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Abstract: In this study, the problem of surface waves induced by water flow in a flow channel was
investigated. The mathematical model based on the potential wave theory was established, and a new
analytic solution to the corresponding initial and boundary value problem was proposed. To confirm
our analytic solution, the mathematical model was applied to simulate experiments conducted in
a flow channel in the laboratory. Using our analytic solution, water surface elevations and flow
velocities at certain locations in the channel were compared with experimental results. Comparisons
between our analytic solution and experimental results confirmed our theory that amplitudes and
propagating phases are in very close agreement. Our analytic solution can be used to calculate
variations in pressure and velocity along the water depth, which are expensive to calibrate and obtain
in experiments. Although our analytic solution was established based on linear theory, it is very
practical for applications studying the basic properties of surface elevation, velocity, and pressure of
the flow field induced by water current both in space and time.

Keywords: current; undular bore; time domain; analytic solution

1. Introduction

Physical modelling of surface tidal bores may be dated back to the late 19th century.
Darcy and Bazin [1], Favre [2], and Benet and Cunge [3] conducted classical experiments
with a focus on free surface characteristics, including the evolution of surface bores and
positive surges. Tricker [4] provided an elementary introduction and good concept of the
tidal bore, in which properties of bores, propagation characteristics, and the associated
undulation features were identified. Modern experimental studies focused more on the tur-
bulent characteristics using velocity-measuring instruments with high temporal resolution:
e.g., digital particle imaging velocimetry and an acoustic Doppler velocimeter. The physical
studies in tidal bores commonly highlighted the rapid increase in water depth associated
with a sharp deceleration in longitudinal velocity as the bore propagated [5–9]. A key
feature of surface bore propagation is the production of large-scale turbulent structures
beneath the bore [10]. Measurements using particle imaging velocimetry yielded a relation-
ship between the mean vorticity downstream of a bore and the bore Froude number [10].
The experimental findings also demonstrated a strong shear layer formed at the toe of the
wave [6]. Chanson and Docherty [8] proposed an ensemble-averaged technique over a
variable-interval time-average technique or a traditional time-average technique to better
quantify this highly unsteady process. Particle tracking under breaking and undular bores
documented intensive transient sheet flow motions of sliding and rolling particles beneath
the roller of breaking bores [9].
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Using theoretical analysis for problems of unsteady surface waves, Stoker [11] gave a
general solution that could be a good guideline for research in this topic. Peregrine [12]
used a finite difference method to calculate and investigate the time-dependent behavior
of undular bores. Sozer and Greeberg [13] investigated the time-dependent free surface
flow generated by a submerged line source or sink. The submerged line source or sink
was used to produce the unsteady nonlinear potential flow. Wei and Kirby [14] considered
long-wave properties and used the extended Boussinesq equation for nonlinear wave
propagation. EI et al. [15] considered undular bores as the Boussinesq type and used
the Whitham modulation theory for a one-phase periodic travelling wave to obtain an
asymptotic analytical description of an undular bore in the Su–Gardner system for a full
range of depth ratios across the bore. Landrini and Tyvand [16] studied the inviscid free
surface flow due to an impulsive bottom flux on constant depth by investigating analytically
and numerically. Marchant [17] found two types of analytical undular bore solutions to
the initial boundary value problem for the modified Korteweg–de Vries equation. White
and Helfrich [18] used the Dubreil-Jacotin–Long theory for solitary waves to study the
internal hydraulic jump, considering energy dissipation. Bestehorn and Tyvand [19]
studied interactions between two undular bores in a long rectangular channel by solving
the two-dimensional Laplace equation with fully nonlinear free surface conditions. A finite
difference method applying the nonlinear coordinate transformation was used to solve the
problem. Ali and Kalisch [20] investigated the energy loss of a dispersive undular bore
model. The conclusion was that there was no energy loss in the dispersive model. Berry [21]
presented an approximate theory describing the rigidly travelling profile of undular bores.
The theory combined the standard of hydraulic jump with concept of Hamiltonian operators
and zero-energy eigenfunctions. The undular bores appeared to be travelling up rivers
driven by high tides, consisting of a smooth wave front followed by a series of undulations.
Vargas-Magaña et al. [22] used the full water wave equations and bidirectional Whitham–
Boussinesq equations to simulate the characteristics of undular bores. They found that the
Whitham–Boussinesq systems gave solutions in excellent agreement with the numerical
solutions of the full water wave equations for the positions of the leading and trailing
edges of the bore up until the onset on modulational instability. The Whitham–Boussinesq
systems could be used to accurately model surface water wave undular bores. Grimshaw
and Kamchatnov [23] presented an analytic model for a weakly dissipative shallow-water
undular bore. Hatland and Kalisch [24] and Grimshaw and Kamchatnov [25] studied the
wave-breaking phenomena occurring in undular bores generated by a moving weir and in
an integrable shallow water system. El et al. [26] investigated undular bore transition in
bi-directional conservative wave dynamics. Overall, due to the intrinsic nonlinear behavior
of undular bores, numerical methods were inevitably used to solve the problem.

For analytic solutions to unsteady water wave problems, Lee et al. [27] proposed a
transient wavemaker theory in which the time-dependent function was resolved using
the Laplace transform, the x-coordinate function was expressed using the Fourier Cosine
function, and the z-coordinate function was obtained by a direct integration method. The
time-dependent analytic solution could be obtained without a problem, but the involved
inversed Laplace transform was complicated and could be impossible for some mathe-
matical functions. Joo et al. [28] proposed an analytic solution to the initial and boundary
value problem of the wave generation problem. The unique part of the solution was to
utilize a particular solution to satisfy the time-dependent boundary condition, and then
other dependent functions were solved following the concept of separation of variables.
Using a similar approach, Chang et al. [29] solved the piston-type wavemaker problem,
and Lin et al. [30] solved the wavemaker problem for irregular waves. Note that applying
this approach to similar problems needs to obtain a particular solution for the boundary
condition that was inconvenient.

In this study, a new time-domain analytic solution to the problem of flow-induced un-
dular bores in a laboratory channel is presented. The method was motivated by combining
the applicability approach of Lee et al. [27] and Joo et al. [28]. Our analytic solution was
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applied to simulate undular bore generation carried out in the experiments. Comparisons
of surface elevation and horizontal and vertical velocities between our solution and the
experiments are intended to show the capability of this analytic solution. Finally, variations
of flow velocity and pressure along with the water depth were investigated.

2. Problem Descriptions and Analytic Solutions

The problem of surface waves induced by a current was sketched as shown in Figure 1,
where a channel with a length ` and a constant water depth h was chosen. A full-depth
inflow velocity u was specified on the left side, and the other end of the channel was a
vertical wall. It was expected that, with the inflow current, the variation and increase of
water surface would be generated and propagated toward the end of the channel.
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A linear potential wave theory was used to describe the water motion. The flow

velocity
→
V(x, z, t) was defined as

→
V(x, z, t) = −∇Φ(x, z, t) (1)

where∇was the gradient operator and Φ(x, z, t) was the potential function. The boundary-
value problem was described as [31].

The governing equation was the Laplace equation:

∇2Φ(x, z, t) = 0 (2)

As for the boundary conditions, the combined kinematic and dynamic boundary con-
dition at the free surface and the bottom boundary condition were written, respectively, as

∂Φ
∂z

+
1
g

∂2Φ
∂t2 = 0, z = 0 (3)

∂Φ
∂z

= 0, z = −h (4)

where as the inflow condition was

∂Φ
∂x

= −u, x = 0 (5)
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in which u was the inflow velocity. The end vertical wall condition was

∂Φ
∂x

= 0, x = ` (6)

Initially, the water in the channel was still, and there was no surface disturbance on
the free surface. Equations (2)–(6) represent the initial and boundary value problem from
Figure 1. Next, an analytic solution to the problem will be presented, and descriptions for
each solution step will be shown.

The potential function of the flow field was a function of spatial coordinates (x, z) and
time t. The first step was to process the x function, and Equations (2)–(6) were manipulated
using the Fourier cosine transform. The x function was expressed in terms of the finite
Fourier cosine series, and the flow potential function was expressed as [32].

Φ(x, z, t) =
1
`

φ0(z, t) +
2
` ∑

n=1
φn(z, t) cos(ωnx) (7)

where ωn = nπ
` , φ0, and φn were defined as

φ0(z, t) =
∫ `

0
Φ(x, z, t)dx (8)

φn(z, t) =
∫ `

0
Φ(x, z, t) · cos(ωnx)dx (9)

The solution step then moved to solve the z function of φ0(z, t) and φn(z, t). The
boundary value problem from Equations (2)–(4), including the governing equation, the free
surface, and bottom conditions, was rewritten, following the Fourier cosine transform of
Equation (9), as

∂2φn(z, t)
∂z2 −ωn

2φn(z, t) = −u (10)

∂φn

∂z
+

1
g

∂2φn

∂t2 = 0, z = 0 (11)

∂φn

∂z
= 0, z = −h (12)

Equation (10) thus obtained was a nonhomogeneous second-order differential equa-
tion, and the solution was written as [32].

φn(z, t) = φ̃nh(z, t) + φ̃np(z, t) (13)

in which φ̃nh was the homogeneous solution and φ̃np was the particular solution. The
solution to Equation (13) was obtained by using the method of variation of parameters.

φ̃nh(z, t) = An(t)eωnz + Bn
(
t)e−ωnz (14)

φ̃np =
u

ωn2 (15)

where the coefficients An(t) and Bn(t) shown in Equation (14) were determined by substi-
tutions of Equations (14) and (15) back into Equation (13) and then utilizing the free surface
and bottom boundary conditions, Equations (11) and 12).

When substituting Equations (13)–(15) into the free surface and bottom boundary
conditions, we obtained

ωn[An(t)− Bn(t) ] +
1
g

[ ..
An(t) +

..
Bn(t)

]
= 0 (16)
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An(t) = Bn(t)e2ωnh (17)

Equations (16) and (17) show a relation of the coefficients An and Bn and a second-
order differential equation in time, which was solved to obtain

An(t) =
(

Bn(t) · eωnh − u
2ωn3

)
eωnh (18)

Bn(t) = Dn · eiknt + En · e−iknt (19)

where Dn and En were the integration constants, which should then be determined by
using the initial conditions.

For initially still water in the problem domain and no free surface disturbances, we
used the zero potential function and zero surface elevation to obtain

Dn = En = − u
2ωn2

(
e2ωnh + 1

) (20)

Similar to obtaining φn(z, t), we also obtained

φ0(z, t) = u
(
−z2/2− hz + ght2/2

)
(21)

Thus, the initial boundary value problem was solved. The flow potential function was
explicitly expressed as

Φ(x, z, t) =
u
`

 (
−z2/2− hz + ght2/2

)
+

∞
∑

n=1

2
ωn2

(
1− (e2ωn(z+h)+1)

(e2ωnh+1)
e−ωnz cos knt

)
cos(ωnx)

 (22)

Note that in the present linear theory, the potential function is linearly proportional to
the inflow velocity.

Once the potential function was completely determined, the free surface elevation
could then be calculated using the Bernoulli equation

η(x, t) = u

[
ht
`
+

2
g`

∞

∑
n=1

1
ωn2 (kn sin knt) cos(ωnx)

]
(23)

The horizontal and vertical fluid velocities Vx and Vz were also expressed, using the
definition of Equation (1), as

Vx(x, z, t) =
u
`

 ∞

∑
n=1

2
ωn

1−

(
e2ωn(z+h) + 1

)
(
e2ωnh + 1

) e−ωnz cos knt

 sin(ωnx)

 (24)

Vz(x, z, t) =
u
`

(z + h) + 2
∞

∑
n=1

(
e2ωn(z+h) − 1

)
ωn
(
e2ωnh + 1

) e−ωnz cos knt cos(ωnx)

 (25)

In using our analytic solution, one can expect the end vertical wall of the water flume
could reflect oncoming waves. Therefore, if the calculated results containing no reflected
waves are required, the length of the water flume could be specified long enough to ensure
that the reflected waves had not come back into the flow domain yet and to obtain pure
surface waves generated by the inflow specified at the left boundary.

3. Simulation of Experimental Results

Our analytic solution was applied to simulate undular bores generated in the labora-
tory. The detailed information of the experiments, including laboratory deployment and
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experimental data analysis, were described in [7]. The schematic diagram of the experimen-
tal setup is shown in Figure 2a, and bore generations in the theory are shown in Figure 2b.
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Figure 2. Schematic diagrams of surface bore generation (a) in the experiment and (b) in theory.

In the experiment, the water flume was 12 m long, 0.5 m wide, and made of glass
sidewalls with a smooth PVC bed. The flow entered the channel from the right side (refer to
Figure 2a). The surface bores were generated by rapidly closing the Tainter gate located on
the left side, and the generated undular bores propagated toward the right side. The water
surface was recorded by an acoustic displacement meter at five locations, and at the same
locations, flow velocities were measured using an acoustic Doppler velocimeter at different
water depths. The recorded data of water surface and flow velocity were synchronized in
time. The flow conditions used in the theory, as shown in Figure 2b, were the water depth
(h = 0.199 m) and the flow velocity (0.189 m/s), specified on the left boundary.

To generate undular bores in the experiment, a steady flow was induced in the entire
channel, and the flow entered from the right side and exited on the left. The gate located
on the left side near the end was then closed quickly to block the flow, and undular bores
were generated, propagating to the right (refer to Figure 2a). In the theory, however, the
flow entered the channel from the left side, and undular bores were generated. Note that
the experiments were conducted in [7], and the coordinate system as shown in Figure 2a
was used for data acquisition and data analysis. However, in the mathematical model, a
traditional Cartesian coordinate system, with the x-axis pointed to the right and z-axis
pointed upward, was adopted. Therefore, the generated data both from the experiments
and the analytic solution for a specific location along the wave flume should be carefully
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identified for mutual comparisons. Furthermore, the characteristics of undular bores
generated in the wave flume [7] were fully investigated and can be utilized to ensure good
comparisons for analytic solutions.

The comparison of surface elevation between experimental data and the theory at
a location 4 m in front of the gate in the experiment is shown in Figure 3. The abscissa
indicates dimensionless time of wave propagation, which was copied from [7]. Since the
exact time of bores generated in the experiment was not recorded, the theoretical surface
waves were shifted to align the first peak to compare the entire wave form. Figure 3
indicates that for the first peak, the theoretical result was 0.175, whereas the experimental
result was 0.195. The theoretical result was 10.3% lower than the experimental result for the
first peak of the surface elevation. For the propagating time, since the first peak was aligned,
the second peak for the theory was 57, whereas the experiment was 55. The theoretical
time for the second peak passing the observatory location was 3.64% slower than the
experimental result. In general, overall amplitudes and repeated time were comparable;
however, as can be expected, the flow condition in the experiment was turbulent, and the
surface waves propagated faster than those in the analytic solution.
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Figure 3. Comparison of surface elevation at a location 4 m in front of the gate.

The next comparisons were the horizontal and vertical velocities of the flow. The same
set of data from the surface elevation in Figure 3 was used. The measured location in water
was near the free surface, which was z = 0.145 m above the bottom in the experiment and
was z = −0.054 m in the theory. The time series of the flow velocities Vx and Vz from the
experiment and analytic solution are plotted in Figure 4, where the surface elevation is also
indicated for reference. For the horizontal and vertical velocities, both the experimental
results and analytic solutions were consistent with variations of the free surface elevations.
The experimental surface waves moved faster than the analytical results, along with
the horizontal velocity. Overall, the comparisons were generally satisfactory, including
amplitudes and phases. Note that in the experiment, the flow conditions were turbulent
and irregular; therefore, irregular variations shown in experimental data are obvious.
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Additionally, the methods of surface bore generation were different in the experiment
and in the mathematical model, as indicated in Figure 2. The experimental data has
been adjusted according to a coordinate transformation and an analog of inflow direction,
generating the undular bores. The horizontal velocity’s direction was reversed by adding a
negative sign, and the inflow velocity was then subtracted to have the same inflow situation
as the theory.

4. Spatial and Temporal Evolution of Undular Bores

Our analytic solution was applied to examine some characteristics of undular bores,
including variations of the velocity and pressure along the water depth and along the
water flume. Using the inflow velocity of 0.2 m/sec, water depth of 0.5 m, and length
of the channel 12 m, the surface elevation and flow velocities along the channel at 20 s
are plotted in Figure 5. The velocities were calculated at the depth z = −0.1 m. The
horizontal velocity was in phase with the surface elevation, whereas the vertical velocity
was in a phase of a quarter of the wavelength ahead. Note that near x = 0, fluctuation
resulted in horizontal velocity. Since in our analytic solution the x function of the potential
function was expressed in the Fourier cosine series, the x derivation to obtain the horizontal
velocity calculated at x = 0 was certainly zero. The outlook of the expression indicated not
satisfying the boundary condition, Equation (5); however, the mathematical expression
inherited an asymptotic satisfaction similar to the step function expressed in terms of
Fourier cosine functions. A closer look of Figure 5 for 0 < x/` < 0.05 is shown in Figure 6.
The horizontal velocity indeed approached the boundary condition u. In short, the present
analytic solution can describe time evolution of surface bores along the water channel.

The variations of horizontal and vertical velocities at different water depth are shown
in Figure 7, and the surface elevation is also included for reference. The conditions consid-
ered were h = 0.46 m, u = 0.11 m/s, and the location x = 11 m. The water depths z/h = 0,
−0.2, −0.5, and −0.9 are calculated. Both the horizontal and vertical velocities decreased as
the water depth increased and reached closer to the bed, and near the bottom the vertical
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velocity was very small. The dynamic pressure expression p using our analytic solution
can be expressed as

p(x, z, t) = ρ
∂Φ(x,z,t)

∂t

= ρ u
`

[
(ght) +

∞
∑

n=1

2kn
ωn2

(
(e2ωn(z+h)+1)
(e2ωnh+1)

e−ωnz sin knt
)

cos(ωnx)
]

(26)

J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 9 of 13 
 

 

Additionally, the methods of surface bore generation were different in the experi-
ment and in the mathematical model, as indicated in Figure 2. The experimental data has 
been adjusted according to a coordinate transformation and an analog of inflow direction, 
generating the undular bores. The horizontal velocity’s direction was reversed by adding 
a negative sign, and the inflow velocity was then subtracted to have the same inflow sit-
uation as the theory. 

4. Spatial and Temporal Evolution of Undular Bores 
Our analytic solution was applied to examine some characteristics of undular bores, 

including variations of the velocity and pressure along the water depth and along the 
water flume. Using the inflow velocity of 0.2 m/sec, water depth of 0.5 m, and length of 
the channel 12 m, the surface elevation and flow velocities along the channel at 20 sec are 
plotted in Figure 5. The velocities were calculated at the depth z = −0.1 m. The horizontal 
velocity was in phase with the surface elevation, whereas the vertical velocity was in a 
phase of a quarter of the wavelength ahead. Note that near x = 0, fluctuation resulted in 
horizontal velocity. Since in our analytic solution the x function of the potential function 
was expressed in the Fourier cosine series, the x derivation to obtain the horizontal veloc-
ity calculated at x = 0 was certainly zero. The outlook of the expression indicated not sat-
isfying the boundary condition, Equation 5; however, the mathematical expression inher-
ited an asymptotic satisfaction similar to the step function expressed in terms of Fourier 
cosine functions. A closer look of Figure 5 for 0< /x   <0.05 is shown in Figure 6. The 
horizontal velocity indeed approached the boundary condition u . In short, the present 
analytic solution can describe time evolution of surface bores along the water channel.  

 
Figure 5. Surface elevation and flow velocities along the channel (inflow velocity 0.2 m/sec and 
water depth 0.5 m). 

Figure 5. Surface elevation and flow velocities along the channel (inflow velocity 0.2 m/s and water
depth 0.5 m).

J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 10 of 13 
 

 

 
Figure 6. Closer look of horizontal velocity near x = 0. 

The variations of horizontal and vertical velocities at different water depth are shown 
in Figure 7, and the surface elevation is also included for reference. The conditions con-
sidered were 0.46h =  m, 0 .1 1u =  m/sec, and the location 11x =  m. The water 
depths z/h = 0, −0.2, −0.5, and −0.9 are calculated. Both the horizontal and vertical velocities 
decreased as the water depth increased and reached closer to the bed, and near the bottom 
the vertical velocity was very small. The dynamic pressure expression p  using our ana-
lytic solution can be expressed as  

( ) ( )
( )
2 ( )

2 2
1

( , , )( , , )

12 sin cos( )
1

n

n

n

z h
zn

n nh
n n

x z tp x z t
t

eku ght e k t x
e

ω
ω

ω

ρ

ρ ω
ω

+∞
−

=

∂Φ=
∂

  +
  = +

  +  


 

(26)

The variations of pressure at different water depths are shown in Figure 8. The pres-
sure was nondimensionalized by the water pressure hγ . gγ ρ=  and ρ  are fluid den-
sity, and g  is the gravity constant. The pressure was in phase with the free surface ele-
vation, and the magnitude decreased with the increase of the water depth.  

Figure 6. Closer look of horizontal velocity near x = 0.

The variations of pressure at different water depths are shown in Figure 8. The
pressure was nondimensionalized by the water pressure γh. γ = ρg and ρ are fluid density,
and g is the gravity constant. The pressure was in phase with the free surface elevation,
and the magnitude decreased with the increase of the water depth.
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5. Conclusions

A mathematical model for undular bores induced by water flow in a laboratory flume
was established, and a new time-domain analytic solution was presented for the initial and
boundary value problem. Our methodology was developed from modifying the solutions
for generations of surface waves, in which the linear potential wave theory was used. In
our analytic solution, the Fourier cosine transform and solutions to the nonhomogeneous
second-order differential equations were used to solve for the space functions, whereas the
free surface boundary condition was solved for the time-dependent function. Our solutions
compared reasonably well with the experimental data in surface elevations, horizontal
velocities, and vertical velocities. Our analytic solution can be used to describe evolutions
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of the surface elevation, the velocities, and pressure distributions along the water depth
and along the channel, which are expensive to obtain in experiments. This analytic model
can be used to simulate variations of undular bores in space and time induced by water
flow in the wave channel.
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