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Abstract: Underwater soft manipulators are increasingly used for grasping underwater organisms
and cultural relics due to their compliance and ability to protect delicate objects. Unlike rigid
manipulators, these soft manipulators feature underwater soft bending actuators that deform under
external forces, making their shape and output force challenging to predict. Consequently, classical
beam theory is no longer applicable. To address these issues, this article models the underwater soft
bending actuator as a cantilever beam and establishes its shape and output force using elliptic integral
functions. Additionally, this article proposes a method for determining the unknown parameters of
the driver shape and output force model using optimization techniques and introduces a solution
process based on the particle swarm optimization framework. Given the role of tensile and bending
stiffness in the actuator’s performance, this paper employs a parameter identification method based
on length and bending angle information. Tests demonstrate that the proposed method effectively
estimates the deformation and output force of the underwater soft bending actuators, confirming
its accuracy.

Keywords: soft actuators; soft robotics; static model; Euler–Bernoulli’s beam; parameter identification

1. Introduction

Traditional robotic arms, with their rigid contact during grasping, risk damaging the
surface structure of delicate objects if the grasping force is not carefully controlled. This
issue is particularly problematic when handling fragile items. In contrast, soft actuators
make gentle contact with target objects and adapt to their surfaces, a feature that has
drawn increasing scholarly interest. Their compliance and safety make soft actuators
valuable for underwater applications [1–4]. In autonomous underwater vehicle (AUV)
recovery, traditional rigid docking methods often result in impact forces that can affect
the AUV’s operational lifespan on the seabed [5–7]. Lin et al. proposed a soft docking
system that uses underwater soft bending actuators to mitigate impact forces and expand
the docking area [8]. Soft actuators have also become crucial for grasping underwater
organisms. For instance, Gong et al. developed a flexible gripper for sea cucumbers,
providing both effective grasping and protection [3]. Additionally, soft grippers are ideal
for handling cultural relics like porcelain and glass, which are easily damaged by rigid
robotic arms. Liu et al. created a soft gripper specifically for porcelain artifacts [9]. Soft
actuators, including those driven by dielectric elastomers [10–12], shape memory alloys [13],
cables [14], electromagnetic mechanisms [15], and fluids [16,17]. Cable- and fluid-driven
soft actuators are commonly used due to their ability to generate significant forces [18].
Among these, fluid-driven actuators are particularly suited for underwater environments.
Based on the aforementioned applications, it is evident that many soft actuators possess
elongated structures and a substantial range of motion, making them well-suited for object
transport [19–21]. Concurrently, a flexible actuator must generate a sufficient output force to
effectively grasp the target object. Consequently, accurately estimating the morphological
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changes and output forces of flexible actuators is a critical research area that must be
addressed in the practical application of these drives.

Many scholars have modeled and analyzed the shape changes and output forces of
soft actuators, and the most commonly used soft actuator model is the constant curvature
model. Benjamin et al. proposed a constant curvature model based on Euler–Bernoulli
beams for designing and optimizing soft fluid actuators [21]. Gursel et al. established
a constant curvature analysis model to estimate the quasi-static bending displacement
of soft actuators [22]. In addition, Zhong et al. proposed a constant curvature model to
describe the deformation of soft pneumatic dexterous grippers [23]. Although soft actuators
typically do not bend with a constant curvature, they can locally form a constant curvature,
thus proposing the Piecewise Constant Curvature (PCC) method. Sadati et al. introduced a
continuous soft arm analysis method based on PCC [24]. Alici et al. proposed a modeling
method based on PCC to estimate the nonlinear bending of polymer actuators [25]. In
addition, some scholars have modeled soft actuators based on the assumption of non-
constant curvature, with the most common being the Cosserat method. Renda proposed
a multi-stage flexible robotic arm model based on the Cosserat method and validated it
through simulation and experiments [26]. Li et al. also proposed a method that combines
the continuous Cosserat static model with the PCC method to derive the analytical formula
of the model, which facilitates controller design [27]. In addition, other modeling methods
have been proposed. For example, Liu et al. and Sachin et al. proposed an analytical model
for calculating planar output force contact using finite strain membrane theory [28,29]. Dou
et al. introduced a hybrid soft robot manipulator capable of controlling elongation and
provided a modeling method based on balance principle and assumed prior deformation
configuration [30]. However, the above two models are only applicable to the form of
corrugated pipes. Fang et al. proposed a geometry based framework for calculating the
deformation of flexible robots within the elastic range of linear materials [31]. The above
method is suitable for situations where the load force is much smaller than its own driving
force, which makes it difficult to apply in situations where large deformations occur under
load. To address these issues, this paper proposes a static analysis model for soft actuators
based on elliptic integral functions, aimed at estimating the shape and output force of soft
actuators under multiple loads.

The structure of this article is as follows: the second part introduces the configuration
of the underwater soft bending actuator used in this article. The Section 3 outlines the
theoretical background of modeling using finite element iterative method, and the Section 4
introduces the model solution process based on particle swarm algorithm. The Section 5
introduces the tensile stiffness and bending stiffness identification method using the length
and bending angle of the actuator. The Section 6 described the experiment and discussed
the results. Finally, this article provides a summary in Section 6.

The contributions of this article are as follows:
(1) We proposed a calculation method based on the elliptic integral function capable

of estimating the shape and output force of the underwater soft bending actuator;
(2) We proposed a method for determining the unknown parameters of the actuator’s

shape and output force model using an optimization method and introduced a solution
process based on the particle swarm optimization framework;

(3) We developed an underwater testing environment for underwater soft bending
actuator utilizing water drive and conducted experiments to estimate the shape and output
force of the underwater soft bending actuator.

2. Configuration of the Underwater Soft Bending Actuator

To facilitate the study of underwater marine organisms, such as starfish and sea
cucumbers, as well as artifacts, we designed an underwater collector that integrates an
ROV with a soft gripper. This system is capable of landing on the seafloor to capture nearby
target objects. The underwater soft bending actuator (USBA) serves as the most critical
component of the soft gripper. The USBA depicted in Figure 1, developed in this article,
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is water-driven and designed for underwater environment. As water is injected into the
internal chamber of the USBA, the pressure within the chamber steadily increases, thereby
causing the USBA to bend. The manufacturing material for the USBA is silicone with a
Shore hardness of 10, a 1:1 mixture of two silicone liquids, DP7508 (A) and DP7508 (B).
The cured silicone on the USBA has a density of approximately ρs = 1150 kg/m3, which is
slightly larger than that of water.
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Figure 1. The structure of the USBA.

The base of the USBA is positioned between the 3D printed support seat and the clamp
plate, secured in place with screws. Adjacent to the USBA’s inlet is a circular tube structure
crafted from poured silicone, housing a hydraulic pipe joint integrated on its inner surface.
The outer diameter of the hydraulic pipe joint is marginally larger than the inner diameter
of the circular silicone joint, ensuring pressure integrity through deformation induced by
compression contact. As depicted in Figure 1, the dashed line represents the neutral axis
of the bending deformation of the USBA. The rectangular surface located at the end of
the actuator chamber withstands water pressure, with a length of lin and a height of hin.
The distance from the center of the pressure-bearing surface in the vertical direction to the
bending neutral axis is denoted as e0, while the distance from the USBA’s end to the clamp
plate is l0. The volume of the suspended soft actuator (excluding the liquid within the inner
chamber) is represented by V.

3. Static Model of the USBA under Multiple Loads

When a USBA is subjected to internal driving pressure and external load, its shape
undergoes changes. Failure to accurately establish the relationship between the shape
change of the soft actuator and load will result in an inability to control the position and
output force of the actuator. The existing static models in the literature are not effective
at addressing this issue, prompting the proposal of a method for the static modeling of
the USBA based on the elliptic integral function in this paper. Due to the corrugated
structure of the USBA, its mass, bending stiffness, and tensile stiffness are not uniformly
distributed along the axis. However, the USBA can be viewed as consisting of many discrete
segments, each primarily exhibiting the characteristics of the central chamber. If we define
the equivalent tensile strength and equivalent bending strength for a single segment, we
can consider the entire USBA as being composed of multiple such segments uniformly
distributed along its axis [22,25,28]. Under these assumptions, the actual deformation
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of the USBA is relatively small (less than 70%), allowing us to treat it as equivalent to a
cantilever beam represented by its neutral axis [25]. The typical force state of a USBA under
multiple loads is illustrated in Figure 2a. Considering that the USBA operates underwater
and is influenced by both gravity and buoyancy, and given that the density of silicone
rubber is slightly less than water’s, the effects of gravity and buoyancy can be considered
to cancel each other out. When water with pressure Pd is injected into the inner channel
of the USBA, the effect of this pressure on the USBA can be equivalent to a force Fp and a
bending moment Mp along the neutral axis direction, with their calculation expressions
provided as:

Fp = Pd Ain

Mp = Pd Aine0
(1)

The area of water pressure at the end of the inner chamber, denoted as Ain, is equal
to the product of lin and hin. Consequently, when subjected to driving pressure, the
USBA extends along the neutral axis direction while also causing the neutral axis to bend.
Furthermore, the end of the USBA sustains a force F at an angle φ0 in the x-axis direction.
As a result of the various loads mentioned above, the endpoint of the neutral axis undergoes
a change in x0 in the x-direction and y0 in the y-direction. The length of the neutral axis
becomes ld, and the angle between the tangent direction of the end and the x-axis is denoted
as θ0.
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lO . The yellow 

Figure 2. Equivalent Euler–Bernoulli cantilever beam model. (a) Analysis of typical multi-load
conditions based on cantilever beams; (b) analysis of the force state of the point Ol . The yellow line
with an arrow indicates the force exerted by the load. The yellow arc with arrows represents the
bending moment resulting from the load. The red line with an arrow signifies the driving force, while
the red arc with an arrow illustrates the bending moment caused by the driving force. The blue line
represents the neutral axis of the USBA.
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When the USBA undergoes deformation under the action of driving force, load force
and deriving moment, it can be considered as a rigid body with corresponding shapes that
achieves force balance at various points under the aforementioned force conditions. This
rigid cantilever beam has a bending stiffness EI and a tensile stiffness EA. It is known that

when a force
→
F is applied to a point in a continuous object, its impact on another point at

a distance of
→
r from that point is equivalent to a parallel force

→
F along with the bending

moment
→
F ×→

r . According to the above principles and force state shown in Figure 2b, the
bending moment at any point Ol on the cantilever beam is:

M(l) = Mp −
∫ l0

l
F sin(θ + φ0)dl (2)

The integral term is the bending moment generated by force F at that point Ol . Accord-
ing to the Euler–Bernoulli equation and the coordinates defined in the figure, the curvature
K of this point is:

K =
dθ

dl
= −M(l)

EI
(3)

Based on the above equation, it is clear that the presence of an external force F results
in varying curvature at each point along the cantilever beam. Consequently, the deformed
cantilever beam will not display a constant curvature arc shape. To further investigate the
characteristics of the angle change rate, additional differentiation is carried out to obtain
the following expression:

d2θ

dl2 =
−F sin(θ + φ0)

EI
(4)

Combining Formulas (2)–(4), it is obtained that

K
dK
dθ

=
−F sin(t + φ0)

EI
(5)

Formula (5) serves as the characteristic equation for the deformation of a cantilever
beam. Assuming θ0 denotes the bending angle at the end of the cantilever beam and M
represents the driving moment, it follows from Formula (5) that:

K2

2
− 1

2

(
Mp

EI

)2
=

F
EI

(− cos(θ + φ0) + cos(θ0 + φ0)) (6)

According to Formula (6), the curvature of any point on the cantilever beam can be
determined as

K = ±
√

2F
EI

√
(cos(θ0 + φ0)− cos(θ + φ0)) +

M2
p

2FEI
(7)

In the application of USBA, there are typically two scenarios. In the first scenario, a
constant gravity object is fixed at the end of the USBA. By applying pressure to the flow
channel, the object can move freely to another position, which we define as the “end-free
state”. In the second scenario, the USBA makes contact with a surface at a specified position
due to applied pressure, generating a contact force that clamps the surface. This is defined
as the “end constraint state”.

3.1. End-Free State

In this state, the end position of the USBA is not constrained, and its shape is deter-
mined by both the driving pressure and the load force. Based on the magnitude of the
load force, the deformation of the USBA in this state can be categorized into the following
two types:

(a) The first type: the curvature and the bending angle of any point on the neutral
axis of the USBA are greater than 0, as shown in Figure 3a. In this state, the curvature
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on the cantilever beam is positive. By substituting the positive curvature in (8) into
Formula (3) and integrating while considering the boundary conditions of the cantilever
beam (l = 0, θ = 0), it is obtained that:

∫ l

0
dl =

√
EI
2F

∫ θ

0

dt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

(8)
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Definition: m = − 2
M2

p
2FEI −1+cos(φ0+θ0)

, and carry out transformation to the integral

variable: u = t+φ0
2 . Formula (9) is then converted into the following expression:

∫ l

0
dl =

√
EI
F
√
−m

∫ θ + φ0

2
0

1√
1 − m sin2(t)

dt

−
√

EI
F
√
−m

∫ φ0

2
0

1√
1 − m sin2(t)

dt

 (9)

The two integral forms on the right side of the equation are typical of the first type of
elliptic incomplete integrals. Therefore, we use the first-kind incomplete elliptic integral
function to represent them:

ld(θ) =

√
−mEI

F

(
α

(
φ0 + θ

2
, m
)
− α

( φ0

2
, m
))

(10)

According to the definition of elliptic function: if l = F(ψ, m), then ψ = am(l, m),
where am(·) refers to the Jacobian elliptic amplitude function. Therefore, the bending angle
of any point on the cantilever beam corresponding to that point is:

θ = 2am

(√
F

−mEI
(l(θ) + ∆l), m

)
− φ0 (11)

where ∆l =
√

−mEI
F α

( φ0
2 , m

)
. In fact, describing the deformed cantilever beam’s curve in

Cartesian coordinates is also of interest to us:
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y =
∫ θ

0

√
EI
2F

sin tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

= cos φ0Fsin − sin φ0Fcos

x =
∫ θ

0

√
EI
2F

cos tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

= sin φ0Fsin + cos φ0Fcos

(12)

where the expression for Fsin is:

Fsin =
∫ θ

0

√
EI
2F

sin(t + φ0)dt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

=

√
2EI

F

(√
2
m

+ 1 − cos(θ + φ0)−
√

2
m

+ 1 − cos(φ0)

) (13)

And the expression for Fcos is:

Fcos =

√
EI
2F

∫ θ

0

cos(t + φ0)dt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

(14)

The integral function cannot directly obtain the original function. Define m =
− 2

M2
p

2FEI −1+cos(φ0+θ0)

in the above integral equation and replace the integral variable with

u = t+φ0
2 to obtain the expression of Fcos:

Fcos =

√
−mEI

F
m − 2

m

∫ t + φ0

2
φ0

2

1√
1 − m sin2 u

du +

√
−mEI

F
2
m

∫ t + φ0

2
φ0

2

√
1 − m sin2 udu (15)

The second integral is a second-kind incomplete elliptic integral function β(·), where
m is the modulus of the elliptic integral function. Therefore, Fcos can be expressed as:

Fcos =

√
−mEI

F
m − 2

m

(
α

(
θ + φ0

2

)
− α

( φ0

2

))
+

√
−mEI

F
2
m

(
β

(
θ + φ0

2

)
− β

( φ0

2

))
(16)

In the force state shown in Figure 2b, the original length dl′ near point Ol is stretched
to dl, and the relationship between the two length is expressed as follows:

dl′(1 + ε) = dl (17)

According to the force state analysis in Figure 2b, the strain is:

ε =
F cos(θ + φ0) + Fp

EA
(18)

Combining Formulas (17) and (18) and integrating, the original length from point Ol
to the root of the neutral axis is obtained as:

l′(θ) =

√
EI
2F

∫ θ

0

1

1 +
F cos(t + φ0) + Fp

EA

dt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

(19)
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Similarly, by defining m = − 2
M2

p
2FEI −1+cos(φ0+θ0)

and n = 2F
EA+F+Fp

in the above equation

and replacing the integral variable with u = t+φ0
2 , it is obtained that:

l′(θ) =
nEA
2F

√
−mEI

F

∫ θ + φ0

2
φ0

2

1
1 − n sin2 u

du√
1 − m sin2 u

(20)

The integral equation on the right side of the above equation is a third-kind incomplete
elliptic integral function, denoted as γ(·), so the original length corresponding to the
cantilever beam is denoted as:

l′(θ) =
nEA
2F

√
−mEI

F

(
γ

(
n,

θ + φ0

2
, m
)
− γ

(
n,

φ0

2
, m
))

(21)

Therefore, for a USBA with a total length of ld after deformation, its corresponding
calculated original length is l′(θ0). In the derivation formulas above, the bending angle
θ0 at the end of the neutral axis is unknown, so it is necessary to determine this value by
solving the following equation:

l0 = l′(θ0) =
nEA
2F

√
−mEI

F

(
γ

(
n,

θ0 + φ0

2
, m
)
− γ

(
n,

φ0

2
, m
))

(22)

where l0 is the original length of the USBA. Given the typical nonlinearity of this equation
system, Equation (22) is transformed into the following optimization problem for resolution:

min : f =|ld − l(θ0)| (23)

Once the angle θ0 is figure out, the length of the USBA after deformation can be
obtained according to Formula (10), and the curve shape of the neutral axis can be calculated
through Formulas (12), (13) and (15).

(b) The second type: there exists a point Ol(lx, θx) where the curvature zero. The
curvature K of the cantilever beam on the left of point Ol is less than 0, while the curvature
K on the right of point Ol is greater than 0, as shown in Figure 3b.

If the curvature of point Ol is 0, according to Formula (7), the bending angle at point

Ol meets this condition: θ′ = a cos
(

cos(θ0 + φ0) +
M2

p
2FEI

)
− φ0. For the left side of the

point, the angle range of the cantilever beam is (0, θ′), and for the right side, it is (θ′, θ0).
Assuming that the deformed lengths of the cantilever beam are ld1 on the left side of
the point and ld2 on the right side, the calculation formulas for ld1 and ld2 are expressed
as follows:

ld1 = −
√

−mEI
F

(
α
(

φ0+θ′

2 , m
)
− a
( φ0

2 , m
))

ld2 = −
√

−mEI
F

(
α
(

φ0+θ′

2 , m
)
− a
( φ0

2 , m
))

+
√

−mEI
F

(
α
(

φ0+θ0
2 , m

)
− a
( φ0

2 , m
)) (24)

According to Formula (21), the original lengths corresponding to these two segments
are expressed as:

l′1 = − nEA
2F

√
−mEI

F

(
γ
(

n, θ′+φ0
2 , m

)
− γ

(
n, φ0

2 , m
))

l′2 = − nEA
2F

√
−mEI

F γ
(

n, θ′+φ0
2 , m

)
+ nEA

2F

√
−mEI

F γ
(

n, θ0+φ0
2 , m

) (25)

Similarly, the unknown parameter θ0 is solved through the optimization method:

min : f =
∣∣l0 − l′1 − l′2

∣∣ (26)
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Since the neutral axis is divided into two sections, the shape of the neutral axis also
needs to be calculated in two segments. For the left section, where θ ∈ (0, θ′) and K < 0, the
x and y coordinates are obtained according to Formulas (12), (13) and (15). However, the
curvature in this section is less than 0; the expressions for Fsin and Fcos are denoted as:

Fsin = −
√

2EI
F

(√
2
m + 1 − cos(θ + φ0)−

√
2
m + 1 − cos(φ0)

)
Fcos = −

√
−mEI

F
m−2

m

(
α
(

θ+φ0
2

)
− α

( φ0
2
))

−
√

−mEI
F

2
m

(
β
(

θ+φ0
2

)
− β

( φ0
2
)) (27)

According to Formulas (12) and (27), the coordinate of the point Ol is calculated as
(xOl , yOl ). For the right section, where θ ∈ (θ′, θ0), K > 0, the calculation method for x and y
coordinates is:

y = y∗1 − y∗2 + yOl

x = x∗1 − x∗2 + xOl

(28)

The calculation expressions for x∗1, y∗1, x∗2, and y∗2 are:

y∗1 =
∫ θ

0

√
EI
2F

sin tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

y∗2 =
∫ θ′

0

√
EI
2F

sin tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

x∗1 =
∫ θ

0

√
EI
2F

cos tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

x∗2 =
∫ θ′

0

√
EI
2F

cos tdt√
(cos(θ0 + φ0)− cos(t + φ0)) +

M2
p

2FEI

(29)

Formula (29) can be computed using Formulas (12)–(14). By using these formulas, the
deformation of the neutral axis of the USBA can be determined.

3.2. End-Constrained State

In this state, the USBA makes contact with a surface at a specific position on the object
upon pressurization and bending, resulting in the application of contact force, as shown in
Figure 4. When it comes to grasping tasks, the strength of the output force becomes pivotal,
as it is essential for securely grasping the object. In this context, the output force magnitude
in the above formula transitions into an unknown variable. In this case, the shape form of
the USBA is also the same as the end-free state as shown in Figure 2. The shape calculation
method of the cantilever beam under two different forms has been derived in the section
of end-free state, so the displacement y of the end on the y-axis can be calculated. In the
scenario of end constraint state, the magnitude of the force acting on the end is unknown,
so there are two unknown variables in the above formula: the bending angle θ0 and output
force F of the end. By solving the following system of equations, the values of these two
unknowns can be determined. {

l(θ0) = l0
y0 = ∆y

(30)

Similarly, the system of equations is transformed into the following optimization
problem for solution:

min : f =|ld − l0|+|y0 − ∆y| (31)
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Figure 4. Analysis of the force state of the USBA when the endpoint is constrained. Figure 4. Analysis of the force state of the USBA when the endpoint is constrained.

4. Particle Swarm Optimization Algorithm-Based Solution Process for the Shape and
Output Force of the USBA

In Section 3, we analyzed two typical states in the application of the USBA: the end-free
state and the end-constrained state. Each scenario involves a different number of unknown
parameters that need to be resolved. To accurately estimate the shape or output force of the
USBA, it is essential to solve for these unknown parameters within the model. This article
presents a solution process based on the standard particle swarm optimization framework
for both types of scenarios, as illustrated in Figure 5.
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Figure 5a shows the process of solving the shape of the USBA under the load force
and driving pressure in the end-free state. Since the unknown variable in this model is only
the bending angle in the end, only one group of particle swarm representing this angle is
set in the particle initialization. The content within the red dashed line is the modified part
based on the model in this article. Firstly, according to the parameter information carried
by the particles, it is determined whether there are points with curvature of 0 on the USBA.
If not, the initial length value of the USBA can be directly calculated using Formula (20);
if it exists, the USBA will be divided into two sections to calculate their respective initial
length values, and the sum of them will be the initial length value calculated by the model.
Next, the fitness function is calculated; if the value of fitness function is less than the
finishing condition of the process (set at 0.0001 in this article), the particle update process is
terminated; otherwise, the parameters carried by the particle swarm will be continuously
optimized and updated until the number of iterations exceeds the set value (set at 10,000
in this article); it is determined that there is no solution in this state. Figure 5b shows the
solution process of the USBA in the end-constrained state, which is roughly the same as
that in the end-free state. There are two groups of particle swarm in this process, each
group carrying the bending angle and output force of the end. In the red box, the algorithm
first determines whether the USBA is divided into two segments for calculation based on
the angle parameters carried by the particles, and then calculates the initial length of the
USBA. In addition, it is necessary to calculate the displacement of the end in y-direction.
Finally, the fitness function is calculated, and when the value is less than the set value
(0.001), the iteration process ends. When the number of iterations exceeds the set value
(1000), it is considered that there is no solution in the current state.

5. Parameter Identification of the USBA

To effectively utilize the method proposed in Section 7, it is essential to acquire the
tensile stiffness EA and bending stiffness EI of the USBA beforehand. This article intends
to solve these two parameters of soft actuators through system identification methods. In
Figure 1, in the absence of an external load F and without considering the effects of gravity
and buoyancy, the tension and bending of the soft actuator are solely generated by its own
driving pressure. Hence, according to the Euler–Bernoulli equation, the bending curvature
K of the soft actuator is given by:

K =
1
R

=
Pd Aine0

EI
(32)

where R represents the bending radius of the USBA. Under this condition, the curvature of
the USBA remains constant, resulting in the equivalent cantilever beam curve taking the
form of a circular arc. The curvature of this arc can be determined from the bending angle
θ and length ld of the USBA:

K =
θ

ld
(33)

The strain ε along the neutral axis of the USBA is related to the driving pressure
as follows:

ε =
Pd Ain

EA
(34)

The strain ε is obtained from the length after stretching:

ε =
ld − l0

l0
(35)

Based on the formula above, the bending stiffness and tensile stiffness can be deter-
mined by measuring the bending angle and length of the USBA after deformation. In
the process of parameter identification, multiple sets of driving pressure, corresponding
deformed length and bending angle data are sampled. Considering that the deformation of
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the USBA during the pressurization process is not very large, the tensile stiffness and bend-
ing stiffness of the USBA usually remain unchanged. According to Formulas (32) and (33),
on the curvature–pressure curve graph, if a straight line with a slope of kb can be fitted,
then the bending stiffness is expressed as:

EI = (kb/Aine0)
−1 (36)

Similarly, according to Formulas (34) and (35), if a straight line with a slope of ke can
be fitted on the strain–pressure curve graph, then the tensile stiffness is expressed as:

EA = (ke/Ain)
−1 (37)

6. Experiment Result and Discussion

As shown in Figure 6, the USBA is tested in a water cylinder with dimensions of
1000 mm × 500 mm × 600 mm. During the experiment, a gear pump is utilized to gener-
ate water pressure that drives the USBA. An electromagnetic switching valve positioned
between the USBA and the gear pump is employed to regulate the pressure entering the
internal chamber of the soft actuator. The pressure within the inner chamber is measured us-
ing a pressure gauge with an accuracy of 0.25 kPa. Additionally, the USBA is photographed
using a camera with coordinate paper as the background, and the position of the neutral
axis end is recorded. The length and bending angle of the deformed USBA are calculated
through post-processing visual processing algorithms. The structural parameters of the
USBA are outlined in Table 1.
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Figure 6. The test platform of the USBA. Figure 6. The test platform of the USBA.

Table 1. The parameter of the USBA.

Parameter Value

l0 394 mm
e0 14.3 mm

Ain(lin × hin) 2668 mm2 (64 mm × 42 mm)
ρ 1150 kg/m3
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6.1. Parameter Identification

Before conducting the analysis of deformation soft actuators using the proposed
method based on the elliptic integral function, it is essential to ascertain the tensile stiffness
and bending stiffness of the USBA. To accurately determine these parameters, the USBA is
positioned as depicted in Figure 7a, with its bending plane perpendicular to the vertical
plane. In this setup, the bending angle of the USBA in the bending plane remains unaffected
by gravity and buoyancy. Various pressures are applied to the USBA, and the tensile
stiffness (EA) and bending stiffness (EI) of the USBA are identified through measurements
of the length and bending angle of the neutral axis of the USBA. The red dots in Figure 7b
represent the measured coordinates of the endpoints under different driving pressures.
The calculated strain shows a linear increase with the rising pressure, as depicted in
Figure 7c. Consequently, the tensile stiffness of the USBA remains essentially constant
during the bending process. Similarly, Figure 7d illustrates that the change in curvature
K and the increase in pressure p exhibit a linear growth trend during the deformation
process of the USBA, indicating that the bending stiffness EI also maintains a constant value.
Subsequently, based on the collected data, the obtained values for the tensile and bending
stiffness of the USBA are 308.6 N and 0.0806 N·m2, respectively. Utilizing the estimated
tensile stiffness and bending stiffness data, the coordinates of the USBA endpoints under
different driving pressures are depicted in Figure 7b. The endpoints of the USBA calculated
using the identified tensile and bending stiffness are consistent with the measured results,
with an average position error of 8.1 mm.
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Figure 7. Tensile stiffness and bending stiffness identification results. (a) Identification test process;
(b) the endpoint position measured and estimated by the proposed method; (c) the strain varies with
driving pressure; (d) the curvature varies with driving pressure.

6.2. Shape and Position Estimation of the USBA

After obtaining the tensile and bending stiffness of the USBA, it becomes feasible to
estimate the shape changes under load and the output force of the USBA. The solution
framework for “end-free state” was utilized in this experiment. As illustrated in Figure 8,
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the USBA is bent on a vertical plane, bearing the weight generated by the counterweight at
the end of the USBA, in addition to its own driving force, gravity and buoyancy. During the
experiment, two different counterweights of 50 g and 100 g were applied to the end of the
USBA. The effectiveness of the proposed model was verified by measuring the coordinates
of the endpoints of the USBA under different driving pressures and loads, as well as the
shape curve of the neutral axis. Figure 9 displays the shape of the USBA corresponding
to different driving pressures under various end loading conditions. Notably, as the
counterweight increases, the driving force required to reach the same position also increases.
When the position of the endpoint of the USBA on the y-axis exceeds zero, the sensitivity of
the shape change to input pressure increases with a larger counterweight. Figure 10 presents
a comparison between the endpoint position coordinates of the USBA estimated by the
proposed method for different counterweight conditions and the measured values under
different test pressures. The change trend of the endpoint in the model calculation results
aligns closely with that in the measured data. The average estimated errors for the endpoint
position of the soft actuator under these two counterweights are 21.4 mm (50 g) and 22.1 mm
(100 g), respectively. The error between the calculated endpoint positions corresponding
to different driving pressures and the measured data under various counterweights is
depicted in Figure 11, revealing a decreasing trend in the position calculation error with
the increase in driving pressure. Notably, when the driving pressure exceeds 7 kPa, the
position error in all counterweight states can be less than 20 mm. To verify whether the
estimated shape of the soft actuator by the proposed metho matches the actual situation, a
comparison was made between the neutral axis curve calculated by the proposed method
and the actual shape image of the USBA. As shown in Figure 12, the neutral axis curve
calculated by the model aligns well with the shape of the USBA. Based on the test results, it
can be concluded that the proposed method effectively estimates the shape and endpoint
of the USBA under different load conditions.

To demonstrate the superiority of the proposed model for USBA shape estimation,
we compared it with the end coordinate estimated from classical beam theory (CBT) and
the PCC models. Figure 13a,b display the estimated end coordinate values for the two
models under load forces of 50 g and 100 g, respectively. Figure 13c illustrates the error
between the estimated and measured end coordinate values of the USBA for both models.
By comparing Figures 11 and 13, it is evident that the method proposed in this paper
provides more accurate estimates of the end coordinate values. For a load of 50 g, the
average error estimated by CBT is 116.2 mm, while the PCC method yields an average error
of 63.5 mm. When the load increases to 100 g, the average error for CBT is 94 mm, and for
the PCC method, it is 82.8 mm. In contrast, the proposed method demonstrates a lower
average estimation error across both load conditions.
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6.3. Output Force Estimation of the USBA

In this experiment, an underwater electronic scale with an accuracy of 1 g was posi-
tioned horizontally beneath the soft actuator to measure the output force at the end, as
depicted in Figure 14. Owing to the smooth surface of the electronic scale in water, the
USBA solely applies vertical pressure on the scale. Two different scenarios om which
∆y = 40 mm and ∆y = 80 mm were tested during the experiment, and Figure 15 illustrates
the progression of the USBA’s shape with increasing pressure in these two situations. The
solution framework for “end-constrained state” was utilized in this experiment. Accord-
ing to the proposed method, the output force of the USBA exhibits a linearly increasing
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trend with the rise in driving pressure. The actual test results also demonstrate a linear
increase in the output force of the soft actuator with the elevation of driving pressure, as
depicted in Figure 16a. It is demonstrated in Figure 16b that the error in the estimated
output force exhibits a significant decrease as the driving pressure increases. Specifically,
when ∆y = 40 mm and the driving pressure is greater than 10 kPa, the relative error of
the model output force is less than 5% and continues to decrease. When ∆y = 80 mm and
the driving pressure is greater than 10 kPa, the relative error of the model output force is
less than 8% and continues to decrease. In testing the USBA and planar contact force, we
are interested not only in the magnitude of the contact force but also in the contact angle
between the USBA and the planar contact point. As shown in Figure 16c, as the distance
between the contact surface and the USBA increases, the contact angle also increases under
the same driving pressure. While the release angle does not exhibit a completely linear
increase with pressure, the trend of the increasing contact angle becomes more pronounced
as the pressure rises. Additionally, as the pressure increases, the discrepancy between
the estimated values calculated using the model presented in this article and the actual
measured values gradually decreases (as shown in Figure 16d). Figure 17 demonstrates that
during the output force test, the shape curve of the neutral axis estimated by the proposed
model closely aligns with the shape change of the USBA in Figure 15, indicating the model’s
effectiveness in estimating both the shape change and the output force of the USBA.
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Figure 16. Comparison of the measured and theoretical values of the output force of the USBA.
(a) The measured output force and the estimated force by the proposed method; (b) the relative
error of the output force estimated with the driving pressure. (c) the measured and the estimated
contacting angle of the endpoint; (d) the relative error of the estimated and the measured contacting
angle of the endpoint vary with the driving pressure, ∆y = 80 mm.
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To demonstrate the effectiveness of the proposed model in estimating output force,
we compared it with the output force estimated by CBT and PCC model. Figure 18a,b
show a comparison of the output force values estimated by various models against actual
measured values under conditions of ∆y = 40 mm and ∆y = 80 mm, respectively. As shown
in Figure 18, it is clear that the proposed method yields output force estimates that are
closest to the actual measured values, followed by the estimates from the PCC model. This
result further highlights the advantages of the proposed method in output force estimation.
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7. Conclusions

Soft actuators are increasingly replacing rigid actuators in numerous applications.
However, there is currently a lack of reliable static models for describing the shape and
output force of the soft actuator under large deformation scenarios. Therefore, this article
proposes a calculation model based on the elliptic integral function for underwater soft
bending actuators (USBAs) to estimate the deformation and output force. Moreover, this
paper proposes a calculation process based on the particle swarm algorithm to figure
out the unknown parameters in the proposed model. The method necessitates obtaining
prior knowledge of tensile and bending stiffness; hence, this paper introduces a method
for identifying tensile and bending stiffness of the USBA. The underwater test results
demonstrate that the model can accurately estimate the end position and shape changes
of the USBA under various loads, as well as the output force of the USBA acting on the
contacting surface, thereby confirming the effectiveness of the model proposed.

In the future, our focus will be on exploring dynamic models and control methods for
the USBA to achieve rapid and precise control under multi-load conditions.
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