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Abstract: Mooring systems are a critical component of all floating wave energy converter (WEC)
systems, yet the impact of amooring system on the WEC dynamics is often neglected during the initial
assessment of candidate designs. The purpose of this study was to investigate how the inclusion
of mooring dynamics in the early stages of the WEC design process influences decisions regarding
hydrodynamic features and control strategies. The study was executed within a mechanical circuit
framework to represent the WEC response in the frequency domain. Thevenin’s theorem was applied
within this framework to transform a multi-body WEC into a single-body canonical form. This
work specifically focused on self-reacting point absorbers and examined how four realistic mooring
designs impact WEC intrinsic mechanical impedance across a range of common wave frequencies.
We show how the mooring can easily be included in this framework, and a simple approach to
identifying the mooring model parameters is described. It was observed that if mooring dynamics
are considered within the WEC control design process, a 40% reduction in the required range of the
controller physical variable can be achieved while yielding up to 16% more useful power. These
results suggest that considering the mooring system early can enhance WEC design.

Keywords: two-body wave energy converters; point absorber; mooring characterization; optimal
control design; system identification; mathematical modeling; mechanical circuits; numerical simulation

1. Introduction

As average global temperatures continue to rise, it is apparent that the window
of opportunity to transition to non-carbon emitting sources of electricity to prevent a
global temperature rise below the UN Paris Agreement’s 2 ◦C goal is rapidly closing [1].
The introduction of wind and solar power as sustainable sources of energy has been
successful, but redesigning energy infrastructure on a global scale requires working with
prevailing local renewable sources. It is becoming clear that to have the best solution for all
jurisdictions means having a portfolio of technologies that span the diversity of renewable
sources. Wave energy exhibits the potential to become an integral part of the renewable
energy mix, given the estimated 3.7 TW of accessible global wave power [2]. However, the
power of ocean waves remains nearly completely unutilized in modern energy systems.

One of the aspects blocking the use of wave energy is that the wave energy converter
(WEC) design space has not converged. Most WECs consist of one or more oscillating
bodies that convert wave motion to translation or rotation and a PTO system to generate
useful power. However, there are a variety of operating principles to generate electricity,
and each is subject to varied frequency-dependent hydrodynamics, power take-off (PTO)
design, and control strategy. Traditionally, the design of a WEC begins by selecting one of
these operating principles before proceeding to modeling, testing, and deployment. The
breadth of the design space requires the use of computational models for early stage design
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assessment by identifying designs and associated parameters to focus on. By achieving
incremental improvements to the modeling tools that guide successive design choices, we
can converge on economically feasible designs with less iteration.

The goal of designing a WEC is to bring the system into resonance with incoming
wave excitation forces, consequently yielding conditions in which maximum useful power
may be extracted. Resonance can be achieved by enacting a control law on the PTO or
other control force which effectively tunes the WEC to the frequency of the waves. Optimal
control laws depend on the elements comprising the PTO as well as the overall mechanical
impedance of the WEC, as shown by Falnes et al. [3]. The goals of this work are to (i) show
the effect of the mooring on influencing resonance and (ii) present a method to improve
early stage WEC design by characterizing and including more realistic mooring system
models during conceptual design.

In this work, we study two-body self-reacting point absorbers (SRPAs) that consist
of two axis-symmetric oscillating bodies coupled by a PTO. SRPAs are favored due to
their circular symmetry and small size compared to ocean wave, features, allowing for
simplifications of the dynamics governing their motion. There are many published studies
exploring the performance of SRPAs.

Babarit et al. optimized an SRPA with an internal pendulum and showed how simple
latching control could improve the power captured in regular waves [4]. Beatty et al.
characterized a scaled model of an SRPA and compared it to numerical models to establish
computational model accuracy [5]. Kalidoss and Banerjee used time-domain simulations
of an SRPA to investigate its effectiveness in a polychromatic sea [6]. Engström et al. also
studied the time-domain performance of an SRPA by generating a model of the interactions
of the hydrodynamic and electromechanical systems [7]. Alves et al. optimized the shape
of the reacting bodies of an SRPA in the frequency domain to uncover design insights [8],
and Liang et al. applied frequency-domain tuning of hydrodynamic parameters to achieve
resonance at one frequency without a controller and demonstrated the efficacy of two-body
over single-body converters [9]. Clark et al. studied the influence of hull geometry on the
control of the PTO and its effects on early stage design [10]. Moorings are neglected in
these and other studies due to their complexity, but they have the potential to contribute a
substantial force to the WEC dynamics due to their weight and drag.

This knowledge gap has led others to study mooring models, but the results are
commonly centered on average power. Bergdahl et al. introduced a method for including
moorings in the frequency domain analysis of single-body WECs [11,12]. Muliawan et al.
studied the effects of the PTO and different moorings on the power capture of SRPA with
time-domain simulations and concluded that the effect ofa specific mooring system on
power capture was insignificant [13]. Davidson and Ringwood outlined modeling methods
for moorings, such as frequency domain techniques and system identification of time or
frequency data, as well as stating that moorings should be included in the plant model for
energy maximizing control [14]. Gubesch et al. observed the effects of various moorings
on the power capture of an oscillating water column WEC and compared their effect on
performance [15]. Cerveira et al. applied system identification to the mooring of a single-
body point absorber, linearized it for use in the frequency domain, and suggested that the
effect of mooring on WEC dynamics is small [16]. Ortiz performed global optimization to
design a mooring system and showed that particular mooring designs could increase WEC
power [17]. Notably, these studies do not include the effects of mooring systems on the
control of WECs.

Moorings provide a significant force to the WEC dynamics but are often neglected in
initial frequency domain analysis due to their highly non-linear behavior. This behavior
is caused by complex fluid and soil interactions. Soil and anchor interactions have been
a recent focus, with detailed modeling of the mooring–seabed interaction by Wang et al.
and Rui et al. [18,19]. Choosing to neglect mooring dynamics erodes performance early in
the design process as it needlessly chooses to ignore contributions to the WEC response.
Bubbar et al. exposed an opportunity to improve power capture by considering the control
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action between the SRPA spar and ground, which could consequently be implemented by
mooring dynamics [20]. As researchers focus on ‘good’ WEC designs, it is important to
consider these complex interactions early. In this paper, we propose applying an approach
based on mechanical circuits to determine the influence of a mooring system on the control
design of the PTO.

To incorporate accurate mooring forces into the early stages of WEC design, there is
a need to formulate a method of representing mooring dynamics in a frequency domain
model. This representation can be achieved by developing a methodology to characterize
the mooring dynamics using a standard mechanical impedance formulation. Falnes et al.
demonstrated how to achieve this with single-body point absorbers and SRPAs [3], and
Bubbar et al. expanded on the work of Falnes to incorporate more complex WEC architec-
tures using the mechanical circuit framework and by defining a WEC model topology [21].
By establishing a mechanical impedance model, methods synonymous with circuit theory
can be applied to maximize the energy captured from ocean waves by applying impedance
matching. For example, using knowledge of the system model, Têtu et al. implemented
phase control of a WEC with a negative spring system, which increased the range of fre-
quencies where power could be effectively captured [22]. Further, work by Haider, Bacelli,
and others has also added to foundational WEC research by applying system identification
techniques to establish models from empirical data [23,24].

To the authors’ knowledge, there has not yet been work that includes a characterized
mooring model using a mechanical circuit framework to inform of the influence of moorings
on the optimal control of a WEC.

This paper focuses on a linear, frequency domain analysis of the power captured by a
WEC with a mooring and its integration in the control model. This work was limited to the
frequency domain to demonstrate the application of the mechanical circuit approach but can
be extended to time-domain applications with some considerations discussed in the system
identification section. The model is constrained to heave-only as it is the power capture
degree of freedom (DOF) for the device under study. The choice of constraining the model
operation to a single DOF will still affect the projected useful power captured by the WEC,
but the methodology permits a straightforward comparison of the impact of moorings
on the control design of the PTO. Although it is not considered here, higher degrees of
freedom can and have been considered in linear frequency domain studies [11,16].

This paper is organized as follows. Section 2 describes the parameters of theSRPA
studied and mooring systems. This is followed by a review of frequency domain dynamics
from a mechanical circuit perspective and the previous literature published on the topic.
A series of numerical experiments used to inform a system identification exercise follow,
yielding a linearization of the mooring dynamics, which is compatible with the mathe-
matical framework used in the proposed WEC conceptual design process. In Section 3,
the useful power and PTO control design are studied in the context of how the proposed
mooring model influences the WEC system requirements.

2. Materials and Methods

The WEC considered in this study is the WaveBob™ SRPA (Figure 1), which was
characterized through tank testing at a 1/25th scale by Beatty et al. and Froude scaled to
full scale for use in this work [5]. This WEC consists of a toroidal buoyant body, hereafter
referred to as the float and a larger body, which is mostly submerged, hereafter referred
to as the spar. The parameters of mass, added mass, radiation damping, stiffness, and
excitation force for both bodies are relevant when determining the performance of the
device. For the proposed method, the WEC design and parameters provided in Table 1
must be known, either from BEM, CFD, or tank testing. The mooring is modeled and
simulated at full scale in ProteusDS™ [25,26].
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Figure 1. Generic SRPA WEC modeled after a design studied by [27].

Table 1. Characterized parameters of full-scale self-reacting point absorber scaled up from [5].

Parameter Symbol Value

Float excitation force per unit wave amplitude Fex1 (ω) 18,500,000 to 28,000,000 N/m
Spar excitation force per unit wave amplitude Fex2 (ω) 1,000,000 to 6,000,000 N/m

Mass of float m1 187,500 kg
Mass of spar m2 1,797,000 kg

Added mass of float A1(ω) 422,500 to 517,000 kg
Added mass of spar A2(ω) 233,500 to 235,500 kg

Hydrostatic stiffness of float k1 1,251,000 N/m
Hydrostatic stiffness of spar k2 318,400 N/m
Radiation damping of float b1(ω) 27,630 to 168,300 Ns/m
Radiation damping of spar b2(ω) 47,980 to 70,400 Ns/m

The parameters of the WEC are provided in Table 1. Ranges are presented where
applicable. The original data can be found in [5].

2.1. Mooring Models

This paper studies the effects of four mooring designs on the useful power generated
by the WEC. These moorings represent a successive level of complexity with different key
features and demonstrate that the methods proposed in this paper are applicable to a wide
range of common mooring designs. The mooring parameters for each design are provided
in Table 2. The order of elements in the mooring starts from the spar and continues out to
the anchor point on the seafloor. The length of the steel trawl float indicates its position
measured from the spar.

Each mooring design is only simulated with one leg, which reduces simulation time.
This choice is possible as the body is constrained to vertical motion. For analysis, each
mooring system is considered to have four legs when post-processing simulation data
are used to represent a realistic design for station keeping. The differences in mooring
weight are also accounted for during simulations by enforcing the mass equivalency of
each system. The mass of the spar is reduced by the weight of each mooring, which can be
achieved by removing some ballast. This ensures consistent static equilibrium of the SRPA
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for each mooring design. Additionally, the seafloor in all simulations is set to be mud-like
and allows for mooring sinkage.

Table 2. Mooring parameters for various configurations.

Mooring
Design

Wire Rope
8 cm Ø, 40 kg/m

Wire Rope
8 cm Ø, 580 kg/m

Dyneema™ Rope
10 cm Ø, 7 kg/m

Studlink Chain
8 cm Ø, 40 kg/m

Trawl Float
2 m Ø, 1680 kg

Catenary 65 m - - 105 m -

Heavy
Catenary - 65 m - 105 m -

Taut leg 40 m - - - -

Lazy-S - - 65 m 50 m 34 m (on rope)

2.1.1. Catenary Mooring

Figure 2a is based in principle on a global optimization study completed by Ortiz [17].
However, commonly available wire rope is used instead of the heavier optimization result
to investigate the impact on useful power. Each leg has a long length resting on the seafloor
to ensure the mooring system continues to have a general catenary shape in rough seas.
This mooring is intended to model typical mooring for deploying a WEC. It is a basic
mooring method that should not considerably affect the motion of the spar.
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2.1.2. Heavy Catenary

The mooring shown in Figure 2b is also based on Ortiz’s work, but the high mass per
unit length is maintained by adding line weights. The result of Ortiz’s study was that the
heavier optimized mooring system reduced roll induced by excitation of the pitch and
heave modes, making the heave-only assumption more realistic. Due to the additional
weight, the mooring sinks into the seabed, which further impedes motion.

2.1.3. Taut-Leg

Figure 2c depicts a much shorter mooring than the others and is fixed to the bottom
near the spar such that no line rests on the seafloor. This style of mooring is considered as
it might be used to restrict the motion of the spar or minimize impact on the seafloor and
has been studied for another WEC [15].

2.1.4. Lazy-S

The mooring shown in Figure 2d is lazy-S mooring with a line float and weight. The
trawl float supports most of the weight of the mooring so that the resting force the mooring
imparts on the WEC is smaller than the other mooring configurations. A WEC with a
similar mooring was studied by Yang et al. [28].
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2.2. System Modeling and the SRPA Canonical Form

Working within the confines of a linear, inviscid, frequency-domain model, one can
observe that aside from the excitation force, all forces are simply a function of the velocity
of each body ui (with i = 1, 2 for the float and spar, respectively) and frequency ω. These
dynamics can be represented as a mechanical circuit based on the same concepts employed
in the study of electronic circuits. Force is selected as the through variable, and velocity is the
across variable so that a velocity difference across a circuit element induces force through
that element. In the frequency domain, forces are simply the product of an element’s
mechanical impedance and the reference variable, which in this work is velocity. This is
obvious for a damper, which is analogous to a resistor but also holds for masses and springs,
with the caveat that they result in a phase shift and additional frequency dependence. The
forces that result from the motion of each body are provided in Equations (1)–(4), where
they equate to velocity multiplied by the impedance of the element. Radiation cross-
coupling terms between the spar and float have not been included in this work to simplify
calculations and maintain focus on the impact of mooring systems.

Fmi (ω) = Zmi (ω)ui(ω), where Zmi (ω) = iωmi, (1)

FAi (ω) = ZAi (ω)ui(ω), where ZAi (ω) = iωAi(ω), (2)

Fbi (ω) = Zbi (ω)ui(ω), where Zbi (ω) = bi(ω), (3)

Fki (ω) = Zki (ω)ui(ω), where Zki (ω) =
1

iω
ki. (4)

The PTO impedance ZPTO is generalized and could be comprised of an arbitrary
combination of reactive and dissipative elements depending on the design. This allows
any architecture to be prescribed in the control section. This generalization allows the PTO
impedance to be treated as a variable, and the task of designing a PTO to achieve each
impedance is left out of this work. The PTO acts between the float and spar, so the PTO
force is written in terms of the relative velocities of both bodies.

FPTO(ω) = ZPTO(ω)(u1(ω)− u2(ω)). (5)

Summing all the forces and noting that the forces listed above oppose the excitation
yields the equations of motion:

Fex1(ω) = Fm1(ω) + FA1(ω) + Fb1(ω) + Fk1(ω) + FPTO(ω), (6)

Fex2(ω) = Fm2(ω) + FA2(ω) + Fb2(ω) + Fk2(ω)− FPTO(ω) + Fmoor(ω), (7)

Equations (1)–(4) may be substituted into Equations (6) and (7) and rearranged based
on velocity dependence to find the frequency-domain equations of motion for the float and
spar, respectively.

Fex1(ω)− FPTO(ω) =

(
iωm1 + iωA1(ω) + b1(ω) +

1
iω

k1

)
u1(ω), (8)

Fex2(ω) + FPTO(ω)− Fmoor =

(
iωm2 + iωA2(ω) + b2(ω) +

1
iω

k2

)
u2(ω) (9)

From these equations, one can draw a circuit diagram of the WEC according to the
equations of motion for bodies 1 and 2 as shown in Figure 3. Each element is arranged in
the circuit according to what body it is associated with. Elements associated with one body
act between that body and the ground, and elements that act on both bodies act between
those bodies. The float is indicated by its velocity u1 and the spar by its velocity u2. The
forces on the float and spar are generated at each element due to the velocity across the
element, which, as defined, is analogous to voltage. Similarly, the forces sum at junctions,
so the net force at a node is zero, as defined by Norton’s node law.
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We include the mooring force in Equation (9) with the knowledge that it will be
attached to the spar. Developing a method for characterizing this force is the goal of the
following section.

Bubbar et al. demonstrated the application of mechanical circuits to the SRPA WEC
architecture for determining the frequency domain useful power of a heave-only device
using Thevenin’s theorem [21]. The mechanical circuit framework allows us to describe the
dynamics of a mechanical system as if it were an electrical circuit. The interested reader
can find Thevenin’s theorem for a mechanical circuit in [29]. By inserting the impedance of
the mooring between the spar and ground in the two-body system, one can determine the
effect of a mooring system on the power production of the WEC.

2.2.1. Mooring as a Circuit Element

The goal is to characterize the mooring as an impedance Zmoor. This impedance repre-
sents the mooring dynamics, which include inertial, drag, and stiffness forces. However,
rather than modeling the dynamics in detail, they are simplified down to their effect on
the spar. Since the mooring dynamics include effects from mass and stiffness, the mooring
impedance will have real and reactive components. The differences in the design of each
mooring lead to a different impedance for each, but the relationship between the dynamics
of each mooring and its impedance is beyond the scope of this work. Note that a mooring
connects the spar to the seabed, so the relevant velocity is u2.

Fmoor(ω) = Zmoor(ω)u2(ω). (10)

2.2.2. Equivalent Single-Body Circuit (The Canonical Form)

The dynamics of a two-body WEC are more complex than those of a single-body WEC;
however, the mechanical circuit of a two-body point absorber can be used to determine the
single-body equivalent WEC via Thevenin’s theorem [21,29]. Bubbar et al. showed that this
result using mechanical circuits matches Falnes’ original findings [3,20]. The derivation
is not repeated here as it can be found in Falnes’ and Bubbar et al.’s work [3,20], but the
procedure is described. The Thevenin-equivalent force and velocity are determined by
considering two cases. The velocity is found by considering the open circuit with no PTO
and solving for the relative velocity. Conversely, the Thevenin-equivalent force is found as
the force which passes through the PTO if the float and spar were locked in place and no
relative velocity occurred.
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Mirroring the work of Bubbar et al., the impedances in parallel are grouped together
into equivalent impedances Zeqi , with Zmoor kept separate from the spar impedances to
highlight its impact in the canonical form.

Zeq1 = iω(m1 + A1(ω)) + b1(ω) +
1

iω
k1, (11)

Zeq2 + Zmoor(ω) = iω(m2 + A2(ω)) + b2(ω) +
1

iω
k2 + Zmoor(ω). (12)

Then, equations for the Thevenin equivalent force FTh and intrinsic impedance Zi
representing a single body point absorber are:

FTh =
Fex1

(
Zeq2 + Zmoor

)
− Fex2 Zeq1

Zeq1 + Zeq2 + Zmoor
, (13)

Zi =
Zeq1

(
Zeq2 + Zmoor

)
Zeq1 + Zeq2 + Zmoor

. (14)

The frequency dependence has been dropped for clarity since all terms are functions
of frequency. The velocity difference can be written as a relative velocity, which is equal to
the velocity determined by observation of the single-body equivalent mechanical circuit.

u2 − u1 = uTh =
FTh

ZPTO + Zi
. (15)

2.2.3. Control Strategies

The transformation of the mechanical circuit to a single-body representation allows us
to employ single-body control strategies. The impact a mooring system has on amplitude
control and complex conjugate control is studied in this paper. The optimal control of a
WEC has varying degrees of complexity. If the PTO is designed to act only as a damper,
the PTO impedance is limited to real values, and the optimal control strategy is amplitude
control [30]. The condition that enacts this control strategy is that the PTO impedance
should match the magnitude of the WEC intrinsic impedance, as described by Equation (16).

ZPTOAC
= RPTO = |Zi|. (16)

If the PTO is designed to have some additional reactive elements which serve to both
extract and re-inject power, then the optimal control strategy of this device is complex
conjugate control [31]. In this case, the PTO force response can be represented by setting
the PTO to a complex impedance, chosen optimally as the complex conjugate (denoted
with a *) of the WEC intrinsic impedance.

ZPTOCC = Z∗i . (17)

2.3. Mooring Characterization

There are a handful of approaches to establish the linear representation of a mooring. A
recent paper by Paduano et al. used multisine signals to excite a WEC and characterize the
mooring response [32]. Cerveira et al. applied a system identification procedure to linearize
the mooring force [16]. Fitzgerald et al. excited moorings modeled in a finite element solver
at discrete frequencies and compiled results across a frequency range [11]. Fitzgerald’s
approach is used in this paper as it intuitively yields the response of the mooring at each
frequency. A contribution of this work is demonstrating the use of ProteusDS™ to perform
the time-domain simulations of high-fidelity mooring as an input to this approach. The sea
is set to be still with no current or waves. Simulations are performed at discrete frequencies
within the range of interest. The spar (and, by extension, the upper end of the cable) is
prescribed to move sinusoidally with a single frequency and with a position amplitude of
one meter. This amplitude is chosen as it is representative of the operating condition off the
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west coast of Canada near Nootka Island. Other studies have used an amplitude with the
same energy of the specific frequency [16,32], but here, the mean significant wave height
and response amplitude operator are considered similarly to [11]. The response amplitude
operator of the SRPA is unity for low frequencies, as characterized by [5]. The resulting
mooring force acting on the spar is recorded for multiple cycles at a steady state. Note that
only the vertical component is taken as the spar is constrained to move only in heave.

The characterization method begins with gathering data on the response of the moor-
ing. This is carried out in this work with time-domain simulations in ProteusDS. Simula-
tions are run at discrete frequencies in the range of interest by prescribing waypoints for
the position of the spar so that the velocity is sinusoidal and monochromatic. The velocity
input and force response for one experiment are shown in Figure 4.
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Each simulation is run for a sufficient time at each frequency to achieve a steady-state
heave force response. Plotting the velocity and the mooring force for any ωn shows that
there is a phase difference as well as more harmonics in the mooring force.

2.3.1. Mooring Linearization

As described in Equation (10), a linear representation of the mooring would relate
the velocity of the spar to the force exerted on the spar by the mooring. Rearranging that
equation shows that the mooring impedance can be determined from the velocity of the
spar and the force at the mooring connection.

Zmoor(ω) =
Fmoor(ω)

u2(ω)
. (18)

The force amplitude is normalized by the velocity amplitude at each point according to
Equation (18) to determine the impedance to the velocity of the mooring at that frequency.
The impedance amplitudes and phases were then plotted across the range of interest to
form the frequency response function (FRF) of the mooring.

Viewing the frequency content of a typical force response in the range of interest
using the fast Fourier transform (FFT) algorithm shows that the largest response is at the
excitation frequency, but the mooring force has frequency content at higher frequencies,
as shown in Figure 5. Despite the velocity input being a single-frequency sinusoid, the
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mooring force response contains many frequencies. This is due to the non-linear nature of
the mooring, as discussed in [33,34].
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An aspect of the non-linear nature of slack moorings can be explained by the forces
causing the motion of the mooring. When the spar is rising, the tension force in the mooring
causes it to be picked up and pulled along quickly with the WEC, but when the WEC is
sinking, the mooring cannot act in compression, and the only force pulling the mooring
back down is gravity. The different forces driving the mooring motion cause a quick rise
and a slower fall, as shown in Figure 6. In this example, the position of each node of
the heavy catenary is plotted in the middle of downward and upward motion. The third
mooring node is displaced by 0.75 m due to the mooring stretching from high tension,
pulling it up. This repeating but uneven response shows up in the FFT as peaks at integer
multiples of the excitation frequency, as seen in Figure 5.

The linear mechanical circuit framework enforces each velocity, force, and impedance
to operate at a common frequency defined by the excitation. Hence, the components of the
mooring response at other frequencies must be discarded to deterine the linear response that
best matches the actual motion. Fitzgerald and Bergdahl proposed determining the motion
amplitude that would result in the same power loss to estimate damping accurately [11],
but in this case, the quantities of interest are stiffness and mass of the mooring, which are
bundled into the magnitude and phase of the mooring force. So, in this work, we aim to
recreate the original amplitude and phase instead, which is simply the amplitude of the
FFT at the excitation frequency. The phase difference can also be determined directly from
the FFT. Comparisons of original and linearized mooring forces are shown in Figure 7.

Figures 6 and 7 show the impact of linearization on the fidelity of the final mooring
model as the frequency content left behind and the approximated shape of the force
response. The amount of frequency content retained is used as a measure for the accuracy
of the linearization process, as shown in Figure 8, which doubles as an indicator of how
non-linear each mooring is.
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The amplitude and phase of the linearized mooring force can be grouped as a single
complex number Fmoor:

Fmoor(ω) = |Fmoor(ω)|eiφmoor(ω). (19)

Inserting this and the observed velocity into Equation (18) determines the linearized
impedance of the mooring. Note that this impedance is a complex number, and by com-
paring it to the mechanical circuit, one can better understand the mechanics in play. The
real component defines the damping of the mooring and can be used to determine the
associated energy loss. The reactive or imaginary component is less informative, as both
mass and stiffness are complex when the reference variable is velocity. These components
are why the linearized mooring force amplitude is approximated rather than the amplitude
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which has equivalent power loss as was carried out by [12]: one would be finding the “true”
damping but could mischaracterize the mass and stiffness.
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each mooring.

The complex representations of the mooring system impedances are all that is neces-
sary to characterize the mooring systems, but plotting the amplitude-phase representation
provides a unique insight as well. Figure 9 shows the amplitudes and phases across the
range of interest. These plots demonstrate the range of differences due to differing mooring
designs. For example, the heavy catenary is very similar to the taut catenary in terms of
impedance until 0.12 Hz, at which point it rises dramatically. The phase of the response is
even more varied, with as much difference as 110 degrees. Note that a low-pass filter is
applied to the heavy catenary data to smooth the effect of coarse sampling.

2.3.2. System Identification

Although some insight into the mooring response has been found, the results are at
discrete frequencies. This is sufficient for work within the frequency domain, but here,
we choose to make a practical consideration for time-domain studies and control of the
moored WEC. To do this requires a continuous frequency function that fits the discrete
points, is stable, and preferably is also minimum-phase. Appropriate representations are
state-space or transfer function models. Although state-space and transfer function models
can be interchanged, the algorithms applied by system identification (SID) yield different
results for the same inputs. In this work, the transfer function SID is more effective. The
transfer function represents the impedance of the mooring and has a polynomial numerator
and denominator, as shown in Equation (22).

Zmoor(ω) =
N(ω)

D(ω)
. (20)

The MATLAB™ SID toolbox is used to fit a frequency-continuous transfer function or
state-space model to the discrete frequency response function of the mooring [35]. SID also
computes the mean-squared error of the function and discrete input data, which informs
how well a transfer function fits the data. Along with discrete characterization, SID also
requires parameters describing what order of transfer function or state-space model one is
attempting to fit and has additional inputs for applying constraints on the system.
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The constraint to ensure the result of SID is stable is that the poles of the transfer
function must be negative–real; in other words, the real part of the zeros of the denominator
must be negative. Stability ensures the model does not provide unbounded responses to
bounded inputs and is necessary for the mooring model response to be realistic.

Re{Zeros{D(ω)}} < 0. (21)

The other constraint that should be applied is that the transfer function should be
minimum-phase. A non-minimum-phase system is characterized as initially responding in
the wrong direction or having a time delay when given an input.

A minimum-phase system is characterized by having its zeros on or left of the imagi-
nary axis.

Re{Zeros{N(ω)}} ≤ 0. (22)

The condition applied to achieve minimum-phase is that all the polynomial coefficients
must be positive [36]. Unfortunately, this condition is necessary but not sufficient to enforce
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minimum-phase. Thus, the model fit is not guaranteed to be the minimum phase, and one
must check if the transfer functions are minimum-phase by noting their poles and zeros.

2.3.3. SID Results

The transfer functions with the best fit are plotted with the original data to verify that
they are a reasonable fit. This is shown for the catenary mooring case in Figure 10.

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW 15 of 24 
 

 

The MATLAB™ SID toolbox is used to fit a frequency-continuous transfer function 
or state-space model to the discrete frequency response function of the mooring [35]. SID 
also computes the mean-squared error of the function and discrete input data, which in-
forms how well a transfer function fits the data. Along with discrete characterization, SID 
also requires parameters describing what order of transfer function or state-space model 
one is attempting to fit and has additional inputs for applying constraints on the system. 

The constraint to ensure the result of SID is stable is that the poles of the transfer 
function must be negative–real; in other words, the real part of the zeros of the denomi-
nator must be negative. Stability ensures the model does not provide unbounded re-
sponses to bounded inputs and is necessary for the mooring model response to be realis-
tic. 

( ){ }{ }ω < 0Re Zeros D . (21)

The other constraint that should be applied is that the transfer function should be 
minimum-phase. A non-minimum-phase system is characterized as initially responding 
in the wrong direction or having a time delay when given an input. 

A minimum-phase system is characterized by having its zeros on or left of the imag-
inary axis. 

( ){ }{ }ω ≤ 0Re Zeros N . (22)

The condition applied to achieve minimum-phase is that all the polynomial coeffi-
cients must be positive [36]. Unfortunately, this condition is necessary but not sufficient 
to enforce minimum-phase. Thus, the model fit is not guaranteed to be the minimum 
phase, and one must check if the transfer functions are minimum-phase by noting their 
poles and zeros. 

2.3.3. SID Results 
The transfer functions with the best fit are plotted with the original data to verify that 

they are a reasonable fit. This is shown for the catenary mooring case in Figure 10. 

  
(a) (b) 

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW 16 of 24 
 

 

  
(c) (d) 

Figure 10. Frequency response of best-fit transfer function and state-space models expressed as 
magnitude and phase for (a) catenary, (b) heavy catenary, (c) taut-leg, and (d) lazy-S moorings. 

Any models with zeros on the right half plane are disregarded, and from those, the 
model with the best fit is taken to be representative of the mooring. This is achieved with 
the three catenary moorings, but the minimum phase condition cannot be achieved for 
the line-float mooring, so the best fit is taken. A 12 degree of freedom (DOF) transfer func-
tion model is the best fit for the catenary mooring at 91.7%, as well as the taut mooring 
with a 97.5% fit. A 5 DOF transfer function model fits the heavy catenary model at 93.0%. 
Finally, the mooring system with a line float is best approximated by a 13 DOF transfer 
function with an 88.1% fit. The fit is calculated with the normalized root mean square error 
between the model and the mooring data.  

The models generally fit the data well; however, it is important to point out that be-
cause of constraining the models for stability and minimum-phase, the mooring responses 
are shifted slightly. This results in a slightly larger or smaller amplitude response or a 
small phase shift, but the differences are consistently an order of magnitude below the 
mooring impedance, and phase differences are 15 degrees at most and less than 5 degrees 
on average, so these changes are considered negligible. 

3. Results 

The useful power uP  generated by the equivalent single-body device is described 
by Equation (23) in terms of the previously stated variables [3]. Note that the velocity am-
plitude is defined as being per meter wave amplitude, so the useful power is a response 
amplitude operator with units of 𝑊/𝑚ଶ. 

( ) ( ){ } 21
2U PTO ThP Re Z uω ω= . (23)

Three cases were compared for each mooring design with associated control methods 
to investigate the effect of the mooring systems on power capture. Case 1 is the no-mooring 
case and consists of just the WEC to establish the baseline power with each control scheme 
and mooring. This case also matches the results of [20]. Case 2 represents a study in which 
the mooring model was incorporated into the system plant model but not into the control 
model. This case represents the situation of not including knowledge of the mooring 
model to help define the control action for optimizing power capture. 

Case 3 proceeds from the previous case, where the mooring is incorporated in the 
evaluation of the plant model as well as the control model. An increase in power from 

Figure 10. Frequency response of best-fit transfer function and state-space models expressed as
magnitude and phase for (a) catenary, (b) heavy catenary, (c) taut-leg, and (d) lazy-S moorings.

Any models with zeros on the right half plane are disregarded, and from those, the
model with the best fit is taken to be representative of the mooring. This is achieved with
the three catenary moorings, but the minimum phase condition cannot be achieved for the
line-float mooring, so the best fit is taken. A 12 degree of freedom (DOF) transfer function
model is the best fit for the catenary mooring at 91.7%, as well as the taut mooring with a
97.5% fit. A 5 DOF transfer function model fits the heavy catenary model at 93.0%. Finally,
the mooring system with a line float is best approximated by a 13 DOF transfer function
with an 88.1% fit. The fit is calculated with the normalized root mean square error between
the model and the mooring data.

The models generally fit the data well; however, it is important to point out that be-
cause of constraining the models for stability and minimum-phase, the mooring responses
are shifted slightly. This results in a slightly larger or smaller amplitude response or a
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small phase shift, but the differences are consistently an order of magnitude below the
mooring impedance, and phase differences are 15 degrees at most and less than 5 degrees
on average, so these changes are considered negligible.

3. Results

The useful power Pu generated by the equivalent single-body device is described
by Equation (23) in terms of the previously stated variables [3]. Note that the velocity
amplitude is defined as being per meter wave amplitude, so the useful power is a response
amplitude operator with units of W/m2.

PU(ω) =
1
2

Re{ZPTO(ω)}|uTh|2. (23)

Three cases were compared for each mooring design with associated control methods
to investigate the effect of the mooring systems on power capture. Case 1 is the no-mooring
case and consists of just the WEC to establish the baseline power with each control scheme
and mooring. This case also matches the results of [20]. Case 2 represents a study in which
the mooring model was incorporated into the system plant model but not into the control
model. This case represents the situation of not including knowledge of the mooring model
to help define the control action for optimizing power capture.

Case 3 proceeds from the previous case, where the mooring is incorporated in the
evaluation of the plant model as well as the control model. An increase in power from case
2 to case 3 would demonstrate the value of including a mooring early in the design. The
details of each case are provided in Table 3 below.

Table 3. Description of where Zmoor is used in each case.

Zmoor Included in the Calculation of:

Case System Plant Pto Controller

C1 X X

C2 X X

C3 X X

3.1. Influence on Useful Power

The difference in useful power caused by changing the control method has already
been studied and discussed by [20], so the emphasis here is on the difference between
the three cases for two specific control methods. The power generated by cases 2 and 3
was normalized against the power for case 1 and plotted as a percentage in Figure 11. For
reference, the average order of magnitude of the case 1 power was approximately 107 W/m2,
with more detail on the unmoored power response of this SRPA available in [20]. The
frequency range for this and the following figures was limited by the data available.

Plotting the useful power in this way shows that case 3 consistently increased the
power capture from case 2. This is visualized by the shaded regions for each plot.

The magnitude of the difference was determined by integrating the curves in Figures 11 and 12
to obtain the cumulative power of the WEC across a discrete set of frequencies as if waves
were exciting each of them. This resulted in Figures 13 and 14.

3.2. Influence on WEC Design

Finally, the effect of the moorings on the control of the PTO was investigated. The
real and complex parts of the impedance were plotted for amplitude control and complex
conjugate control in Figures 15 and 16 respectively. The range of the PTO was not restricted
by physical design limits to show the effect of the moorings at each frequency. Note that
only case 3 was plotted as, by definition, case 2 had the same control as case 1.
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The real component of the PTO is affected similarly for amplitude and complex
conjugate control, but the complex component has the potential to be reduced. The complex
part of the mooring is comprised of mass and spring elements, where mass increases the
impedance and stiffness reduces it. This is due to the coefficient on mass being iω, while
the coefficient on stiffness is 1/iω, which is commonly rewritten as −i/ω. The dependence
of these terms on ω also suggests mass has more influence on the overall impedance at
high frequencies, whereas stiffness has more influence at low frequencies.
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4. Discussion

The results of Figures 11 and 12 are intuitive if one considers the control concepts
employed. In amplitude control, the power is maximized by setting the PTO damping
coefficient to the intrinsic damping of the WEC. So, when the mooring impedance is not
included in determining the PTO damping there is a mismatch due to the change in Zi, and
Equation (16) is no longer enforced. The same is true for complex conjugate control, but the
effect is amplified by the real and complex parts both being set incorrectly. Not including
the mooring model in Equation (17) yields a non-optimal control response and is not in
resonance with the wave excitation, leading to lower power capture. This confirms that
including the mooring within the early stage of the design process can enable a designer to
make better decisions on how to improve the overall power capture of the WEC.

A more direct measure of the impact the mooring has on a WEC is highlighted in
Figures 13 and 14 where we make three key observations. The first is that the mooring
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tends to reduce the power capture compared to the no-mooring case. This effect ranges
from a 5% to a 57% reduction in power capture, depending on the mooring configuration
and control method. The second is that designing the controller with the mooring in
mind increases the fraction of theoretical power by as much as 16% but can also be nearly
negligible, depending again on the choice of mooring and control method. Each mooring
has little effect when the PTO is governed by amplitude control, suggesting the moorings
have a small damping or drag effect overall. This small effect is contrasted by the larger
impact with complex conjugate control, indicating the mooring mass and stiffness are
significant factors. That leads to the last result from these figures, which is that the mooring
has more impact on complex conjugate control than amplitude control. This suggests that
more advanced control methods have a greater dependency on the accuracy of the model
of the overall WEC system. So, as WEC developers design advanced control schemes to
maximize useful power, it will become more important to characterize and design with a
mooring model.

Figures 15 and 16 show how mooring may impact the physical variable range necessary
for optimal control of an SRPA. The effect the moorings had on amplitude control was to
reduce the damping of the PTO. This effect was most pronounced for the heavy catenary,
reducing the peak impedance by 30%, with the other moorings reducing the peak by
approximately 8% on average. The moorings had a similar effect on the real part of complex
conjugate control. Again, the heavy mooring had the largest effect due to its high mass and
the other moorings were grouped together. Worth noting is that the mooring had a desirable
effect on the reactive part of the PTO as well. All four moorings reduced the envelope
(difference from minimum to maximum value) of the real and complex components of the
PTO. The range from minimum to maximum reactance was reduced by 40% with the heavy
mooring and approximately 8% for the others. Larger components usually come with a
greater cost, so by reducing the real part of the impedance, the associated damper is smaller
and likely costs less. The same holds for the complex part, which manifests as springs
and masses. This suggests that including the mooring in early design has the potential to
reduce the construction cost of an SRPA by preventing over-design of the PTO.

5. Conclusions

In this paper, we presented a methodology for characterizing a complex mooring
system to be included in a linear, frequency-domain model for WEC power analysis. This
methodology is useful for the early stage conceptual refinement of the system to reduce
design exploration in high-fidelity modeling.

Two key assumptions were made in this work. The first is the heave-only assumption,
which simplifies the circuit model. Additional degrees of freedom, such as pitch and surge,
may be considered with the circuit approach but complicate the hydrodynamic parameters,
which would become functions of two or more variables. The mooring will also contribute
to other degrees of freedom and require further characterization. Using a linear model
of the WEC and the mooring systems neglects some of the real dynamics and generally
overestimates power capture. Any non-linear effects are best represented with high fidelity
but computationally demanding modeling tools, such as was used to gather the data for
characterizing the mooring in this research.

Characterization was performed with the aid of the mechanical circuit framework,
demonstrating that characterizing a mooring system only requires knowledge of the force
it exerts, given the velocity of the WEC. A method for characterization, including system
identification to ensure stability and controllability was also presented. It was shown that
the inclusion of the mooring model in the early design of a WEC can have a significant
impact on the ultimate useful power capture of the device, with this impact being propor-
tional to control complexity. The effect on the control of the system was also demonstrated
to be significantly affected by the mooring system and suggests that PTO systems may be
designed with a smaller operating range than would otherwise be expected when analyzing
a system without the inclusion of a mooring model, leading to potential savings.



J. Mar. Sci. Eng. 2023, 11, 2347 20 of 22

Author Contributions: Conceptualization, S.F., B.B., K.B. and A.S.H.; methodology, S.F., B.B., K.B.
and A.S.H.; software, S.F.; validation, S.F. and A.S.H.; formal analysis, S.F. and A.S.H..; investigation,
S.F.; resources, B.B.; data curation, S.F.; writing—original draft preparation, S.F.; writing—review
and editing, K.B., B.B. and A.S.H.; visualization, S.F.; supervision, B.B., K.B. and A.S.H.; project
administration, B.B. and K.B.; funding acquisition, B.B. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was funded by The Natural Sciences and Engineering Research Council of
Canada RGPIN-2018-05749 and The British Columbia Ministry of Energy, Mines and Low Carbon In-
novation CA22MAN0071. This research was partially funded by The McCain Foundation Fellowship
Award in Innovation, and the New Brunswick Innovation Foundation.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data generated by simulations and used to characterize moorings
available online: Funk, Spencer (2023). Mooring simulation data. figshare. Dataset. https://doi.org/
10.6084/m9.figshare.24465274.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

Acronyms Fki
Hydrostatic stiffness force

DOF Degrees of freedom Fmi Inertia force
FFT Fast Fourier transform algorithm Fmoor,mag Magnitude of mooring force on spar
PTO Power take-off FPTO Force due to power take-off
SID System identification FTh Thevenin equivalent single-body

force
SRPA Self-reacting point absorber k1 Hydrostatic stiffness of float
WEC Wave energy converter k2 Hydrostatic stiffness of spar
C1 Case 1: power capture and control m1 Mass of float

without mooring dynamics
C2 Case 2: power capture with m2 Mass of spar

mooring dynamics
C3 Case 3: power capture and control N(ω), Polynomial numerator of transfer

with mooring dynamics D(ω) function, polynomial denominator of
transfer function

Parameters
φmoor Phase of mooring force with respect t Time (seconds)

to spar velocity
ω Frequency of wave exciting the u1 Heave velocity of float

system (Hz)
ωn Discrete frequency system oscillates u2 Heave velocity of the spar

at (rad/s)
A1 Added mass of the float uTh Relative velocity between float and

spar
A2 Added mass of the spar x2 Heave position of spar
b1 Radiation damping of float Zeq1 Total impedance of the float
b2 Radiation damping of spar Zeq2 Total impedance of the spar
Fex1 Excitation force per unit wave Zmoor Impedance of the mooring

amplitude acting on the float
Fex2 Excitation force per unit wave ZPTO Impedance of the power take-off

device
amplitude acting on the spar

FAi Added mass force ZPTOAC , PTO impedance governed by
ZPTOAC amplitude (AC) and complex

conjugate (CC) control
Fbi

Radiation damping force Zi Thevenin equivalent single-body
intrinsic impedance
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