was
not applicable as an alternative way was chosen, obtaining an important result of the existence of
the solution based on the Schauder—Tychonoff fixed point theorem and, sequentially, establishing
conditions of uniqueness [16,18,28]. In particular, to achieve a result of existence for (17) by this
procedure, it is necessary to start by the definition of two suitable functional spaces [16].

< H}

be the functional space defined as {Cé[—0.5,0.5] s 0<u(x) <

du(x)
dx

Definition 1. Let P be the functional space defined as {C%[—OE, 05]: 0 <u(x) <h—d*,

in which H = sup ‘%
h—d*, du (x) }




Membranes 2020, 10, 361 9 of 51

It is well-known that (17) (or its general form (20)), by differentiation, can be transformed into

T(u(x)) = /0.5 G(x,s)f (s,u(s), dl;(ss) )ds (27)

-0.5

where 0 < u < h —d* and G(x, s) is a suitable Green function, the main properties of which are discussed
in Appendix B. Then, in [16] the existence of the solution for T'(1) = w, with u € P;, was proved exploiting
the Schauder—Tychonoff fixed point theorem applied to w = T(u) from P to P. The following two results
were achieved, the proofs of which are detailed in Appendices C and D, respectively.

Theorem 1. If
—2
HOA
6
1+H < 2= )

then T (u(x)) defined by (27) is an operator from P to P.

(28)

Theorem 2. (17) admits at least one solution in P.

6.2. On the Existence of at Least One Solution for the 2D Model

In [20], the following result of existence of the solution for (24) was achieved; the proof is presented
in Appendix E.

Theorem 3. Let us consider (24) and two twice continuously differentiable functions, uq(r) and uy(r),
defined on [0, 1], with uy(r) < up(r) such that

d*uy(r) | 1duy(r) n (1—wy(r) —d*)?
dt? r dr A2

>0 (29)

d*uy(r) | 1duy(r) L A= up(r) —d*)>?
dr? r o dr 672

<0 (30)

*\2
for r € (0,1). Moreover, %m;(rr) + (1_”23\)2_ )" is a continuous function (except for r = 0), satisfying the

Lipschitz condition in U x (—oo,+00), with U = {(r,u) : 0 <r < R and ui(r) < u(r) < uy(r)}.
Ifduéiﬁo) > d”ﬁiﬁo), u1(1) = uy(1) =0, and

d*Z

02> 2
7 ek’

(31)

with k the constant of proportionality between the displacement of the membrane at the center of the plate ugy and
the mechanical pressure p, there exists at least one solution for (24).

As observed in [20], the greater k is, the lower the value of 612 will be and, thus, & d”rgr) will be

small, so that the concavity of the membrane rises (the greater k; is, the greater the influence of p,;

will be). Then, p will rise increasing the deformation of the membrane. In addition, Figure 3b shows,

de*z .

in the plane d* — §A?, the area of existence of at least one solution: the line of equation A% = in

- 2V2€0k
Figure 3b (blue line), separated the area of existence of at least one solution from the area where at

least a solution was not ensured.
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membrane

existence of at least one solution

5%

at least one solution is not guaranteed

T
(a) (b)

Figure 3. (a) Representation of a circular membrane MEMS actuator when its membrane is deformed.
(b) Area of existence of at least one solution and area where at least one solution is not ensured.

6.3. Conditions Ensuring the Existence of at Least one Solutions for 1D and 2D Geometries: A Comparison

As specified in [16], (28) was the algebraic condition, ensuring the existence of at least one
solution for (17). It depended on A (linked to V) that won the mechanical inertia of the membrane.
Moreover, 6 took into account the electromechanical properties of the material constituting the
membrane. On the other hand, in [20], the specified algebraic condition, (31), ensures the existence of
at least one solution for (24). We note that (31) depends on both the mechanical characteristics of the
membrane (presence of ) and V (not only the voltage to win the mechanical inertia of the membrane).
In this context, it seems interesting to understand which algebraic condition is weaker with respect to
the other one. From (28), we write:

2 2(h—d*)(1+ H®)

A" > (32)
and being A% > Xz, from (32), it makes sense to write:
2(h—d*)(1+ H®
or2 > 2= )+ HY) (33)
H
so that, from both (31) and (33), we achieve
2(h —d*)(1+ H°) d*2
2 2
—. 4
0N > I and 6A° > 2V Zeok (34)
The following results holds.
Proposition 1. From (34), then
d*? 2(h—d*)(1+ H°
(h—d*)(1+ HY) -

2V2¢pk < H
is verified.
Proof. Inequality (35) is immediately verified by substituting the numerical values for each parameter.

In other words, posing d* ~ 109, H =~ 102 so that 1 + H® ~ 102 and setting €y ~ 8.85 x 10712,
(35) holds. [

Remark 7. By Proposition 1, the algebraic condition ensuring the existence of at least one solution in 2D
geometry is stronger than the algebraic condition in 1D geometry because, in 2D geometry, not only is V
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considered necessary to overcome the mechanical inertia of the membrane but also the other possible values of
V. This is confirmed by the fact that in 1D geometry, V is not explicitly present. Moreover, in 1D geometry,
H in (35) exceeds the inf{0A?} with a consequent increase of OA> making the numerical results unrealistic.

7. On the Uniqueness of the Solution for both 1D and 2D Models

7.1. On the Uniqueness of the Solution for the Model (17)

In [16], the uniqueness of the solution for (17) was proved to be always guaranteed as stated by
the following result, the proof of which is detailed in Appendix F.

Theorem 4. VH > 0 the solution for (17) is unique. Moreover, the following properties hold:

7

(1) Vx€[-05,05], ‘u/(x)‘ < dud(gg,) _ |03

(2)  u(x) is symmetric with respect to the origin;
(3)  u(x) € C®([—0.5,0.5]);
(4)  u(x) is analytical.

In [16], the uniqueness of the solution for (17), being always guaranteed (see Theorem 4), did not
depend on the electromechanical properties of the membrane, unlike the existence of the solution that
was conditioned by these properties. If the electromechanical properties of the membrane governed
the existence of the solution (i.e., the stiffer the material, the more difficult it is for the membrane
to move towards the non-deformed plate and the more the material accumulates electrical charges,
the greater the possibility that |E| is more intense), the uniqueness of the membrane deflection was
guaranteed regardless of the capacity to accumulate electric charges and the membrane’s stiffness.
Although this has been proved mathematically in [16], physically it appears to be rather lacking.
Versaci et al. in [19] have significantly remedied this gap through an algebraic condition governing
the uniqueness of the solution for (17) stronger than the algebraic condition governing the existence.
In other words, the existence and uniqueness of the solution for (17), proved in [19], has a more realistic
physical-mathematical meaning than the proof given in [16]. In particular, the result obtained in [19] is
as follows (the sketch of the proof is shown in Appendix G).

Theorem 5. If

HA2
6
1+H° < 15 (36)

Then, (17) admits the uniqueness of the solution.

In addition, the uniqueness of the solution for (17) depended on the electromechanical parameters
of the membrane, but its inertia did not appear. This confirms that when V is applied, the membrane
moves, if V overcomes the inertia of the membrane. Thus, the condition of existence of at least one
solution depends on A Nevertheless, the condition that guarantees the uniqueness of the solution (28)

is independent of A

7.2. On the Uniqueness of the Solution for the Model (24)

Unlike (17), the uniqueness of the solution for (24) was not guaranteed. This important result,
studied in detail in [20], is condensed in the following Theorem (the proof is detailed in Appendix H).

Theorem 6. Let us consider (24) and suppose that the conditions of the Theorem 3 are satisfied. Moreover,
uq(r) and uy(r) satisfy the given boundary conditions. Then, the uniqueness of the solution u(r), such that
u1(r) < u(r) < uy(r), is not ensured.
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8. Conditions Ensuring both Existence and Uniqueness

8.1. 1D Geometry

In [16,19], the following results have been proved and Appendix I details the proof.
Theorem 7. Algebraic condition (36) ensures both existence and uniqueness of the solution for (17).

Remark 8. (36), proved in [19], depends on the electromechanical properties of the membrane. In [16]
the uniqueness, always guaranteed, did not depend on those properties, since the uniqueness was proved
independently of those properties reducing the risk of obtaining ghost solutions. Finally, we note that h — d* does
not appear in (36); thus, existence and uniqueness are not dependent on the critical distance. Table 1 summarizes
these results.

Table 1. Algebraic conditions ensuring the existence and uniqueness of the solution for both geometries.

1D Geometry 2D Geometry

—2 .

; 6 HOA 2 a2
Existence 1+ H° < 20— A~ > ek
Uniqueness 1+ H® < % not ensured
Existence and Uniqueness 1+ Hf < % 0A2 > %

8.2. 2D Geometry

Unlike 1D geometry, reference [20] provided an algebraic condition that guarantees the existence
of the solution depending both on 4* and k. However, uniqueness was not guaranteed. In other
words, even if a number of different deflections are allowed, they never reach the upper plate avoiding
producing the electrostatic discharge between the two plates. Table 1 summarizes these results.

8.3. 1D and 2D Geometries: A Comparison

As for the comparison of the algebraic conditions assuring the existence of the solution for
both geometries, in this section we deepen which of the two conditions assuring simultaneously the
existence and uniqueness of the solution for both geometries is the weakest. From (36) we can write

0A2 > 18(1 + H®), (37)
so that, taking into account (31), the following result holds.

Proposition 2. From (31) and (37), it follows that

d*Z

— < 18(1+ H°).
2V2€0k< 8(1+ H°) (38)

Proof. As for the Proposition 1, it is sufficient to carry out a dimensional analysis to prove (38). O

From Proposition 2 we deduce that the algebraic condition assuring both the existence and the
uniqueness of the solution in 2D geometry is more stringent than the one in 1D geometry. Thus,
the same observations discussed in Remark 7 continue to apply.

9. Stability and Optimal Control Problems in 1D Geometry

In Reference [26] authors studied whether the movement of the membrane in 1D geometry,
when V is applied, admits stable equilibrium configurations. Furthermore, since the membrane has an
inertia while moving and considering that it should not touch the upper plate, in [26], the range of



Membranes 2020, 10, 361 13 of 51

possible values of V in 1D geometry was achieved. Finally, using concepts based on the variation of
potential energy stored in the device, optimal control conditions were obtained. In this section, we will
present the main results obtained in [26] and some original results regarding 2D geometry.

9.1. Stability and Optimal Control in 1D Geometry

In [26], (17) was transformed into its corresponding system of two first order differential equations

duj(x) - dup(x)  _
1) Flune) ) A P2 g (1), ua(x). )
dx dx
Particularly, it was set u7(x) = u(x) and uy(x) = db‘;(;) , it was posed [5,26]:
T = g (1 (12(0))P (L~ w1 (x) = ") =0
in [—0.5,0.5] with §A? # 0, obtaining the equilibrium point
(9, u9) = (h—d*,0). (41)

The following result about the stability in 1D geometry was achieved in [26]. The proof exploited the
first Lyapunov criterion based on the linearization of (40) in the neighborhood of the equilibrium state.
For details, see Appendix J.

Proposition 3. The point (41) for (40) is an unstable equilibrium configuration.

In [16], it was highlighted that the unique unstable equilibrium point obtained is, in fact, the point
considered to be the most critical because it concerns the value of u(x) (located at x = 0) closest to the
upper plate of the device. Since V is the main cause of membrane movement towards the upper plate,
it is important to know the sup{V '}, which ensures that the membrane does not go beyond the unstable
equilibrium position. Moreover, having the membrane inertia while moving, in [26], the minimum
value of V allowing the deflection of the membrane was obtained knowing the range of possible
value of V to understand, by (10), if the p,; obtained leads to instability phenomena. Finally, in [26],
it was highlighted that the knowledge of the range of possible values of V means to know the range
of possible values of AZ (see (6)), serving, on the one hand, as a tuning parameter for the device [5]
and, on the other, to guarantee the convergence of any numerical approach to recover the profile
of the membrane [17,19]. In Sections 9.2-9.4, some important results presented in [26] have been
reviewed. Particularly, Section 9.2 discusses the range of possible values for (Vi,i; )inertia to Overcome
the inertia of the membrane (refer to Appendix K), while Section 9.3 presents some results regarding
the (Vipax) permissible SO that the membrane does not reach the upper plate. Finally, Section 9.4 illustrates
the relationship between (Viyin)inertia and (Vinax) permissivle as studied in [26].

9.2. Vyyin to Overcome the Inertia of the Membrane in 1D Geometry

Proposition 4. Regarding (40), if (36) holds, then the V,,;,, needed to overcome the membrane inertia becomes

ATh3(h —d*) [14 H®
(Vmin)inertia > £09 ) H (42)

(42) has an interesting physical significance. In fact, as T increases (i.e., stretching the membrane more
at the edges), a higher value of V is required to overcome the inertia. Furthermore, the greater the
distance between the plates, the greater V will be to overcome inertia.




Membranes 2020, 10, 361 14 of 51

9.3. (Vinax) permissivte in Order That the Membrane Does Not Reach the Upper Plate in 1D Geometry

Proposition 5. Concerning (40), (Vmux)permissihle is bounded as follows:

2(h — d*)d*

e (43)

( Vmax ) permissible <

From (43), it is easy to deduce that the distance between the plates is decisive in the limitation
of (Vmax)permissible- In fact, increasing h (distance between the plates) requires a greater V to push the
membrane towards the upper plate. Furthermore, an increase in k reduces the (Vmax)pe,m,«ssible because
p generated is higher.

Remark 9. In [26], to prove (43), indicated by u, the deflection in the center of the membrane, the following
algebraic conditions were used.

kegV? VP kegV? . 0.5 /0.5ey
o < 5o Vi = N > <h—d*; 056 7\ ot (44)

Please refer to [26] for details of the proofs.

We note that, in [26], an interesting range of possible values for V was achieved. In particular,
the two following propositions detail the contents (See Appendix L).

Proposition 6. The following inequality holds:

[4TH3(h —d*) [1+ HE 2(h — d*)d*
609 H < kGO ' (45)

Proposition 7. Thus, the range of admissible values for V to win the mechanical inertia of the membrane and
to remain far from the upper plate, is as follows:

4Th3h d* 1 H6 h d* dax
N )\ - (46)

9.4. Relationship between (Viin ) inertia 14 (Vinax ) permissivle in 1D Geometry

Finally, in [26], the relationship between (Vi )inertia and (Vinax ) permissivle in 1D geometry has been
obtained as testified by the following Proposition, the proof of which is detailed in Appendix M.

Proposition 8. The following inequality holds:

(Vo) (Vo) kohvh [1+4 HS
min )inertia > Vmax permzsszblc’m H

(47)

Remark 10. (47) suggests us a more manageable algebraic condition. In fact, being h = 1077, €y = 8.85 x

10712, thus O’;% 1+H ~ 8.15 x 1071° < 1, so that (8) becomes

(Vmin )inertia > 0.023k; T(Vmﬂx ) permissible- (43)

Again, as highlighted in [26], ky =~ 1 since p,; =~ p and, moreover, T == 1000 Pa, then (48) can be written as:

(Vmin)inertia > (Vmax)permissihle % 0.023k, T =~ (Vmax)permissible % 0.023. (49)
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h2y/10vd LEH® g g
7 70,/05¢0

constant depending on the geometrical parameters of the device. Therefore, one can write G = G(L h) =

K V10vh 1+H
VAL/er so that (A84) becomes:

Thus, (A84) in the proof of Proposition 8 makes physical sense. Moreover, in (A84)

(Vmin>inertia > (Vmax)permissibleGkZT (50)

from which, considering that ky ~ 1, it follows that V(V”“”w > GT. Thus, fixing T (i.e., having chosen the

( mux)permissible
material constituting the membrane), M depends on G that changes with the geometry of the device.
max permissible
Conversely, if one chooses the geometry of the device (i.e., G is fixed), the material constituting the membrane
determines (V(Vmin)inerria

max)permissible

9.5. Some Remarks about the Potential Energy in the Device in 1D Geometry

As shown in [26], if the membrane is at rest, its distance from the upper plate is equal to #,
Co = eoh and its potential energy is Wity = %CV2 = O'S%Vz. If the membrane deforms Co =

e [ +0055 7 ‘Lx @ and the final potential energy becomes Wy;,5) = %CV2 = %GOVZ j0955 - (x) Finally,
the total variation of the potential energy, AW, is:
1 (05 dx 0.5
— _ o2
AW = Wrinat — Winitiat = €0V {5 /_0.5 m - 7} (51)

Being h — u(x) > h —d*, then | ( ) < i=F d*' Therefore, from (51), we can write:

ww=av(3 [ ) <o iw - R = eo e h ©)

In [26] was proved that

AW < eo{h((;s_d;*) }V2 < 260{ h(gid;*) } < 75*)51* - Z(d:{;lz((;f_(lz*) z) (53)
and 0.5d* 84*Th3(h —d*) 1+ H®
AW>€°{W} ’ Wh—da9e H ©4)
which combined with each other it follows (see [26]):
=
which in dimensionless conditions became:
% < AW < % (56)

In [26], the value of the V maximizing AW was achieved, as detailed in the following proposition,
and the proof is detailed in Appendix N.

2hd* (€g++/e0)

Proposition 9. V = p

maximizes AW. Moreover (Figure 4):

2(h — d*)d*

e (57)

< Sup{(vmax)permissible} =
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A W=T524T/4
0.005/k

(\— AU >GT

min’inertia’ ¥ max/permissible

I

pcmlsslbbc =GT

/ ¥ i erts! Y maparississ<CT

Figure 4. ((WM

Vinax ) permissible

m|r| |ncma

k

7524T/g<A W<0.005/k

T

versus T and the area of possible values for AW according to the (56).

Remark 11. E, due to the application of V, determines the deflection of the membrane, also determining the
amount of AW in the device. In such a context, in [26], a limitation for AW was obtained starting from |E| as
detailed in the following Section.

9.6. A Limitation for AW Obtained Starting from |E| in 1D Geometry

From both (9) and (17), and considering that Tou@? = = 0|E|?, in [26], proved that

(()

2

AW = Wi — Wi (1+H*3(h—d*)? - 0.560%. (58)

nitial < 292)\2
In [26], 292A2 (1+ H?)3(h —d*)? — 0.5ep Y~ h in (58) was compared with eOVz{ i dd* } in (52) proving
the following proposition (proof detailed in Appendix O).

1+ H2)3(h — d*)?

—0. 560 2 in (58).

Proposition 10. In (52), eon{ = d*)} < 292/\2(

Therefore, in [26], it was proved that condition (52) is stronger than condition (58).
In the following section (Figure 5), some original results on the stability and the optimal control
in 2D geometry are discussed in detail.

A W<R(V)

ftv)
g{V)

A We12(THe2v3)v2

(200 (e g+ (e ) "N keBN®S

((201-d")d Wikeg)™®

\

\

Figure 5. Area of possible values for AW according to AW < (V) and AW < g(V).
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10. Stability and Optimal Control in 2D Geometry

10.1. Critical Points and Stability

As (17), (24) has been transformed setting 11 (r) = u(r) and uy(r) = dl;(:):
r 1o (7 —uq (r)—d*)?
W) — up(r); M2l = _Lyy(r) - (A d)? )
u1(R) =0; uy(0)=0.

Proposition 11. Imposing d”{}—r(r) = d”é—r(r) = 0 and considering that OA> # 0, from (59), we achieve the

unique critical point
(uf, ud) = (h—d*,0). (60)

which coincides with the unique equilibrium point in 1D geometry (see (41)).

This is not surprising because 2D geometry is generated by the rotation of a curve lying on a
plane. Therefore, for symmetry reasons, the equilibrium positions in 1D and 2D geometries coincide.
However, unlike the 1D geometry, here the unique equilibrium point is stable, as detailed in the
following proposition.

10.2. On the Stability of the Critical Point

Proposition 12. (60) represents a stable equilibrium configuration.

Proof. (59), is writable as:

u(r 7 ?
M) — o) =Flae)) A M2 =Ly LTS ) e

in which u(r) = [u1(r) ua(r)]T and f(u(r)) = (

Thus, (59) can be matricially written as:

u(r) = f(u(r)) (62)

where u(r) = [111(r) 12(r)]T. To linearize the system, we use the change of variable (A68). Therefore,
from (61), considering (A68) and also that “(1) and ug do not depend on 7, the following can be stated:
duy(r) _ dg(r) duy(r) _ _dn(r)

o =ea = = fln(n),u(r) A== =e= = =g(u(r),ux(r)). (63)

From which, developing in Taylor series both f(u1(r), u2(r)) and g(uy(r), u2(r)) (neglecting the terms
of orders higher than the linear one) and setting T = /&2 + 72, it follows that

— — 37 0/ 0 37 9, 0
eGPl = Flul o e(r) -+ en(r)) ~ T, u8) + 2GR (r) + L5y (1) o) o
ed'zi@ =gl +e(r),ud +en(r) =~ gus,ul) + 65'(;17}1”2)@’(1’) + eg(ng;”Z)q(r) +o(7).
Being f(u9,u9) = g(u9,u) = 0, one obtains:
 £(,0 1,0  £(7,0 1,0
1 = Lk )+ L) = 0 .
'Zi(rr) - 8(5‘;;“2)5(r)+ g(auﬁéuz) (r) = -1
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solving which gives &(r) = C;7®2 and 5(r) = %, so that &(r)(5(r))© = C4, which represents a

hyperbola, where C;, C;, C3, and Cy4 are all constant. Matricially, (65) is writable as:

z=Az (66)
&(r) d%(r) Bf(gif,u%) 37‘(;3,119) 0 1
— oy — r . — 1 > _ .
where z = ) )’ z = d’zi(rr) ;A = Bg(g?,ug) 8§(g§’,u8) = 1o _% . (66) admits stable
u u
equilibrium position only if A does not have eigemllalues with positive real part and if any eigenvalues

with real part zero have a unit index. Furthermore, if zg = [zo1,202]7, then z(r) = e47z(0) = e4"z,.

Moreover, |A| = 0, then at least one eigenvalue is zero. Thus, the origin is not an isolated equilibrium
point, so that there is at least one line (plane) of equilibrium points: the only critical point obtained
is represented by (60). Therefore, as the variation of d* changes the equilibrium point, theoretically,
infinite equilibrium points, Vd*, could take place. In our case, the eigenvalues of matrix A are
AM =0 A = —% < 0, (66) is stable. Moreover, since the number of eigenvalues of A counted
with their algebraic multiplicity is equal to the order of A and the geometric multiplicity of each
eigenvalue is equal to with the algebraic multiplicity, A is diagonalizable. Thus, e4” can be written as
el = Yot x s{e)‘kr =1t X slT +t, x sle~ !, in which t; and sy are the left and right eigenvectors,
corresponding to Ay, respectively. Then, in our case t; = [1 0]7, t, = [1 —r7 1|7, sy = [1 7]T,
s =1[01]T,sothate’ =[1 r+e 1,0 — ?] is limited in norm (when r # 0) and it follows that
zélze_l

-1
z1(r) =zg1+ (r+e Vzgp A z2(r) = 22— from which, eliminating r, we obtain z, = T

which represents, on the plane z;z5, an equilateral hyperbola (see the red lines in Figure 6). Furthermore,
we achieve zp(r) = w — @, which represent straight lines passing through a fixed point (point
A in Figure 6), as r — R. Then, as r increases (for r > 0), the hyperbola is traversed such that the point

D (see Figure 6 when r # R) tends to the point B (when r = R).

Zy

r=R

/r=R

— —

Figure 6. Localization of stability points on the plane z;z.

If z = Az is stable, then the critical point of u(r) = f(u(r)) is also stable [5,30], and the critical
point (60) is an equilibrium stable point for (62). O

Although (12, u3) = (h — d*,0) identifies a point very close to the upper disk (with a high risk
of the membrane touching it), it is still a stable point. Electrostatically, it can be justified as follows.

2 2 2
Considering W ~ di*’ one can get p,; = % (1f°u‘gr))2 ~ % Thereby fixing V, p, =~ %, so that

it does not swing.
10.3. Admissible Values for V in 2D Geometry

Viuin and the Problem to Win the Mechanical Inertia of the Membrane

Here, a condition to which (V) inertia must satisfy is presented in the following Proposition.
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Proposition 13. If (31) holds, thus (Vyyin)inertia to win the membrane mechanical inertia satisfies:

| W3d*>T
(Vmin)inertiﬂ > ¥ 46%9]( . (67)

Proof. From (31), it follows A% > Ld*z, from which, considering (6), it follows that V > ¢ %*22 =
20V2eok & 2kegOM

d d;;gjo obtaining (67). O
0

Both in 1D and 2D geometry (Vi )inertia are strongly dependent on ki, T and 6. The dependence
on h is imperative because the greater the distance between the plates, the greater the V to overcome
the inertia of the membrane. Furthermore, the greater the T, the greater the mechanical tension of the
membrane (i.e., the membrane is tighter), so that greater V is needed to overcome the inertia of the
membrane. Finally, if 6 is higher, it means that the influence of |E| on the device is greater so that a
smaller value of V is sufficient to overcome the membrane inertia (see Remark 1).

10.4. (Vinax) permissivle in 2D Configuration

We present here some useful propositions [20].
Proposition 14. As in 1D geometry, (44) also holds. It is sufficient to replace x by r.

Remark 12. Since the proof of Proposition 14 is the same as that given for 1D geometry, (Vmax)pgrmissible in
2D geometry is as for 1D geometry (see (43)).

Proposition 15. For the 2D membrane MEMS device, Aw(x) = —ﬁ holds. It is sufficient to replace
L = 0.5 with R.

Proposition 16. For 2D geometry, the following inequality holds:

W3d*2T 2(h — d*)d*
Y < : 68
\/ 430k \/ keo (68)
Proof. If, absurdly,
d3d*>T 2(h — d*)d*

4 > 9
\/ 430k ~ \/ keg (69)

considering Aw(x) = — ﬁ and being ug < d — d*, it follows that uio > ﬁ, easily achieving

3 _ A%

vV Pel d d—d ) (70)

<
T ~2R(h—d")\ 2e

Being €y ~ 8.85 X 10712, R = 10°%, d = 1072 and d* = 0.1 x 107, from (70), we achieve @ <
3.56 x 10721, Thus, T should be too high a value, as if the membrane has considerable stiffness.
This condition is not physically compatible with the usual membranes used in electrostatic MEMS
devices. Thus, (69) is false, so that (68) is true. [

Proposition 17. In 2D geometry, the range of admissible values for V is:

W3d*2T 2(h — d*)d*
o < Vo< [ 71
46%91( k€0 ( )
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Proof. It follows from propositions (13) and (5). O

In 1D and 2D geometry, the range of admissible values for V, although different in the formulations
(see (46) and (71), respectively), admit the same functional dependence with respect to T, 6 and d*.
This ensures that the electromechanical properties of the membrane, the critical safety distance and
mechanical stress to which the membrane is initially subjected affect the range of possible values for V
in the same way for both geometries.

10.5. Relationship between (Viin)inertia @14 (Vinax ) permissivie in 2D Geometry

Proposition 18. In this case, the following inequality holds:

44
(Vmin)inertiu > 4 0 (thzx)permissible \4/?- (72)

8(10 — h)

Proof. From (43), and considering that d* ~ 0.1d, it follows

2 50¢ 0

> (Vmux)permissiblf’ m

(73)

==

Furthermore, from (67), taking into account (73) and remembering that d* ~ 0.1d, (72) is obtained. [

For the usual values d = 1077, 0 ~ 1, T = 1000Pa, (72) becomes (V,uip)inertia > 3.3 X
1070 (Vinax) permissivte-  Then, (Viin)inertia < (Vinax) permissivies S0 that (72) makes physical sense.

Moreover, (72) can be physically interpreted. Particularly init, V = ¢/ 8(15’%}1)9 is constant. Thus, we can

write —Vmin)inertia__ > B+v/T. Therefore, once T is fixed (i.e., the material constituting the membrane

has been chosen), —-Luin)incrti depends on B changing with d. On the other hand, once d is fixed

(i.e., once B has been chosen), the material constituting the membrane determines — Wonin)inertia

max ) permissible

(see Figure 7 left). We note that, in both geometries, the link between (Viuax ) permissivle a0 (Vinin ) inertias
in both cases, depends on T (even if with a different functional link). This confirms the fact that
whatever the geometry, the larger the T is, the greater the (Vi) inertia-

14

PV p | VA ey
v MV may) permissibie? > B(T)

mininertia’

AW

TV ) HV )

145y 14
mininertia’ max pcm‘lsslblc) =B(M

4 a -8, 12, -7
I 1 \ w14, 4 104 1.8 1075(Thk) "“<AW<233 10
O min Ynertia” (VY mas) pomissiie) ~B(1) !

T

(Vmin )incrtin
(anx)pwmissihle
behavior) and the zone of possible values for AW.

Figure 7. versus v/T (the blue separation line identifies two distinct areas of system

10.6. Some Optimal Control Conditions in 2D Geometry

If the membrane of the device is at rest, the distance between the membrane and the
1 . . L 2
upper disk is d. Therefore, the electrostatic capacitance of the device is C = ¢y %, so that

2772
the potential energy of the device can be evaluated as Wi,;1j;; = %CV2 = W If the

membrane deforms, C = ¢y fOnZ (¢) ffR h_diur(r)dqx the final potential energy becomes W,
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$eaV2 [y" Z(¢9) fR h_d—u*(r)chp, where Z(¢) is a bounded and continuous function depending on ¢.

Therefore, the total variation of the potential energy, AW = W5 — Wiyjtiq) becomes
1 y2m R dr 7R?
2
= - dp — . 74
AW = eV {2/0 Z((P)/_Rh—u(r) ¢ h } @4
Moreover, since h — u(r) > h — d*, then h%M < ﬁ, so that (74) becomes
R 27 nR?
< 2 - — .
oW < eV [ z(pap - T} (75)

Z(¢), being a bounded and continuous function, allows to write fozn Z(¢)dp < D, in which D is a
positive constant. Then, (75) becomes

RD  nR?
< 2 - — . 7
AW < eoV? {5 T - T (76)
; WBd*2T 2 2(h—d*)d* Cq . .
From (71), it follows that 2 < Ve < SR Thus, considering (76), it follows
0
2(h—d*)d* ( RD  mR?
A — 77
wer——{izF ) @7)
Conversely, from (67), VZ > (Vyuin)? = BT o6 that

inertia 4559]{

RD  7R*y , W3d*T
—_—— : 7
AW > e 7= = S|V >,/4€%9k (78)

Finally, combining (77) and (78), we achieve the range of the admissible values for AW, that is:

nd* /T 2(h—d*)d* ( RD  7mR?
- — 7
i Vive M ST lime ) (79)
which can be written as
EVT <aw< B (80)
Vo k

(where F; and F, constant) analogous to the (56) relating to 1D geometry. Figure 7right depicts the
zone of possible values for AW, corresponding to the zone below the red straight line and above the
blue curve. Obviously, this zone shrinks as k increases.

10.7. On the Values of V that Maximize AW
2
Since u(r) < k;?i‘fz {1 - (%) }, h—u(r)>h— k;‘fi‘fz {1 - (

1 2d*

3 * 2
) } > % so that

=~

. 81
H—u(r) ~ 2hd" —keoV2 ®1)
Being C = g ;" Z(¢) ffR #f(r)dcp and considering (81), one obtains C < %. Thus,
2¢)Dd*RV?  eymR*V?
AW = Wfinal — Winitiar < ] : (82)

2hd* —kegVZ 2k

(V)
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where h(V) is positive, so that the unique stationary point for h(V) is V* = %—?‘I‘QDW.

Furthermore, V* is a point of maximum for h(V) (discarding the negative root which represents
a non-physical condition to achieve). Furthermore, it is also easy to verify that

V> (Vmin)inertia- (83)

10.8. From |E|A to a Useful Limitation for AW

A2 _1du(r) (1—u(r)—d*)
(]714(7'))2 -7 dr + 9)\2

. However, W, = %60 |E|?, it makes sense to write

Starting from (9) and (24), we can write 2. In addition, it follows

d 1-u(r)—d*)?
that [E|? = L4 4 (el d)

1 {ldu(r) (1—u(r)— d*)z} B €oTR?V?

AW = =
r0 dr 0272 2h

5€0 (84)

and considering that 1 —u —d* < h —d* and dl;—(:) < H, with H = 99 positive constant (see [16]),
(84) becomes

1 (1— (h—d*)*y eymR?*V?
AW < Eeo{%H—k 3 b - o (85)
Proposition 19. Considering both (76) and (85), we can write
RD  mR? 1 (1= (h—d*)?y €mR?>V?
2f ™ AR -+ L %0
L e e R b vl Bt (86)
Proof. Setting r = R, (86) becomes
RD  mR? 1(H (h—d*)? TR?V?
2 0 i Bl _
L e e e bRyt R ®7)
so that, if (87) is true, (86) is also true. Moreover, (87) becomes
D 7R 1(H (h—d*)’h’T
2 _ Kk i \—a )l
R —m o <alwt 20, R2V2 } (88)
Finally, using the usual values for the parameters, (88) is verified so that (86) is also true. O
Then, by Proposition 19, it follows
1 (1= (h—d*)?y emR?*V?
AW < geo GH+ S} = g (89)

which represents the limitation for AW (depending on 6), obtained from |E|.

The study of analytical models in 1D and 2D geometry [16,26] has determined algebraic conditions,
ensuring the existence and uniqueness for the solution for both models. Then, by means of suitable
numerical procedures, solutions are obtained that, if they satisfy the aforementioned algebraic
conditions of existence and uniqueness, do not represent ghost solutions.

11. Numerical Approaches for Recovering of the Membrane Profile in 1D Geometry

11.1. Shooting Procedure and Ordinary Differential Equation Solvers

To apply the shooting procedure, in [17,19,22] (25) into the form (59) was considered to be
turned into an initial value problem by replacing 11(0.5) at x = 0.5 with u3(—0.5) = 7, 7 € R.
Therefore, by integration, one obtains u7(0.5) at x = 0.5. If #1(0.5) = 0, one has solved the starting
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BVP defining a non-linear equation of the form F(1) = u1(0.5,77) = 0 iteratively solvable to achieve
the correct value of 7.

11.1.1. Zeros of F(n): The Dekker-Brent Approach

This approach, used in [22], utilizes the bisection procedure to solve a non-linear equation.
For each iteration, by approximates temporary zero; a; represents the “contra-point” such that F(ay)
and F(by) have opposite signs so that [ag, by] contains the solution; b;_; represents b at the previous
iteration. Therefore, two temporary values are evaluated: the first is obtained by the secant method and
the second by the bisection approach; s = by — %F(bw, if F(by) # F(bx_1),s =m = a";b"
otherwise. If s, as result of the secant procedure, falls in (by, m), then s = by, 1, otherwise m = by, 1.
Thus, the new value of the contra-point is chosen so that F(ay1) and F (b, 1) have a different sign, so
that a; 1 = ay, otherwise, ay 1 = by. Finally, if |[F(ag,1)| < |F(bxy1)|, ax.1 is a best approximation of
the solution, so that a;, 1 and by are exchanged. Sometimes, by converges slowly, so Brent proposes a
modification of this approach using a test that must be satisfied before the result of the secant method
is accepted for the next iteration [23]. If J is a tolerance and if the previous step has been used in the
bisection procedure, || < |by — bx_1| and |5| < |s — bx| < %|bx — bx_1| have to be applied, otherwise
the bisection procedure is used again. If the previous step uses interpolation, || < |bx_1 — bx_5]
and |8| < |s — by < 1|bx_1 — by_»| are applied to decide if to perform the interpolation or the

bisection. The Brent approach, ensuring that at the kth iteration the bisection method is used at most
for 2log, (M) times, utilizes inverse quadratic interpolation instead of a linear one (as in the
secant procedure).

11.1.2. Obtaining the Solution

1k, at each iteration, was evaluated in [17,19,22] by solving the related Initial Value Problem
(IVP). Thus, a suitable stop criterion is used to verify if #, — 1 as k — oo. The solutions are achieved
exploiting both ode23 and ode45 MatLab®R2017a routines (accuracy and adaptivity parameters defined
by default). However, the main difficulty in achieving the solutions is related to the integration of
unstable initial value problems: thus, the solutions of the BVP could be insensitive from the variations
of the boundary values. However, the solutions of the IVP achieved by the shooting procedure are
computed by the variations of the initial values [22].

11.2. Relaxation Procedure and Keller—Box Scheme

To apply the relaxation procedure in [17,19,22,23], a mesh of points xy = —0.5, xj = xo+ jAx,
forj=1,2,...,] spaced with x; = L; was exploited. The numerical solution u(x;) was denoted by
theu;, j = 0,1,...,]. The Keller-Box scheme [23] is writable as u; —u; 1 — AF (xj_1/2“i*2“/‘*1) =
0, j=1,x,], with G(up,uj) = 0and x;_1/, = (xj +xj_1)/2. If u(x) and F(x, u) are sufficiently
smooth, the solution is computable by the Newton procedure where |Ay;| < TOL, Ay;y, j =0,1,...,]
and ¢ = 1,2, is the difference between two successive iterate components (TOL is a fixed tolerance).
uy(x) =1, up(x) = 1 are the initial guesses to start the iteration.

11.3. Collocation Procedure and 1II/IV-Stage Lobatto Illa Formulas

11.3.1. The Collocation Procedure

Starting from the following system of ordinary differential equations (ODEs)

D) — Fru(r) Glu(a),u(®)] = 0 G0)
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where Glu(a),u(b)] = 0 represents the boundary conditions, one can write
X
a(x) = () + | Fru(r)dr 91)
Jxy

from which X
u(x) ~ uy —|—/ p(r)dr, (92)
Xn

where p(r) is an interpolation polynomial of degree lower than s interpoling [x,,;, F(xy, i), y(x,,:)], i=
1,2,..,8 % =xy+Thi=1,.,50<T7 <..<T1 <1 If the Lagrange method is used, thus:

p(r) = 2F<xn,j,u<xn,j>>Lj<r>, ©3)
L

where L;(r) are the fundamental Lagrange polynomials. Therefore, plugging (93) into (92),

one achieves
S

u(x) ~ wp + Y F(x,u () / "L (r)dr (94)
=

so that, (94) is forced for all the Xp,j, SO that u,jat collocation node points are obtained, fori =1, ..., s, by

S xn,i
un:j =un + 2 F(xxn,z" u”n,j) /X L] (T’)di’. (95)
]‘:1 n

If t; =1, theny, 11 = yus, otherwisey, .1 = yu + 2;21 F(x,/, Yn,j) [ L;(r)dr. Collocation methods

Xn
are reliable tools, although may not be suitable if high accuracy is required [23].

11.3.2. Implicit Runge-Kutta Procedures

Runge-Kutta (RK) approaches require many evaluations of F(x,y(x)), ¥[x, x,+1]. Generally,
an RK approach can be structured as [23] w41 = u, +hY;_; bik; where k; = F(xn + c;h, u, +

hﬂjs»zl al-]-k]-), i = 1,2,..,5 and s denotes the number of stage of the procedure. Moreover, {aij},
{ci} and {b;} characterize an RK method and can be collected in the so-called Butcher Tableau [30,31]

c ‘ A
‘ T (96)

in which A = (ai]') € R, b = (by,...,.bs)T € R%and ¢ = (cq,...,cs)T € RS. Moreover, if aj; =0
forj > i, withi = 1,2,...,s, then each k; is evaluated using the i — 1 coefficients kj...k;_; already
computated. In this case, one has an RK implicit method. Otherwise (implict procedure) to compute k;,
one has to solve an s-dimensional non-linear system. To make an implicit RK procedure, the following
three conditions must be considered [30]:

S
B(p): Y bkt =k7, k=12,..p 97)
i=1
S
C(q) : Za,»jci.‘_l =k, k=1,2,.,p, i=1,2,.,s (98)
i=1

S
D(r): Y bick ay =k (1 —cf), k=127, j=12,.5s (99)
i=1
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Particularly, (97) means that [ W F(s)ds ~ h); ; bjF(x + c;h) is exact for all polynomials in which
the degree is lower than p (if (97) is satisfied, then the procedure has quadrature of order g).

tJrC, )dS

Analogously for condition (98): if it is satisfied, then f ~h Z]S::1 ai]-F( X+ cjh) are exact for

all polynomials in which the degrees are lower than g. It is worth noting that all methods satisfying
condition (98) having c;, i = 1,2, ..., s distinct are collocation procedures [30].

11.3.3. The Three-Stage Lobatto Illa Formula

This procedure requires that ¢; be chosen as roots of [30] Py — P} , = ;i;% (x> Hx—1)"1) (sis

the number of the stage), achieving that ¢c; = 0 and ¢s = 1 Vs. Therefore, the quadrature formula is
exact for any polynomial in which the degree is less than 2s — 2 [32]. Two definitions are necessary for
the following.

Definition 2. Let us define the mesh-grid:

O=a=r<rn<.<r,=b=R (100)
defining, on it, the step-size hy, = tyy11 — '
Definition 3. 1,1, is the midpoint of (¥, ty—1): Moreover, i, 1 /5 is the approximation of u(r) at 1,11 /5.

Remark 13. p(r) satisfy the boundary conditions in (90) and, moreover, ¥ (ry, *p+1), (100) is considered.
Furthermore, p(r) is located at the edges of each sub-interval and midpoint, in which p(r) is also continuous.

This approach can be considered as a collocation procedure and it is equivalent to the three-stage
Lobatto Illa implicit RK procedure [32], the Butcher tableau of which is [30]

0|0 0 O
Yl o3
1 2 1 (101)
s 3 %
‘ 12 1
6 3 6
Thus, the three-stage Lobatto Illa formula becomes [30]:
5 1 1
Ws1/2 = W+ B[ 52 B, ) + 3 F(s1/2,Wars1/2) = 57 F(rmsn wng)| - (102)
and
1 2 1
Uy11 = Uy + h |:6 (T’m, um) + gF(rm+1/2,um+1/2) + 6F(7m+1,um+1)i| . (103)

Remark 14. Aguain, this procedure is achievable from (91) by the Simpson quadrature formula to approximate
the integral between x,, and x. Obviously, when the procedure is applied to a quadrature problem, it reduces (103)
to the well-known Simpson formula [31]:

h u +u
Upa1 = Uy + Zm {F(rm, Wy) + F(rpmat, wyar) + 4F{rm+1/z, W—'— (104)
him
+? [F(T‘m, F(?’m, um) — F(Tm+1, um+1)] }:| .

Remark 15. p(r) with your derivatives satisfy, Vr € (a,b) [32] p")(r) =y (r) + O(h*71),1=0,1,2,3.
Moreover, (90) is satisfied by p(r) at each intermediate point and at the midpoint of each interval (i.e., collocation
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polynomial). Furthermore, p(r) is chosen by MatLab® by means of the determination of unknown parameters,
if any. Finally

p'(rm) = Flrm,p(r)], P/ (rms1/2) = Flrms1/2,P(rms1/2)l, P (rms1) = Flrmga, p(rwgn)] - (105)

which are non-linear equations solvable by a MatLab® routine. In addition, MatLab®, Vr € (a,b), evaluates the
cubic polynomial by means of its special routine bupval [30].

Remark 16. As known, a BVP could have more than one solution [31]. Thus, it is important to give an initial
gquess for both the initial mesh and the solution. Obviously, the MatLab® solver makes the mesh adaptively
achieve a solution using a reduced number of mesh points [30].

However, a good initial hypothesis could be very difficult. Thus, the MatLab® solver checks a
residue defined as [30] res(r) = p’(r) — F[r, p(r)]. Obviously, if res(r) is small, then p(r) is a good
solution. Moreover, the case of the well-conditioned problem, p(r) is next to y(r). In [23], MatLab®
R2017a bup4c solver has been exploited since it implements the collocation technique by a piecewise
cubic p(r), with coefficients determined requiring that p(7) be continuous on (a,b). Furthermore,
both mesh and estimation error are based on the computation of the residual of p(r), the control
of which is exploited to manage inadequate guesses for both mesh and solution [30]. Moreover,
this routine provides a very reduced computational complexity to compute the Jacobian | = %—i}
Finally, bup4c is a vectorized solver, so that it is able to strongly reduce the run-time vectorizing

E(r,y(r)) [31]-
11.3.4. Four-Stage Lobatto Illa Formula

It is derived as an implicit RK method. Its Butcher tableau is [30]:

0 0 0 0 0
5-5 | 11+5 25—/5 25-13v5 —1+/5
10 120 120 120 120
5+v5 | 11—=v5 25+13V5  25+vV5 —1—5
10 20 20 20 120 (106)
1 1 5 5 1
12 12 12 12
1 5 5 1
12 12 12 12

Like the three-stage formula, this approach is also a polynomial collocation procedure, but it provides
solutions in which the accuracy is of the fifth-order, belonging to C!([a, b]). However, unlike bup4c that
exploits the analytical condensation procedure, MatLab® solves the four-stage Lobatto ITIA formula by
a finite difference procedure (by means of bup5c solver) and solves the algebraic equations directly.
Furthermore, unlike bup4c that handles the unknown parameters directly, bup5c augments the system
with trivial differential equations for unknown parameters [30,31].

11.4. Numerical Results

Figure 8 left depicts the numerical results for u(x) evaluated in [22] exploiting different values of
A2 using the shooting procedure implemented by the MatLab ode23 routine. It can be noted that the
minimum value of #A2 ensuring convergence is 0.63. Similar results have been achieved exploiting the
other numerical procedures. For the shooting procedure and ODE solvers (indicated by Shoot&23 and
Shoot&45), it was set 11 (0) = 1 and u,(0) = 1.2 as initial guess when A% = 0,63, 1,4 and u;(0) = 0.1
and u(0) = 0.2 as initial guess when §A? = 2,3. Regarding the relaxation procedure & Keller-Box
scheme (Rel&Box), both initial guesses were set as u1(0) = u3(0) = 1 [22]. Finally, u1(0) = u2(0) =0
were set for the collocation procedure and Lobatto formulae (indicated by Col&III and Col&IV). Table 2
presents a comparison of the results achieved when 0A2 = 0.63,1,2,3,4. Finally, when OA2 = 4,
the same value max(u(x)) = 0.029918, with | = 13, ] = 52, ] = 4000, ] = 4 number grid points,
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respectively, was achieved. The results proved that each procedure showed a good performance,
even if different orders of accuracy and different grid points were used. Noting that both the relaxation
method and Keller-Box scheme reveal robustness and accuracy, the latter provides results as accurate
as those of the shooting and collocation method, since it involves more grid points for each iteration.
However, although the shooting method is not so robust as the relaxation and collocation procedures,
it is faster and well-implemented in MatLab. Moreover, the collocation procedure gives a solution by a
few numbers of grid points because the profile is smooth. Finally, the Relaxation procedure and the
Keller-Box scheme are more robust with respect to the other approaches.

z
— x®=063

a7y v=z, %5
0 — g 2222 convergence & no ghost solulions area

0.1

convergence & ghost solutions area

v=z, 775

no convergence area
o
0.5 04 03 02 -01 o 0.1 0.2 0.3 0.4 0.5 T
x

Figure 8. u(x) for different values of 8A% using the shooting procedure (MatLab 0de23 routine),
and T — V plane partitioned into three distinct areas: non-convergence area; convergence with ghost
solutions area; convergence without ghost solutions area.

Table 2. Comparison of the results for different values of the parameter 9A2.

0A2 = 0.63 A2 =1
Methods  max(y(x)) ] max(y(x)) J

Shoot&23 0.190943 64 0.113476 20
Shoot&45 0.189749 364 0.113639 56

Rel&Box 0.191257 4000 0.113662 4000
Col&IIl 0.189623 44 0.113653 12
Col&IV 0.190331 40 0.113662 10
0A% =2 0A% =3
Methods max(y(x)) J  max(y(x)) J

Shoot&23 0.057973 14 0.039371 14
Shoot&45 0.058133 52 0.039432 52

Rel&Box 0.058133 4000 0.039452 4000
Col&IIl 0.058124 4 0.039451 4
Col&IV 0.058133 6 0.039452 4

11.5. Convergence of the Numerical Approaches

In [22], indicated by [(8A?)cons] Souny the range of 0A? that guarantees convergence by the
shooting method (using ode23 MatLab®) routine, it was obtained that [(6A%) o] Soters = 10.63, +00),
so that, if [(8A2) 40 cono] Sos = 10,0.63), the convergence is not guaranteed. Moreover, using the
Keller-Box scheme, it was found that the range of HA2 ensuring convergence was [(6)\2) conv)s Kellor—Box —
[0.592, +c0). As mentioned above, of [(0A2)no conov]Kelier—Box = [0,0.592) the convergence of the
Keller-Box scheme is not guaranteed. Moreover, the range of 8A? ensuring convergence when the
shooting procedure was implemented by the ode45 MatLab® routine was [(9)\2) conv) Sodess — [0.63, +0),
so that the range that did not guarantee convergence was [(6A%)u0 cono]s, s = [0,0.63). Finally,
exploiting both IIT and IV Lobatto ITIA formulas, in [22], it was found that [(OA?)cono] Three Stageropatte =

[1.181, 4+-00) and [(0A?)cono] Four Stageopate = [1-181,400). Then, for IV Stage Lobatto Illa formulas,
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it was obtained that the range of 82 that did not ensure convergence was [(A?) 0 cono] Four Stageopatte. =
[0,1.181). These conditions are summarized in Table 3.

Table 3. Range of A2 ensuring convergence for each numerical procedure.

Shooting OA2 € [0.63,+00)  OAZ € [0,0.63)
ode23 convergence no convergence
Shooting OA € [0.63,+00)  OAZ € [0,0.63)
ode45 convergence no convergence
Keller-Box 0A2 € [0.592, +c0)  HAZ € [0,0.592)
convergence no convergence

Three Stage BA% € [1.181,+c0)  0AZ € [0,1.181)
Lobatto IIIa (bvp4c) convergence no convergence
Four Stage OA2 € [1.181,+c0) 6% € [0,1.181)
Lobatto IIa (bvp5c) convergence no convergence

If all the procedures work parallelly, the minimum value of §A? ensuring the convergence of at
least one numerical procedure was obtained as follows [22]:
min(G)L2)anv — mil‘l { min[(e}\z)conv}s

L, min[(0A%) cono]s (107)

ode2 oded5”

min [(9/\2 )cono] Keller—Box, Min | (6)‘2 )conv] ThreeStage] yparror TN [(9)\2 )cono] FourStagey opatto } = 0.592.

In other words, for values greater than 0.592, the convergence of at least one numerical solution is
ensured. Then, for A% > 0.63 convergence is ensured for all the numerical procedures considered.
However, even if a numerical solution is obtainable, one must be sure that this solution does not
represent a ghost solution.

11.6. Convergence and Ghost Solutions

As studied in [22], from (36), one obtains A% > 18 so that if 012 € [18, +o0) we have that both
0.25¢, V2 0.25¢, V2

existence and uniqueness are ensured. Moreover, from (6) [16], we can write A% =

B3T (h—d*)3T
from which

0A2 < _0256° (108)

(h—d*)3T"
6 2y/2
Moreover, combining (36) and (108), one obtains 1 + (sup { dt;—(xx) }) < % < %, from which
du(x) 1\ 2 0.250¢
< < — .
18((”"{’ dx ’}) ) SO < T (109)

1)) < o

Being 0.63 < 18(1 + (sup {‘dyd(;” })6) we obtain 0.63 < 18(1 n (sup{‘dyd(;)

2772
%, so that
63(h —d*)3
V> M VT = Z;VT. (110)
9€0L1
— —m———
Z1

(110) highlights that the thicker the membrane, the higher V to be applied to the device for overcoming

6
the inertia of the membrane. Moreover, since 18 < 18 (1 + (sup { ‘ dy:i(;) }) ), one can write:
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V> 18(h —d)? VT = Z,VT. (111)

960 L%
—_————

z2
Thus, both (110) and (111) identify, on the plane formed by T and V, zones of convergence where
ghost solutions could also take place. As depicted in Figure 8 right [22], (110), below the blue curve,
the non-convergence area is identified while, between the blue and red curves, at least one numerical
procedure converges (ghost solutions could take place). Finally, above the red curve, the area in which
convergence is guaranteed without ghost solutions is identified. To achieve solutions that are not ghost
solutions is very important because it gives us the possibility to achieve ranges of possible values for
V, |E| and T defining operating conditions to which the device has been subjected [17,19,22].

11.7. Range of Parameters for the Correct Use of the Device

In this section, we discuss the correct use of the device as studied in [22]. In other words, once the
material constituting the membrane has been chosen (that is, T is fixed), what is the range of possible
values for V and |E|? Vice versa, fixing both V and |E]| (that is, fixing the intended use of the device),
which material is more suitable for the membrane? Thus, starting from both (36) and (108), one obtains

du(x) | \\® _ A2 _ 0 02512 _ g 0.25¢12 du(x) [ o 0256412
1+ (sup{ Ir }) <J5 = 15 h3€% < ﬁ(hf;?)w' so that (sup{ s }) < & ﬁ(hdeSPT —1
giving the interval of admissible values for sup { dl;(;) }, once 0, Tand Vare known. Moreover
A2 1 V2 1 V2
9[E|> = - €’ < €0 (112)

(1—u(x))>  (—-ux)? BT = (1-u(x))*(h—d*)’T
Multiplying (112) by A? and considering that (1 — u(x))? < 1, |E|> < sup{|E|?, B1 = €/2T and

2,32 2174
A? = B1V?, itis easy to write OA%|E|? = 1/5_1;/()3)2 = (155(;))

> from which

e2y4 24
A2 = 0 0 113
T2(1— u(x) 2[EZ ~ TZsup{[E) (113)
and 5
€0V
T> 0 (114)
VeAZsup{|E2|}
or
2 2
1% VA 115)

<
sup{|E|*} €0

By (115), fixing 6 and T, one obtains ﬁ (operative electrostatic parameters of the device).
Vice versa, one obtains

Vo> SV (116)
VA2 sup{|E|?}

so that, starting from |E| and V, T and 6 are achieved.
12. Numerical Approaches for Recovering of the Membrane Profile in 2D Geometry

12.1. On the Applicability of the Numerical Procedure

As is known, BVPs are much more difficult to solve than IVPs [33]. Unlike the IVPs (having a
unique solution), a BVP could not have a solution, could have a finite number or could have infinitely
many. To solve BVPs in 2D geometry, shooting procedures and a collocation one can be exploited.
The first one combines a numerical procedure based on the solution of a corresponding IVP for ordinary



Membranes 2020, 10, 361 30 of 51

differential equations and one for the solution of non-linear algebraic equations. However, the shooting
procedure could require the integration of an unstable IVP, so that the solution of a BVP could be
insensible to the changes in the boundary value and the solution of the IVP could be sensible to the
changes in the initial values. On the other hand, the collocation procedure, even if they are efficient and
reliable tools, often could not be suitable for high accuracy. In [22,23], the authors used the collocation
procedure based on piecewise polynomial functions for solving (24) because just one coefficient was
singular and, moreover, the solutions were smooth [33]. Thus, they proposed the collocation procedure
implemented in MatLab®, by its routine bvp4c, because its code implements the three-stage Lobatto
ITla formula, which is a collocation formula exploiting a collocation polynomial, which provides a C!
continuous solution that is fourth-order accurate.

12.2. Numerical Procedure and Convergence: Interesting Ranges of 0A% and V?k

12.2.1. A2 and Its Characteristics Ranges

As specified in [23], instability phenomena of the membrane can arise when V' grows too much.
Thus, it is important to know the range of V generating instability. With V being linked to A2 (see (31)),
it follows that the knowledge of the behavior of the membrane when §A? increases gives us, when both
d* and k are fixed, the range of V producing instability of the membrane in absence/presence of ghost
solutions. In [23] it has been observed that A2, depending on both the electromechanical properties of
the material constituting the membrane and V, once the ranges of stability /instability of the membrane
are known, it is possible to know the operation parameters in the convergence area respecting (31) and
the engineering areas of applicability of the device. In such a context, it was reasonable to consider that
per and p are equivalent (i.e., k = 1 and negligible losses). This is correct because when V is applied |E|
and p,; are generated inside the device. In [23] all the simulations have been carried out by the bvp4c
MatLab® solver exploiting both the default relative and absolute error tolerances obtaining 100 as the
optimal number of grid points on [0, R] = [0, 1] (by a greater number of grid points the performance
did not improve). Moreover, different solutions starting with different initial guesses were obtained.
Three cases occurred.

Case 1

VOA? € (107, +00) the numerical procedure converged without instabilities. In other words,
, d;g;‘) increased from negative values towards zero. Thus, the concavity
of the deformed membrane decreased avoiding instabilities next to the edge. This was confirmed
by (31): the higher A2 is, the lower V2 will be (increasing #A2, the membrane does not deform too
much when a low V is applied). Figure 9, as achieved in [23], displays an example of recovering with
0A% = 0.5, and initial guesses u; < 2.446 and up = 0. With V being reduced, the membrane moves just
a little so that instabilities do not appear. The procedure behaves differently when the initial guess
of uy increases (with up = 0). In fact, Figures 1012 depict examples of recovering when A% = 0.5
and with the initial guess for u; belonging to [2.447,2.453], [2.454,9.474], [9.63,12.7] and [15.1,19.978],
[9.475,9.62], [12.71,15] and [19.979, +c0), respectively (initial guess for u, is zero).

when A2 increased from 10~°
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Figure 10. Recovering of the membrane: 012 = 0.5,2.447 < uy < 2.453, 1y = 0.
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Figure 11. Recovering of the membrane: 012 = 05,2454 < uy < 9.474,9.63 < u; < 12.7 and
15.1 < uq < 19.978, uy = 0.

400 T T T T T T T T

200

uy

200 ! ! | | | 1 L I I

Figure 12. Recovering of the membrane: A2 = 0.5, 9.475 < up < 9.62,12.71 < u; < 15 and
uy > 19.979, u, = 0.

One can note that when the initial guess for u; and u, = 0 increases, the recovering of the
membrane is symmetrical but erratic ( Figure 10) until the profile assumes a bell-shape (Figure 11).
The erratic behavior is also present when the initial guess is increasing (Figure 12). However, although
Figures 10-12 show simulations that numerically are valid, since u; is greater than d, they are
not realistic.
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Case 2
(1—u(r)—d*)?
A2

*\2
(as OA2 — 0, % — 00 ). Thus, the procedure stops since the Jacobian matrix is singular.

If A2 € (0, 10’7), the numerical procedure does not work: increases too much,

Case 3

If A% € [1077,10~°] strong instabilities occur. Thus, although the numerical method does not
stop, instabilities close to the edge of the membrane occurred. Figures 13 and 14 depicts two examples
of recovering when 9A? € [1077,107°] highlighting instabilities. Particularly, Figure 13 has been
achieved in [23] setting 11 = 0.1 and A2 =5 x 1077, while Figure 14 has been achieved when 1 = 1.2
and 6A? = 10-°.

10 — ¢
1X10 T T T

5 05
3 g

0

05F
_5 L 1 1 L L L L L L -1 I ! 1 1 Il 1 1 Il L
4 08 46 04 02 0 02 04 06 08 4 08 06 04 02 0 02 04 06 08 1

i ¥

Figure 13. Recovering of the membrane: u; = 0.1 and A% =5 x 1077,

20 I 1 | I | 1

| | | 4000 I I L 1 I I I I I
4 08 06 04 02 0 02 04 06 08 1 k
r T

Figure 14. Recovering of the membrane: u; = 1.2 and A% =5 x 107°.

12.2.2. A2 and Analytical Condition of Uniqueness of the Solution

. — _ 2 7%2 1076 2 1079 2 —18
From (31), being d* = 107, k = 1 and ¢y ~ 10'2, then 6A? > ﬁ/iok ~ | VZiO(*Hk) = 1‘0/2,{
from which [23]:

10718
V2k -
Considering (117), with 8A? < 10~® meaning the numerical procedure stably converges, one can write

OA2 > % A OAZ > 107 from which V2k < 10712, so that the range of V2k ensuring both convergence
and stability is V2k € (0,107 '2]. As seen above, VA% € (0,10~7) the numerical procedure does not
converge obtaining A% > 1‘0/;;8 A OA% <1077 from which V2k > 10~!; so that, YV2k € [10711, +0)
the numerical procedure does not converge. If the numerical procedure unstably converges, then A2 €
[107,1076]. Thus, 82 > 10 A 107 < A2 < 10~ from which ¥V2k € (107'2,107'). Here, the
numerical procedure converges even if instability phenomena can occur close to the edges.

OA% > (117)
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12.3. An Overview on the Ghost Solutions Areas

As shown in [23], one starts from 612 > 13;]1(8. Moreover, being 1y = % [20]. Then

_ 2ug(h — u(r))?

V2k (118)
€0
which, combining with A2 > 13;;8 , becomes
10~ 8¢,

A2 > —— 9 119
7 Zug(i— ()2 o

Considering that g ~ 10712, ug ~ 10~ and (h — u(r))? ~ 107, from (119), it is easy to obtain:

1018 10—1810—12

2> 10 e 100 (120)

2ug(h —u(r))2 ~ 21079109

Then, it follows that (119) becomes A2 > 10712, Therefore, VOA? € (0, 10_12} any solutions could
be ghost solutions. However, since V9A? € (0,1077] the numerical procedure does not converge,
then each numerical solution obtained is not a ghost solution. The results are summarized in Table 4.

Table 4. Convergence and stability areas.

No Convergence Convergence and Instability =~ Convergence and Stability
A2 <1077 1077 < 6A? <10°° A2 > 10°
VZk>10"1 10712 < vk <1071 VZk <1071
No Ghost Solutions if A% > 10712 No Ghost Solutions No Ghost Solutions

12.4. Electromechanical Properties of the Membrane, V and Ghost Solutions: Exploitation of the Device

As above discussed, 6 represents the proportionality between |E| and ﬁ [17]:
22
2 _

Moreover, A? depends on both V and the electromechanical properties of the material constituting the
membrane (see (6) and (7)). Then, combining (121) with (6) one achieves [23]:

A? €oV2(2R)? V2
2 _ _ 0 B 0
9|E‘ - (h — M(F))z - 2h3T(h — u(r))z = (h — u(r))z' (122)
. 2 2412 212 4 o
Agam 9|E|2/\2 = eoz(hz3RT) (hYu/(\r))Z = P(hl/u?,))z = P2 (hf‘;(r))2 Obtalrung
2n4 4
oa2 — 260k v )

W (= u(r) B

However, in dimensionless conditions, (h — u(r))> < 1,d = R = 1 and |E|?> < sup{|E|?}; thus,

. 2 % V4 €%V4 2. .
from (123), one can write 0A° = =3 =a()EE > TZsup{[E} Moreover, as known, 6A~ is writable
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2 en V4 . 2 e2v4 e2v4 .
as [17,20] OA- = M‘W from which A° = Tz(h—g(r))Z\E\Z > TZSu%{|E|2}' If the numerical
2
procedure does not converge, it follows that 10~7 > A2 > #‘Emz} so that:
2174
&V -7
e < 1077, 124
sup{[E} 12
Then, from (124), one obtains:
V2
> €0 (125)
/10~7 sup{|E|?}
ot 4 2107
1% T-10~
(126)

sup{[EZ}2 =~ &

Once the intended use of the device has been chosen (that is, once the pair {V,sup{|E|?} has been
fixed), from the inequality (125), inf{T} is computable. In other words, once {V, sup{|E|?} has been
chosen, the material of the membrane is selected. Conversely, if the material of the membrane has
been chosen (that is, T has been fixed), it is possible to achieve the pair {V,sup{|E|?} satisfying the
inequality (126) (that is the intended use of the device is achieved).

13. Electromechanical Properties of the Membrane and Exploitation of the Device: A Useful
Comparison between the 1D and 2D Formulations in Convergence Conditions

The following result holds.

Proposition 20. [nn convergence conditions, considering both (114) and (125), we can write:

€0V2 > €0V2 (127)
V1077 sup{[E[*} ~ v0AZsup{|E|*}
€0V2

€0V2
S

W})HEZ‘}’ so that

Proof. In convergence conditiond,
Therefore, (127) follows. [

in (114) becomes

From the Proposition 20 it follows that, with the same V and sup{|E|?} (i.e., fixed the intended
use of the product), the machine voltage T is higher in 2D geometry. This is due to the fact that,
in 2D geometry, it is necessary to take into account all the contributions due to the mechanical stresses
relative to each vertical plane passing through the vertical axis of symmetry. Recall that each of these
planes is affected by 1D geometry.

14. Conclusion and Perspectives

In recent literature, the surveys published on MEMS membrane electrostatic devices are abundant
and many of them are of high quality. The discussions contained therein range from the design
procedures of the individual devices to the techniques for analyzing the behavior of the devices under
the most varied operating conditions. However, recently, a new line of research has emerged on MEMS
membrane devices based on the observation that on each point of the membrane E is always orthogonal
to the tangent to the membrane at the point in question, so that |E| is to be considered proportional to
the curvature K of the membrane. This approach allows modeling the problem by means of elliptic
semi-linear second-order differential models relative to 1D and 2D geometries (the latter with circular
symmetry). Particularly for the 1D geometry, the explicit singularities present in models known in
the literature are not present, while for the 2D geometry, the singularity is present on the axis of
symmetry passing through the center of the circular plates of the device. In this survey, in addition to
having presented and discussed both the differential models mentioned above, the main results of
existence and uniqueness of the solution for both models were presented, discussed and compared
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in the first part, verifying which conditions are stronger than the remaining. The second part of the
survey was entirely devoted to stability and optimal control problems for both geometries, underlining
the similarities and differences that emerge from the study of both geometries. In particular, important
conditions that manage the range of possible values for V have been studied and compared providing
original results as far as the 2D geometry is concerned. The last part of this survey, since the analytical
models do not provide explicit solutions, was entirely dedicated to the comparison of the results
obtained from the numerical procedures applied to reconstruct the membrane profile. Particularly,
respecting the analytical conditions of existence and uniqueness of the solution and for both geometries
studied, the ranges of admissible values for T to which the membrane must be subjected before
deformation under the effect of V were compared. The comparisons highlighted how both geometries
provide limitations and a range of possible values for the fundamental quantities (such as, for example,
V and T) dependent on the same parameters but with different functional bonds due to the different
membrane shapes in the two geometries. This, at least qualitatively, confirms that both models studied
have been correctly formulated, highlighting a certain uniformity of behavior of the control parameters.
Finally, we observe that, even if the approach of considering |E| is proportional to K, as validated
by the results obtained in the absence of ghost solutions, it appears clear that the formulations used
for K require refinement; therefore, in the future, it would be desirable to exploit more sophisticated
formulations for membrane curvature in order to take into account the symmetries present in the
geometries studied. Moreover, by removing the hypothesis that u(x) € C?(Q)), new scenarios open
up regarding the reformulation of the curvature, thus taking into account any formation of wrinkles
around the membrane. It is worth underlining the fact that the numerical models used enjoy a limited
computational load. Then, the writing of the hardware of what has been implemented in the software
appears desirable in order to make the elaboration usable for any real-time applications.
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Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

MEMS  Micro-Electro-Mechanical-System

Vv applied voltage

u deflection of the membrane

E electrostatic field

|E| amplitude of the electrostatic field
K curvature of the membrane

Q boundary region

0,7, x parameters related to the electric and mechanic properties of the membrane
o Coulombian exponent

¢ electrostatic potential

D flexural stiffness

T mechanical tension of the membrane

€0 permittivity of the free space

h distance between the two parallel plates
rigidity of the plate

aspect ratio of the system
ar critical security distance
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Pel electrostatic pressure

P mechanical pressure

k coefficient of proportionality between p,; and p
0 parameter of proportionality for |E]|

H function of proportionality between K and |E|
€t dielectric strength of the material constituting the membrane
R radius of the disks in 2D geometry

7 radial coordinate

Cor electrostatic capacintance

H(r) mean curvature

G Green function

H sup du(x)

BVP  boundary value problem
IVP  initial value problem
RK Runge-Kutta approach

Appendix A. Mean Curvature and 2D Modellization

Here, a surface S generated by rotating around z a curve C lying on a vertical plane normal to
the xy plane, which forms an angle t with the zx plane, is considered (Figure 3a) [29]. To simplify
the procedure, let us suppose that C is parametrized with r (generic parameter). Thus, P(r) =
(f(r),0,g(r)), r € I C R, in which f(r) and g(r) are regular functions, which satisfy the

following inequality
df(r)\? | (d8())?
() = () =0 )

Vr € I = [0, R]. S is parametrizable as P(t,r) = (f(r) cost, f(r)sint,g(r)) where (t,7) € [0,27r) x I.

Remark A1l. P(r), being a so-called natural parametrization, ensures that the curve C is reqular everywhere.
Thus, by rotation, S is also regular.

Thus, one can easily achieve

oP(Lr) L7 oP(t,r) _ (df(r) df(r) . . dg(r)
FYa (—f(r)sint, f(r)cost,0) A 5 = ( cost, = = sint, = ) (A2)
from which, the coefficients of the first fundamental form become:
oP(t, — oP(t, oP(t, oP(t,r) ||
o[ o r Dy o [P

Observing that F = 0 everywhere, thus the coordinate lines are orthogonal to each other (everywhere),
so that, one can write:

P(t,r - - 2p(t,r df(r
% = (—f(r)cost,—f(r)sint,0), 9 gt(;rl’ ) = ( df( )smt ];(r)cost,O), (A4)

0*P(t,r) _ (3f(r) 0*f(r) azg(r)
FI- ( FY) cost, o2 sint, 32 )
BPgi,r) = f(r )(dg(r cost, ( ) sint, @), so that the unit normal

vector to S in P(t,r) is A =

R <8Ptr BPtr )HBPtr BP(tr) -1 _ (dgd()cost ()smt df(rr))‘

Moreover, the coefficients of the second fundamental form become:

2f r F(r) d?g(r

_ 92P(t,7) dg(r) (e 92P(t,r)

a7 XB=S0)=gS =g e x A=
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To obtain both the principal curvatures, ki (,7) and ky(t,7), one needs to solve (e — kE) (g — kG) — (f —
dg(r)

kF)? = 0, achieving ki (t,7) = — % and ky(t, 1) = dder(? d%(rr) - dfd(rr) d2§2<r). Then, the mean curvature,

dg(r) 7 I 3
i IO 0 40 E40) and since €

H(t,r), becomes H(t,r) = J(ki(t, 1) + ko(t, 7)) = %( ~ 70 Rk

belongs to the plane y = 0, one can set:

o = 2
fy=r =2= =1 =37 =0 g(r)=ulr) d‘z(rr) = dt;(:); dgr(;) =4 dur(zr) (A6)

in which both df ( ") and =0 ( ) satisfy (A1). Thus, considering (A6), H(t,r) becomes H(r) = %(%d”m +

d d”:(zr) ) Therefore, by H(r), (22) becomes:
& du(r 2 d Pu(r)\?
i+ 14 = s () (a7)
u(R)=0; O _o; 0<u@r)<d

Finally, one can divide both sides of the equation of (A7) by Zu(r) +1 dl;(rr), achieving

dr?
_ _A%)2
— % db;(rr) - a ug)\)Q &) , so that eqrefmedia can be written as (24).

) _

Appendix B

As known, differentiating (20), one obtains:

u) = [ 6 o)f (sute) 2 )as (A9)
where 0 < u < h — d* and G(x, s) is a suitable Green'’s function [34]. Moreover,
) 2 G or{onr 22
so that (A8) becomes: ) s
u(x) = /0'5 G(x,s)(lJr(dl;(:)))ds. (A10)
J-05 Op?(s,u(s), A)
The existence of the solution of the equation T(u) = w, where u € P;, can be proved by the

Schauder-Tychonoff fixed point theorem applied to w = T(u) from P to P [34]. In fact, from (A10),
one defines the positive operator T as follows:

T e —<1+ (m;;)) ) d All
(u(x))f‘/fo.s (x,) 0u2(s,u(s), A) ° (A1)
and )3
du(s)
ITu) _ 12 Gl (o)) (A12)
dx —05 dx  0u%(s,u(s),A)

The suitable Green’s function is [34] G(x,s) = w, if —05 < s < x; or G(x,8) =
w, when x < s < 0.5 achieving dcx,s) = (HO 5 if —05 < s < x,and dG(x 5) — @ if

x <'s < 0.5. Moreover, G(x, s) is a continuous and non—negatlve function having its maximum equal
to 0.5/2 on the straight line x = s at s = 0. From which, one can write:

0 < G(x,s) <05/2 Vx,s € [-05,0.5]; (A13)

In addition, the integral over [0.5,0.5] becomes

0.5 _ X 0.5 2
/ G(x,s)ds = 05— x / (s +0.5)ds + 0.5 / (0.5 —s)ds < 057,
-05 1 05 1 x 2
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over [—0.5,0.5] becomes:

‘/05 dG(x,s) ’< /0-5 ‘dG(x,s)
—051 dx

Finally, Vx,s € ([—0.5,0.5] x [—0.5,0.5]):

and the integral of ‘

ds < 0.5. (Al14)

dG(x,s)
dx

< 05. (A15)

Appendix C. Proof of Theorem 1
To prove that T(u) € C3([—0.5,0.5]), one must prove that

’Lﬂ( ‘Jr sup ‘ ( ‘ < +oo.  (Al6)

IT@x)lczi-0505 = sup  [T(u(x))[+ sup i
x€[—0.5,0.5]

x€[-05,05] x€[~05,05]
Due to the construction of G(x, s), it follows that T(u(—0.5)) = T(u(0.5)) = 0 verifying that T(u) > 0.
Moreover, it is easy to verify that y(x, u(x)) > 1in [—0.5,0.5]. This is due to the fact that E deforms
the membrane satisfying the condition that locally it must win the inertion of the deformation, so that
#(x, u(x)) assumes values greater than the unity. Therefore, to overcome the inertia of the membrane,
a minimum voltage A > 0 should be applied, so that A < A < sup{A} and sup{A} being a bounded
quantity, it follows that 1/A? < +oo. Therefore, also considering the (A13), one can write:

0 < [T(u(x))| < supre—0505T(u(x))] < (A17)
1 (s+0.5)(0.5 —x) du(s)\2\3 N 2
SG)@ [0505]‘/05 1 <1+( ds )) (7 —d) — u(s)) ds’+
1 L(05—s)(x+05) du(s) . 2
+— sup 1+ ((h—=d*) —u(s))ds| <
02, 0505 1 (1+ (5 ) ) |
<4(h—d') s A 5 (1+ H®)0.5% < +oo.
Moreover:
du(s) 2\3
iriut) 05 Guxs) (15 (7)) : ;
sup |——| = sup ds| <2(h—d ) (1+H ) < +oo. (A18)
x€[70.5,0.5]‘ dx —0.5,0.5] ‘/ O ‘
Thus, being d“(x) < Hand |1/4?| < 1, it is easy to obtain:
du(s) 243
2 05 1+
sup ’7‘1 T(uz(x))‘ = sup i/ Gx(x,5)<< ( dzs > > )dS < (A19)
x€([-0.5,05)) dx ([~05,05]) | 4% /=05 Ou
du(s) 2\3 du(s) 2\3
L <<1+(ds>))+1 o <<1+< >>><
T 20A% L ((20505)) Op? 20A% e (1Z0505)) Oy B
1 1\(1+H?)® 1(1+H?)?3
<(w*3) w2 e <t
Moreover, we can deduce that:
(h —d*) . 05(1+H® (14 H?)3
T (Dl c2((-0505) < W(l + H®) +4(h—d*) oAz oz < e (A20)

To prove that T(u) € P, one considers that 4(h — d*) 715 (1 4+ H®)0.5% < (h — d*), so that 1 + H® < oA

02
from which H < {/6A° — 1. Therefore, 1+ HS < 2{,1972*) A1+ HS < 61 is Verified. To compare

the second members, it is sufficent to suppose, by contradiction, that oA < z(h d*) obtaining H >
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(h—d*)
05
H =

= 2(h — d*). However, remembering the scaling factors (4) and considering that H = % and

5,, one can write:
_z_Z1_pl pe
H=-=55=H>2h-d") (A21)
Moreover, in no-scaling conditions, (h —d*) = (b= — (=) and by (A21) one easily obtain H' > (hde by

Since L represents the semi-length of the wafer without scaling operation, thus, if L — 0, it follow
that =)'

— 400 and being (h — d*)’ a positive limited coefficient, then H' = sup ‘L
be greater than a quantity tending to +00 inconsistently with the membership of u to C2([—0.5,0.5]).
Therefore, it follows that GA > (h d*) from which:

HOA

6
L+ H < 500

(A22)

which represents the condition guaranteeing that T'(u) : P — P.

Appendix D. Proof of Theorem 2

By Theorem 1 and taking into account that the following compact immersions C3[—0.5,0.5] —
Ci[-0.5,0.5] and P; < P holds, applying the Schauder-Tychonoff fixed-point theorem, u(x) =
T(w(x)) admits at least a fixed point u(x) = T(u(x)) in P;. In other words, there exists at least a
solution for (17).

Appendix E. Proof of Theorem 3

Let us introduce the following Lemma.

Lemma A1. Considering the problem (25), let u1(r) and uy(r) be twice continuously differentiable functions
in order that uy(r) < up(r), r € (0,1) and

2 p )
d Zzz(r) +F(r,u1(r),”dlir(r)) >0 dsi;(r) +F<r,u2(r),d“;7r(’)) <0 (A23)

for r € (0,1). Furthermore, let F (r v, dr) be a continuous function satisfying the following generalized
Lipschitz condition:

du(r)  do(r) du(r)

Ka(r) (u(r) — () + Lo(r) (2~ B0)Y < (), 20Y gy, v()d”(r

(A24)

< Ka(r)(u(r) —o(r)) + La(r) <

)

inU x (—oo,+0c0), inwhichU = {(r,u) : 0 <r <1 and uy(r) <u(r) <uy(r)}and K;(r) and L;(r)
(i = 1,2) are continuous functions in (0, 1]. In the case in which dul(o) > dué(o) such that uy (1) = B = uy(1),

thus (25) has at least one solution, u(r), satisfying the following chazn of inequalities u1(r) < u(r) < up(r).

To prove Theorem 1, it is imperative to exploit the Lemma Al. Particularly, one assumes the
following expressions as u1(r) and uy(r), respectively:

u1(r) =0 Vr € [0,1] (A25)
and -
uy(r)y =1u(r) = 262}2 {1 — rz}. (A26)

By construction, u1(r) < up(r) and both are twice continuously differentiable functions. At this point,
one has to verify (A65). In other words:
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d?uq (r) dup(r)\  dPup(r) | Tdug(r) | (1—uq(r) —d*)?
ap HF(rn () =02 ) = e L 612 >0 (A27)
d?uy (r) dup(r)\ Puy(r)  1duy(r) (1 —u(r) —d*)?
R G e R 612 <0 (A28)
A27) is verifiable observing that, for u1(r) = 0 and Vr € [0, 1], it follows that du(r) _ L) _ 0.
( g dr dar2
Then, assuming that
0A% >0, (A29)
(A27) is directly verified. Moreover, to verify (A28), with (A26)), one easily obtain
dus (r eokV>2r
;T( ) _ & e (A30)
and again
d2uy (v egkV?
diz( ) __ ‘;*2 . (A31)
Thus, by both (A30) and (A31), (A27) becomes
1 eokV? 212 2e0kV?
{1 S 1-7 ) < (A32)
2
Moreover, in (A32), {1 - egs*vzz {1- r2}} < 1, such that, imposing 51> < zegfzv >, one achieves
) d*z
6A° > ek (A33)

that automatically satisfies (A29). Lemma Al also requires, to prove that F (r, u(r), =

(- gatisfies the Lipschitz condition (A24). Thus, we can easily write::

A2
F(ru) —o(r), 240 - 220 2460 Qo) 200 QP> sy
> (5 - ) - g (1) —o01) = 12 (B2 - T3 K () o)
Moreover,
Ly L ()~ o) @ () o)) < (A39)

< L) (M0 80D 4 ko) (2(u(r) —0(r)).

2 — (u(r) +v(r)) > 0, so there exists a constant Z such that 0 < Z < 2 — (u(r) + v(r)) holds.

Finally, Lemma A1l also requires that d”;lir(o) > du;iio). For this aim, being a = 0, it follows that
d”éir(o) = d”;lir(o) = 0. Moreover, d”éfo) = d”éfo) = 0. Furthermore, 11(1) = u3(1) = 0, which completes

the proof of the Theorem.

Appendix F. Proof of Theorem 4

From the equation of model (17), it is easy to infer that, being dzd”x(zx) < 0in [-0.5,0.5], u(x) is

concave over the same interval while its first derivative decreases. Moreover, this equation is writable

as follows: 2 p b 3
e N oo

Multiplying both members of (A36) by ”{g;) , one easily achieves:
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2 _
ddux(zx) db;(xx) [1 n (dM(X) )2] 3 _ —i(l’l d*)ZdL;(x ) 9)\ (h d*)ddx[ (x)]z _ 39%;7[”(3[)]3 (A37)

29-2 24 -2
Since dzd’;(f) dt;(xx) [1 + (dt‘i(xx)) } = —%% [1 + (d';—(xx)) } by integration from —0.5 to 0.5, (A37),

one achieves
1 1 1

)T T

du( 05

(A38)

from which

du( 05‘

‘ Furthermore, by integration of (A37) from —0.5 to f, and considering
that u(—L) = 0 and that Vt € [ 0.5,0.5] one can achieve:

0.25 0.25 1 1 1
_ = —_(h—d*)? —(h—d* 2_ 3, (A39
{1+ (dﬁﬁf))zr + [1+ (d”(d_xm)zr W( Yu(t) + GXZ( u(t))] 2602 [u(t)]°,  (A39)

so that Vt € [-0.5,05], —%(h —d)2u(t) + Giz(h — d*)[u(t)]® — w#[u(t)P < 0 and

-1 1 +1 L ; < 0. Thus, V¢ € [~05,05], | %4 M’

4 243 4 2
()] ()|
that (17) has only one solution, let us suppose, by contradiction, that (17) admits two different

solutions, u1, up € P;. From the equation associated to (17), integrating from —0.5 to ¢, Vt € [—0 5,0.5],

213
one achieves 241) < 9}\2 o5 [14— (dul( )> ] [h—d* — uq (x)]?dx and =3 d”Z() <H- —2 s [14—

2
(dlﬁ—y)) } [h — d* — up(x)]?dx. Subtracting on both members, Vt € [—0.5,0.5]

. To prove

dur (1) _ dus(t)
dx dx

— [ () = s = [ (P - e

(A40)

To evaluate the term in the integral, let us consider F(w,v) = [1+ w?]3(h —d* —v)? and g(t) = F(tw; +

(1 —t)wy, tvy + (1 — t)va) = F(wy, vt). Observing that dg(t) W(wl —wy) + W(Ul —03)

and g(1) = F(wy,v1), g(0) = F(wy,v2), (1) —g(0) = (g’j’) ¢ € (0,1), one can easily write
BF(wg,vé)

Jw
< 6{g[1+wi® + (1= &)1+ w3 }[gwr + (1 = §w] (h — d* —vg)*.

= 6[1 + wi*wg (h — d* —0z)* = (A41)

Since w; < H, wp < H, vz <1, it results that ‘ wé %) ’ <24(1+ HZ)ZH and

‘ oF (wg, v¢)

2 ] <2081+ @)+ (1— &) (1 +wd)*| < 4(1 + H2)P, (A42)

Considering the last inequality, by means of (A40) and exploiting the Poincaré’s inequality,
vt € [-0.5,0.5]

t
‘dul(t) -~ d”z(t)) < §(1+H2)2H/ duy (x) duz ‘d n (A43)
dx dx 9)\2 dx
t
+i7(1+H2)3/ ‘dul( ) _ duz ‘d <— (1+ H?) H/ dul duz ‘d +
A2 —051 dx 0.5 dx

t _ t
1+ [ )d”l( ) _ d”2 ‘ dx < c(H,L,1,0) [ ‘dul( ) _ dMZ(X)‘ dx.
J—05 ~051 dx dx
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dug(x) _ dup(x)
dx dx

d”1( ) d”dzy) ‘ < 0. Thus, Vt € [—L, L], it follows that

dx from which, exploiting the well-known

duq (t duy (¢ kY t
Then |24 — 20| < (H,L,1,6) [

Gronwall’s lemma, one has, Vt € [—0.5,0.5],

d”dl—f) - d”jf) = 0. In other words, 11 — up = constant, and considering that 11(—0.5) = up(—0.5) =

11(0.5) = u3(0.5) = 0, one has u; = u,. To prove the statement 2, let us consider u(x) as a solution for
(17). Setting v(t) = u(—t), vVt € [—0.5,0.5], one has that also v is a solution of the same problem. In fact,

do(t) du(t) do(t) Pu(—t) Pu(—t) {“(d"éx )) }
= -5 = - L;xz so that, one obtains — >~ = — — (h —d* —u(-t)).

Therefore, as already mentioned, v'(—0.5) = —u/(0.5) = #/(—0.5) < H, so that v(t) = u(t), Vt €
[—0.5,0.5], so that u(t) = u(—t) over [—0.5,0.5].

To prove the statement 3, it is sufficient to take into account that u(x) € C?, and the second
member of the equation € C! and than u(x) € C3([-0.5,0.5]). By induction, one obtains that u €
C*([—05,0.5]).

Appendix G. Proof of Theorem 5

To prove Theorem 5, we premise the following Lemmas. In particular, considering, by contradiction,
two different solutions of u7(x), up(x), one obtains the following important results.

Lemma A2. The following inequality holds.

(1 (D) (1 ()Y <) o) s
Proof. Being H > 1, from ’(1 + (duZ( ))2)3 (1 + (dul( )>2>3‘ one can write:
0+ ()Y - (V- IR - 5D (R 250 e
u 2\2 u 2 u 2 »
<[+ 45 +<1+(d§§")) )<1+<d$*i’”> )+ 0+ (5l <
< \d”‘;ix) - d ’2H\3 (1+ H?)? |<24H5]d”§i *) dul( ‘

O

Lemma A3. Considering that h — d* < 1, and since 0 < u < h —d*, ¥V uy(x), up(x) € P, it easily follows:

(1 (28 Y - a2 (1 (P2 Y - (2] < (A%6)

i dx
du;i x) d”;( )‘+24(1+H6)|uz( ) —ur(x)]-

< 216H5’

Proof. Taking into account

(14 (2802 -~y = (1 (P =y (447
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one can write:

(0 (F5)) o = (14 (FR2) ) o]

- (1 (427 (1 (527
<

d
(0 ()Y a1 () (14

O

Exploiting both Lemmas A2 and A3, one is ready to prove Theorem 5.

(du;ix )2 3—2u1(x)d*(1+ <d141 )2) ‘_
x) ‘ +24(1 + HO)|up (x) — uy (x)).

43 of 51

By contradiction, assuming u;(x), u2(x) € P as two different solutions for (17), one can write

u1(x) = T(uq(x)) and up(x) = T(uz(x)).Then, it follows that:

05 (1 + (dul( )>2)3 05 (h—d* —uq(s))?
1Wbﬁﬂm@@ﬂﬁ7whﬂmmwm%—ﬁmL%

. 1+ duzs( ? . g% 2
ua(x :/()O%SG(X,S)( (( ()> )) ds= [ Gles)(+ ey BT

i = Lo (0 (57 ) )0 e

i e (0 (D)) )0 o

Therefore, one achieves:

duq ( du
ur —uallcr—os05) = sup  [u1(x) —uz(x)| + supre- 0505]‘ 1) _ ;J(C ) :
x€[~0.5,0.5]

(A49)

(A50)

(A51)

(A52)

(A53)
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Therefore, it follows that:

r60505

IT(0 () -~ Ta()) | = 5oy sup | /0 vs)((1+ (d”;f))z)sxh—d*—u1<s)>2ds— (A5
(

xe[ 0.5,0.5]

) e

- (;ZZS sup ‘/ 055 [ du;s(5)>2)3> (h—d* 71/11(5))2+

0505
(14 (d“;iﬁ)zf)@ I

sup !/05 o ((1+<d”$§5))2)3)<h & — s (5)) s~
((

/05des 1+(

Considering (A48), it follows:

(T (1 (x)) = T(uz2(x))llcr(j05,05]) < (A55)

0.75 0.5 dup(x) du1 6
< sup / (216H° +24(1 + H®)[uz(x) — uq(x)|)ds| =
072 re[- 0‘5/0'5]‘ —05 ‘ dx ‘
075 up(s) duqi(s)| 075 6
(216H°) sup |2 — + (24(14+H®)) sup |ua(s) —uy(s)l.
T 9\2 ds ds ‘ A2 $€[~0.5,0.5]

s€[—0.5,0.5]

However, being u7(x) = T(u1(x)) and uy(x) = T(up(x)), by means of (A53) and (A55), one would
obtain a contradiction if:

1,05 1 5 1,05 1 p
— (= 4+ Z)216H% < 1 — (= 4+ 2)241+H® <1 A
9A2(2+2) OH <1 A 9A2<2+2) (1+H?) < (A56)
that is: ) ,
21605 < A ) 24(1+ H%) < o (A57)

0.75
Taking into account the first inequality of (A57), one can also write H® = H°H < %H so that
1+HC <1+ 9162 so (A57) becomes:

0AH OA2
6 6 -
LHH <1+ 2o A 14+H < o (A58)
Furthermore, one can observe that:

A2 0A’H

T8 <1t g (A59)
In fact, starting from (A59), it follows that 99A% < 216 x 0.75 + OA%H from which H > 9 (1 — 3 /\2 4.0. 75).

In fact, if by contradiction we would write 18 > 1+ 9{‘62H from which H < 9 — % < 0. In other

words, H would assume negative value (impossible condition). Thus, (A56) is equivalent to:

o

6
1+H° < TR

(A60)

Appendix H. Proof of Theorem 6

We premise the following Lemma.

Lemma A4. Let us firstly suppose that the conditions of Lemma A1 are satisfied. Moreover, ui(r), up(r)
(ru(r) + Ll(r)dlfi(rr) = 0 has a nontrivial solution
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satisfying zero boundary conditions on any sub-interval of [0, 1], then the problem has only one solution u(r)
with uy (r) < u(r) < ua(r)

As presented in (A35), it follows that Ll(r)dt;—(:) + Ko (r)Zu(r) = + <d”;(rr)> — au(r).
Thus, by Lemma A4, we consider:
du(r) 1 /du(r) Z B
a3 (e ) gt =0 (A6D

d? u(r) du(r

+ (2k+1)r dr) + (a?r® + B?)u(r) = 0 (Bessel equation)
with 2s # 0 and &, «, s;p € C. In fact, one can write d;:({) + 2@“ du(r) + ( a?r® + f—;)u(r) =
d? u(r)

which represents a particular case of 12

1) 4 2252y = 0. If25—2 = 0, then r = 1, obtaining

0 that becomes ar

dzu( D4 1%(?) +a u( ) = 0. Setting &> = —z£; € C, (A61) is achieved. According to Bessel

dr?
theory [35,36], the general solution for (A61) can be expressed as a linear combination of two linearly
independent Bessel functions, Jy (, | oz ) and Yj (, | 5z ), of the first and second kind of zeroth order,

respectively. In other words u(r) = c1Jo (1 / Wr) + Yy (1 / %1’) , with ¢q and ¢, constant [35,36] and

2m
(37~ o5 ) () - 3[4 05( ) ) +
Y-t 221,),1m;)H = (\/%r) 2m}, where v = 0.5772 is the Euler-Mascheroni constant and H,, =
14271 4+3 14 x x x +m~1. Therefore, the general solution for (A61) becomes:

()

zzm(m!)Z

ey

m=1
-1 m+1Hm 7 2m
+ Z e \Vae'| |

r) in Yy exhibits a logarithmic singularity as r = 0.

u(r) =c +  (A62)

. (71)m %r 2m
g )

m=1

2c
+J

<’r +In (0.5@0)

Asr — 0, then Jy — 1. Thus, In <0.5 ﬁ
It is worth nothing that a linear combination with ¢; # 0 and ¢; = 0, the general integral becomes

(71)7” (\/Mzzr) 2m

u(r) = |14+ Yo, —imz | So a nontrivial solution (# u(r) = 0) for (A61) has been

achieved. Exploiting Lemma A4, the uniqueness of the solution for (24) is not ensured.

Appendix I. Proof of Theorem 7

As seen, (28) guarantees that (17) admits at least one solution. Moreover, from Theorem 4,
it follows that the solution is also unique. Therefore, to ensure both existence and uniqueness, it is
imperative to solve the system:

2

HOA 25
6 oA 6 A
1+H <2(h—d*) AN 1T+H < 15 (A63)
If, absurdly, we suppose that Tls > 72(]11 D) HA” we would obtain
H< h—d (A64)

9>
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h

Finally, considering the scaling factors, (A64) becomes H = % = ;% <

dimensionless value of H by H’, it follows that H' < %. Therefore, H’ should be lower than a

notably small amount that is incompatible with the definition of H’ [19]. Thus, (A63) is equivalent
to (36).

Appendix J. Proof of Proposition 3

Appendix ].1. Linearization of the Non-Linear First-Order Differential Equations System around the
Equilibrium Configuration

Firstly, the model is written in the general form (39) in which

flug (x),uz(x)) = ua(x); - F(ur(x), uz(x)) = 912 (14 (u2(x))?)> (1 =y (x) —d*)2. (A65)

(39) can be written in matrix notation. That is

1y (x) rd
u(x) = (”1<x)>, a(x) = (Z‘%) f(x,u(x)) = (f;(”l(")’”(x”), (A66)

dx

(39) becomes:
u(x) = f(x, u(x)). (A67)

Appendix J.1.1. A Suitable Change of Variables
To linearize the system, we exploit the following change of variable:
up(x) = ud +ed(x);  ua(x) = ud +en(x) (A68)
with a small enough €.

Appendix J.1.2. On the Use of the Taylor Series up to the First-Order

From (39), considering (A68) and ”(1) and uJ do not depend on x, one can write:

du;)(c ) _ dC( ) — Fuy (x), u2(x)) A du;)(cx) :edzl(xx) — 2 (), 12 (x). (A69)

Thus, developing in Taylor series f (u1(x), u2(x)), g(u1(x), u2(x)) (neglecting the terms of order higher),
we achieve:

) + eaf(gljjl“g) (j(x) + eaf(“f u3) 17(
0 (])

)+€Bg(ul MZ)C(JC)+ ag(”bi;’z 77(

111

=
—
+
lo)
—
N
~—

(A70)

\_/

{e 00— P + eg(x), 12 + en(x) ~ F(ul,
8 g(u

e = F(ul + e2(x), ud + en(x)) ~

=
N3
+
je}
—~
~

in which T = €/¢2 + 2. Considering f(u{,13) = g(u),u3) = 0, and neglecting the infinitesimal
terms of order higher than T, we obtain:
de(x) _ OF(d,ud) - of(ud,ul) dn(x) _ Ogd,u) . gl ul)
dx - aul g(x) + auz 7’](.7() A dx - aul g(x) + auz U(x) (A71)
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Remark A2. Even (A71), as for (39), admits a matrix representation. In fact, by placing:

&(x) dé‘d(X) af(aul 13) af(u 9
zZ= (U(ﬂ) , Z= (diz,(xx)) , A= %;1“2) ag(;;;z“z) (A72)
(A71) becomes:
z = Az. (A73)

Finally, (A73) is the linearized form of the non-linear system around (A67).

0,0
Here, considering (A65), A can be detailed as of (Ml’uz) =0; A of (ul’uz) =1A (auﬁluﬁ - 9/2\2 (h—

d*—1+d*)=0A ag(;‘;;”z) = 8 () — d* — 1+ d*)? = 0. Therefore, (A71) (i.e., (A73)) becomes:

di(;) =7 A dZ(XX) =o. (A74)

(A74), solved, provides {(x) = ki + kx and 57(x) = k with k1 and k constant.

Remark A3. (A70) makes sense because uy and uy, as proved in [16], are analytical functions allowing the

T R ) g B
dup, 7 Juq dup, -

linearization by

Appendix ].2. Stability of the Equilibrium Configuration

Appendix J.2.1. Eigenvalues of the Coefficient Matrix and Algebraic Multiplicity

A =10 1, 0 0] and its eigenvalues become {; = {, = 0. Thus, A has a single non-simple
eigenvalue (its algebraic multiplicity m = 2).

Appendix J.2.2. Point of Equilibrium: Evaluation of Its stability

For this purpose, we exploit the use the following result.

Lemma A5. In a system as (A73), if there is at least one eigenvalue with a positive real part or a not simple
eigenvalue with zero real part, then the system is unstable [26].

Proposition Al. (A74) is not stable.

Proof. Here, we achieve {1 = (» = { = 0. Therefore, the only eigenvalue and m = 2. Then,
by Lemma A5, (A74) is not stable. [

The following result holds.
Lemma A6. If an equilibrium point of z = Az is unstable, then (u9,u3) of u(x) = £(x) is also unstable [26].

Proposition A2. The model, of which the only equilibrium position is (u,u3) = (h —d*,0). Then,
this solution is unstable.

Proof. It follows from Lemma A6. [

Remark A4. The membrane, when V is applied, deforms reaching a distance, in 1(0), equal to h — d*. However,
this equilibrium is an unstable configuration.
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Appendix K. Proof of Proposition 42

2(h— d*)(1+H )

Considering that A2 < A2, it follows that A% > when put into (36), we obtain:

3 * 6 3 * 6
\/sz h— ZHHH /4Td h ) /1+H (A7)
VeoLHO

3 *
\/ AT e;lg 4) \/ LEHS i (A75) is less than the V necessary to achieve the inertia of the membrane. Thus
ATd3(h —d*) |1+ H®
(Vinin)inertia > 209 ) - (A76)

Appendix L. Proof of Proposition 6

2T (h—d*) [1+H _ [2(h— d* d*
0.5¢00 H : (A77)

Supposing absurdly that

we achieve:
23T [1+H6 _ Vd*
0.51/0.5¢0 H = Vi (A78)
Observing that 1y < d —d* and ﬁ \/;7, it follows:
1 v/ Pel
— > . A79
N/ BT (A79)
Thus, (A78), considering (A79) and taking into account that d* = %, becomes:
VP _ 6 1 + H®
T — O 5+/0.5¢9 (A80)
Being H = 99 [16], it follows that /1£H° ~ 97 x 10%. As ey = 8.85 x 1072 and d ~ 1077, (A80)
becomes WT" < 0.95 x 107°. Thus, the T would be a very large value as if the membrane were

extremely r1g1d (condition physically not compatible with the usual membranes exploited in MEMS
devices). Then, (A77) is false, so that (45) yields.

Appendix M. Proof of Proposition 8
From (43) it follows:

[2(h —d*) [d* [2(h—d*) | h
(anx)permissible < % * = % 10k (A81)

so that 2(h€:)d*) > (Vinax) permissivle \/ %". Moreover, from (42), it makes sense to write:
dv10k /1 + H®
(Vmin)inertiﬂ > (Vmux)permissihle \/@ \/7 (A82)

However, p = kyp,;, with k; = 4k and k; = 2k, thus (A82) becomes [20]:

ko d 1+ H°
2 dv/10 +\f

(Vmin)inertm (Vmax)permzsszble 2 \/ﬁ

(A83)
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Furthermore, (A83) can be written as:

kod?/10v/d 1+H6T

(Vmin)inertm (Vmu’c)permzsszbleo 5\/7\/W (A84)
Appendix N. Proof of Proposition 9
2 * *
Being d — u(x) > d — k;%‘fz (1 - (%) ) > M it follows that Ll{(x) < defdke 72+ Thus,
+05 4 +0.5 24d* _ 2d 2 1_ 2d*V?
C=e o5 um < €0 [ 05 saa tegv2 9% = g —geovz- Then, Wy = 3CVZ < gt keovZ SO
1 2d*V? eoLVZ
that AW = Wriar — Winitiar < 2200 kegV2 4 f(V), for usual values of d, d*, k and ey,
f(v)
and considering (46), is a continuous function. In fact, if in f(V), 2dd* — kegV? = 0, we would
avchieve V = Zlii]* ~ 0.1503V. However, this value is lower that inf(V,,i;,) inertia, thus V = 0.1503V

is not within the range of p0551ble values for V. To calculate the stationary points for f(V), we set

df(V) _ 2d*kegV? _i _ . e 12 . _ 2dd*(egE+/€0)
v = id— keOVZ)Z + 2dd* keOV2 = 0 from which, if V= = t, we achieve t = B a—

in which 2dd* > 0, ke3 > 0 and ¢y — \/€g < O obtammg (60 2d" (e —Ve) Therefore, V € C,

thus t = W must be discarded. Thus V = W. The negative root must be
0 0

discarded, since this value of V would deform the membrane symmetrically with respect to the lower
plate (condition physically impossible to obtain).

Appendix O. Proof of Proposition 10

If absurdly 5 a2 (1 + H?)3(h—d*)? — eOL— < gV? { i dd*) }, after some calculations, we obtain

3 2\3 (1 4%)2 v ) ) ) o - .
d T(1-|2r(1;0)5€(;1 )7 < hf 7 that, in dimensionless conditions, becomes V' > Y 3'10;#105. That is,

V should be greater than an extremely high amount. Then, it makes sense to write ey V> { W) Ld" 7 } <

sz (1 + H?)P(h — d*)* — eOLVT. Proposition 10 helps us to achieve an interesting increase for
AW only depending on 6 and on how to fix the membrane to the lower plate. In fact, we can

write AW < eOVZ{ 7 &id;*) } < O.;lg;VZ (1+ H?)3(h—d*)? — 05€0V that, in dimensionless conditions,

T
becomes AW < 12W — V2
—_——

g(V)
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