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Abstract: Nanoporous membranes are heterogeneous structures, with heterogeneity mani-
festing at the microscale. In examining particle transport through such media, it has been
observed that this transport deviates from classical diffusion, as described by Fick’s second
law. Moreover, the classical model is physically unsustainable, as it is non-causal and
predicts an infinite speed of concentration perturbation propagation through a substantial
medium. In this work, we have derived two causal models as extensions of Fick’s second
law, where causality is linked to the effects of inertial memory in the nanoporous membrane.
The results of the derived models have been compared with each other and with those
obtained from the classical model. It has been demonstrated that both causal models, one
with exponentially fading inertial memory and the other with power-law fading mem-
ory, predict that the concentration perturbation propagates as a damped wave, leading to
an increased time required for the cumulative amount of molecules passing through the
membrane to reach a steady state compared to the classical model. The power-law fading
memory model predicts a longer time required to achieve a stationary state. These findings
have significant implications for understanding cell physiology, developing drug delivery
systems, and designing nanoporous membranes for various applications.

Keywords: nanoporous membranes; particle transport; non-Fickian’s models; inertial
memory; fractional model; hyperbolic model

1. Introduction
Nanoporous membranes consist of a condensed organic or inorganic bulk phase

(referred to as the matrix) containing a porous structure with pore diameters typically
quantified in nanometers (usually 100 nm or smaller) [1]. These membranes occur natu-
rally, as in cell membranes, skin, activated carbon, and zeolites, but artificial nanoporous
materials are also extensively manufactured and employed in diverse chemical, biolog-
ical, medical, and engineering applications. These include the development of gas and
energy storage systems and the design of sensing nanoelectronic devices [1–5]. In nearly
all such applications, a theoretical understanding of energy and particle transport through
nanoporous membranes is critical [6–14]. Moreover, modeling energy and mass transfer
across these membranes is fundamental for understanding the physiology of living cells
and drug delivery across skin [15–17].

In textbooks and the scientific literature, macroscopic models of dissipative processes,
whether for particle transport or heat conduction, are predominantly based on classical
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diffusion theory [18,19]. However, experimental results often deviate from these classi-
cal models, revealing wave-like or anomalous diffusion effects [20–30]. Over the past
few decades, numerous generalized models have been developed to account for such
experimentally observed anomalies.

Anomalous diffusion dynamics, characterized by a non-linear growth of the mean-
squared displacement (MSD), are increasingly observed in biological, soft, and active matter
systems through single-particle-tracking (SPT) techniques [20–23]. These techniques reveal
power-law MSD dependencies, with subdiffusion occurring for anomalous exponents in
the range (0, 1) and superdiffusion for exponents in the range (1, 2) [31–42]. Anomalous
diffusion can arise from the tortuous structure of the embedding space, resulting in fractal
step-time distributions. Microscopically derived subdiffusive and superdiffusive fractional
models of dissipative processes link fractional kinetics of mass or energy carriers with
memory effects in the system’s dynamics across phase space [36,37]. This phenomenon,
often termed kinetic memory, presents challenges, such as models typically assuming
infinite propagation speeds, violating causality [38].

A potential resolution to the causality issue involves introducing a phase lag between
the flux and the gradient of the scalar physical field (e.g., particle concentration or temper-
ature). This approach, as demonstrated in the Cattaneo–Vernotte generalization of heat
conduction theory, attributes the phase lag to the inertia of moving particles, effectively
incorporating inertial memory into transport models [39–45].

In this paper, we adopt two types of inertial memory kernels—an exponentially
decaying kernel and a power-law decaying kernel described by the Mittag–Leffler func-
tion [46]—to derive causal models of particle transport. We analyze how inertial memory
affects molecular transport across porous membranes. For simplicity, all derivations are
conducted in a one-dimensional framework.

The paper is organized as follows: Section 2 reviews the causality limitations of classi-
cal and non-inertial anomalous diffusive theories. Section 3 derives generalized transport
equations incorporating inertial memory properties of the medium, demonstrating that
these models resolve causality issues in non-inertial transport theories. Section 4 presents
spectral functions for concentration distribution within the porous membrane, flux at the
non-excited membrane side, and cumulative particle delivery. Section 5 discusses the
effects of inertial memory on these spectral functions by comparing them with classical
Fickian models for porous media and analyzes the evolution of cumulative particle delivery
through thin membranes. Finally, Section 6 provides the key conclusions.

2. Background
In the context of classical theory, the well-known model of the transport of the particle,

mass, or energy reads [18,19]

j(x, t) = −k
∂ρ(x, t)

∂x
, (1)

∂ρ(x, t)
∂t

= D
∂2ρ(x, t)

∂x2 , (2)

Symbols ρ(x, t) and j(x, t) signify the scalar field (particle concentration, temperature,
or mass density) and flux vector, respectively. Symbols D and k (k = Dγ) denote the
diffusion constant and conductivity of a medium, respectively, and γ is the capacity of
the media (for heat transfer, it is heat capacity, and for particle transport, γ = Vp/V is
the dimensionless volume capacity, where Vp is the total volume of free space (pores)
between the medium constituent and V is the total volume of the medium across with
particles move [47]). It is important to note that the effect of pore size in molecular transport



Membranes 2025, 15, 11 3 of 22

across nanoporous membranes is incorporated into the model through the capacity of the
nanoporous membrane to accommodate small molecules [48].

Equation (2) (Fick’s second law for particle transport or diffusion equation in heat
transfer) is parabolic partial differential equation. As is well known from the theory of the
parabolic differential equation, the solution of Equation (2) in a semi-infinite domain for
impulse excitation is given by the following expression [32]:

ρ(x, t) =
1√

4πDt
e−

x2
4Dt , (3)

Equation (3) shows that the disturbance produced on the sample’s surface appears at
the same time at an infinite distance from the source of the disturbance, suggesting that
this theory predicts an infinite speed of disturbance propagation [38,39], and consequently,
this theory is not causal.

Let us now consider a widespread fractional transport theory [14,31,32], which is
derived from a macroscopic approach. It describes the transfer of mass or energy by
constitutive relation (1) and the fractional partial differential equation:

∂υρ(x, t)
∂tυ

= D
∂2ρ(x, t)

∂x2 , (4)

A closed-form solution of Equation (4) for the propagation of a disturbance through a
semi-infinite medium produced by a pulse excitation on the sample surface can be found
in terms of the Fox function [32]. Employing some standard theorems of the Fox function,
the asymptotic stretched Gaussian is obtained:

ρ(x, t) ∼ 1√
4πDtυ

√
1

2 − υ

(
2
υ

) 1−υ
2−υ

(
x√
Dtυ

)− 1−υ
2−υ

e−
2−υ

2 ( υ
2 )

υ
2−υ ( x√

Dtυ
)

1
1−υ/2

(5)

which is valid for x >>
√

Dtυ.
Equation (5) shows that the rate of mass (or energy) changes produced by the change

in concentration (or temperature) on the surface of a semi-infinite sample is lower than
predicted by classical diffusion theory in each moment, explaining the anomalous diffusive
effect. However, a disturbance generated on the surface appears at the same moment at an
infinite distance from the source of the disturbance. This means that this theory predicts an
infinite propagation speed of the disturbance, like as in classical theory, and it is not causal.

Finally, we consider the Cattaneo–Vernotte transport model derived in heat con-
duction theory by combining the energy balance equation and time-delayed constitutive
relation [39,44,49,50]:

j(x, t + τ) ≈ j(x, t) + τ
∂j(x, t)

∂t
= −k

∂ρ(x, t)
∂x

(6)

where the time constant τ is inertial relaxation time because the delayed time of flux
τ originates from the inertial properties of particles or energy carriers [45]. It must be
emphasized that although this time interval is sometimes connected to the mean collision
time of the particles, it should not be associated with it. No general formula relates these
two time constants yet [51,52].

One can obtain the following hyperbolic equation for the transport of mass, concentra-
tion, or energy disturbance by replacing constitutive relation (6) in the continuity equation:

∂ρ(x, t)
∂t

+ τ
∂2ρ(x, t)

∂t2 = D
∂2ρ(x, t)

∂x2 (7)
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The solution of Equation (7) for the impulse excitation of mass disturbance and semi-
infinite space is given by [45]

ρ(x, t) =
te−

t
2τ

2π
√

Dτ

√
1

t2 − x2

v2

K1


√

t2 − x2

v2

2τ2

 (8)

if the relaxation time is non-zero and

t2 − x2

v2 > 0 (9)

In the above equations (Equations (8) and (9)), the speed of propagation of the initial
disturbance is denoted with symbol v:

v =

√
D
τ

(10)

and K1 is the modified Bessel function.
The physical meaning of the condition given by Equation (9) is that the time needed

for the initial disturbance to reach point x in space is exactly t0 = x/v, and before that,
the initial disturbance is not felt in point x at all. This means that the hyperbolic theory is
causal because it predicts the final velocity of disturbance propagation.

Considering that this model was derived assuming a time-delayed constitutive re-
lationship, it can be concluded that the causality of the transport model is related to the
time-delayed flux. The time-delayed constitutive relation, given by Equation (6), states that
flux in the given space point and the given moment depends not only on the concentration
gradient in the same point and same moment but also on the concentration gradient in all
previous moments due to the inertia of carriers of mass or energy. This idea of introducing
the inertial memory of substantial media for a description of the time-delayed fluxes comes
from the electrodynamics of substantial media and especially from the theory of elasticity
of non-linear materials, and it will be presented in more detail in the next section (see
References [53–56]).

3. Delayed Flux and Inertial Fading Memory Paradigm: Derivation of the
Causal Models of Particle Transport

Following the idea of inertial memory [53–56] in the non-local flux model, the flux
j(x, t) is related to the previous history of the particle concentration ρ(x, t) through a
relaxation function Q(t − t′) as

j(x, t) = −
t∫

−∞

Q(t − t′)
∂ρ(x, t′)

∂x
dt′ (11)

The kernel Q describes the inertial memory of the material. Its role is in the distribution
of the relevance of concentration gradients at different past moments.

If it is assumed that the Dirac delta function can describe the memory kernel

Q(t − t′) = kδ(t − t′) (12)

then Fick’s first law for porous media is obtained (Equation (1)). In other words, Fick’s
constitutive relation (Fick’s first law) corresponds to zero memory materials and further
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non-causal parabolic transport theory with infinite propagation speed of disturbance. On
the other hand, if it is assumed that the memory kernel is constant

Q(t − t′) = α = const (13)

then the case of media with infinite memory is obtained and further undamped wave
propagation theory [51]

∂2ρ(
→
r , t)

∂t2 =
α

γ
∇2ρ(

→
r , t) (14)

where α is constant. This case corresponds to the causal assumption about the finite
propagation speed of disturbance, which is equal to v =

√
α/γ but is physically objectable.

The physical sense says that the concentration gradients contribute to flux j(x, t), but
their relevance diminishes as we go further into the past. This reason leads to the “fading
memory” paradigm. Namely, in the theory of non-linear materials, this paradigm was
introduced to express the idea that the recent history of deformation should have a more
significant effect than the remote one on the present value of the stress [51,53–57].

In the frame of this paradigm, with a suitable choice for memory kernel Q(t − t′),
various constitutive relations can be obtained. Two of them, together with the continuity
equation (conservation laws), yield transport theories that do not show a lack of causality,
i.e., they include finite propagation speed of disturbance. Both the kernel and corresponding
transport theory are derived in the following.

The application of the operator (1 + τ ∂
∂t ) to the memory constitutive relation

(Equation (11)) yields

j(x, t) + τ
∂j(x, t)

∂t
= −(1 + τ

∂

∂t
)

t∫
0

Q(t − t′)
∂ρ(x, t′)

∂x
dt′ (15)

By using Leibniz’s formula for the differentiation of an integral, Equation (15) becomes

j(x, t) + τ
∂j(x, t)

∂t
= τQ(0)

∂ρ(x, t)
∂x

−
t∫

0

[
τ

∂Q(t − t′)
∂t

+ Q(t − t′)
]

∂ρ(x, t′)
∂x

dt′ (16)

Integral at the right side of Equation (16) can be neglected if one considers that the sys-
tem is non-equilibrium but not far from the equilibrium state, and the linear approximation
of constitutive relation becomes the Cattaneo–Vernotte equation (Equation (7)). Then, the
memory kernel relaxation function can be obtained from the following differential equation:

τ
∂Q(t)

∂t
+ Q(t) = 0 (17)

Solving this differential equation (Equation (17)), an exponentially decreasing relax-
ation function is obtained:

Q(t) = Q(0)e−
t−t′

τ (18)

with
Q(0) =

k
τ

(19)

To summarize, in the linear approximation of the non-equilibrium transport process
near the equilibrium state, the memory kernel given by Equations (15) and (16) yields a
constitutive relation suggested by Cattaneo and Vernotte (Equation (6)), which, together
with the continuity equation (conservation law), give a hyperbolic damped wave model of
the dissipative process (Equation (7)) with a finite speed of propagation v =

√
D/τ.
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Let us derive the fractional causal model of particle transport across porous media.
Fractional calculus [58,59] was introduced in the theory of dissipative processes to explain
the non-linear relation between the mean square displacement of the particles and time
of propagation, the so-called anomalous diffusive effect [32]. There are a few fractional
models, and all of them consider the influence of the prehistory of the system movement
on its evolution in phase space [32,60–65]. In this sense, we talk about memory effects
in fractional models, but only one fractional model can be derived based on the inertial
memory relaxation function and the fading memory paradigm.

Thus, we start with the following fractional derivative (see Appendix A)

τν ∂ν j(x, t)
∂tν

= − τν

Γ(1 − ν)

∂

∂t

 t∫
0

(
t − t′

)−νdt′
t′∫

0

Q(t′ − t′′ )
∂ρ(x, t′′ )

∂x
dt′′

 (20)

where 0 < ν < 1 is a dimensionless fractional exponent, and Γ(1 − ν) is the Euler
Gamma function.

The right-hand side may now be manipulated by inverting the order of the integrals
and changing variables with t′ = t′′ + z to obtain

τν ∂ν j(x, t)
∂tν

= − τν

Γ(1 − ν)

∂

∂t

 t∫
0

∂ρ(x, t′′ )
∂x

dt′′
t−t′′∫
0

(t − t′′ − z)−νQ(z)dz

 (21)

We integrate the innermost integral once by parts

τν ∂ν
→
j (

→
r , t)

∂tν
=

− τνQ(0)
Γ(1 − ν)

t∫
0

1
(t − t′)ν

∂ρ(x, t′)
∂x

dt′ − τν

Γ(2 − ν)

∂

∂t

t∫
0

∂ρ(x, t − y)
∂x

dy
y∫

0
(y − z)1−ν ∂Q(z)

∂z
dz

(22)

where on the right-hand side, we have already taken the temporal derivative on the integral
of the first summand (Leibniz’s formula), and we have changed the variable t′′ to t − y in
the integrals of the second summand. We can now recognize in the first summand on the
right-hand side of Equation (22) a fractional integral of order 1 − ν. To proceed, it is now
convenient to apply Leibniz’s formula to differentiate the integral in the second summand.
Then, we integrate the resulting expression once by parts, where we use the definition of
fractional differ-integrals where applicable:

→
j (x, t) + τν ∂ν j(x, t)

∂tν
=

−τνQ(0)
∂ν−1

∂tν−1
∂ρ(x, t)

∂x
−

t∫
0

[
τν ∂ν−1

∂yν−1
∂Q(y)

∂y
+ Q(y)

]
∂ρ(x, t′)

∂x
dt′

(23)

As in the first case, for a non-equilibrium system near thermodynamic equilibrium,
the integral at the right side of Equation (23) can be neglected, and the relaxation function
can be obtained from the following differential equation:

τν ∂ν−1

∂tν−1
∂Q(t)

∂t
+ Q(t) = 0 (24)

with
Q(0) =

k
τν

(25)
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The application of Laplace transform to Equation (24) yields (see Appendix B)

Q(s) =
k

τν

s−1

1 + τ−νs−ν
(26)

where s is complex frequency.
The inverse Laplace transform of Equation (26) is a generalized Mittag–Leffler

function [66]:

Q(t) =
k

τν
Eν,1

[
−
(

t
τ

)ν]
(27)

which is a fading function in accordance with the power law for a long time, Q(t) ∼ τ−ν.
In media where relaxation flux follows such a long-time power law, constitutive

relation becomes

j(x, t) + τν ∂ν j(x, t)
∂tν

= −k
∂ν−1

∂tν−1
∂ρ(x, t)

∂x
(28)

The relation (28) together with the continuity equation, i.e., conservation law, yields
the following fractional transport model

∂ρ(x, t)
∂t

+ τν ∂ν−1

∂tν−1
∂2ρ(x, t)

∂t2 = D
∂ν−1

∂tν−1
∂2ρ(x, t)

∂x2 (29)

where D is fractional diffusivity of a medium.
By analyzing Equation (29), it has been shown that such a transport model is causal,

i.e., it includes the finite propagation speed of disturbance v =
√

D/τν [65].
In this paper, all further considerations of particle transport across the porous mem-

brane are based on the transport models given by Equation (2)—classical Fick’s transport
with zero memory, Equation (7)—exponentially fading memory, and Equation (29)—power-
law fading memory, with corresponding constitutive relations Equation (1), Equation (6),
and Equation (28), respectively.

4. Particle Transport Across the Porous Membrane-Spectral Functions
We are observing a porous membrane of thickness d, into which a uniform beam of

molecules enters through its lateral surface, so it is convenient to consider the problem in a
one-dimensional approximation. The geometry of the problem is illustrated in Figure 1.
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Based on the considerations given in Section 3, the transport of small molecules
through the porous membrane shown in Figure 1 can be described using three models: the
classical Fick’s model or zero-memory model (Equations (1) and (2)) and two causal models
that take into account the finite propagation speed of the concentration perturbation
or fading memory models (Equations (6) and (7): exponentially fading memory and
Equations (28) and (29): power-law fading memory).
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We assume that the membrane at point x = 0 comes into contact with a time-varying
reservoir of molecules, so the boundary condition at this point can be written as follows:

ρ(x = 0, t) = ρg(t) = ρg0H(t) (30)

where ρg is the initial concentration of molecules in the reservoir, which is constant, and
H(t) is the Heaviside step function.

At point x = d, there is an ideally conductive medium, i.e., a medium that has a much
lower characteristic impedance than the membrane, and boundary condition in this point
becomes [9–12,67–69]

ρ(x = d, t) = 0 (31)

In many applications of nanoporous membranes, it is necessary to consider the cumu-
lative amount of particles delivered from the membrane [9]:

mc(t) =

P
t∫

0
j(x = d, t′)dt′

M∞
(32)

where

M∞(t) = P
kρg0

d
h(t) (33)

and P is the area of the cross-section of the membrane.
Given that all three models (Equations (1) and (2), classical model; Equations (6) and (7),

exponentially fading memory model; and Equations (28) and (29), power-law fading
memory model, with boundary conditions given by Equations (30) and (31)) as well as
Equation (32) from a mathematical point of view describe the transport of molecules
through the membrane in a linear approximation, the problem of molecular transport
across nanoporous membrane can be solved by applying integral transformations. In this
work, the spectral functions of the concentration profile and fluxes were obtained using the
Laplace transform (see Appendix B).

By applying the Laplace transformation to the equations of the transport model, the
theoretical model of the transport of molecules through the membrane is described by a
system of ordinary differential equations in the complex domain (the same form for all
three transport models):

d2ρ(x, s)
dx2 − σ ρ(x, s) = 0 (34)

j(x, s) = − 1
σZc

dρ(x, s)
dx

(35)

for 0 ≤ x ≤ d, where s = a + jΩ is complex frequency and j =
√
−1.

In Equations (34) and (35), σ and Zc are denoted as the complex coefficient of the
propagation of concentration disturbance and characteristic impedance of the membrane,
respectively. These complex parameters for all three models are given below:

Classical model

σ1 =

√
s
D

, Zc1 =

√
D

k

√
1
s

(36)

Exponentially fading memory

σ2 =

√
s(1 + sτ)

D
, Zc2 =

√
D

k

√
(1 + sτ)

s
(37)
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Power-law fading memory

σ3 =

√
s2−ν(1 + sντν)

D
, Zc3 = =

√
D

k

√
(1 + sντν)

sν
(38)

It is interesting to note that using the analogy with wave propagation, the real part of
σ can be related to the diffusion length of disturbance (inverse diffusion length), and the
imaginary part of σ is the inverse proportional wavelength [37].

By applying the Laplace transform to the boundary conditions given in
Equations (30) and (31), the following complex boundary conditions are obtained:

ρ(x = 0) = ρg0
1
s

(39)

ρ(x = d) = 0 (40)

The general solution of the system of Equations (34) and (35) can be written in the
form of a sum of exponential functions:

ρ(x, s) = A1 exp(−σx) + A2 exp(σx) (41)

j(x, s) =
A1

Zc
exp(−σx)− A2

Zc
exp(σx) (42)

where complex coefficients A1 and A2 depend on boundary conditions.
By substituting solutions given by Equations (41) and (42) into boundary conditions

(Equations (39) and (40)), the spectral function of the concentration and flux profiles
are obtained:

ρ(x, s) = ρg0
1
s

sinh[σ(d − x)]
sinh(σd)

(43)

j(x, s) = ρg0
1
s

1
Zc

cosh[σ(d − x)]
sinh(σd)

(44)

By using Equation (44), the flux on the unexcited side of the membrane becomes

j(d, s) = ρg0
1
s

1
Zc

1
sinh(σd)

(45)

The spectral function of normalized cumulative amounts of molecules that are
delivered through the membrane is defined by applying the Laplace transform to
Equations (32) and (33) and by using Equation (45)

mc =
d
k

1
Zc

1
sinh(σd)

(46)

In most nanoporous materials applications, these membranes are very thin, in an order
of micrometers or less. In that case, the spectral functions of particle flux on the non-excited
side of the membrane (Equation (45)) as well as the model of the cumulative amount of
particles delivered from the membrane could be simplified.

By using the development functions sinh(σl)/σl in power series [36]

sinh(y)
y

= 1 +
y2

3!
+

y4

5!
+ . . . . (47)
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and taking only the first term of the developments given by Equation (44), as dominant
for thin samples, we obtain the following approximated spectral functions of flux for a
thin membrane:

j(d, s) = ρg0
1
s

1
Zcσd

1

1 + (σd)2

6

(48)

A normalized cumulative amount of particles delivered from membrane in that
case becomes

mc =
1
k

1
Zcσ

1
s

1

1 + (σd)2

6

(49)

where parameters σ and Zc are given by Equation (36) for the classical model, Equation (37)
for the exponentially fading memory model, and Equation (38) for the power-law fading
memory model.

By substituting Equation (36) in Equations (48) and (49), the spectral functions’ back-
side flux and cumulative amount of particles delivered from thin membrane, predicted by
classical model, are obtained:

j1(d, s) = ρg0
k
d

1
s

a
s + a

(50)

mc1(s) =
1
s

a
s + a

(51)

where
a =

6D
d2 (52)

By substituting Equation (37) in Equations (48) and (49), the spectral functions of flux
and the cumulative amount of particles predicted by exponentially fading inertial memory
model are obtained:

j2(d, s) = ρg0
k
d

1
s

b
s + b

ab
s2 + bs + ab

(53)

mc2(s) =
1
s

b
s + b

ab
s2 + bs + ab

(54)

where a is given by Equation (52) and

b =
1
τ

(55)

By substituting Equation (38) in Equations (48) and (49), the spectral functions pre-
dicted by the power-law fading inertial memory model are obtained:

j3(d, s) = ρg0
k
d

1
s

bυ

sυ + bυ

abυ

s2 + bυs2−υ + abυ
(56)

mc3(s) =
1
s

bυ

sυ + bυ

abυ

s2 + bυs2−υ + abυ
(57)

5. Analyses and Discussion
This section analyzes the influence of material’s inertial memory on the spectral

function of the profile of concentration and spectral function of the back-side flux. After that,
the evolutions of cumulative amounts of delivered particles are calculated to analyze the
effect of inertial memory on the evolution of the cumulative amount of delivered particles.
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5.1. Inertial Memory Effect on Spectral Function of the Profile of Concentration and Back-Side Flux

For ease of discussion, the following normalizations are introduced: y = x/D,
ω = Ωτ, R(y, jω) = ρ(y, jω)/ρg0, J(jω) = j(d, jω)/(ρg0

k
d ), σ1d = τ00

√
jω,

σ2d = τ00
√

jωτ(1 + jωτ), σ3d = τ00

√
(jωτ)2−ν(1 + (jωτ)ν)τ, and τ00 = d/

√
Dτ.

The spectral functions of the normalized profile of concentration are illustrated in
Figure 2 for all three models. The parameters used in the calculations are τ00 = 1, ν = 0.5,
and τ = 1 s.
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The classical model (Figure 2a) predicts a monotonically decreasing concentration
profile and monotonically decreasing harmonic amplitudes, where amplitudes decrease as
the harmonic frequency increases. In contrast, the memory models (Figure 2b,c) predict a
monotonically decreasing concentration profile for lower harmonics but exhibit oscillatory
profiles for higher harmonics. Additionally, these models predict oscillatory changes in
the amplitudes of higher harmonics. This behavior arises from the wave-like nature of
concentration disturbance propagation introduced by the inertial memory models.

For harmonics with frequencies higher than 2v/d, where v is the propagation speed
(v =

√
D/τ for exponentially fading memory and v =

√
D/τυ for power-law fading

memory) [44,55], the wavelength of the concentration disturbance becomes smaller than
the sample dimensions. This results in the formation of standing waves for harmonics
where the integer product of half the wavelength equals the membrane dimensions. The
amplitudes of these waves decrease with increasing harmonic frequency due to increased
damping at higher frequencies. For lower harmonics, where the wavelength is much larger
than the membrane dimensions, wave effects do not occur. In these cases, the amplitudes
of lower harmonics in memory models are higher because damping is minimal for low-
frequency harmonics. These observations indicate that inertial memory creates two distinct
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regimes of concentration disturbance propagation: a diffusive regime at low harmonics
and a damped wave regime at high excitation harmonics, f > 2v/d.

Comparing Figure 2a,b reveals that the amplitudes of standing waves in the exponen-
tially fading memory model are significantly higher than those predicted by the power-law
fading memory model. Furthermore, in the exponentially fading memory model, the de-
cline in amplitudes diminishes for very high harmonics, contrary to the power-law fading
memory model, which predicts increased amplitude attenuation with rising harmonic
frequency. This difference can be explained by analyzing the real parts of the propagation
coefficients σ1 and σ2 (Equations (37) and (38)). In the exponentially fading memory model,
the real part of the wave vector increases with frequency, approaching an asymptotic value
that represents the maximum damping and corresponds with the minimum diffusion
length of the concentration disturbance. Conversely, the power-law fading memory model
predicts a continuous increase in damping with frequency without a minimum diffusion
length for the propagation of concentration disturbances.

Figure 3 shows the spectral function of back-side flux calculated by the classical model
(green line), the exponentially fading memory model (blue line), and the power-law fading
memory model (red line).
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As shown in Figure 3 the inertial memory models predict oscillatory changes in the
output cumulative flux at high frequencies, higher than 2v/d (blue and red lines, Figure 3).
Such behavior of spectral functions predicted by memory models is in accordance with
the existence of two different regimes: diffusion at low frequencies and consequently in
the long-time limit and damped wave regime at high frequencies (in the short-time limit).
Due to the wave regime of particle propagation, one can expect cumulative amounts of
molecules that pass across the membrane (proportional to the time integral of the back-side
flux, Equation (42)) in an oscillatory approach to its stationary value (with overshoots) and
with a larger time constant [70].

At high frequencies, the envelope distance of the exponentially fading memory model
(blue line, Figure 3) is larger than predicted by the power-law fading memory model (red
line, Figure 3), meaning that anomalous diffusive effects, described by fractional exponent
υ, could influence it to reduce the overshoots in the short-time domain [70]. In addition,
power-law fading memory shifts the position of extremes toward lower frequencies because
the propagation speed increases if there is an anomalous diffusive effect.

At low frequencies, the exponentially fading memory model and classical model
predict the same rate of decreasing in the amplitude of the back-side flux (monotonically
decreasing the function of the same slope). In contrast, the power-law fading memory model



Membranes 2025, 15, 11 13 of 22

predicts the monotonically decreasing curve of a higher slope, indicating the power-law
fading memory model predicts the super diffusion of particles disturbance at low harmonics.

Based on the analysis of the spectral functions of the concentration profile and the
back-side flux, the following conclusions can be drawn. Inertial memory, either power-
law fading memory or exponentially fading memory, cause the appearance of a damped
wave regime of concentration disturbance propagation for harmonics whose frequency is
f > 2v/d. The wave regime affects the occurrence of oscillatory changes in the spectral
function of the back-side flux at high frequencies. However, the decay slope of the envelope
of oscillatory changes, predicted by the power-law and exponentially fading memory
models, are very different. The slope of the envelope of oscillatory changes of the back-side
flux predicted by the exponentially fading memory model decreases significantly slower
than the slope of the envelope predicted by the power-law fading memory model. In
addition, the power-law fading memory model and exponentially fading memory model
predict completely different slopes of the low-frequency part of the back-side flux spectral
function. The slope predicted by the exponentially fading memory model is smaller and
coincides with the predictions of the classical model. The slope predicted by the power-law
fading memory depends on the fractional exponent υ. When this exponent is equal to
unity, it can be expected that both memory models predict the same spectral function of
the back-side flux because in this case, the coefficient of propagation and the characteristic
impedance for both models coincide. However, as υ decreases toward zero, the difference
in spectral functions predicted by these two memory models becomes increasingly large
over the entire frequency range. The biggest difference can be expected for the case when
υ = 0. Based on this, it can be expected that these two memory models predict significantly
different cumulative amounts of particles delivered through the membrane if υ = 0.

5.2. The Influence of Inertial Memory to the Evolution of Cumulative Amounts of Particles
Delivered from Thin Nanoporous Membranes

The analysis of spectral function from the previous section (Section 5.1) indicates that
exponentially fading inertial memory primarily affects the high-frequency harmonics of the
back-side flux. Consequently, its influence is noticeable only in the short-time cumulative
amount of particles passing through the membrane. In contrast, power-law fading memory
impacts the back-side flux across all frequencies, suggesting its influence on the cumulative
particle transfer can manifest in both short- and long-time domains. For a large fractional
exponent (for which the value is close to unity), the effect of power-law fading memory is
similar to that of exponentially fading memory. However, for a small fractional exponent
(for which the value is near zero), significant differences emerge between the two memory
models regarding their impact on the cumulative amount of particles delivered through
the nanoporous membrane.

To further analyze the influence of inertial memory, we derive expressions describing
the evolution of the cumulative particle delivery through a thin nanoporous membrane as
predicted by the classical model, the exponentially fading memory model, and the power-
law fading memory model for υ = 0. By applying the inverse Laplace transform (see
Appendix B and [71,72] to Equations (51), (54), and (57) for υ = 0, we obtain expressions
that characterize the normalized cumulative amount of particles delivered over time for
each model.

By finding the inverse Laplace transform (see Appendix B and [70,71]) of the expres-
sions Equations (51), (54), and (57) for υ = 0, expressions are obtained that describe the
evolution of the normalized cumulative amount of delivered particles predicted by the classi-
cal model and the exponentially fading and power-law fading memory models, respectively:

m1(t) = (1 − exp(−at)) (58)
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mc2(t) = ab2

 1
b(p2 + q2)

− exp(−bt)

b
(
(b − p)2 + q2

) +
exp(−pt) sin(qt − ϕ)

q
√

p2 + q2
√
(b − p)2 + q2

 (59)

mc3(t) =
1
2

(
1 − cos

(√
a
2

t
))

(60)

where ϕ = arctg
(

q
−p

)
+ arctg

(
q

b−p

)
, p = b/2, and q =

√
b
(

a − b
4

)
, and parameters a

and b are defined by Equations (52) and (55), respectively.
Figure 4 shows the normalized cumulative amount of particles that pass through the

membrane depending on the time for a = 1, b = 1 The red line shows the results of the
classical model (Equation (58)), the blue line shows the results of the exponentially fading
memory model (Equation (59)) and in green, the results of the power-law fading memory
model when υ = 0 (Equation (60)).

Membranes 2025, 15, x FOR PEER REVIEW  16  of  24 
 

 

 

Figure 4. The normalized cumulative amount of particles delivered from the thin nanoporous mem‐

brane (Equations (58)–(60)). The calculation parameters are a = 1, b = 1. Red  line:‐classical model, 

blue line‐ exponentially fading memory model, green line‐power‐law fading memory model. 

As shown in Figure 4, the classical model predicts a monotonic increase in the cumu‐

lative amount of molecules delivered through the membrane, asymptotically approaching 

a maximum value  equal  to  the  steady‐state  cumulative  amount. The  time  required  to 

reach 90% of this steady value, referred to as the settling time, depends on parameter aaa 

and thus on the diffusion coefficient and membrane thickness (Equation (52)). 

In contrast, the exponentially fading memory model predicts a steep increase in the 

cumulative amount of molecules, reaching a maximum value larger than the steady‐state 

value (overshoot), followed by an oscillatory approach to the steady‐state value with de‐

creasing amplitudes over time. The settling time for this model is longer than the corre‐

sponding settling time predicted by the classical model. 

The power‐law fading memory model, for  0  , predicts oscillatory variations in 

the cumulative amount of molecules over time, with practically infinite settling time. The 

amplitudes of these oscillations converge to the steady‐state value predicted by the clas‐

sical model. Furthermore, the time required to reach the first maximum, referred to as the 

rising time, is larger for the power‐law fading memory model compared to both the clas‐

sical and exponentially fading memory models. 

Interestingly, the results of the exponentially fading memory model (blue line) align 

with the results of the power‐law fading memory model when  1  . As the fractional 

exponent decreases, the behavior transitions to that predicted by the power‐law fading 

memory model for  0    (green  line). A decrease  in the  fractional exponent  increases 

both the rising and settling times but decreases the overshoot. 

Figure 5 illustrates the normalized cumulative amounts of particles passing through 

the membrane over time. The parameters used for the calculations in all three models are 

a = 1 and three values of parameter b: b = 1, b = 2, and b = 3. The results of the exponentially 

fading memory model are shown with blue (b = 1), magenta (b = 2), and yellow (b = 3) 

lines. The red line represents the results of the classical model (Equation (58)), while the 

green line corresponds to the results of the power‐law fading memory model for  0   

(Equation (60)). 

Figure 4. The normalized cumulative amount of particles delivered from the thin nanoporous
membrane (Equations (58)–(60)). The calculation parameters are a = 1, b = 1. Red line:-classical model,
blue line- exponentially fading memory model, green line-power-law fading memory model.

As shown in Figure 4, the classical model predicts a monotonic increase in the cumula-
tive amount of molecules delivered through the membrane, asymptotically approaching a
maximum value equal to the steady-state cumulative amount. The time required to reach
90% of this steady value, referred to as the settling time, depends on parameter aaa and thus
on the diffusion coefficient and membrane thickness (Equation (52)).

In contrast, the exponentially fading memory model predicts a steep increase in
the cumulative amount of molecules, reaching a maximum value larger than the steady-
state value (overshoot), followed by an oscillatory approach to the steady-state value with
decreasing amplitudes over time. The settling time for this model is longer than the
corresponding settling time predicted by the classical model.

The power-law fading memory model, for υ = 0, predicts oscillatory variations in
the cumulative amount of molecules over time, with practically infinite settling time. The
amplitudes of these oscillations converge to the steady-state value predicted by the classical
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model. Furthermore, the time required to reach the first maximum, referred to as the rising
time, is larger for the power-law fading memory model compared to both the classical and
exponentially fading memory models.

Interestingly, the results of the exponentially fading memory model (blue line) align
with the results of the power-law fading memory model when υ = 1. As the fractional
exponent decreases, the behavior transitions to that predicted by the power-law fading
memory model for υ = 0 (green line). A decrease in the fractional exponent increases both
the rising and settling times but decreases the overshoot.

Figure 5 illustrates the normalized cumulative amounts of particles passing through
the membrane over time. The parameters used for the calculations in all three models are
a = 1 and three values of parameter b: b = 1, b = 2, and b = 3. The results of the exponentially
fading memory model are shown with blue (b = 1), magenta (b = 2), and yellow (b = 3)
lines. The red line represents the results of the classical model (Equation (58)), while the
green line corresponds to the results of the power-law fading memory model for υ = 0
(Equation (60)).
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As shown in Figure 5, the classical model and the power-law fading memory model for
υ = 0 are independent of parameter b. In contrast, the exponentially fading memory model
exhibits sensitivity to changes in b. A decrease in b reduces the overshoot of the cumulative
amount of molecules relative to the steady-state value but increases the amplitude of
oscillations as well as the settling time and rising time.

Parameter b is related to the relaxation time τ, which reflects the phase lag between
the flux and the concentration gradient, as shown in Equation (55). An increase in τ

corresponds to a decrease in b, implying that the exponentially fading memory model
predicts similar effects on the evolution of the cumulative amount of molecules for an
increase in τ as for a decrease in the fractional exponent υ in the power-law fading memory
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model. Specifically, an increase in τ results in a longer settling time, a longer rising time
(the time required to reach the first maximum of the cumulative amount of molecules),
greater amplitude oscillations in the long-term behavior of the cumulative amount, and a
decrease in the overshoot.

Figure 6 illustrates the normalized cumulative amounts of particles passing through
the membrane over time, as predicted by all three models, with a = 1 and b = 0.1 (blue
line), b = 0.5 (magenta line), and b = 1 (yellow line). The results of the classical model
(Equation (58)) are shown in red, while the results of the power-law fading memory model
for υ = 0 (Equation (60)) are represented by the green line.
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As seen in Figure 6, when parameter b is small, indicating a large relaxation time,
the exponentially fading memory model predicts an oscillatory increase in the cumulative
amount of molecules. The first maximum is lower than the steady-state value, followed by
a long-term oscillatory approach to the steady state (blue line, Figure 6).

Comparing the short-time cumulative amounts of molecules predicted by the different
models, it can be observed that for small b, the exponentially fading memory model shows
closer agreement with the power-law fading memory model for υ = 0 (compare the blue
and green lines in Figure 6). In contrast, for larger values of b, the exponentially fading
memory model aligns more closely with the classical model (compare the yellow and
magenta lines with the red line).

Figure 7 illustrates the evolution of the cumulative number of molecules predicted by
the three considered models for b = 1 and two values of parameter a: a = 1 (solid lines) and
a = 2 (dotted lines). The results of the classical model are represented by the red lines, the
exponentially fading memory model by the blue lines, and the power-law fading memory
model by the green lines.
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Figure 7. The normalized cumulative amount of particles delivered from the thin nanoporous
membrane. The calculation parameters are b = 1, a = 1 (full lines), and a = 2 (dot lines). Red lines
illustrate the results of the classical model, blue lines are the results of the exponentially fading
memory model, and green lines are the results of the power-law fading memory model if υ = 0.

As shown in Figure 7, an increase in parameter a reduces the settling time and rising
time of the cumulative amount of molecules predicted by the classical model and the
exponentially fading memory model. In contrast, for the power-law fading memory model,
an increase in a leads to an increase in the frequency of oscillations of the cumulative
amount of molecules. Parameter a is inversely proportional to the thickness of the sample
(Equation (52)), meaning that a decrease in the sample thickness does not alter the general
form of the evolution of the cumulative amount of molecules but results in faster attainment
of the steady state or higher-frequency oscillations of the cumulative amount of molecules.

From the analysis of the evolution of the cumulative amount of molecules passing
through a thin nanoporous membrane, it can be concluded that inertial memory increases
the time required for the cumulative amount of molecules to reach a steady state. The power-
law fading memory model predicts a longer settling time compared to the exponentially
fading memory model for the same relaxation time. As the fractional exponent decreases,
the settling time, predicted by the power-law fading memory model, increases. For υ = 0,
the cumulative amount of molecules oscillates indefinitely without reaching a steady state.

There are currently no direct experimental data available for comparison with the
theoretical model of cumulative flux evolution. However, experimental results reported
in [10] regarding drug molecule concentration and their flux through skin membranes
exhibit oscillatory changes that cannot be explained by classical diffusion models or other
extended models, such as the one derived in [10]. These observations can be interpreted as
indirect evidence supporting the influence of inertial memory effects on molecular transport.
A detailed analysis and comparison of these effects are the subject of our ongoing research.
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6. Conclusions
This paper derives two causal extensions of classical Fick’s theory of molecular trans-

port, incorporating the inertial memory properties of the medium through which molecules
propagate. Both memory models are formulated within the fading memory paradigm.
Based on these causal theories, spectral functions for the molecular concentration profiles
in nanoporous membranes and the back-side flux were derived and analyzed. The analysis
revealed that membrane inertial memory induces two distinct regimes of concentration
disturbance propagation: at low frequencies, the propagation is diffusive or superdiffusive,
while at high frequencies, the inertial memory models predict the emergence of standing
waves. The frequencies at which standing waves appear, as well as their amplitudes, are
determined by the type of fading memory model applied.

Additionally, by examining the evolution of the normalized cumulative amount of
molecules delivered through the membrane, it was shown that inertial memory significantly
alters the time dynamics, increasing the duration required to reach a steady state. This effect
can have important implications for applications of nanoporous membranes, particularly
in pharmacological research, such as in time-projected drug delivery systems.
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Appendix A. Fractional Differ-Integrals—Definitions
A fractional order differential calculus is a generalization of the integer order integral

and derivative to a real or even complex order [51,52,71,72]. The time derivative of fractional
order is made as a weighted mean of the first derivative in the time interval [0, t]. The value
of that first derivative at time t1 far apart from t is given a smaller weight than those closer
in time to t. The further in time from a particular t, the smaller the derivative associated
weight. In other words, as time goes by, the effect of the past is fading away.

More recently, by the end of the twentieth century, it turned out that some physical phe-
nomena are modeled more accurately when fractional calculus is used. Typical examples of
the use of fractal derivatives can be found in many areas of physics and engineering [51,69].

There are three main definitions of the fractional order integrals, derivatives, and
differences: Riemann–Liouville, Caputo–Fabrizio, and Grünwald–Letnikov [58–61]. Some
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others are also present in the literature but are rarely used in applications. In this section,
the Riemann–Liouville definition of a fractional derivative is used:

∂ν f (x, t)
∂tν

=


1

Γ(1 − ν)

∂

∂t

t∫
0

f (x, t′)
(t − t′)ν dt′ 0 < ν < 1

1
Γ(−ν)

∂

∂t

t∫
0

f (x, t′)

(t − t′)1+ν
dt′ ν < 0

(A1)

where Γ(1 − ν) and Γ(−ν) are the Euler Gamma functions and ν the fractional order with
|ν| ∈ [0, 1].

Appendix B
The Laplace transform method is often used for solving engineering and physical

problems described by a linear integro-differential or linear partial integro-differential
equation [67,71].

The Laplace transform maps a real function f (t) defined for all real numbers t ≥ 0
(real argument) into the complex function F(s) defined for all complex numbers further left
than s = β + jΩ, where β is a real constant and Ω ∈ (−∞,+∞) (complex argument). It is
a unilateral transform defined by [71]

F(s) =

∞∫
0

f (t)exp(−st)dt (A2a)

A necessary condition for the existence of the integral is that f must be locally integrable
on [0, ∞).

The formulae for the Laplace transform of the Riemann–Liouville fractional derivative
has the same form as integer derivatives [38]:

∞∫
0

e−st ∂m f (x, t)
∂tm dt = smF(s)−

n−1

∑
k = 0

sm−k f (k)(0) (A2b)

where m ∈ Z or m ∈ Q.
To obtain evolution of some function f (t), for which the spectral function F(s) is

known, one should solve the inverse Laplace transform. The inverse Laplace transform of
functions of complex argument is defined by [71]

f (t) = L−1{F(s)
}
(t) =

1
2π j

lim
T→∞

β+jT∫
β−jT

esT F(s)ds (A2c)

where the integration is calculated along the vertical line Re{s} = β in the complex plane
such that β is greater than the real part of all singularities of F(s) and F(s) is bounded on
the line.

The integral formula given by Equation (A2c) is called the Bromwich integral or
Mellin’s inverse formula or the Fourier–Mellin integral. In many problems, computing the
complex integral can be calculated by using the Cauchy residue theorem.

In practice, it is not always necessary to solve the complex integral given by
Equation (A2c). Instead, we could use existing solutions given in tables for inverse Laplace
transforms [66,72] and various methods of representation of a complex function by func-
tions where Bromowich integral solutions are known [73].
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