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Abstract: An acoustic Doppler current profiler (ADCP) installed on a platform produces rotational
tangential velocity as a result of variations in the platform’s attitude, with both the tangential velocity
and radial orientation varying between each pulse’s transmission and reception by the transducer.
These factors introduce errors into the measurements of vessel velocity and flow velocity. In this study,
we address the errors induced by dynamic factors related to variations in attitude and propose an
ADCP attitude dynamic error correction method based on angular velocity tensor and radius vector
estimation. This method utilizes a low-sampling-rate inclinometer and compass data and estimates
the angular velocity tensor based on a physical model of vessel motion combined with nonlinear
least-squares estimation. The angular velocity tensor is then used to estimate the transducers’ radius
vectors. Finally, the radius vectors are employed to correct the instantaneous tangential velocity
within the measured velocities of the vessel and flow. To verify the effectiveness of the proposed
method, field tests were conducted in a water pool. The results demonstrate that the proposed
method surpasses the attitude static correction approach. In comparison with the ASC method, the
average relative error in vessel velocity during free-swaying movement decreased by 20.94%, while
the relative standard deviation of the error was reduced by 17.38%.

Keywords: ADCP; swaying platform; attitude dynamic error correction; angular velocity tensor
estimation; radius vector estimation; instantaneous tangential velocity correction

1. Introduction

The acoustic Doppler current profiler (ADCP) is an instrument that measures flow
velocity profiles by utilizing the Doppler effect of sound waves. In the development of
deep-sea oil and gas resources [1], biological and environmental observations [2], ocean-
current scientific research [3], underwater warfare [4], long-term wave observation in
coastal areas [5], fishery management [6], freshwater fishery research in rivers and lakes [7],
and river hydrological studies [8], water flow velocity information is indispensable. Among
various flow measurement devices, the ADCP is the most commonly used instrument for
flow velocity measurement [9] because it can simultaneously measure water flow velocity at
all detected depths, offering advantages such as convenience, speed, and non-interference
with the measured fluid [10].

Based on differences in their installation platforms, installation methods, application
scenarios, and data-reading methods, ADCPs are divided into several distinct types [11].
The commonly used vessel-installed ADCPs, which include shipborne and towed types, can
be mounted on platforms like ships, buoys [12], and AUVs [13] and serve to measure both
vessel velocity and flow velocity profiles [14]. Compared with conventional flow measure-
ment instruments, vessel-installed ADCPs offer the advantages of fast measurement speed
and flexible, convenient operation while also eliminating the high costs and responsibilities
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associated with constructing and maintaining expensive cableways. These advantages
have led to its widespread application in fields such as ocean exploration, hydrological
measurement, and experimental research, providing significant convenience [15].

When the platform’s attitude shifts, the ADCP mounted on it undergoes corresponding
attitude changes, leading to variations in the radial velocity components of each transducer,
which impacts the accuracy of vessel and flow velocity measurements. To address this,
vessel-installed ADCPs are generally equipped with inclinometers and electronic compasses
to correct for tilt angles and to ascertain the navigation direction, thereby transforming
vessel velocity, flow velocity, and depth coordinates from the transducer system into the
Earth coordinate system [16,17].

In reality, the changes in attitude not only result in differences in angles at two mo-
ments but also generate angular velocity during the angle change, which, in turn, produces
rotational tangential velocity in addition to the vessel’s navigation velocity. Typically, the
influence of ADCP attitude changes is corrected for by compensating for the attitude’s
tilt angle, which often overlooks the impact of tangential velocity generated by the trans-
ducer’s motion. Some researchers suggest that the effect of tangential velocity can be
entirely ignored when the vessel’s roll amplitude is within 5◦ [18], while others posit that
the symmetrical Janus [19] transducer structure compensates for the swaying effects. In
such instances, the dynamic effects of swaying may occasionally be negligible, allowing
conventional ADCP attitude correction methods to produce acceptable results. Neverthe-
less, in specific cases, the impact of the transducer’s swaying tangential velocity on vessel
and flow velocity measurements can be considerable.

For example, in towed ADCPs mounted on small boats, the swaying period is generally
short, and the angular velocity is fast. For small boats with a scale of about 3 m, the swaying
period is approximately 1 s, which results in considerable transducer tangential velocity,
potentially causing vessel and flow velocity measurement errors that exceed 0.1 m/s and
0.01 m/s, respectively. For larger vessels, although the swaying period is longer and
the angular velocity is smaller, the large swaying radius may still generate significant
tangential velocity for the transducers. Similarly, in deep-sea ocean observations, typically
conducted via moored systems, current measurement instruments within the buoy system
experience tilting and swaying due to the water flow. This motion affects flow measurement
accuracy due to the displacement, attitude shifts, and the tangential velocity induced by
these changes [12,20]. Furthermore, given the time interval between the ADCP pulse
transmission (TX) and reception (RX), if the pulse round-trip time aligns closely with the
swaying period, variations in the tangential velocity and the transducers’ radial direction
during this interval may also influence the velocity measurements.

Thus, conventional ADCPs address only the static components of attitude changes,
overlooking variations in attitude and velocity during echo TX and RX. To distinguish
it from conventional correction approaches, we term the method that corrects solely for
static attitude factors as the “attitude static correction method”, while the approach that
also accounts for additional tangential velocity due to swaying and other dynamic attitude
factors is referred to as the “attitude dynamic correction method”. For simplicity and
convenience, we abbreviate the “attitude static correction method” as the “ASC method”
and the “attitude dynamic correction method” as the “ADC method”.

A number of scholars have explored approaches to mitigate the effects of platform
swaying dynamics on the accuracy of flow measurements. For instance, in [21], when
using an ADCP to measure sediment transport velocity, the influence of the swaying-
induced tangential velocity was noted, but due to a limited understanding of acoustic
principles, the transducer TX and RX, and pulse characteristics, no correction for swaying
effects was applied. In [22], inertial navigation and differential GPS data were applied to
correct ADCP-measured water flow velocities, effectively reducing the impact of vessel
swaying and yielding high-quality single-ping ADCP data with enhanced spatiotemporal
resolution. However, this approach did not consider variations in tangential velocity and
radial orientation within a single pulse TX and RX cycle. In [23], while researching acoustic
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array installation error correction, a formula was derived for calculating vessel speed when
the array installation deviates from the swaying center, introducing additional tangential
velocity due to swaying. However, this approach treated the array as a point mass, ignoring
the differing velocities of individual transducers and changes in velocity at the TX and RX
times. In [24], a differential GPS was used to correct the ADCP velocity measurements
by considering tangential velocity effects, but changes in tangential velocity during each
ping due to swaying were not accounted for. Additionally, a differential GPS has high
operational costs, requires a reference station setup in open areas with good GPS signals,
is limited by distance (typically up to 10 km for RTK), and has a low data-update rate
(generally 1–20 Hz).

Some of the aforementioned studies have yielded significant results in tangential
velocity correction; however, they necessitate the use of additional devices, such as an
inertial navigation system (INS), differential GPS, or attitude and heading reference system
(AHRS), during measurements. This requirement increases both the cost and complexity
of flow measurements, thus limiting their flexibility and ease of use. Furthermore, these
methods do not account for the variations in tangential velocity and radial orientation
during each pulse TX and RX.

To address the shortcomings of the above methods, we propose an ADCP attitude
dynamic error correction method based on angular velocity tensor and radius vector
estimation. This method considers the effects of attitude dynamics as well as the variations
in tangential velocity and radial orientation between pulse TX and RX. First, the angular
velocity tensor is estimated using a physical model of vessel motion combined with the
nonlinear least-squares method. Then, the radius vectors of the transducers are estimated
using the angular velocity tensor. Finally, the radius vectors are utilized to correct for the
instantaneous tangential velocity within the measured vessel and flow velocities. This
method is intended for typical application scenarios in which the ADCP is mounted on a
freely swaying vessel and the measurements are performed in calm wave-free water; for
instance, when towing the vessel across a relatively calm lake or reservoir.

In comparison with other related studies, this method solely processes data measured
by the ADCP, eliminating the need for additional attitude measurement or navigation
equipment. It also accounts for changes in tangential velocity and radial orientation during
each pulse TX and RX, thereby providing instantaneous tangential velocity correction
for both the vessel and the flow velocities. While more sophisticated attitude dynamic
error correction techniques requiring additional equipment are widely used in ship and
vehicle navigation systems, they are less common in the ADCP field. Furthermore, the
majority of these sophisticated methods depend on supplementary attitude measurement
or navigation equipment. Additionally, although large sea vessels often have precise,
high-speed motion sensors, ADCPs are frequently used in rivers, lakes, and other water
bodies where smaller vessels typically lack such sensors. The method proposed in this
study is also suitable for post-processing previously collected ADCP data that lack attitude
dynamic error correction or precise high-speed attitude information, providing a means to
retroactively correct dynamic errors and to recover the value of existing data.

The remainder of this paper is organized as follows: Section 2 mainly derives the
motion parameters of the vessel and transducers and introduces the physical model of
vessel motion along with the empirical formulas for its parameters, laying the foundation
for the derivation of the proposed method. Section 3 presents the principles and derivation
process of the proposed method. Section 4 validates the effectiveness of the proposed
method through water pool experiments and compares its performance with the ASC
method. Section 5 discusses the limitations of the proposed method and its potential for
expanded applications. Section 6 concludes the paper with a summary.

2. Preliminaries

This section primarily establishes the transducer, vessel, and Earth coordinate systems;
derives the motion parameters of the vessel and transducers; and introduces the physical
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model of vessel motion and empirical formulas for its parameters, laying the groundwork
for the derivation of the proposed method.

This paper focuses exclusively on the case of four transducers arranged in a Janus
configuration. For phased-array transducers, the term “transducer” later in this paper
refers to discrete transducers that, after beamforming, are equivalent to the phased-array
transducer. Notably, the central axis of the four transducers denotes the symmetrical axis of
their acoustic axes, where each acoustic axis is the centerline of the respective transducer’s
acoustic beam.

2.1. Establishment of Coordinate Systems and Coordinate System Transformation

This section establishes the transducer, vessel, and Earth coordinate systems and
provides the transformation matrices between these coordinate systems to prepare for the
subsequent derivations. The conventional ADCP attitude correction method (ASC method)
is also briefly introduced to establish a basis for comparing the performance of the methods.

As shown in Figure 1, the Earth coordinate system Oxyz, the vessel coordinate system
Gxbybzb, and the transducer coordinate system Pxtytzt are established, where G is the
center of mass of the vessel. P represents the center of the four transducers, which are
arranged as depicted in the lower right corner of Figure 1. The xt axis and yt axis pass
through the centers of transducers 1 and 2 and transducers 4 and 3, respectively, while the
zt axis points outward. The distance between the center of each transducer (1, 2, 3, and
4) and the origin P is tr. The angle between the acoustic axis of each transducer and the
zt axis is α, and the projection of the acoustic axis of each transducer onto the xtPyt plane
forms an angle β with the positive direction of the xt axis.
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Figure 1. The Earth coordinate system Oxyz, the vessel (body-fixed) coordinate system Gxbybzb, and
the transducer coordinate system Pxtytzt.

The depth of the origin O of the Earth coordinate system Oxyz (distance from the
water surface) is HO, while the water depth is H, and the observed depth is Hn. The yaw,
pitch, and roll angles of the transducer coordinate system Pxtytzt relative to the vessel
coordinate system Gxbybzb are ψtb, θtb, and ϕtb, respectively. The direction vector along the

outward transducer acoustic axis in the transducer coordinate system Pxtytzt is
→
d Tt. The

transmission time is tT , and the yaw, pitch, and roll angles of the vessel coordinate system
Gxbybzb relative to the Earth coordinate system Oxyz, as measured by the inclinometer
and electronic compass, are ψ, θ, and ϕ, respectively. The radial direction is defined as the
outward direction along the acoustic axis. In the ASC method, since variations in the radial
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direction throughout the TX and RX time intervals are not considered, the radial direction
at the transmission time tT is typically taken as the radial direction for the entire ping.

For convenience, we abbreviate “the bottom-tracking radial velocities” as “the BT
radial velocities”. Let the BT radial velocities of the four beams measured by the conven-
tional ADCP and the radial components of the flow velocity at depth Hn relative to the
transducers be denoted, respectively, as

→
VBTRadTraAll = [VBTRad1, VBTRad2, VBTRad3, VBTRad4]

T , (1)

→
Vn1RadTraAll = [Vn1Rad1, Vn1Rad2, Vn1Rad3, Vn1Rad4]

T , (2)

where VBTRad1, VBTRad2, VBTRad3, VBTRad4 represent the radial BT velocity scalars of the four
transducers, and Vn1Rad1, Vn1Rad2, Vn1Rad3, Vn1Rad4 denote the radial relative flow velocity
scalars of the four transducers. The radial component of the flow velocity at depth Hn is
expressed as

→
VnRadTraAll = [VnRad1, VnRad2, VnRad3, VnRad4]

T . (3)

Thus, by subtracting the bottom-tracking radial velocity
→
VBTRadTraAll from the radial flow

velocity relative to the transducers
→
Vn1RadTraAll , the radial flow velocity relative to the Earth

→
VnRadTraAll is obtained as follows:

→
VnRadTraAll =

→
Vn1RadTraAll −

→
VBTRadTraAll . (4)

The formula for converting the four-beam radial velocities into the transducer coordinate
system is given as follows [25]:

Λbeamt =

−
cos β

2 sin α
cos β

2 sin α − sin β
2 sin α

sin β
2 sin α

− sin β
2 sin α

sin β
2 sin α

cos β
2 sin α − cos β

2 sin α
1

4 cos α
1

4 cos α
1

4 cos α
1

4 cos α

. (5)

The transformation matrix from the transducer coordinate system Pxtytzt to the vessel
coordinate system Gxbybzb, denoted as Λtb, and the transformation matrix from the vessel
coordinate system Gxbybzb to the Earth coordinate system Oxyz, denoted as Λ(t), are given
as follows [26]:

Λtb =cos ψtb cos θtb cos ψtb sin θtb sin ϕtb − sin ψtb cos ϕtb cos ψtb sin θtb cos ϕtb + sin ψtb sin ϕtb
sin ψtb cos θtb sin ψtb sin θtb sin ϕtb + cos ψtb cos ϕtb sin ψtb sin θtb cos ϕtb − cos ψtb sin ϕtb

− sin θtb cos θtb sin ϕtb cos θtb cos ϕtb

,
(6)

Λ(t) =

cos ψ cos θ cos ψ sin θ sin ϕ − sin ψ cos ϕ cos ψ sin θ cos ϕ + sin ψ sin ϕ
sin ψ cos θ sin ψ sin θ sin ϕ + cos ψ cos ϕ sin ψ sin θ cos ϕ − cos ψ sin ϕ
− sin θ cos θ sin ϕ cos θ cos ϕ

. (7)

Thus, the BT velocity
→
VBTTra and flow velocity at depth Hn,

→
VnTra, within the Earth coordi-

nate system Oxyz, obtained using the ASC method, are given as follows:

→
VBTTra = Λ(t)ΛtbΛbeamt

→
VBTRadTraAll , (8)

→
VnTra = Λ(t)ΛtbΛbeamt

→
VnRadTraAll . (9)

The correction process of the aforementioned ASC method clearly reveals that it fails to
consider the tangential velocity generated by platform swaying as well as variations in the
tangential velocity and radial orientation during echo TX and RX, both of which introduce
errors. Next, based on the established three coordinate systems and the transformation
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matrices, the motion parameters of the vessel and transducers required for the proposed
method will be derived.

2.2. Vessel and Transducer Motion Parameters

Let the yaw angle, pitch angle, and roll angle of the vessel coordinate system Gxbybzb
relative to the Earth coordinate system at time t be ψ(t), θ(t), and ϕ(t), respectively. At
time t0, when point P passes through point O, the roll angle is ϕ(t0).

Assume that the navigation velocity
→
Va (velocity in the equilibrium coordinate system)

remains constant during a single pulse TX and RX. At the initial time t0, the vessel’s bow is
pointing in the x direction, meaning that the xb axis is aligned with the x axis.

Taking transducer 2 as an example, let t0 be the time when the pulse transmission

begins and the position vector of the center of the four transducers be
→
P(t). At time t0,

→
P(t0) is at the origin O. The position vector of transducer 2 is denoted as

→
T2(t). Let the

velocity of the center of the four transducers P be
→
V(t) and the velocity of transducer 2 be

→
VT2(t). The position vectors

→
P(t) and

→
T2(t), as functions of time t, are the sum vectors of

their respective navigation displacement and swaying displacement.
The angular oscillations of the vessel along the longitudinal, lateral, and vertical axes

through the center of gravity G are referred to as the roll, pitch, and yaw, respectively. The
roll angle ϕ is defined as the angle between the plane xbGzb and the vertical plane passing
through the Gxb axis, with the positive direction being counterclockwise as viewed from
the bow to the stern. The position vector of point P in the vessel coordinate system is
→
Pb

(
Pxb, Pyb, Pzb

)T
. The angle ϕbP between the projection of GPb on the ybGzb plane and

the zb axis is arctan
(
−Pyb/Pzb

)
. Since at time t0, the xb axis is aligned with the x axis and

point P is at the origin O, and because the center of gravity G does not sway with the vessel,

the position vector of the center of gravity
→
G(t) is given by

→
G(t) =

→
G(t0) +

→
Va(t − t0), (10)

where →
G(t0) =

(
−Pxb , R sin[ϕbP + ϕ(t0)],−R cos[ϕbP + ϕ(t0)]

)T . (11)

Taking the time derivative of
→
G(t) gives the navigation velocity

→
Va, which is expressed as

→
Va =

.
→
G(t). (12)

Next, the transformation matrices between the three-coordinate systems will be used
to calculate the motion position vectors.

The position vector of transducer 2 in the transducer coordinate system is given by

→
T2t = (tr, 0, 0)T . (13)

Thus, its position vector in the vessel coordinate system, denoted as
→
T2b, is given by

→
T2b = Λtb

→
T2t +

→
Pb. (14)

The position vector of transducer 2 in the Earth coordinate system, denoted as
→
T2(t), is

given by
→
T2(t) = Λ(t)

→
T2b +

→
G(t). (15)
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The position vectors of transducers 1, 3, and 4 in the Pxtytzt coordinate system are given
as follows: →

T1t = (−tr, 0, 0)T , (16)
→
T3t = (0, tr, 0)T , (17)

→
T4t = (0,−tr, 0)T . (18)

Similarly, the position vectors of transducers 1, 3, and 4 in the Earth coordinate system are
given by

→
T i(t) = Λ(t)

→
T ib +

→
G(t). (19)

Here, i takes the values 1, 3, and 4, and i also takes the values 1, 3, and 4 in the following
Equations (20)–(24). In the above equation,

→
T ib = Λtb

→
T it +

→
Pb. (20)

Similarly, the position vector
→
P(t) can be expressed as

→
P(t) = Λ(t)

→
Pb +

→
G(t). (21)

According to Equation (12), differentiating
→
T2(t) and

→
P(t) yields the velocities of

transducer 2 and point P, denoted as
→
VT2(t) and

→
V(t), respectively, which are given by:

→
VT2(t) =

.
→
T2(t)

=
.

Λ(t)
→
T2b +

.
→
G(t)

=
.

Λ(t)
(

Λtb
→
T2t +

→
Pb

)
+

→
Va(t),

(22)

→
V(t) =

.
→
P(t)

=
.

Λ(t)
→
Pb +

→
Va(t).

(23)

Similarly, the velocities of transducers 1, 3, and 4 are given by

→
VTi(t) =

.
Λ(t)

(
Λtb

→
T it +

→
Pb

)
+

→
Va(t). (24)

Since the radial direction of all four transducers forms an angle of α with the zt axis, the

transmission direction vector of transducer 2 in the transducer coordinate system,
→
d T2t(t),

is given by
→
d T2t(t) = (sin α, 0, cos α)T . (25)

Thus, the transmission direction (radial) unit vector of transducer 2 in the Earth coordinate

system, denoted as
→
d T2(t), is given by

→
d T2(t) = Λ(t)

[
Λtb(sin α, 0, cos α)T +

→
p b

]
+

→
G(t)−

{
Λ(t)

[
Λtb(0, 0, 0)T +

→
p b

]
+

→
G(t)

}
= Λ(t)Λtb(sin α, 0, cos α)T.

(26)
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Similarly, the transmission direction (radial) unit vectors of transducers 1, 3, and 4 as
functions of time are given by:

→
d T1(t) = Λ(t)Λtb(− sin α, 0, cos α)T , (27)

→
d T3(t) = Λ(t)Λtb(0, sin α, cos α)T , (28)

→
d T4(t) = Λ(t)Λtb(0,− sin α, cos α)T . (29)

At this point, the time-dependent relationships for the position vectors
→
T1(t),

→
T2(t),

→
T3(t), and

→
T4(t); the time-dependent velocity relationships

→
VT1(t),

→
VT2(t),

→
VT3(t), and

→
VT4(t); and the time-dependent transmission direction (radial) unit vectors

→
d T1(t),

→
d T2(t),

→
d T3(t), and

→
d T4(t) of transducers 1, 2, 3 and 4, installed at arbitrary positions and orienta-

tions on the vessel, have been determined.

Let the tangential velocity vector of transducer 2 be
→
VT2Sw and the radius vector be

→
r T2. Since G is both the origin of the vessel coordinate system and the vessel’s center of
gravity, which is also the center of rotation during swaying, we have

→
r T2 =

→
T2b. (30)

Since the angular velocity tensor can be directly used to calculate the tangential
velocity of any point on a rigid body and is particularly suited for describing complex
rotational motion, we now introduce the angular velocity tensor. Let the angular velocity
tensor corresponding to the vessel’s swaying motion be denoted as Ω. According to the
relationship between the angular velocity tensor and the tangential velocity, we have

→
VT2Sw = Ω

→
r T2. (31)

According to the rotational motion of a rigid body and the transformation rules between
different coordinate systems, Ω can be obtained from the transformation matrix Λ(t) of the
vessel coordinate system to the Earth coordinate system. The formula is as follows:

Ω =
.

Λ(t)ΛT(t). (32)

The corresponding angular velocity vector is given by

→
ω =

[ .
ϕ(t),

.
θ(t),

.
ψ(t)

]T
. (33)

Next, we introduce the physical model of vessel motion that is required for estimating
the angular velocity tensor, along with the empirical formulas for the parameters involved.

2.3. Physical Model of Vessel Motion

A. Roll Motion Model

As shown in Figure 2, the body-fixed coordinate system and the schematic diagram of
the ship’s roll, pitch, and yaw are illustrated. Point G represents the ship’s center of gravity.
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Figure 2. Schematic diagram of vessel swaying.

Assuming the vessel undergoes a small-angle roll motion in still water, at the initial
time t = t0r, we have φ = φ0 and

.
φ = 0. The damped roll motion equation is given by [27]

φ = φ0e−vφφ(t−t0r)

[
cos nφ1(t − t0r) +

vφφ

nφ1

sin nφ1(t − t0r)

]
, (34)

where
nφ1 =

√
n2

φ − v2
φφ (35)

is the damped roll natural circular frequency of the vessel, Jφφ is the moment of inertia
about the central principal axis Gxb, ∆Jφφ is the added moment of inertia about the central
principal axis Gxb, 2Nφφ is the roll damping coefficient (damping moment coefficient), and
nφ is the approximate natural circular frequency of free roll motion (without damping),
given by

nφ =

√
Dh

Jφφ + ∆Jφφ
, (36)

where D is the vessel’s displacement, h is the metacentric height, and 2vφφ is the roll decay
coefficient, given by

2vφφ =
2Nφφ

Jφφ + ∆Jφφ
. (37)

For common vessel types, the empirical formula for the roll moment of inertia Jφφ can
be expressed as

Jφφ = k1 · m · B2, (38)

where k1 is an empirical coefficient, typically between 0.2 and 0.3, m is the total mass of the
vessel, and B is the width of the vessel.

The empirical formula for the added roll moment of inertia ∆Jφφ is given by

∆Jφφ = k · ρ · V · L2, (39)

where k2 is an empirical coefficient, with values of 0.1, 0.2, and 0.15 for short and broad, slen-
der, and flat-bottomed hulls, respectively; ρ is the density of water; V is the displacement
volume of the hull; and L is the length of the hull.

For fishing vessels and small ships, the empirical formula for the roll damping coeffi-
cient 2Nφφ is given by

2Nφφ = k3 · ρ · B · T2
s ·

√
B, (40)

where k3 is an empirical coefficient, typically ranging between 0.03 and 0.08, and Ts is the
draft (depth of the vessel below the waterline).

B. Pitch Motion Model
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Assuming the pitch motion is small, at time t = t0p, we have θ = θ0 and
.
θ = 0. The

pitch motion equation is given by [27]

θ = θae−vθθ(t−t0p) cos
[
nθ1

(
t − t0p

)
− εθ

]
, (41)

where nθ1 is the damped natural circular frequency of the vessel’s pitch motion, and

nθ1 =
√

n2
θ − v2

θθ ,

θa = θ0

√
1 +

(
vθθ
nθ1

)2
,

εθ = tan−1
(

vθθ
nθ1

)
.

(42)

The pitch damping coefficient 2vθθ is given by

2vθθ =
2Nθθ

Jθθ + ∆Jθθ
, (43)

where 2Nθθ is the pitch damping coefficient, Jθθ is the pitch moment of inertia, and ∆Jθθ is
the added pitch moment of inertia.

The natural circular frequency of the pitch motion is given by

nθ =

√
DHθ

Jθθ + ∆Jθθ
, (44)

where Hθ is the pitch metacentric height. The pitch moment of inertia Jθθ can be estimated
using the following formula:

Jθθ =
1

12
m
(

L2 + H2
)

, (45)

where H is the height of the vessel.
The empirical formula for the added pitch moment of inertia ∆Jθθ is given by

∆Jθθ = Cm · ρ · V · L2, (46)

where Cm is an empirical coefficient, typically taken as 0.1.
The empirical formula for the pitch damping coefficient Nθθ is given as follows:

Nθθ = Cd · ρ · V · B · L, (47)

where Cd is an empirical coefficient, typically taken as 0.1 for small vessels.
With the formulas for the vessel and transducer motion parameters and the established

physical model of vessel motion, the next step is to estimate the angular velocity tensor
and the radius vector.

3. The Proposed Method

This section presents an ADCP attitude dynamic error correction method based on
angular velocity tensor and radius vector estimation. Using inclinometer data and applying
the vessel’s roll and pitch motion models, the angular velocity tensor is obtained. The
radius vector estimation methods for both shallow and deep water are derived, along
with the instantaneous tangential velocity correction formula, and a correction scheme is
provided.

We refer to a continuous velocity measurement process that includes multiple ADCP
pulse transmissions and receptions (pings) as a single measurement.

The block diagram of this method is shown in Figure 3 and can be briefly summarized
as follows: first, the transducers’ radius vectors are estimated during a single measurement,
and then the estimated radius vectors are applied for velocity correction in subsequent
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measurements. In the radius vector estimation process, shown within the red dashed
box in the figure, it is assumed that the vessel velocity has either been determined by
other methods (such as GPS) or is zero (indicating that the vessel is swaying in place).
The physical model of vessel motion is used as a fitting formula, and the nonlinear least-
squares method is applied to fit the inclinometer and compass data to obtain the angular
velocity tensor. Then, using the estimated angular velocity tensor, the calculated vessel and
transducers’ motion parameters, and the BT radial velocities measured by the ASC method,
a target function is constructed. The nonlinear least-squares method is then applied for
parameter estimation, and a global optimization method is employed to find the global
optimal solution for the transducers’ radius vectors.
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Figure 3. Block diagram illustrating the principle of the proposed ADCP attitude dynamic error
correction method, which is based on angular velocity tensor and radius vector estimation.

Within the green dashed box in the figure, representing the measurement of vessel
and flow velocities, the instantaneous tangential velocity is derived from the radius vectors
estimated in the previous measurement and the angular velocity tensor estimated in
the current measurement. The radial velocities measured by the ASC method are then
converted into frequency shifts using the Doppler formula. The instantaneous tangential
velocity, frequency shifts, and vessel and transducer motion parameters calculated in the
current measurement are then used in the instantaneous tangential velocity correction
method to ultimately obtain the vessel velocity and flow velocity, which are corrected for
the dynamic effects of swaying.

Next, we will derive the methods for estimating the angular velocity tensor and the
radius vector, as well as the approach for correcting swaying errors using the instantaneous
tangential velocity.

3.1. Estimation of Angular Velocity Tensor

For the roll, pitch, and yaw angle data obtained from the inclinometer and compass,
the sampling rate is typically low. This is because the data from all the sensors on a typical



J. Mar. Sci. Eng. 2024, 12, 2018 12 of 34

ADCP are bundled and transmitted together, with the data packet update rate being only
about 10 Hz, at most, and is often less than 2 Hz. In vessel-installed measurements, the
roll frequency of commonly used unmanned monohull vessels is usually around 1 Hz,
with the pitch frequency generally being even higher. Thus, the sampling rate is lower
than the Nyquist frequency and far below the rate required for data processing tasks such
as differentiation.

To address this issue, this study utilizes the physical model of vessel motion. First,
the initial values of the parameters in the motion model are calculated using empirical
formulas. The measured roll and pitch data are then fitted to the motion model to derive
the final formulas for the roll and pitch angles. The detailed steps are outlined below.

As illustrated in the block diagram in Figure 4, which illustrates the method for es-
timating the angular velocity tensor expression, the roll and pitch motion models from
Equations (34) and (41) are used as the fitting formulas. The model parameters calculated
from the empirical formulas in Equations (38)–(40) and (45)–(47) serve as the initial guess
parameters. Using the nonlinear least-squares method, the roll, pitch, and yaw angles mea-
sured by the inclinometer and compass are fitted to obtain the expressions for each angle.
Subsequently, the angular velocity tensor expression can be derived using Equation (32).
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Although the yaw angle does not exhibit periodic oscillations, the roll and pitch
motions couple with the yaw motion, resulting in a slowly varying, fluctuating yaw angle
curve. Therefore, the yaw angle is first detrended using polynomial fitting or low-pass
filtering. Then, the roll motion model, combined with the pitch motion model, is used as
the fitting formula to fit the detrended yaw angle fluctuations. This process ultimately
yields an expression for the yaw angle.

The nonlinear least-squares curve fitting method used in this paper employs the
Levenberg–Marquardt algorithm to solve the nonlinear optimization problem. This al-
gorithm dynamically adjusts the damping factor to strike a balance between the Gauss–
Newton method and the gradient descent method, thereby achieving fast and stable
convergence. It is highly effective for fitting decaying oscillation curves.

In the roll-angle fitting process, the parameters to be estimated are φ0, t0r, nφ1 , and vφφ

from Equation (34), while in the pitch-angle fitting process, the parameters to be estimated
are θ0, t0p, nθ1 , and vθθ from Equation (41). Let the fitted expressions for the roll, pitch, and
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yaw angles be ϕ̂(t), θ̂(t), and ψ̂(t), respectively. Substituting these into Equation (7), the
resulting transformation matrix is denoted as Λ̂(t). The final expression for the angular
velocity tensor is Ω̂(t). Thus, according to Equation (32), the angular velocity tensor Ω̂(t)
corresponding to Λ̂(t) is given by

Ω̂(t) =
.

Λ̂(t)Λ̂T(t). (48)

It is important to note that the purpose of the above processing in this paper is to
obtain a usable angular velocity tensor without adding additional hardware devices. If
equipment such as a gyroscope or INS provides the roll, pitch, and yaw angle data or
angular velocity data with a sufficiently high sampling rate, then those data can be used
directly after simple processing.

Once the angular velocity tensor expression is obtained, the radius vector of the
transducer’s swaying can be estimated.

3.2. Radius Vector Estimation

According to the principles of vessel motion, the angular oscillations of the vessel
along the longitudinal, lateral, and vertical axes through the center of gravity G are referred
to as the roll, pitch, and yaw, respectively [27]. Accordingly, the transducer’s tangential
velocity can be determined by the product of the angular velocity tensor and the rotation
radius vector. Conversely, if the tangential velocity and angular velocity tensors are known,
the swaying radius vector can also be estimated. Based on this principle, when the vessel’s
velocity (measured by other instruments) is known, the swaying radius vector can be
estimated using the BT velocity. Then, through the angular velocity tensor and angles,
the transducer’s tangential velocity and radial orientation at any given moment can be
determined. This allows for the correction of swaying errors using the estimated tangential
velocity and radial orientation.

The radius vector is estimated because the transducer’s position relative to the vessel’s
center of gravity is often challenging to determine. If the exact positions of the center
of gravity and the transducer installation location are known, the radius vector can be
directly calculated.

When the water is relatively shallow, such as for depths within 5 m, the round-trip
time of the sound waves is much shorter than the vessel’s swaying period. In this case, it
can be approximated that the transducer’s velocity remains constant throughout the TX and
RX of the sound wave, allowing the change in radial angle to be disregarded. However, in
deeper waters, where the round-trip time of the sound waves is comparable to the vessel’s
swaying period, it is necessary to account for the changes in both the transducer’s velocity
and the radial angle throughout the TX and RX of the sound wave.

The following sections will derive the radius vector formulas for these two cases.
Assume that the direction of positive radial velocity is opposite to the transmission direction.
Transducers 2, 3, and 4 are selected for the calculations.

A. Radius Vector Estimation Method in Shallow Water

Taking transducer 2 as an example, the radial BT velocity measured at different times,
VBTRad2(t), can be expressed as

→
VT2(t) ·

→
d T2(t) =

[→
VT2Sw(t) +

→
Va(t)

]
·
→
d T2(t) = −VBTRad2(t). (49)

According to Equation (26), the function of the direction vector of transducer 2 along its

acoustic axis,
→
d T2(t), with respect to time is given by

→
d T2(t) = Λ(t)Λtb(sin α, 0, cos α)T . (50)
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Substituting Equation (48) into Equation (31) gives

→
VT2Sw(t) = Ω̂(t)

→
r T2. (51)

Thus, substituting Equation (51) into Equation (49) and converting the dot product into
matrix multiplication yields

→
r T2

T
Ω̂T(t)

→
d T2(t) +

→
Va

T
(t)

→
d T2(t) = −VBTRad2(t). (52)

In Equation (52),
→
r T2 represents the desired radius vector of transducer 2. Assuming

that the positions and orientations of the transducers on the vessel are unknown, the
three coordinates of

→
r T2 are unknown. Additionally, the coordinates of the radius vectors

for transducers 3 and 4,
→
r T3 and

→
r T4, are also unknown, resulting in a total of nine

unknowns. Since one effective ADCP measurement provides three equations, three effective
measurements are required to solve all the radius vectors. Let the times of the three effective
measurements be t, t′, and t′′. Let

CMT2 =

[
Ω̂T(t)

→
d T2(t), Ω̂T(t′

)→
d T2

(
t′
)
, ΩT(t′′ )

→
d T2(t′′ )

]
, (53)

CM1T2 =

[→
Va

T
(t)

→
d T2(t),

→
Va

T(
t′
)→

d T2
(
t′
)
,
→
Va

T
(t′′ )

→
d T2(t′′ )

]
, (54)

VBTRad2All =
[
VBTRad2(t), VBTRad2

(
t′
)
, VBTRad2(t′′ )

]
. (55)

Thus, CMT2 is a 3 × 3 matrix, and both CM1T2 and VBTRad2All are 1 × 3 vectors. By taking
the measurement values of transducer 2 at times t, t′, and t′′ as a set, and substituting
Equations (53)–(55) into Equation (52), we obtain the matrix equation

→
r T2

T
CMT2 + CM1T2 = −VBTRad2All . (56)

When CMT2 is an invertible matrix, solving this matrix equation yields the radius vector of
transducer 2 as

→
r T2

T
= −(VBTRad2All + CM1T2)CMT2

−1. (57)

Similarly, the radius vectors of transducers 3 and 4 can be obtained as

→
r Ti

T
= −(VBTRadiAll + CM1Ti)CMTi

−1. (58)

Here, i takes the values 3 and 4, and in the following Equations (59)–(61), i also takes the
values 3 and 4. In the above equation,

CMTi =

[
Ω̂T(t)

→
d Ti(t), Ω̂T(t′

)→
d Ti

(
t′
)
, ΩT(t′′ )

→
d Ti(t′′ )

]
, (59)

CM1Ti =

[→
Va

T
(t)

→
d Ti(t),

→
Va

T(
t′
)→

d Ti
(
t′
)
,
→
Va

T
(t′′ )

→
d Ti(t′′ )

]
, (60)

VBTRadiAll =
[
VBTRadi(t), VBTRadi

(
t′
)
, VBTRadi(t′′ )

]
. (61)

Since the angular velocity tensor Ω̂(t) estimated from inclinometer and compass
data has limited accuracy, using estimates at different times tends to result in significant
fluctuations in the radius vector, leading to large errors. Therefore, Equations (57) and (58)
are generally suitable for situations where Ω̂(t) is highly accurate. In this paper, where the
accuracy of Ω̂(t) is limited, a local optimization algorithm based on nonlinear least squares
can be used to estimate the radius vector. By combining this with a global optimization
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method and initiating local optimization from multiple starting points, the chances of
finding the global optimal solution are increased.

The specific method involves setting initial values and ranges for the radius vector
based on the actual conditions of the vessel and transducers. The objective function for
optimization is constructed using Equation (52), and additional constraints are applied
based on the Janus array structure of the transducers. Let

→
r T =

(
→
r T1

T
,
→
r T2

T
,
→
r T3

T
,
→
r T4

T
)T

(62)

be the vector composed of the radius vectors to be optimized. The objective function to be
minimized is then given as follows:

4

∑
i=1

[
→
r Ti

T
Ω̂T(t)

→
d Ti(t) +

→
Va

T
(t)

→
d Ti(t) + VBTRadi(t)

]2

, (63)

where time t corresponds to the time points of the data. The following nonlinear inequality
constraint conditions are introduced as

∥
→
r T1+

→
r T2−

→
r T3−

→
r T4

2 ∥ ⩽ ε1∣∣∣(→r T1 −
→
r T2

)
·
(→

r T3 −
→
r T4

)∣∣∣ ⩽ ε2∣∣∣∥ →
r T1 −

→
r T2 ∥ − ∥ →

r T3 −
→
r T4 ∥

∣∣∣ ⩽ ε3

. (64)

These three equations correspond to the constraints that ensure that the midpoints of the
two diagonal pairs of transducers coincide, the connecting lines are perpendicular, and
the distances are equal, thus maintaining the Janus array configuration of the transducers.
ε1, ε2, and ε3 are small positive values representing the allowable variation range for the
left-hand side of the constraint equations.

Therefore, when the accuracy of Ω̂(t) is limited, the above optimization method can
be used to estimate the transducer radius vectors

→
r T1,

→
r T2,

→
r T3, and

→
r T4.

B. Radius Vector Estimation Method in Deep Water

According to the relationship between the vessel’s radial velocity and the Doppler
frequency shift in conventional ADCPs, the measured VBTRad2 can be used to obtain the
frequency of transducer 2 receiving the bottom echo as follows:

f2 = f0
c − VBTRad2
c + VBTRad2

, (65)

where f0 is the transmission signal frequency, and f2 is the bottom-echo frequency of
transducer 2.

According to Equation (15), the depth of transducer 2 at the time of pulse transmission,
HT2(tT), is given by

HT2(tT) =
→
T2(tT) · (0, 0, 1)T + HO. (66)

Thus, the radial distance from transducer 2 to the seabed, denoted as l2, is given by

l2 =
H − HT2(tT)

→
d T2(tT) · (0, 0, 1)T

. (67)

Thus, the moment the bottom echo reaches transducer 2, labeled as tR2, is represented by

tR2 = tT +
2l2
c

. (68)
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Furthermore, the function of the radial velocity of transducer 2 with respect to time,
VTRad2(t), is given by

VTRad2(t) = −
[→

Va +
→
VT2Sw(t)

]
·
→
d T2(t). (69)

Taking into account the additional tangential velocity and the change in radial direction due
to dynamic swaying, the actual expression for f2, based on the Doppler formula, should be

f2 = f0
c − VTRad2(tR2)

c + VTRad2(tT)

= f0

c +
[→

Va +
→
VT2Sw(tR2)

]
·
→
d T2(tR2)

c −
[→

Va +
→
VT2Sw(tT)

]
·
→
d T2(tT)

.
(70)

Here,
→
d T2(t) can be obtained from Equation (50).

Thus, substituting Equation (51) into Equation (70), and converting the dot product
into matrix multiplication, we obtain

→
r T2

T
[

f0Ω̂T(tR2)
→
d T2(tR2) + f2(tT)Ω̂

T(tT)
→
d T2(tT)

]
=

−
→
Va

T
(tT)

[→
d T2(tR2) +

→
d T2(tT)

]
− [ f0 − f2(tT)]c.

(71)

Let the corresponding times in the other two measurements be denoted as tT
′, tR2

′, tT ′′ ,
and tR2 ′′ . Let

CMT2Dep =

 f0Ω̂T(tR2)
→
d T2(tR2) + f2(tT)Ω̂

T(tT)
→
d T2(tT),

f0Ω̂T(tR2
′)
→
d T2(tR2

′) + f2(tT
′)Ω̂T(tT

′)
→
d T2(tT

′),

f0Ω̂T(tR2 ′′ )
→
d T2(tR2

′) + f2(tT ′′ )Ω̂T(tT ′′ )
→
d T2(tT ′′ )

, (72)

CM1T2Dep =



−
→
Va

T
(tT)

[→
d T2(tR2) +

→
d T2(tT)

]
− [ f0 − f2(tT)]c,

−
→
Va

T
(tT

′)

[→
d T2(tR2

′) +
→
d T2(tT

′)

]
− [ f0 − f2(tT

′)]c,

−
→
Va

T
(tT ′′ )

[→
d T2(tR2 ′′ ) +

→
d T2(tT ′′ )

]
− [ f0 − f2(tT ′′ )]c


. (73)

By taking the measurement values of transducer 2 from these three measurements as a set
and substituting Equations (72) and (73) into Equation (71), the following matrix equation
is obtained:

→
r T2

T
CMT2Dep = CM1T2Dep. (74)

When CMT2Dep is an invertible matrix, solving this matrix equation yields the radius vector
of transducer 2:

→
r T2

T
= CM1T2DepCMT2Dep

−1. (75)

Similarly, the radius vectors of transducers 3 and 4 can be obtained:

→
r Ti

T
= CM1TiDepCMTiDep

−1. (76)
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Here, i takes the values 3 and 4, and in Equations (77) and (78), i also takes the values 3 and
4. In the above equation,

CMTiDep =

 f0Ω̂T(tRi)
→
d Ti(tRi) + fi(tT)Ω̂

T(tT)
→
d Ti(tT),

f0Ω̂T(tRi
′)
→
d Ti(tRi

′) + fi(tT
′)Ω̂T(tT

′)
→
d Ti(tT

′),

f0Ω̂T(tRi
′′ )

→
d Ti

(
t′′Ri

)
+ fi(tT ′′ )Ω̂T(tT ′′ )

→
d Ti(tT ′′ )

, (77)

CM1TiDcp =



−
→
Va

T
(tT)

[→
d Ti(tRi) +

→
d Ti(tT)

]
− [ f0 − fi(tT)]c,

−
→
Va

T
(tT

′)

[→
d Ti(tRi

′) +
→
d Ti(tT

′)

]
− [ f0 − fi(tT

′)]c,

−
→
Va

T
(tT ′′ )

[→
d Ti(tRi

′′ ) +
→
d Ti(tT ′′ )

]
− [ f0 − fi(tT ′′ )]c


. (78)

After obtaining the radius vectors of transducers 2, 3, and 4, the corresponding tangential
velocities can be determined from Equation (51) as follows:

→
VT2Sw(t) = Ω̂(t)

→
r T2, (79)

→
VT3Sw(t) = Ω̂(t)

→
r T3, (80)

→
VT4Sw(t) = Ω̂(t)

→
r T4. (81)

Similarly, Equations (75) and (76) are generally suitable for situations where Ω̂(t) is
highly accurate. In this paper, where the accuracy of Ω̂(t) is limited, a local optimization
algorithm based on nonlinear least squares can be used to estimate the radius vector. By
combining this with a global optimization method and by initiating local optimization from
multiple starting points, the chances of finding the global optimal solution are increased.

The specific method is the same as the radius vector estimation method used in shallow
water. Let

→
r T =

(
→
r T1

T
,
→
r T2

T
,
→
r T3

T
,
→
r

T
T4

)T
(82)

be the vector composed of the radius vectors to be optimized. Based on Equation (71), the
objective function to be minimized is given as follows:

4

∑
i=1


→
r Ti

T
[

f0Ω̂T(tRi)
→
d Ti(tRi) + fi(tT)Ω̂

T(tT)
→
d Ti(tT)

]
+

→
Va

T
(tT)

[→
d Ti(tRi) +

→
d Ti(tT)

]
+ [ f0 − fi(tT)]c


2

. (83)

Here, t corresponds to the time points of the data. The nonlinear inequality constraints
to be introduced are the same as those in Equation (64) and will, thus, not be repeated here.

Therefore, when the accuracy of Ω̂(t) is limited, the above optimization method can
be used to estimate the radius vectors

→
r T1,

→
r T2,

→
r T3, and

→
r T4 in deep-water conditions.

The above method allows for attitude dynamic error correction through software
algorithms without modifying the existing ADCP hardware. After estimating the radius
vectors and obtaining the transducer’s swaying tangential velocity at each moment, the
flow velocity and BT velocity are then corrected through the instantaneous tangential
velocity correction method described in the next section.

The following section develops the method for correcting errors induced by swaying,
utilizing the transducer’s swaying tangential velocity, position, and radial direction, which
were previously estimated or measured by devices like an INS.
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3.3. Correcting Swaying Errors Using Instantaneous Tangential Velocity

Using the coordinate system shown in Figure 1 and considering a single TX and RX
process, the conventional ADCP measures the radial BT velocity as VBTRad2Tra and the
radial flow velocity at depth Hn as VnRad2Tra. The direction for the positive radial velocity
is specified as being along the acoustic axis towards the transducer, and all radial velocities
are relative to the Earth. Let the navigation velocity (velocity in the equilibrium coordinate

system) be
→
Va and the flow velocity at the measured point at depth Hn be

→
Vn.

Neglecting the displacement of the transducers during signal TX and RX, we consider
the variations in tangential velocity and radial orientation throughout this period. It is

assumed that the navigation velocity
→
Va remains constant throughout a single signal TX

and RX process.
Thus, according to the relationship between the vessel’s radial velocity, flow radial

velocity, and Doppler frequency shift in conventional ADCPs, the measured VBTRad2Tra and
VnRad2Tra can be used to obtain the corresponding echo frequencies as follows:

f2 = f0
c − VBTRad2Tra
c + VBTRad2Tra

, (84)

fn2 = f0
(c + VnRad2Tra)(c − VBTRad2Tra)

(c + VBTRad2Tra)(c − VnRad2Tra)
, (85)

where f0 is the transmission signal frequency, f2 is the bottom-echo frequency, and fn2 is
the echo frequency from the water layer at depth Hn.

The distance from transducer 2 to the measurement point at depth Hn, denoted as ln2,
is given by

ln2 =
Hn − HT2(tT)

→
d T2(tT) · (0, 0, 1)T

. (86)

The time at which the echo from the measurement point at depth Hn reaches transducer 2,
denoted as tRn2, is given by

tRn2 = tT +
2ln2

c
. (87)

Taking into account the additional tangential velocity and changes in the radial direction
due to dynamic swaying, the actual expression for fn2 based on the Doppler formula is
given by

fn2 = f0
c −

→
Vn ·

→
d T2(tT)

c + VTRad2(tT)

c − VTRad2(tRn2)

c +
→
Vn ·

→
d T2(tRn2)

= f0
c −

→
Vn ·

→
d T2(tT)

c −
[→

Va +
→
VT2Sw(tT)

]
·
→
d T2(tT)

c +
[→

Va +
→
VT2Sw(tRn2)

]
·
→
d T2(tRn2)

c +
→
Vn ·

→
d T2(tRn2)

.

(88)

Here,
→
d T2(t) and

→
VT2Sw(t) can be obtained from Equations (50) and (79), respectively.

Thus, Equation (70) is an equation in terms of
→
Va, and Equation (88) is an equation in terms

of both
→
Va and

→
Vn. Rewriting the dot product in Equation (70) as a matrix multiplication

and simplifying, we obtain the following:

→
Va

T[
f0
→
d T2(tR2) + f2

→
d T2(tT)

]
=

− f0
→
VT2Sw

T
(tR2)

→
d T2(tR2)− f2

→
VT2Sw

T
(tT)

→
d T2(tT)− ( f0 − f2)c.

(89)
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Similarly, for transducers 3 and 4, each yields an equation like Equation (89) in terms

of
→
Va. By combining these three equations into a system of equations,

→
Va can be solved. To

improve clarity and to facilitate calculations, a coefficient matrix is constructed, resulting in
an invertible matrix equation. The method is as follows:

Let

CMVa =

[
f0
→
d T2(tR2) + f2

→
d T2(tT), f0

→
d T3(tR3) + f3

→
d T3(tT), f0

→
d T4(tR4) + f4

→
d T4(tT)

]
, (90)

CM1Va =

[→
VT2Sw

T
(tR2)

→
d T2(tR2),

→
VT3Sw

T
(tR3)

→
d T3(tR3),

→
VT4Sw

T
(tR4)

→
d T4(tR4)

]
, (91)

CM2Va =

[
f2
→
VT2Sw

T
(tT)

→
d T2(tT), f3

→
VT3Sw

T
(tT)

→
d T3(tT), f4

→
VT4Sw

T
(tT)

→
d T4(tT)

]
, (92)

CM3Va = [( f0 − f2)c, ( f0 − f3)c, ( f0 − f4)c]. (93)

The solutions for tR3 and tR4 are similar to the solution for tR2 and will not be elabo-
rated here.

Thus, the solution for
→
Va is given by

→
Va

T
= −( f0CM1Va + CM2Va + CM3Va)CMVa

−1. (94)

Similarly, Equation (88) can be simplified as

→
Vn

T{
fn2[c + VTRad2(tT)]

→
d T2(tRn2) + f0[c − VTRad2(tRn2)]

→
d T2(tT)

}
=

{ f0[c − VTRad2(tRn2)]− fn2[c + VTRad2(tT)]}c.
(95)

Substituting the obtained
→
Va into Equation (95) results in an equation for

→
Vn. Similarly,

for transducers 3 and 4, each yields an equation like Equation (95) in terms of
→
Vn. By

combining these three equations into a system of equations,
→
Vn can be solved. As with the

previous case, a coefficient matrix is constructed, resulting in an invertible matrix equation.
The solution is as follows:

Let

CMVn =


fn2[c + VTRad2(tT)]

→
d T2(tRn 2) + f0[c − VTRad2(tRn2)]

→
d T2(tT),

fn3[c + VTRad3(tT)]
→
d T3(tRn 3) + f0[c − VTRad3(tRn 3)]

→
d T3(tT),

fn4[c + VTRad4(tT)]
→
d T4(tRn4 ) + f0[c − VTRad4(tRn4 )]

→
d T4(tT)

, (96)

CM1Vn =


f0[c − VTRad2(tRn2)]− fn2[c + VTRad2(tT)],
f0[c − VTRad3(tRn3)]− fn3[c + VTRad3(tT)],
f0[c − VTRad4(tRn4)]− fn4[c + VTRad4(tT)]

. (97)

The solutions for tRn3 and tRn4 are similar to the solution for tRn2 and will not be elabo-
rated here.

Thus, the solution for
→
Vn is given by

→
Vn

T
= CM1VnCMVn

−1. (98)

Therefore, Equations (94) and (98) represent the corrected the vessel and flow velocities
using the ADC method to account for the platform’s dynamic swaying effects.

This flow velocity measurement method fully utilizes the existing ADCP’s inclinometer
and electronic compass data and the physical characteristics of the surface vessel’s swaying.
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By processing only the data already measured by the ADCP, it can correct for attitude
dynamic errors without the need for additional equipment.

4. Water Pool Experiments

To validate the effectiveness of the proposed method—encompassing angular ve-
locity tensor estimation, radius vector estimation, and instantaneous tangential velocity
correction—velocity measurement experiments were carried out in the anechoic pool
at Southeast University. The experiments involved a small ADCP-equipped boat, first
performing stationary free-swaying and then moving while freely swaying. These tests
validated the effectiveness of correcting errors from the attitude dynamics in vessel velocity
measurements in shallow water.

4.1. Experimental Setup

The experiment utilized the RiverRay ADCP from Teledyne RD Instruments (TRDI),
which can automatically switch between broadband and pulse-coherent modes. This ADCP
has a BT velocity measurement range of ±9.5 m/s and a BT depth range of 0.4 to 100 m. It
employs a planar phased-array transducer with four beams, each at a 30◦ angle. During the
experiment, the radial velocity, inclinometer, and compass data collected by the RiverRay
ADCP were exported via the WinRiver II software (Version 2.17) for further processing.
Data packets from the RiverRay ADCP were sent to the computer at intervals ranging from
0.64 to 0.95 s. The boat’s actual velocity was determined using motion tracking from video
footage. Figure 3 illustrates the positive directions for the roll, pitch, and yaw angles; the
roll and pitch are zeroed when the boat is level, and the yaw angle is zero when the bow is
oriented due north. The ADCP was mounted on a small boat measuring 0.96 m in length,
0.2 m in width, and 0.18 m in height, with a total mass of 18 kg, including the ADCP.

The schematic diagram of the experimental setup is presented in Figure 5. The pool
is square, measuring 8 m in length, 5 m in width, and 5 m in depth. The four beams of
the ADCP transducer (1, 2, 3, 4) are positioned in an “X” configuration, as shown in the
figure. To reduce the noise caused by potential multiple reflections of sound waves from
the water’s surface, anechoic covers were placed over other parts of the pool, as shown in
the figure. A photograph of the actual transducer is shown in Figure 6.
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Figure 6. The RiverRay ADCP transducer.

The actual experimental setup is shown in Figure 7. In Figure 7a, the method of pulling
the small boat with a rope is used to move it. The method shown in Figure 7b is used to
induce roll motion in the boat.
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generating roll motion in the boat.

To estimate the radius vector and to perform attitude dynamic error correction using
the radius vector, three measurements were taken with the ADCP during the experiment,
resulting in three sets of data. The measurement used for the radius vector estimation is
referred to as Measurement 0, the stationary free-swaying measurement as Measurement 1,
and the moving free-swaying measurement as Measurement 2. The specific results of these
three measurements are presented below.

4.2. Experimental Results and Analysis

A. Radius Vector Estimation Measurement

Using the approach outlined in the preceding section, the transducer’s radius vector is
initially estimated from a single measurement. The boat was made to sway in place in still
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water, and data were collected for the BT radial velocities of the four beams, along with
the roll, pitch, and yaw angle measurements. This dataset was then used for the radius
vector estimation. First, Equation (34), Equation (41), and their sum are individually used
as fitting formulas to fit the roll, pitch, and yaw data from this radius vector estimation
measurement, with the aim of determining the angular velocity tensor.

As shown in Tables 1–3, the initial guesses and estimated results of the parameters for
the roll, yaw, and pitch motion models during the radius vector estimation measurement
are provided. The initial guesses are the starting values used for nonlinear least-squares
fitting iterations, which are derived from the empirical formulas for the parameters in
Equations (38)–(40) and (45)–(47). From the estimated values of n̂φ1 and n̂ψ1 , it can be seen
that the approximate frequencies of the roll and yaw are 1.03 Hz, and the initial times t̂0r
and t̂0y are almost identical. It is clear that since the pitch angle is very small, the yaw angle
fluctuates with the roll angle.

Table 1. Initial guesses and estimated results of the roll parameters.

Parameters φ̂0 (rad) t̂0r (s) n̂φ1 (rad/s) v̂φφ (s−1) RSS (rad2)

Initial guess 0.2 0 6.3192 0.0572 -
Estimated value 0.2457 −0.0493 6.1096 0.1123 0.0139

Table 2. Initial guesses and estimated results of the yaw parameters.

Parameters ψ̂0 (rad) t̂0y (s) n̂ψ1
(rad/s) v̂ψψ (s−1) RSS (rad2)

Initial guess −0.1 0 6.3192 0.0572 -
Estimated value −0.1391 −0.0491 6.1095 0.1365 0.0046

Table 3. Initial guesses and estimated results of the pitch parameters.

Parameters θ̂0 (rad) t̂0p (s) n̂θ1 (rad/s) v̂θθ (s−1) RSS (rad2)

Initial guess 0.2 0 4.7595 0.6498 -
Estimated value 0.2457 −0.3451 4.2850 0.8908 4.4716 × 10−5

Figure 8 below shows the corresponding fitting results for the roll, yaw, and pitch
angles. It can be seen from the figure that the motion in this measurement is primarily
dominated by the roll, with the yaw angle fluctuating along with the roll angle while also
exhibiting a slow-changing trend. The pitch angle shows very little variation during this
measurement, with values distributed around a bias. The fitted curve closely aligns with
nearly all the original data points, with only a few points showing slight deviations from
the curve, indicating that the fitting results meet the requirements for the subsequent radius
vector estimation.

By substituting the parameters estimated from Table 1 into Equation (34), the parame-
ters estimated from Table 2 into Equation (34) with the trend added, and the parameters
estimated from Table 3 into Equation (41), expressions for the roll, yaw, and pitch angles
can be obtained. These expressions are then substituted into Equation (48) to derive the
angular velocity tensor expression. Next, the angular velocity tensor and the calculated
vessel and transducer motion parameters are substituted into Equation (63) to obtain the
objective function. Considering the constraints in Equation (64), the radius vectors are
estimated using a nonlinear least-squares local optimization algorithm combined with a
global optimization method.
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The estimated radius vectors for transducers 1, 2, 3, and 4 are shown in Table 4. The
positions of the radius vectors within the coordinate system are illustrated in Figure 9,
where Figure 9b provides a top-down view of the radius vectors. From the figure, it can
be seen that the four transducers are essentially arranged at the four corners of a square,
conforming to the shape of the Janus array. The side length of the square formed by the four
transducers is approximately 2 cm, and the projection of the rotation center (the vessel’s
center of gravity; G) also lies within this square. The z-coordinate of the radius vectors
is approximately 14 cm, which is relatively large compared with the x and y coordinates,
and they are close in magnitude to that of the radius vectors. This suggests that in the
experiment, the transducers’ tangential velocity is primarily affected by their vertical
distance from the vessel’s center of gravity.

Table 4. Estimated transducer radius vectors.

Parameters →
r T1 (m)

→
r T2 (m)

→
r T3 (m)

→
r T4 (m) RSS (m2/s2)

Radius vector
coordinates

 0.0107
−0.0112
0.1385

 −0.0101
0.0102
0.1393

 0.0110
0.0100
0.1398

 −0.0095
−0.0102
0.1393

 0.0054

Radius vector
magnitude 0.1393 0.1401 0.1406 0.1400 -

To visually validate the accuracy of the radius vector estimation, Figure 10 shows
a comparison between the fitted curves, generated by substituting the estimated radius
vectors back into Equation (52), and the original BT radial velocity data. As can be seen
from the figure, the fitted curves pass through most of the original data points, indicating
that the fitting performance is good.
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Figure 10. The estimated radius vectors are used to fit the BT (bottom-tracking) radial velocities in
this measurement to validate the accuracy of the estimation.

B. Measurement 1

In the previous measurement, the radius vectors of the four transducers were esti-
mated. These radius vectors can now be used in subsequent measurements to correct
for errors due to attitude dynamics in the vessel’s velocity. First, the vessel’s stationary
free-swaying motion will be corrected in this measurement; then, in Measurement 2, the
vessel’s free-swaying motion while moving will be corrected.

In this measurement, the bow of the vessel was oriented westward while it performed
stationary free-swaying motions. The roll, yaw, and pitch data from Measurement 1 were
fitted to obtain the corresponding angular velocity tensor. The initial guesses and estimated
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results for the roll, yaw, and pitch motion model parameters in Measurement 1 are shown
in Tables 5–7, respectively. The initial guesses were derived from the empirical formulas
for each parameter (Equations (38)–(40) and (45)–(47)).

Table 5. Initial guesses and estimated results of the roll parameters in Measurement 1.

Parameters φ̂0 (rad) t̂0r (s) n̂φ1 (rad/s) v̂φφ(s−1) RSS (rad2)

Initial guess −0.2 0 6.3192 0.0572 -
Estimated value −0.2187 1.1403 6.1919 0.1441 0.0025

Table 6. Initial guesses and estimated results of the yaw parameters in Measurement 1.

Parameters ψ̂0 (rad) t̂0r (s) n̂φ1 (rad/s) v̂φφ(s−1) RSS (rad2)

Initial guess 0.1 0 6.3192 0.0572 -
Estimated value 0.1270 1.1403 6.1919 0.5757 0.0014

Table 7. Initial guesses and estimated results of the pitch parameters in Measurement 1.

Parameters θ̂0 (rad) t̂0p (s) n̂θ1 (rad/s) v̂θθ(s−1) RSS (rad2)

Initial guess 0.02 0 4.7595 0.6498 -
Estimated value 0.0022 0.0189 4.7700 0.2952 2.6663 × 10−5

Figure 11 shows the corresponding fitting results for the roll, yaw, and pitch angles.
From the figure, it can be observed that this measurement is also primarily dominated by
the roll motion, with the yaw angle fluctuating along with the roll angle while exhibiting a
slow-changing trend. The pitch angle shows very little variation during this measurement,
with values distributed around the bias.
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After estimating the parameters of the motion physical model, the method for ob-
taining the angular velocity tensor expression is the same as in the radius vector estima-
tion measurement.

Using the roll, yaw, and pitch angles and the angular velocity tensor expressions
obtained above, the vessel and transducer motion parameters for Measurement 1 can be
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calculated. Then, using Equation (94), the swaying errors can be corrected. The angular
velocity magnitude and vessel velocity derived using the ASC method are shown in
Figure 12, where the angular velocity magnitude is the norm of the angular velocity vector,
calculated using Equation (33). The comparison in Figure 12 reveals that fluctuations in
the vessel velocity measured by the ASC method closely align with the angular velocity
magnitude, suggesting that the vessel’s swaying significantly affects the vessel velocity
measured with this method.
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Figure 12. Measurement 1 vessel angular velocity magnitude and the ASC method vessel velocity.

Figure 13 presents a comparison of vessel velocity magnitudes between the ASC
method and the proposed method. The figure shows a significant reduction in velocity
fluctuations when using the proposed method. Despite attempts to keep the vessel station-
ary while allowing free-swaying during the measurement, minor movement occurred, as
indicated by the black dashed line. Examining the curves, it is evident that the velocity
magnitude curve from the proposed method aligns more closely with the actual vessel
velocity magnitude, particularly when the angular velocity magnitude is high. In such
instances, the velocity magnitude from the ASC method is notably higher than that of the
proposed method and the actual velocity magnitude.
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Figure 13. Vessel velocities in Measurement 1 obtained with the ASC method and the pro-
posed method.

Figure 14 shows a comparison of the vessel velocity direction between the ASC method
and the proposed method. The directions of the vessel velocity in both methods reflect the
scenario of the vessel swaying in place, with its bow facing west. The black dashed arrows,
indicating the vessel’s actual velocity direction, along with the velocity magnitude shown
in Figure 13, reveal that the vessel was moving at a very low speed toward the southeast.
The blue arrows in the figure indicate that the vessel velocity direction obtained from
the ASC method oscillated between the north and south directions, with the amplitude
of these oscillations gradually decreasing over time. This corresponds to the scenario
of the vessel primarily rolling from side to side with its bow facing west, as reflected
in Figure 11. The red dashed arrows represent the velocity direction obtained from the
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proposed method. In comparison with the ASC method, the proposed method’s vessel
velocity direction is significantly less influenced by vessel swaying and aligns more closely
with the actual direction.
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Subsequently, the mean, standard deviation (SD), relative standard deviation (RSD),
mean absolute error (MAE), mean relative error (MRE), and error SD for vessel velocities
obtained from the ASC method and the proposed method and from the actual vessel veloc-
ity magnitudes were calculated. The vessel displacement was determined by integrating
these vessel velocities, after which the magnitude of the displacement and other related
metrics were computed. Table 8 presents these results, where RSD denotes the relative
standard deviation, calculated as the ratio of SD to the mean. Error SD represents the SD
of the error, defined as the difference between the observed and actual values. The vessel
displacement is determined as the distance from the origin at 0 s to its location at 45 s.
Distance error is the difference between the measured and actual vessel displacement, and
distance RE is the ratio of this error to the magnitude of the actual displacement.

Table 8. Table showing the Measurement 1 vessel velocity magnitude and vessel displacement statistics.

Vessel Velocity Magnitude Vessel Displacement

Mean
(m/s)

SD
(m/s)

RSD
(%)

MAE
(m/s)

MRE
(%)

Error SD
(m/s)

Magnitude
(m)

Distance Error
(m)

Distance RE
(%)

ASC method 0.0219 0.0151 68.91 0.0126 124.65 0.0151 0.2214 0.0161 7.54
Proposed
method 0.0125 0.0045 35.53 0.0043 50.84 0.0045 0.2099 0.0073 3.4

Actual value 0.0096 0.0026 27.53 0 0 0 0.2134 0 0
Reduction
Amount 0.0094 0.0107 33.39 0.0083 73.81 0.0107 - 0.0088 4.13

From Table 8, it can be seen that in this measurement, the actual vessel velocity
magnitude had a very small average value of only 0.0096 m/s. The tangential velocity
resulting from the swaying motion constitutes a large part of the overall velocity, which
substantially impacts the accuracy of the ASC method. As a result, the average and SD of
the vessel velocity magnitude obtained with the ASC method are noticeably greater than
those of the actual vessel velocity magnitude. By contrast, the proposed method provides
average and SD values for the vessel velocity magnitude that are more closely aligned with
the actual values.

Since the vessel’s motion in this measurement was primarily due to free swaying,
with minimal actual translational velocity, the MRE of vessel velocity magnitudes from the
ASC method and the proposed method reached 124.65% and 50.84%, respectively, with
RSDs of 68.91% and 35.53%. Consequently, in this stationary free-swaying measurement,
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the proposed method decreased the MRE and RSD by 73.81% and 33.39%, respectively, in
comparison with the ASC method.

In this measurement, while the proposed method greatly improved vessel velocity
accuracy, Table 8 indicates that the displacement magnitude obtained by integrating the
velocity vectors from both the ASC method and the proposed method differed from the
actual displacement magnitude by less than 8 mm, with displacement errors under 2 cm for
both methods. With an actual displacement of approximately 21 cm in this measurement,
the relative error (RE) in displacement using the proposed method was decreased by only
4.13% compared with the ASC method.

This suggests that although the proposed method significantly enhanced the velocity
measurement accuracy, its impact on the displacement measurement was limited. As
previously explained, this outcome is due to the physical model of vessel motion: the
vessel’s free-swaying motion results in the velocity following an exponentially decaying
sinusoidal oscillation. When velocity vectors are integrated over time to determine the
vessel displacement, the tangential velocities from different phases of the free-swaying
motion tend to offset each other. Consequently, the ADC method provides only a modest
improvement in displacement accuracy.

The following section will validate the effectiveness of the proposed method for
correcting attitude dynamics of vessel velocity during free swaying in shallow water while
in motion and compares it with the ASC method.

C. Measurement 2

In Measurement 2, the vessel moves forward while freely swaying. The correction
method is the same as in Measurement 1, resulting in the initial guess values and estimated
results for the roll, yaw, and pitch motion model parameters shown in Tables 9–11, respec-
tively. Figure 15 displays the corresponding fitting results for the roll, yaw, and pitch angles.
From the figure, it can be observed that this measurement is also primarily dominated by
the roll motion, with the yaw angle fluctuating with the roll motion while exhibiting a
slow-changing trend. The pitch angle shows very little variation during this measurement,
with values distributed around the bias.

Table 9. Initial guesses and estimated results of the roll parameters in Measurement 2.

Parameters φ̂0(rad) t̂0r (s) n̂φ1 (rad/s) v̂φφ (s−1) RSS (rad2)

Initial guess 0.2 0 6.3192 0.0572 -
Estimated value 0.3610 −0.0019 6.1153 0.1508 0.0135.

Table 10. Initial guesses and estimated results of the yaw parameters in Measurement 2.

Parameters ψ̂0 (rad) t̂0y (s) n̂ψ1
(rad/s) v̂ψψ (s−1) RSS (rad2)

Initial guess −0.2 0 6.3192 0.0572 -
Estimated value −0.4327 −0.0019 6.1153 0.1365 0.0330.

Table 11. Initial guesses and estimated results of the pitch parameters in Measurement 2.

Parameters θ̂0 (rad) t̂0p (s) n̂θ1 (rad/s) v̂θθ (s−1) RSS (rad2)

Initial guess 0.02 0 4.7595 0.6498 -
Estimated value 0.0022 0.3468 5.0853 0.1220 3.9702 × 10−4.
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After estimating the parameters of the physical motion model, the method for ob-
taining the angular velocity tensor expression is the same as in the radius vector estima-
tion measurement.

Using the roll, yaw, and pitch angles and the angular velocity tensor expressions
obtained above, the vessel and transducer motion parameters for Measurement 2 can be
calculated. Then, using Equation (94), the swaying errors can be corrected. The angular
velocity magnitude and vessel velocity obtained by applying the ASC method are shown
in Figure 16.
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From the comparison in Figure 16, it can be seen that during the first 20 s, the angular
velocity magnitude is relatively large, indicating noticeable swaying of the vessel. The
angular velocity magnitude then gradually decreases and approaches zero in the last 20 s,
indicating that the swaying stops, leaving only translational movement. The fluctuations in
the vessel velocity measured by the ASC method correspond closely to the changes in the
angular velocity magnitude, indicating that the vessel’s swaying had a significant impact
on the velocity measured by applying the ASC method during Measurement 2.

Figure 17 presents a comparison of vessel velocity magnitudes between the ASC
method and the proposed method. The black vertical dashed line in the figure marks the
moment at 29.39 s when the vessel changes its course from moving southward to moving
northward. The figure shows that in the first 20 s, when the vessel exhibits noticeable
swaying, the velocity fluctuations in the proposed method are considerably smaller than
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those in the ASC method and are closer to the actual vessel velocity. As time advances and
the rotational angular velocity from swaying gradually decreases, the velocity magnitude
curves from both methods converge toward the actual values. This suggests that the
proposed method is effective in mitigating the impact of attitude dynamics.
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Table 12 shows that the mean of the actual vessel velocity magnitude in this meas-
urement is 0.0801 m/s, which is considerably higher than the 0.0096 m/s observed in the 
prior measurement. Consequently, the share of tangential velocity caused by swaying in 

Figure 17. Vessel velocities in Measurement 2 obtained with the ASC method and the pro-
posed method.

Figure 18 presents a comparison of vessel velocity directions between the ASC method
and the proposed method. The black dashed arrows in the figure indicate the actual vessel
velocity direction, illustrating a scenario where the vessel, with its bow facing north, sways
freely, first moving southward and then northward. The blue arrows reveal that during this
swaying motion, the vessel velocity direction measured by the ASC method shows not only
a southward component but also periodic variations between east and west, indicating a
strong influence of the roll motion on the velocity direction. In contrast, the red dashed
arrows, which represent the velocity direction derived from the proposed method, display
a significantly reduced east–west component, and the angle between the estimated velocity
direction and the actual direction is smaller. As the swaying amplitude diminishes over
time, the velocity directions measured by both methods gradually align more closely with
the actual velocity direction, consistent with the vessel’s roll motion while maintaining a
northward-facing bow, as shown in Figure 15.
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proposed method.

Next, the vessel velocity magnitude and displacement statistics for the period from 0 to
29.39 s (when the vessel was moving southward) were calculated. For both the ASC method
and the proposed method, the mean, MAE, MRE, SD of the error, and RSD of the error were
computed for the vessel velocity magnitudes, along with the actual values. By integrating
these vessel velocities, the vessel’s displacement was derived, and the magnitude of the
displacement and the associated metrics were calculated. The results are presented in
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Table 12. Vessel displacement is defined as the distance from the origin at 0 s to its location
at 45 s. The meanings of the other parameters in Table 12 are the same as those in Table 8.

Table 12. Measurement 2 vessel velocity magnitude and the vessel displacement statistics.

Vessel Velocity Magnitude Vessel Displacement

Mean
(m/s)

MAE
(m/s)

MRE
(%)

Error SD
(m/s)

Error RSD
(%)

Magnitude
(m)

Distance Error
(m)

Distance RE
(%)

ASC method 0.0908 0.0138 28.22 0.0234 25.74 2.2243 0.0341 1.51
Proposed method 0.0804 0.0047 7.27 0.0067 8.37 2.2788 0.0205 0.91

Actual value 0.0801 0 0 0 0 2.2584 0 0
Reduction Amount 0.0104 0.0091 20.94 0.0166 17.38 - 0.0136 0.6

Table 12 shows that the mean of the actual vessel velocity magnitude in this measure-
ment is 0.0801 m/s, which is considerably higher than the 0.0096 m/s observed in the
prior measurement. Consequently, the share of tangential velocity caused by swaying in
the overall velocity is considerably lower. As a result, the differences between the mean
vessel velocity magnitudes from the ASC method and the proposed method, relative to the
actual value, are minimal, with the proposed method yielding a slightly lower and more
accurate magnitude. In this moving free-swaying measurement, the MRE for the vessel
velocity magnitude is 28.22% with the ASC method and 7.27% with the proposed method,
indicating a decrease of 20.94%. Given the inherent fluctuations in actual vessel velocity,
the error SD offers a more reliable assessment of the impact of swaying on the velocity
magnitude variability. According to the table, the error SD for the vessel velocity magnitude
is 0.0234 m/s with the ASC method and 0.0067 m/s with the proposed method, reflecting a
decrease of 0.0166 m/s. The error RSD is 25.74% for the ASC method and 8.37% for the
proposed method, representing a decrease of 17.38%. This marked reduction demonstrates
that the proposed method effectively mitigates the variability in vessel velocity, thereby
significantly enhancing the accuracy and reliability of vessel velocity measurements.

Similarly, because the vessel velocity follows an approximately exponentially decaying
sinusoidal oscillation, a significant portion of the tangential velocity cancels out during
integration of the velocity vectors. Consequently, the ADC method provides limited
improvement in displacement accuracy in this measurement. Table 12 shows that the
displacement magnitude obtained through integration of the velocity vectors in both the
ASC method and the proposed method deviates from the actual displacement magnitude
by less than 4 cm, with the distance errors between the measured and actual displacements
for both methods also under 4 cm. With an actual displacement of 2.2584 m in this
measurement, the proposed method achieved only a 0.6% reduction in the distance RE
compared with the ASC method, indicating a limited improvement in the displacement
measurement accuracy.

4.3. Experiment Summary

In this experiment, the transducer radius vectors were first estimated through the
stationary free-swaying radius vector estimation measurement (Measurement 0). The
estimated radius vectors were subsequently used to correct the vessel velocity in Measure-
ments 1 and 2. The results showed that estimating attitude angles and angular velocity
tensors through the combination of the physical model of vessel motion with the nonlinear
least-squares method was effective for both the radius vector estimation and the instanta-
neous tangential velocity correction. The good fitting results for the back-substitution of
the radius vectors into the BT radial velocities in Measurement 0, as well as the successful
correction of vessel velocity swaying errors using the estimated angular velocity tensors
and radius vectors in Measurements 1 and 2, further validate the effectiveness of the angu-
lar velocity tensor and radius vector estimation methods. The experiment only verified the
effectiveness of the attitude dynamic error correction for vessel velocity during stationary
and moving free-swaying conditions in shallow water.
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The final results indicate that for Measurement 1, the MREs in vessel velocity using the
ASC method and the proposed method were 124.65% and 50.84%, respectively, reflecting a
decrease of 73.81%. The RSDs were 68.91% and 35.53%, representing a decrease of 33.39%.
In Measurement 2, the MREs were 28.22% for the ASC method and 7.27% for the proposed
method, representing a decrease of 20.94%. The RSDs of the errors were 25.74% and 8.37%,
respectively, reflecting a decrease of 17.38%. These results demonstrate that the proposed
method significantly decreases both the error and variability in vessel velocity, substantially
enhancing the velocity accuracy and effectively correcting attitude dynamic errors.

In Measurement 1, the relative distance errors between the displacement derived
using the ASC method and the actual displacement and between the displacement obtained
using the proposed method and the actual displacement were 7.54% and 3.4%, respectively,
marking a reduction of 4.13%. For Measurement 2, the relative distance errors were 1.51%
for the ASC method and 0.91% for the proposed method, reflecting a reduction of 0.6%.
Thus, the enhancement in displacement measurement accuracy achieved by the proposed
method remains limited.

5. Discussion

The physical model of vessel motion used in this paper is based on the assumption of
free-swaying motion. In cases of forced swaying or when the vessel is influenced by waves,
although the nonlinear least-squares method can extend the applicability of the proposed
method to some extent, adjustments to the physical model may be required. The proposed
method, although not requiring additional equipment, includes the steps of estimating the
radius vector, estimating the angular velocity tensor, and performing correction calcula-
tions for the instantaneous tangential velocity. These steps reduce the method’s real-time
measurement capability, making it more suitable for data post-processing. Additionally,
the radius vector estimation and instantaneous tangential velocity correction methods
proposed in this paper can also be directly applied in situations where rotational motion
information is obtained through additional equipment.

Although the method proposed in this paper significantly improves the accuracy of
vessel velocity measurements, the improvement in displacement accuracy is limited. This is
mainly because during free-swaying motion, much of the impact of the attitude dynamics
is canceled out when integrating the vessel velocity. In cases of forced swaying or when
influenced by waves, the symmetry of velocity fluctuations may be disrupted, potentially
leading to larger displacement errors.

6. Conclusions

To correct for errors introduced by dynamic factors in attitude changes on a swaying
platform without adding extra hardware, we propose an ADCP attitude dynamic error
correction method based on angular velocity tensor and radius vector estimation. Com-
pared with the conventional method, which only corrects static factors in attitude changes,
the proposed method achieves greater velocity measurement accuracy and diminished
fluctuations in swaying platform scenarios. Unlike other methods that necessitate extra
devices, including INSs, differential GPSs, or AHRSs, to correct attitude dynamic errors,
the proposed method minimizes the cost and complexity of flow measurements while
enhancing flexibility and convenience. It also accounts for changes in tangential velocity
and radial orientation during signal TX and RX. Experimental results indicate that, under
both stationary and moving free-swaying conditions, the proposed method reduces the
MRE by 73.81% and 20.94%, respectively, and decreases the RSD by 33.39% and 17.38%,
respectively, compared with the ASC method. The proposed approach effectively corrects
attitude dynamic errors in vessel velocity measurements.
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