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Abstract: The efficacy of silencers in reducing piping noise is contingent upon the specific installation
and operating environment. Among the various forms of silencers, the acoustic characteristics
of dissipative silencers with sound-absorbing materials attached internally exist in an area that is
difficult to explain by existing theories. This is dependent upon the specific type and placement of the
attached sound-absorbing materials. This paper presents a methodology for calculating the acoustic
transmission loss (TL) of a cylindrical silencer filled with a multilayer poroelastic material, employing
the mode-matching method. To describe the numerical process of treating waves propagating within
a poroelastic material and determine the modes in accordance with the boundary conditions necessary
for analyzing the acoustic performance of the silencer, the Biot model and the Johnson–Champoux–
Allard–Lafarge model were employed. The obtained modes were utilized to calculate the acoustic
TL of silencers filled with single, double, and triple layers of poroelastic materials. In particular,
the results obtained for the single layer were validated by comparing them with the results of a
finite element analysis, and the results obtained for multiple layers with the same material were
validated by comparing them with the equivalent single-layer results. Moreover, the results of
the numerical calculations of the acoustic TLs of the silencer for three distinct types of poroelastic
materials, including those with varying degrees of frame rigidity or softness, were compared, and
the acoustic characteristics were analyzed in relation to the intrinsic properties of the materials and
their arrangement. It is anticipated that the methodology presented in this paper will facilitate
the design of silencers using poroelastic materials in accordance with the specific requirements of
users or designers by allowing for a comprehensive consideration of the thickness of layers and the
arrangement of materials.

Keywords: Biot theory; Johnson–Champoux–Allard–Lafarge model; mode-matching; silencer;
poroelastic material; transmission loss

1. Introduction

The marine and offshore industries are prone to the occurrence of unnecessary or
unintended noise and vibration. In particular, noise and vibration from ships and off-
shore structures represent a significant challenge, with the potential to impact the safety
and well-being of crew, passengers, and related personnel, as well as the integrity of ma-
rine ecosystems [1–3]. Consequently, a range of methodologies have been proposed and
investigated with the aim of reducing such noise and vibration [4,5].

Silencers are often used to reduce noise in a variety of marine or offshore applications,
including shipbuilding, ducting and pipes, heating, ventilation, air conditioning (HVAC),
and more. Silencers are broadly categorized into reflective and dissipative (or absorptive)
silencers. In general, reflective silencers perform better in the low-frequency band, while
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dissipative silencers perform better in the mid-to-high-frequency band [6,7]. To improve
the performance of a silencer, it is useful to use a dissipative silencer, which has a better
performance-to-size ratio, rather than increasing the size of the reflective silencer itself.

The principle of dissipative silencers is that as sound waves propagate, the sound
energy is converted into heat by the sound-absorbing material attached to the inside of
the silencer, reducing the sound energy after passing through the silencer, thus reducing
noise [8]. Many studies have been conducted to evaluate the performance of these dissi-
pative silencers. Craggs [9] studied the acoustic behavior of a simple expanding chamber
lined with sound-absorbing material using the finite element method (FEM) and found that
the transmission loss (TL) varied with the sound-absorbing material and that the maximum
TL frequency changed with increasing the sound-absorbing material thickness. Peat [10]
developed a transfer matrix method for bulk-reactive dissipative silencers to provide a
more convenient way to calculate acoustic performance. Xu et al. [7] compared and ana-
lyzed the theoretical and numerical results of the influence of sound-absorbing material
properties, such as material thickness and flow resistance, on the acoustic performance of a
simple expanded dissipative silencer.

Here are some recent research trends that are relevant. First, Hergli and Mosbahi [11]
numerically calculated the TLs of various shapes of dissipative silencers based on FEM.
Benchea et al. [12] focused on an acoustic study of different materials lining three commer-
cial silencers of the same geometry and size. Jokandan et al. [13] investigated the combined
and independent effects of baffles and expansion tubes, the reactive elements at the inlet
and outlet of a simple expansion silencer, on the acoustic performance and pressure loss
of a simple expansion silencer and concluded that the best acoustic performance at mid-
frequencies was achieved by using a combination of baffles and expansion tubes. Even if
the fluid in the pipe is water, there are various types of silencers, and studies have been
published to analyze the acoustic performance of perforated pipe silencers with computa-
tional fluid dynamics approaches [14] to analyze Helmholtz resonator-type silencers with
time–domain finite volume methods [15], or to reduce low-frequency noise by creating a
metamaterial effect by periodically mounting Helmholtz resonators [16].

In addition to the above, the type of sound-absorbing material attached to the inside
of the dissipative silencer may need to be different depending on the piping situation and
operating environment. Common sound-absorbing materials can be divided into two broad
categories based on their physical properties. First, there are fiber-based materials such as
glass wool. The model used to predict the sound absorption performance of these materials
is the Delany and Bazley model [17], which predicts the characteristic impedance of a sound-
absorbing material from its flow resistivity. As a specific application, Selamet et al. [18] used
the characteristic impedance and propagation constant obtained from the flow resistivity
to find the acoustic attenuation performance of perforated dissipative circular expansion
chambers with inlet/outlet extensions. This model for predicting characteristic impedance
from flow resistivity performs quite well in predicting the sound absorption performance
of fiber-based materials.

Another type of sound-absorbing material is a foam-like material. The aforementioned
prediction of characteristic impedance from flow resistivity is not suitable for predicting
the sound absorption performance of foam-like materials, where the motion of the skeleton
affects the sound attenuation. This is where the Biot model comes in handy. Biot [19,20]
presented a theory of wave propagation that considers the interaction of fluids and solids
in a fully saturated porous medium. Among the many coefficients required by Biot’s
theory, the Johnson–Champoux–Allard–Lafarge (JCAL) model is well known, as it allows
for the effective density and effective bulk modulus to be expressed in terms of measurable
variables [21]. Nennig et al. [22] presented a mode-matching method to find the TL of a
cylindrical duct filled with a single poroelastic material using the Biot and JCAL models.

The effects of multiple layers of sound-absorbing materials inside a silencer on acoustic
performance have also been reported. Selamet et al. [23] published an analytical analysis
of the acoustic performance of a dissipative expansion chamber filled with two layers of



J. Mar. Sci. Eng. 2024, 12, 2109 3 of 24

fibrous material, while Veerababu and Venkatesham [24] investigated the TL of a circular
dissipative chamber filled with multiple layers of fibrous material using a tailored Green’s
function. However, these studies were for fibrous materials, and the acoustic performance
of silencers with multiple layers of foam-like sound-absorbing materials has not been
studied. Especially for pipe silencers used in situations where strong external pressure
is applied, it is necessary to use poroelastic materials such as foam with strong skeletal
rigidity, but it is difficult to manufacture and attach large sound-absorbing materials at once,
so silencers are manufactured and operated with sound-absorbing materials composed of
multiple layers. Therefore, it is essential to predict the acoustic performance of dissipative
silencers with multilayer poroelastic materials.

This study extends the work of [22], which only considered a single layer of poroelastic
material, to propose a mode-matching method for predicting the acoustic performance of a
silencer considering multilayer poroelastic materials. Prior to this study, several studies
have investigated the acoustic performance of ducts containing single-layer poroelastic ma-
terial or multilayer sound absorbers made of fiber materials based on the mode-matching
method. However, no study has investigated the acoustic performance of a silencer con-
sidering multilayer poroelastic materials as in this study. In this study, Biot’s theory and
the JCAL model were used to obtain the necessary coupled equations for the analysis of
a cylindrical silencer filled with multiple layers of poroelastic materials, and numerical
tests showed that a fairly accurate TL could be obtained using only the first 12 modes in a
silencer filled with two layers of poroelastic materials. The results of the mode-matching
method presented in this study were validated by comparing them with the results of
calculations using COMSOL Multiphysics® 6.2 software.

The rest of this paper is organized as follows. In Section 2, the problem statement and
formulation are described. The root-finding and mode-matching methods are explained in
Section 3. In Section 4, the results are presented and discussed. This study is concluded in
Section 5.

2. Problem Statement
2.1. Governing Equations

Consider a cylindrical silencer with N layers of poroelastic material arranged in a
cylindrical duct of length L, as shown in Figure 1. At the center is air with an average flow
rate of zero. From the center, the distance to the first poroelastic material is called r1; the
distance to the second poroelastic material is called r2; the distance to N-th poroelastic
material is called rN , and the distance to the wall of the silencer is called rN+1.
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In the center of the airflow (0 < r < r1), let the speed of sound in the air be c0, the
wavenumber be k0, the angular frequency be ω, and the z-direction wavenumber be kz. The
sound pressure and displacement satisfy the wave Equation (1) and Euler’s Equation (2).

∇2 p =
1
c2

0

∂2 p
∂t2 , (1)
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ρ0
∂2w
∂t2 = −∇p. (2)

Substituting the displacement potential ϕ0 satisfying w = ∇ϕ0 into (2), the acoustic
pressure is expressed as follows:

p = ρ0c2
0k2

0ϕ0. (3)

Solving (1) through (3), the following expressions can be obtained:

ϕ0 = A0 Jm(k0rr)cos mθ ej(kzz−ωt), (4)

k2
0r = k2

0 − k2
z, (5)

where k0r is the r-directional wavenumber of the air. For convenience, the term ej(kzz−ωt) in
the following expressions will be omitted.

Inside a poroelastic medium (rn < r < rn+1, n = 1, 2, . . . , N), there are compres-
sional waves propagating through repeated expansion and contraction and shear waves
propagating through rotational motion. According to the Biot model, sound propagation
in the poroelastic medium is affected by the interaction of solids and fluids and can be
modeled as the sum of two compressional waves and one shear wave. Through Helmholtz
decomposition, the displacement u of the solid and the average displacement U of the fluid
can be expressed in terms of the displacement potential as follows:

u = ∇ϕ1 +∇ϕ2 +∇× ψ, (6)

U = µ1∇ϕ1 + µ2∇ϕ2 + µ3∇× ψ, (7)

where µ1, µ2 are the ratios of amplitudes between the compressional waves in the fluid and
solid, and µ3 is the ratio of amplitudes between the shear waves. The exact expressions
for µ1, µ2, and µ3 will be explained at the end of this section.

Furthermore, in (6) and (7), ϕ1 and ϕ2 denote the displacement potentials of the
two compressional waves, and ψ denotes the displacement potential of the shear wave,
and each displacement potential is expressed as follows [25].

ϕ1,n = [A1,n Jm(k1r,nr) + B1,nYm(k1r,nr)]cos mθ, (8)

ϕ2,n = [A2,n Jm(k2r,nr) + B2,nYm(k2r,nr)]cos mθ, (9)

ψr,n = [A3,n Jm+1(k3r,nr) + B3,nYm+1(k3r,nr)]sin mθ, (10)

ψθ,n = −[A3,n Jm+1(k3r,nr) + B3,nYm+1(k3r,nr)]cos mθ, (11)

ψz,n =
[
A′

3,n Jm+1(k3r,nr) + B′
3,nYm+1(k3r,nr)

]
sin mθ, (12)

k2
ir,n = k2

i,n − k2
z, i = 1, 2, 3. (13)

Considering that ψr, ψθ , and ψz denote the components of ψ in the cylindrical coordi-
nate system and given that the Helmholtz equation in the cylindrical coordinate system has
the form of a Bessel equation, it is natural that the displacement potentials in (8) to (12) have
the form of Bessel functions. Only the m = 0 mode will be used, which is axisymmetric and
does not depend on the θ-direction. The subscript n refers to the n-th layer of poroelastic
material inside the silencer. Equation (13) is virtually the same expression as (5).

For solids and fluids, the stress–strain relationships are as follows, respectively:

σs
ij = [(P − 2S)ui,i + QUi,i]δij + S

(
∂ui
∂xj

+
∂uj

∂xi

)
, (14)

σ
f
ij = [Qui,i + RUi,i]δij. (15)
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where ui,i = ∇·u, and Ui,i = ∇·U.
The total stress and pore pressures are expressed as follows, respectively:

σt
ij = σs

ij + σ
f
ij , (16)

pp = − 1
3ϕ

tr
(

σ f
)

. (17)

P, Q, R, and S in (14) and (15) are coefficients that can be deduced from Biot’s
Gedanken experiment. S is the complex shear modulus of the skeleton of the poroelastic
material. According to [21], P, Q, and R are expressed as follows, if the material forming
the skeleton is incompressible:

P =
4
3

S + Kb +
(1 − ϕ)2

ϕ
K f , (18)

Q = K f (1 − ϕ), (19)

R = ϕK f , (20)

where the bulk modulus of the frame is the relationship between the Lamé constant and
the Poisson’s ratio ν, which is defined as

Kb =
2S(ν + 1)
3(1 − 2ν)

. (21)

Since the air inside the poroelastic material interacts with the frame, the bulk modulus
and density of the air change complexly with the frequency. In this study, the JCAL model
is applied to represent K f and ρ f [21] as follows:

ρ f = α∞ρ0

[
1 +

jσϕ

ωρ0 ∞

√
1 − j

4α2
∞ηρ0ω

σ2Λ2ϕ2

]
, (22)

K f =
γP0

γ − (γ − 1)/

[
1 + j ϕκ

k′0Cpρ0ω

√
1 − j 4k′0

2Cpρ0ω

κΛ′2ϕ2

] , (23)

where α∞ is the tortuosity; ϕ is the porosity; σ is the flow resistivity; ρ0 is the density of
the air; η is the viscosity of the air; κ is the thermal conductivity of the air; Cp is the static
pressure specific heat; Λ is the viscous characteristic length; Λ′ is the thermal characteristic
length; γ is the specific heat ratio, and P0 is the atmospheric pressure. k′0 is the static thermal
conductivity and is defined in the simplified Lafarge model as follows [21]:

q′0 =
ϕΛ′2

8
. (24)

In Biot theory, there are two compressional waves (subscripts 1 and 2) and one shear
wave (subscript 3) in a poroelastic medium, each with the following wavenumbers:

k2
1 =

ω2

2(PR − Q2)

[
Pρ22 + Rρ11 − 2Qρ12 +

√
∆
]
, (25)

k2
2 =

ω2

2(PR − Q2)

[
Pρ22 + Rρ11 − 2Qρ12 −

√
∆
]
, (26)

k2
3 =

ω2

S

(
ρ11ρ22 − ρ2

12
ρ22

)
, ψr,n = [A3,n Jm+1(k3r,nr) + B3,nYm+1(k3r,nr)]sin mθ, (27)
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∆ = [Pρ22 + Rρ11 − 2Qρ12]
2 − 4

(
PR − Q2

)(
ρ11ρ12 − ρ2

12

)
, (28)

ρ22 = ρ f ϕ, (29)

ρ12 =
(

ρ0 − ρ f

)
ϕ, (30)

ρ11 = ρ1 − ρ12, (31)

ρ1 = (1 − ϕ)ρs, (32)

where ρs is the density of the material that makes up the frame, and ρ1 is the apparent
density of the frame considering the porosity.

Using the expressions described so far, µ1, µ2, and µ3 in (7) can be found as follows:

µ1 =
Pk2

1 − ω2ρ11

ω2ρ12 − Qk2
1

, (33)

µ2 =
Pk2

2 − ω2ρ11

ω2ρ12 − Qk2
2

, (34)

µ3 = −ρ12

ρ22
. (35)

2.2. Boundary Conditions

The boundary conditions between the air and the poroelastic material (r = r1) are as
follows [22]:

σt
1n = −pn, (36)

ϕ1U1·n + (1 − ϕ1)u1·n = w·n, (37)

pp,1 = p, (38)

where the subscript 1 is the poroelastic material of the first layer, and n is the normal vector.
Equation (36) describes the equilibrium of stress and pressure, (37) represents the continuity
of the mass flux, and (38) represents the continuity of pressure.

At the interface between two different poroelastic materials, the boundary condition
is as follows [26]:

σt
nn = σt

n+1n, (39)

un = un+1, (40)

ϕn(Un·n − un·n) = ϕn+1(Un+1·n − un+1·n), (41)

pp,n = pp,n+1, (42)

where (39) describes the continuity of stress; (40) describes the continuity of the solid
displacement; (41) represents the continuity of the mass flux, and (42) represents the
continuity of the pore pressure.

Using the expressions of Biot’s theory described in Section 2.1, the boundary conditions
of (36) through (42) are expressed in a total of 6N + 1 equations, where N is the number of
the poroelastic layers. These boundary conditions are expressed in matrix form as follows:

X =

(
A1,1, B1,1, A2,1, B2,1, A3,1, B3,1, A1,2, B1,2, A2,2, B2,2, . . . ,

A1,N , B1,N , A2,N , B2,N , A3,N , B3,N , A0

)T

, (43)
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C(kZ)X = 0, (44)

where C is a square matrix of size 6N + 1, and the components of the matrix are specified
in Appendix A.

3. Root-Finding and Mode-Matching
3.1. Root-Finding

For (44) to have a nontrivial solution, it is necessary to find a kz that satisfies
det(C(kz)) = 0. Numerically, it is sufficient to use the Newton–Raphson method, which
is often used to find roots, but in this study, the Muller’s method is used. Since matrices
with very large condition numbers are dealt with, it is needed to be careful with rounding
errors. As the number of poroelastic layers increases, these errors become more significant.
Minimizing the rounding error is essential to using the mode-matching method.

Numerical methods for finding roots, such as the Newton–Raphson method, the Secant
method, and the Muller’s method, all require an initial value, and since it is hard to predict
which roots will be found based on the initial value, it is important to iterate over enough
initial values to ensure that no roots are missed. In reference [22], Nennig et al. propose a
method to find roots without missing roots using the argument principle. However, this
method has the disadvantage of taking longer than Newton–Raphson method, and large
rounding errors can give incorrect results, so it is not used in this study.

3.2. Mode-Matching

The physical meaning of the mode-matching method is that it is very useful for
formulating boundary value problems for structures composed of two or more separate
regions. Since this method is based on matching the fields at the boundaries of different
regions, it is well-suited for analyzing boundary value problems for acoustic waves. This
mode-matching method has been widely used to analyze sound transmission problems in
waveguides, especially when dealing with discontinuities and obstacles in the waveguide,
such as irregular geometry of the pipe or silencers.

The most employed techniques for forecasting the acoustic performance of a si-
lencer encompass the analytical mode-matching approach [18,22,23] and numerical meth-
ods [27–29], including the FEM and the boundary element method. The application of the
analytic mode-matching method is constrained to relatively simple configurations, such as
circular or rectangular silencers. The numerical methods are capable of handling complex
configurations; however, they are exceedingly time-consuming when the dimensions of
the silencer are considerable or when the calculation frequency is very high. Considering
the constraints imposed by the mode-matching method and the numerical method, the
numerical mode-matching methods that integrate the numerical and mode-matching meth-
ods have been developed [30–34]. Moreover, mesh-free methods [35,36], which obviate
the need for mesh generation inherent to classical numerical techniques, are also being
explored. However, as the objective of this study is to examine the effect of multilayer
poroelastic materials on the acoustic performance of silencers, it is confined to the analytical
mode-matching method and not numerical methods.

This research has basically followed the notation of reference [22]. In the air layer
within the silencer, the pressure p can be approximated using modes as follows:

pi =
K

∑
m=1

(
ejki,+

z,mzΦi,+
p,m(r)Ai,+

m + ejki,−
z,mzΦi,−

p,m(r)Ai,−
m

)
, (45)

where i = I, II, III (see Figure 1). K is the number of modes used, and ki,+
z,m is the element with

the m-th smallest imaginary part among the kz (K modes) found in the i region. The + and
− signs above are the directions of wave propagation. The process of finding ki,+

z,m in
the i = II region filled with the poroelastic material has been described so far. The
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modes in the air passage i = I or III regions are obtained by finding k0r through the
wall condition J1(k0rr1) = 0 and then using (5) and (46):

ki,±
z = ±

√
k2

0 −
(
ki

0r
)2. (46)

In (45), Φi,±
p,m is the m-th eigenfunction of pressure and is equal to (3). Ai,±

m is the coefficient
preceding the m-th eigenfunction.

When z = 0 (the boundary between i = I and i = I I), (45) can be expressed simply
as follows:

pI = ΦI,+
p AI,+ + ΦI,−

p AI,−, (47)

pI I = ΦI I,+
p AI I,+ + ΦI I,−

p AI I,−. (48)

where Φi,±
p and Ai,± are vectors of length K with each mode as an element and defined

as follows:

Φi,±
p =

[
Φi,±

p,1 , Φi,±
p,2 , . . . , Φi,±

p,K

]
, (49)

Ai,± =
[

Ai,±
1 , Ai,±

2 , . . . , Ai,±
K

]T
. (50)

When z = L (the boundary between i = I I and i = I I I), (45) is represented as follows:

pI I = ΦI I,+
p EI I,+AI I,+ + ΦI I,−

p EI I,−AI I,−, (51)

pI I I = ΦI I I,+
p EI I I,+AI I I,+ + ΦI I I,−

p EI I I,−AI I I,−, (52)

Ei,+ = diag
(

ejki,+
z,1 L, . . . , ejki,+

z,K L
)

, (53)

Ei,− = diag
(

ejki,−
z,1 L, . . . , ejki,−

z,K L
)

. (54)

Since the difference between the pressure expressions at the inlets ((47) and (48)) and
outlets ((51) and (52)) is simply a matter of multiplying the diagonal matrix Ei,± by the
phase difference caused by the wave traveling over length L, the z = 0 (i = I, II) case is
described here, and the z = L case does not repeat the same process.

Similarly to (47), the displacement w of the air at the inlet and the fluid displace-
ment U and solid displacement u in the poroelastic material can be expressed in the
following form:

wi
z = Φi,+

wz Ai,+ + Φi,−
wz Ai,−, (55)

Ui
z,n = Φi,+

Uz,n
Ai,+ + Φi,−

Uz,n
Ai,−, (56)

ui
z,n = Φi,+

uz,n Ai,+ + Φi,−
uz,n Ai,−, (57)

ui
r,n = Φi,+

ur,n Ai,+ + Φi,−
ur,n Ai,−. (58)

Again, like (49), the following definition is used,

Φi,±
wz =

[
Φi,±

wz ,1, Φi,±
wz ,2, . . . , Φi,±

wZ ,K

]
, (59)

Φi,±
Uz

=
[
Φi,±

Uz ,1, Φi,±
Uz ,2, . . . , Φi,±

UZ ,K

]
, (60)

Φi,±
uz =

[
Φi,±

uz ,1, Φi,±
uz ,2, . . . , Φi,±

uZ ,K

]
, (61)
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Φi,±
ur =

[
Φi,±

ur ,1, Φi,±
ur ,2, . . . , Φi,±

ur ,K

]
. (62)

The boundary conditions (for pressure p and displacements wz, Uz,n, uz,n, ur,n) be-
tween Region I and Region II at z = 0 are as follows:

pI = pI I , (63)

wI
z = wI I

z , (64)

U I I
z,n = 0, (65)

uI I
z,n = 0, (66)

uI I
r,n = 0. (67)

To satisfy all the boundary conditions in (63) through (67), infinite modes are required,
but since only K modes are considered, it is customary to write the above boundary
conditions in integral form to solve the equations. The integral form of the boundary
conditions is as follows: ∫ r1

0
pIΨp,mrdr =

∫ r1

0
pIIΨp,mrdr, (68)

∫ r1

0
wI

zΨwz ,mrdr =
∫ r1

0
wII

z Ψwz ,mrdr, (69)

∫ rn+1

rn
UII

z,nΨUz,n ,mrdr = 0, (70)

∫ rn+1

rn
uII

z,nΨuz,n ,mrdr = 0, (71)

∫ rn+1

rn
uII

r,nΨur,n ,mrdr = 0, (72)

where Ψp,m, Ψwz ,m, ΨUz,n ,m, Ψuz,n ,m, and Ψur,n ,m are the weighting functions, and m is the
number of modes (m = 1 to K). An appropriate choice of this weighting function will
improve performance, and usually, an eigenfunction is chosen for each physical quantity.
The motivation behind this method is to maximize the component of interest by exploiting
orthogonality when performing integral calculations. In this study, the following weighting
functions were used at the inlet (z = 0):

Ψp,m = ΦI,−
p,m, (73)

Ψwz ,m = ΦI I,−
wz ,m, (74)

ΨUz ,m = ΦI I,+
Uz ,m, (75)

Ψuz ,m = ΦI I,+
uz ,m, (76)

Ψur ,m = ΦI I,+
ur ,m. (77)

Similarly, the weighting functions used at the outlet (z = L) are

Ψp,m = ΦI I I,+
p,m , (78)

Ψwz ,m = ΦI I,−
wz ,m, (79)
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ΨUz ,m = ΦI I,−
Uz ,m, (80)

Ψuz ,m = ΦI I,−
uz ,m, (81)

Ψur ,m = ΦI I,−
ur ,m. (82)

For a more in-depth discussion of the choice of weighting functions, see references [22,37].
At the inlet (z = 0), the boundary condition (68)–(72) in integral form can be simply

expressed as follows:

PI,+AI,+ + PI,−AI,− = PI I,+AI I,+ + PI I,−AI I,−, (83)

WI,+AI,+ + WI,−AI,− = WI I,+AI I,+ + WI I,−AI I,−, (84)

ŴI I,+
n AI I,+ + ŴI I,−

n AI I,− = 0. (85)

where PI,+, WI,+, and ŴI I,+
n are defined as follows, and the superscript * indicates com-

plex transpose:

Pi,± =
∫ r1

0

(
Ψp
)∗

Φi,±
p rdr, (86)

Wi,± =
∫ r1

0
(Ψwz)

∗Φi,±
wz rdr, (87)

ŴI I,±
n =

∫ rn+1

rn

[(
ΨUz,n

)∗
ΦI I,±

Uz,n
+
(
Ψuz,n

)∗
ΦI I,±

uz,n +
(
Ψur,n

)∗
ΦI I,±

ur,n

]
rdr, (88)

where Ψp, Ψwz , ΨUz,n , Ψuz,n , and Ψur,n are vectors of length K with each mode as an element.
Calculating the boundary conditions (70) through (72) separately would result in

rounding errors and poor performance. Therefore, as in reference [22], this study employs
a relaxation of the aforementioned condition by aggregating the three equations.

Now define the following notation,

X1 =



PI,− −PI I,+

WI,− −WI I,+

0
0
...
0

−ŴI I,+
1

−ŴI I,+
2

...
−ŴI I,+

N


, (89)

Y1 =



−PI,+ PI I,−

−WI,+ WI I,−

0
0
...
0

ŴI I,−
1

ŴI I,−
2
...

ŴI I,−
N


. (90)

Then, at the inlet (z = 0), the boundary conditions (83)–(85) are expressed in a simple
matrix form as follows:

X1

(
AI,−

AI I,+

)
= Y1

(
AI,+

AI I,−

)
. (91)
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As previously stated, at the outlet (z = L), it is sufficient to multiply by the phase
difference, like at the inlet, and is represented by

X2EX

(
AI I I,+

AI I,−

)
= Y2EY

(
AI I I,−

AI I,+

)
, (92)

where X2, Y2, EX , and EY are as follows:

X2 =



PI I I,+ −PI I,−

WI I I,+ −WI I,−

0
0
...
0

−ŴI I,−
1

−ŴI I,−
2

...
−ŴI I,−

N


, (93)

Y2 =



−PI I I,− PI I,+

−WI I I,− WI I,+

0
0
...
0

ŴI I,+
1

ŴI I,+
2
...

ŴI I,+
N


. (94)

EX = diag
(

ejkI I I,+
z,1 L, . . . , ejkI I I,+

z,K L, ejkI I,−
z,1 L, . . . , ejkI I,−

z,K L
)

, (95)

EY = diag
(

ejkI I I,−
z,1 L, . . . , ejkI I I,−

z,K L, ejkI I,+
z,1 L, . . . , ejkI I,+

z,K L
)

. (96)

The purpose of this study is to solve (91) and (92). The method for solving the sys-
tem of (91) and (92) is to start with the plane wave assumption AI,+ = [1, 0, . . . , 0]T and
the assumption AI I I,− = 0 that there are no incoming waves at the outlet. Then, set-
ting AI I,− = 0 as (91) to obtain AI I,+; then, substitute it into (92) to find AI I,−, and then use
it to solve (91) and repeat the process until convergence [22,38]. Equations (91) and (92) can
be solved iteratively until convergence, and the solution is finally obtained. The reason
for iteratively finding the solution is that the rounding error that occurs when solving
the system by inversing the matrix is reduced repeatedly. It should be noted that the
matrices X1 and X2 are not square, and, thus, the inverse operation cannot be performed
directly. Instead, a pseudo-inverse matrix must be multiplied to obtain the desired result.
Furthermore, it is necessary to multiply all the displacements by (ρ0c0w)2 to make the
displacements and pressures similar in magnitude [22]. Finally, the TL can be obtained
from TL = −20 log10

∣∣∣AI I I,+
1

∣∣∣ by setting
∣∣∣AI,+

1

∣∣∣ = 1.

4. Results and Discussions

To validate the proposed mode-matching method in this study, numerical tests were
performed on silencers with single, double, and triple layers of poroelastic materials. The
density and sound speed of air are 1.212 kg/m3 and 342.208 m/s, respectively. The silencer
used in the numerical test is 0.315 m long with r1, r2, and r3 set to 0.037 m, 0.0566 m, and
0.0762 m, respectively [39]. The properties of the poroelastic materials are shown in Table 1.
The names and properties of the poroelastic materials are taken from reference [40]. The
poroelastic materials shown in Table 1 were chosen for two main reasons. First, we look at
how the acoustic performance of the silencer varies with the placement of materials with
different physical properties (e.g., strong rigidity or soft property). The second reason is
to utilize results from the published literature to validate our proposed model [22,39,40].
There are no published results on the placement of poroelastic material in multiple layers,



J. Mar. Sci. Eng. 2024, 12, 2109 12 of 24

and since the results of multiple layers composed of the same material should be the same
as the results of a single layer, the dimensions and properties presented in the literature
were utilized to validate the proposed model [22,39,40].

Table 1. Material properties [40].

Material ϕ
σ

(kNs/m4) α∞
Λ

(µm)
Λ’

(µm)
ρ1

(kg/m3)
S

(kPa) ν

FM3 0.97 87 2.52 37 119 31 55 0.3
XFM 0.98 13.5 1.7 80 160 30 200 0.35

RGW2 0.99 9 1 192 384 16.3 220 0

The finite element analysis tool, COMSOL Multiphysics, was used to perform vali-
dation of TL model for a silencer with a single layer of poroelastic material. Based on a
two-dimensional axisymmetric model, the Acoustic–Solid–Poroelastic Waves Interaction
Interface in the Acoustics module was used for the computational analysis. The geometry
was set as shown in Figure 1, and the Frequency Domain analysis of Pressure Acoustics
was applied to the piping fluid, and the poroelastic material was subjected to the Poroe-
lastic Waves analysis. The material properties listed in Table 1 were followed; boundary
conditions were applied as mentioned in the previous sections, and fixed constraints were
applied outside the pipe and silencer. The mesh was set separately for the poroelastic
material and the piping fluid, with λ/30 for the poroelastic material and the poroelastic
material-piping fluid interface, where fluid–structure interaction plays an important role,
and λ/6 for the rest of the piping fluid, where λ is the wavelength.

4.1. Single Layer

First, the TL of a silencer composed of a single layer of porous material was calculated
by the method proposed in this study. Referring to Table 1, the calculations (solid lines)
were performed for three different porous materials with different material properties and
directly compared with the results (markers) obtained by using the finite element numerical
analysis tool, COMSOL Multiphysics, as shown in Figure 2.

Of the three materials, FM3 shows the behavior of a rigid foam-like material and
effects due to the skeleton elasticity, as evidenced by several resonance peaks at 600–750 Hz.
RGW2, on the other hand, depicts the behavior of wool, a common material for dissipation
silencers for HVAC applications. XFM has properties between these two materials, showing
the coupling effect between the fluid and solid phases of the poroelastic material, with
a strong influence of the solid phase, especially in the resonance peak around 1500 Hz.
Moreover, as illustrated in Figure 2, the outcomes are in substantial concordance with the
FEM, thereby substantiating the analytic mode-matching method proposed in this study.

In general, foams such as XFM or FM3 can be viewed as porous materials with rigid
skeletal frames, which have relatively high resonant frequencies and are known for their
effectiveness in acoustic attenuation in the mid-to-high-frequency band. This rigid structure
means that there is less torsion or deformation within the material when resonance occurs,
so the energy is absorbed by the resonance and then quickly attenuated. As a result, the TL
is high only at the resonance frequency, and the TL is stable at other frequencies. On the
other hand, the resonance frequency of the TL of the silencer with XFM and FM3 is found
in different frequency bands, and the TL of the silencer with XFM is higher than that of
the silencer with FM3, showing a resonance characteristic around 1500 Hz. As shown in
Table 1, this is due to the relatively higher viscous and thermal characteristic lengths and
shear modulus of XFM compared to FM3.
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Figure 2. Comparison of mode-matching method (MMM) calculations (solid lines) and finite element
method (FEM) results (markers) for the transmission loss (TL) of a silencer composed of a single-layer
poroelastic material.

On the other hand, RGW2, which can be considered a soft material, has low stiffness
due to its soft and flexible material characteristics, which is prone to resonance at low
frequencies. In addition, the flexible structure of these materials makes it easy to deform
the structure when resonance occurs, and the energy decays slowly as the deformation
continues. This results in increased acoustic transmission losses in the resonant frequency
band, but the slow decay allows for effects over a relatively wide frequency range. Based on
the characteristics of these materials, the TL of the silencer with RGW2 shows no obvious
resonance characteristics at low frequencies, but it has a relatively high TL in the frequency
band below 500 Hz compared to the TL of the silencer with FM3, which has a higher
stiffness. Moreover, an even transmission loss frequency characteristic is observed in the
frequency band above 1500 Hz.

The multiple resonance peaks seen in the FM3 result indicate contributions from
different modes and suggest that there may be several different mechanisms of acoustic
energy dissipation, such as absorption or reflection. According to reference [41], fluid-borne
modes contribute across the frequency band to the absorption mechanism of the silencer,
while the absorption contribution of structure-borne modes is negligible at low frequencies,
but the resonance peaks can occur where the contribution increases. As such, the resonance
peak seen in Figure 2 can be interpreted as an increase in the influence of structure-borne
modes under the overall contribution of fluid-borne modes. It can also be seen that for
FM3, which has the smallest Young’s modulus, the peak frequencies are reduced in the
TL curves because the small Young’s modulus causes a low resonance frequency of the
skeleton vibration.

4.2. Double Layer

This section covers the case of double layers of poroelastic materials inside the silencer.
The silencer specifications are the same as for the single-layer case, and the thickness of
the poroelastic layers is set to be uniform. There is a total of nine ways to configure the
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material in the double layers, allowing for overlap. Here, they are classified according to
the type of poroelastic material located in the inner layer close to the center of the pipe and
compared in Figure 3.
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First, it should be noted that filling double layers inside the silencer with the same
poroelastic material is effectively equivalent to filling one layer with a single poroelastic
material, so comparing the solid lines in Figures 2 and 3 shows a perfect match. Next, the
TLs of the silencer when the double layer is composed of different materials are shown
in Figure 3a–c, respectively. For the purpose of convenience, the arrangement will be
designated by the order of the material in the layers closer and farther from the center of
the pipe. For example, XFM-FM3 considers a situation where XFM is filled in the layer
closer to the center of the pipe, and FM3 is filled in the layer farther from the center of
the pipe.

First, adding a stiffer material on the outside of the underlying poroelastic material
(XFM-FM3) results in a stronger resonance characteristic due to the stiffness and seems to
have the effect of shifting the resonance frequency to a lower frequency. On the contrary,
adding a material with little stiffness (XFM-RGW2) weakens the resonance characteristics,
lowering the peak values and shifting the resonance frequency to a high frequency. This is
even more evident in Figure 3b, where the TL curve of the arrangement with the stiffest
material, FM3, as the base material and the relatively weaker materials, XFM and RGW2,
on the outside, shows that the resonant frequency characteristics are shifted to 1000 Hz
and 1500 Hz, respectively. Figure 3c shows the result of placing XFM and FM3 in the outer
layer with RGW2, a soft material, as the base, and the TL peak value with strong resonance
characteristics can be seen accordingly.

4.3. Triple Layer

This section covers the case where a triple layer of poroelastic materials is used in-
side the silencer. The silencer specifications are the same as before, and the thickness of
the pororoelastic layer is also set to be uniform. There is a total of 27 ways to configure
the material for the triple layer, allowing for overlap. In the upper panels in Figure 4,
the case of completely disparate material arrangements is presented first, which are in-
capable of overlapping with one another. As previously discussed, the materials have
been classified according to their type and location in the inner layer, with nomenclature
maintained consistently.

For Figure 4a,b, there is no noticeable difference compared to the double layer. How-
ever, a strong resonance around 1800 Hz is found in the XFM-RGW2-FM3 arrangement,
and strong peaks around 1500 Hz and 2050 Hz are found in the FM3-XFM-RGW2 arrange-
ment. Noteworthy is the characterization of the RGW2-XFM-FM3 arrangement shown
in Figure 4c. A strong resonance characteristic appears around 1230 Hz and 1800 Hz,
especially around 1800 Hz, where a very large TL of more than 70 dB is predicted to
be obtained.

Similar characteristics are seen for this combination, allowing for the overlap shown
in Figure 4d,e. Of interest here are the TL characteristics of the RGW2-RGW2-FM3 arrange-
ment and the RGW2-FM3-RGW2 arrangement in Figure 4e. Both arrangements exhibit a
very strong resonance peak near 2200 Hz with a large TL close to 80 dB. This is the strongest
TL value among all possible combinations of single, double, and triple layers covered
in this paper. The RGW2-RGW2-FM3 arrangement is a double layer with a larger inner
layer thickness. Compared to the results of the similar arrangement RGW2-RGW2-XFM in
Figure 4f, it can be expected that the TL at high frequencies will show a stronger resonance
characteristic due to the larger impedance difference between the materials located in the
inner and outer layers. In other words, it is expected that placing a soft material with a
relatively small impedance difference from the material inside the pipe in the inner layer
of the silencer and a material with a large impedance difference in the outer layer of the
silencer can achieve a very large noise reduction effect at high frequencies.
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5. Conclusions

This paper presents a methodology for modeling the acoustic performance of a si-
lencer comprising multiple layers of poroelastic materials attached to the interior of the
silencer. This methodology is founded upon the principles of a dissipative silencer, which is
employed to mitigate the propagation of mid-to-high frequency piping noise in marine and
offshore structural systems. It is anticipated that this approach will prove beneficial in sce-
narios where the dimensions of the silencer are enlarged or when it is deployed in specific
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environments. In such instances, the poroelastic material may require the incorporation of
multiple layers due to inherent manufacturing constraints.

First, this paper presents a mode-matching method for a silencer containing a mul-
tilayer poroelastic material, which is based on the mode-matching method for a silencer
with a single layer of poroelastic material. This method introduces boundary conditions
between poroelastic materials. The numerical experimental results were utilized to calcu-
late the TL of double-layered and triple-layered poroelastic silencers. It was found that the
results were consistent with those of the single-layer configuration when all layers were
composed of the same material. The results obtained for the single layer were validated by
comparison with the results obtained using the FEM, whose comparison was based on the
published literature.

Furthermore, it was determined that the TL characteristics of the silencer are subject
to alteration with changes in frequency, contingent upon the intrinsic properties of the
poroelastic material. In particular, the TL characteristics of the silencer consisting of double
and triple layers were summarized through numerical experiments. It was found that the TL
characteristics of the silencer vary depending on the characteristics of each material when
different materials are arranged. Materials with strong rigidity exhibit strong resonance
characteristics; however, these characteristics can be mitigated by arranging them with
soft materials.

The methodology presented in this paper allows for the economic analysis of acoustic
characteristics in situations where multiple layers of poroelastic materials are constructed.
This is due to the fact that it is more time-efficient than the FEM. Accordingly, it is antic-
ipated that the design of silencers using poroelastic materials can be tailored to suit the
specific requirements of the user or designer by taking into account the number of layers,
thickness, and material configuration.
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Nomenclature

N Number of layers of poroelastic material
L Length of silencer
rN Distance to N-th poroelastic material from the center of pipe
t Time
c0 Speed of sound in the air
k0 Wavenumber in the air
ω Angular frequency
λ Wavelength
kz Wavenumber in the z-direction
p Acoustic pressure in the air
ρ0 Density of the air
ϕ0 Displacement potential of the compressional wave in the air
ϕ1 Displacement potential of the first compressional wave in the poroelastic material
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ϕ2
Displacement potential of the second compressional wave in the poroelastic
material

ψ Displacement potential of the shear wave in the poroelastic material
w Particle perturbation displacement within the fluid
u Displacement of the solid in the poroelastic material
U Average displacement of the fluid in the poroelastic material
µ1 Ratio of amplitudes between the compressional waves in the fluid
µ2 Ratio of amplitudes between the compressional waves in the solid
µ3 Ratio of amplitudes between the shear waves
m Mode number
n Index of poroelastic material layer
σs

ij Stress in solid phase for the poroelastic material

σ
f
ij Stress in fluid phase for the poroelastic material

σt
ij Total stress

pp Pore pressure
ϕ Porosity
S Complex shear modulus of the skeleton of the poroelastic material
Kb Bulk modulus of the frame
ν Poisson’s ratio
K f Bulk modulus of the fluid
ρ f Density of the fluid
α∞ Tortuosity
σ Flow resistivity
η Viscosity of the air
κ Thermal conductivity of the air
Cp Static pressure specific heat
Λ Viscous characteristic length
Λ′ Thermal characteristic length
γ Specific heat ratio
P0 Atmospheric pressure
k′0 Static thermal conductivity
ρs Density of the frame
ρ1 Apparent density of the frame considering the porosity
n Normal vector
Jm m-th order Bessel function of the first kind
Ym m-th order Bessel function of the second kind
Φi,±

p,m m-th eigenfunction of pressure
Ai,±

m Coefficient preceding the m-th eigenfunction
Φi,±

wz
Eigenfunction of displacement of the air

Φi,±
Uz,n

Eigenfunction of the fluid displacement in the poroelatic material

Φi,±
uz,n , Φi,±

ur,n
Eigenfunction of the solid displacement in the poroelatic material

Ψ Weighting function
diag Diagonal matrix
tr Trace matrix
FEM Finite element method
HVAC Heating, ventilation, and air conditioning
JCAL model Johnson-Champous-Allard-Lafarge model
TL Transmission loss

Appendix A

For the boundary condition (39) for a silencer with N layers of poroelastic material,
the components of the matrix C are given below. The subscript n indicates the order of the
layers close to the pipe (n = 1, 2, 3, . . . , N − 1).

C1,1 = −H1,1 J0(k1r,1r1) +
2S,1k1r,1

r1
J1(k1r,1r1), (A1)
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C1,2 = −H1,1Y0(k1r,1r1) +
2S,1k1r,1

r1
Y1(k1r,1r1), (A2)

C1,3 = −H2,1 J0(k2r,1r1) +
2S,1k2r,1

r1
J1(k2r,1r1), (A3)

C1,4 = −H2,1Y0(k2r,1r1) +
2S,1k2r,1

r1
Y1(k2r,1r1), (A4)

C1,5 = 2S,1 jkz

[
− 1

r1
J1(k3r,1r1) + k3r,1 J0(k3r,1r1)

]
, (A5)

C1,5 = 2S,1 jkz

[
− 1

r1
J1(k3r,1r1) + k3r,1 J0(k3r,1r1)

]
, (A6)

C1,6N+1 = ρ0c2
0k2

0 J0(k0rr1), (A7)

C2,1 = −2jS,1kz J1(k1r,1r1)k1r,1, (A8)

C2,2 = −2jS,1kzY1(k1r,1r1)k1r,1, (A9)

C2,3 = −2jS,1kz J1(k2r,1r1)k2r,1, (A10)

C2,4 = −2jS,1kzY1(k2r,1r1)k2r,1, (A11)

C2,5 = S,1 J1(k3r,1r1)
(
−k2

z + k2
3r,1

)
, (A12)

C2,6 = S,1Y1(k3r,1r1)
(
−k2

z + k2
3r,1

)
, (A13)

C3,1 =
k2

1,1

ϕ,1
(Q,1 + R,1µ1,1)J0(k1r,1r1), (A14)

C3,2 =
k2

1,1

ϕ,1
(Q,1 + R,1µ1,1)Y0(k1r,1r1), (A15)

C3,3 =
k2

2,1

ϕ,1
(Q,1 + R,1µ2,1)J0(k2r,1r1), (A16)

C3,4 =
k2

2,1

ϕ,1
(Q,1 + R,1µ2,1)Y0(k2r,1r1), (A17)

C3,6N+1 = −ρ0c2
0k2

0 J0(k0rr1), (A18)

C4,1 = −k1r,1(ϕ,1µ1,1 − ϕ,1 + 1)J1(k1r,1r1), (A19)

C4,2 = −k1r,1(ϕ,1µ1,1 − ϕ,1 + 1)Y1(k1r,1r1), (A20)

C4,3 = −k2r,1(ϕ,1µ2,1 − ϕ,1 + 1)J1(k2r,1r1), (A21)

C4,4 = −k2r,1(ϕ,1µ2,1 − ϕ,1 + 1)Y1(k2r,1r1), (A22)

C4,5 = jkz(ϕ,1µ3,1 − ϕ,1 + 1)J1(k3r,1r1), (A23)

C4,6 = jkz(ϕ,1µ3,1 − ϕ,1 + 1)Y1(k3r,1r1), (A24)
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C4,6N+1 = k0r J1(k0rr1), (A25)

C5,6N−5 = −k1r,N J1(k1r,NrN+1), (A26)

C5,6N−4 = −k1r,NY1(k1r,NrN+1), (A27)

C5,6N−3 = −k2r,N J1(k2r,NrN+1), (A28)

C5,6N−2 = −k2r,NY1(k2r,NrN+1), (A29)

C5,6N−1 = jkz J1(k3r,NrN+1), (A30)

C5,6N = jkzY1(k3r,NrN+1), (A31)

C6,6N−5 = jkz J0(k1r,NrN+1), (A32)

C6,6N−4 = jkzY0(k1r,NrN+1), (A33)

C6,6N−3 = jkz J0(k2r,NrN+1), (A34)

C6,6N−2 = jkzY0(k2r,NrN+1), (A35)

C6,6N−1 = −k3r,N J0(k3r,NrN+1), (A36)

C6,6N = −k3r,NY0(k3r,NrN+1), (A37)

C7,6N−5 = −k1r,Nµ1,N J1(k1r,NrN+1), (A38)

C7,6N−4 = −k1r,Nµ1,NY1(k1r,NrN+1), (A39)

C7,6N−3 = −k2r,Nµ2,N J1(k2r,NrN+1), (A40)

C7,6N−2 = −k2r,Nµ2,NY1(k2r,NrN+1), (A41)

C7,6N−1 = Jkzµ3,N J1(k3r,NrN+1), (A42)

C7,6N = Jkzµ3,NY1(k3r,NrN+1), (A43)

C6n+2,6n−5 = −H1,n J0(k1r,nrn+1) +
2S,nk1r,n

rn+1
J1(k1r,nrn+1), (A44)

C6n+2,6n−4 = −H1,nY0(k1r,nrn+1) +
2S,nk1r,n

rn+1
Y1(k1r,nrn+1), (A45)

C6n+2,6n−3 = −H2,n J0(k2r,nrn+1) +
2S,nk2r,n

rn+1
J1(k2r,nrn+1), (A46)

C6n+2,6n−2 = −H2,nY0(k2r,nrn+1) +
2S,nk2r,n

rn+1
Y1(k2r,nrn+1), (A47)

C6n+2,6n−1 = 2S,n jkz

[
− J1(k3r,nrn+1)

rn+1
+ k3r,n J0(k3r,nrn+1)

]
, (A48)

C6n+2,6n = 2S,n jkz

[
−Y1(k3r,nrn+1)

rn+1
+ k3r,nY0(k3r,nrn+1)

]
, (A49)
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C6n+2,6n+1 = H1,n+1 J0(k1r,n+1rn+1)−
2S,n+1k1r,n+1

rn+1
J1(k1r,n+1rn+1), (A50)

C6n+2,6n+2 = H1,n+1Y0(k1r,n+1rn+1)−
2S,n+1k1r,n+1

rn+1
Y1(k1r,n+1rn+1), (A51)

C6n+2,6n+3 = H2,n+1 J0(k2r,n+1rn+1)−
2S,n+1k2r,n+1

rn+1
J1(k2r,n+1rn+1), (A52)

C6n+2,6n+4 = H2,n+1Y0(k2r,n+1rn+1)−
2S,n+1k2r,n+1

rn+1
Y1(k2r,n+1rn+1), (A53)

C6n+2,6n+5 = 2S,n+1 jkz

[
J1(k3r,n+1rn+1)

rn+1
− k3r,n+1 J0(k3r,n+1rn+1)

]
, (A54)

C6n+2,6n+6 = 2S,n+1 jkz

[
Y1(k3r,n+1rn+1)

rn+1
− k3r,n+1Y0(k3r,n+1rn+1)

]
, (A55)

C6n+3,6n−5 = −2jS,nkz J1(k1r,nrn+1)k1r,n, (A56)

C6n+3,6n−4 = −2jS,nkzY(k1r,nrn+1)k1r,n, (A57)

C6n+3,6n−3 = −2jS,nkz J1(k2r,nrn+1)k2r,n, (A58)

C6n+3,6n−2 = −2jS,nkzY1(k2r,nrn+1)k2r,n, (A59)

C6n+3,6n−1 = S,n J1(k3r,nrn+1)
(
−k2

z + k2
3r,n

)
, (A60)

C6n+3,6n = S,nY1(k3r,nrn+1)
(
−k2

z + k2
3r,n

)
, (A61)

C6n+3,6n+1 = 2jS,n+1kz J1(k1r,n+1rn+1)k1r,n+1, (A62)

C6n+3,6n+2 = 2jS,n+1kzY1(k1r,n+1rn+1)k1r,n+1, (A63)

C6n+3,6n+3 = 2jS,n+1kz J1(k2r,n+1rn+1)k2r,n+1, (A64)

C6n+3,6n+4 = 2jS,n+1kzY1(k2r,n+1rn+1)k2r,n+1, (A65)

C6n+3,6n+5 = S,n+1 J1(k3r,n+1rn+1)
(

k2
z − k2

3r,n+1

)
, (A66)

C6n+3,6n+6 = S,n+1Y1(k3r,n+1rn+1)
(

k2
z − k2

3r,n+1

)
, (A67)

C6n+4,6n−5 = −k1r,n J1(k1r,nrn+1), (A68)

C6n+4,6n−4 = −k1r,nY1(k1r,nrn+1), (A69)

C6n+4,6n−3 = −k2r,n J1(k2r,nrn+1), (A70)

C6n+4,6n−2 = −k2r,nY1(k2r,nrn+1), (A71)

C6n+4,6n−1 = jkz J1(k3r,nrn+1), (A72)

C6n+4,6n = jkzY1(k3r,nrn+1), (A73)

C6n+4,6n+1 = k1r,n+1 J1(k1r,n+1rn+1), (A74)
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C6n+4,6n+2 = k1r,n+1Y1(k1r,n+1rn+1), (A75)

C6n+4,6n+3 = k2r,n+1 J1(k2r,n+1rn+1), (A76)

C6n+4,6n+4 = k2r,n+1Y1(k2r,n+1rn+1), (A77)

C6n+4,6n+5 = −jkz J1(k3r,n+1rn+1), (A78)

C6n+4,6n+6 = −jkzY1(k3r,n+1rn+1), (A79)

C6n+5,6n−5 = jkz J0(k1r,nrn+1), (A80)

C6n+5,6n−4 = jkzY0(k1r,nrn+1), (A81)

C6n+5,6n−3 = kz J0(k2r,nrn+1), (A82)

C6n+5,6n−2 = jkzY0(k2r,nrn+1), (A83)

C6n+5,6n−1 = −k3r,n J0(k3r,nrn+1), (A84)

C6n+5,6n = −k3r,nY0(k3r,nrn+1), (A85)

C6n+5,6n+1 = −jkz J0(k1r,n+1rn+1), (A86)

C6n+5,6n+2 = −jkzY0(k1r,n+1rn+1), (A87)

C6n+5,6n+3 = −jkz J0(k2r,n+1rn+1), (A88)

C6n+5,6n+4 = −jkzY0(k2r,n+1rn+1), (A89)

C6n+5,6n+5 = k3r,n+1 J0(k3r,n+1rn+1), (A90)

C6n+5,6n+6 = k3r,n+1Y0(k3r,n+1rn+1), (A91)

C6n+6,6n−5 =
k2

1,n

ϕ,n
(Q,n + R,nµ1,n)J0(k1r,nrn+1), (A92)

C6n+6,6n−4 =
k2

1,n

ϕ,n
(Q,n + R,nµ1,n)Y0(k1r,nrn+1), (A93)

C6n+6,6n−3 =
k2

2,n

ϕ,n
(Q,n + R,nµ2,n)J0(k2r,nrn+1), (A94)

C6n+6,6n−2 =
k2

2,n

ϕ,n
(Q,n + R,nµ2,n)Y0(k2r,nrn+1), (A95)

C6n+6,6n+1 =
k2

1,n+1

ϕ,n+1
(Q,n+1 + R,n+1µ1,n+1)J0(k1r,n+1rn+1), (A96)

C6n+6,6n+2 =
k2

1,n+1

ϕ,n+1
(Q,n+1 + R,n+1µ1,n+1)Y0(k1r,n+1rn+1), (A97)

C6n+6,6n+3 =
k2

2,n+1

ϕ,n+1
(Q,n+1 + R,n+1µ2,n+1)J0(k2r,n+1rn+1), (A98)
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C6n+6,6n+4 =
k2

2,n+1

ϕ,n+1
(Q,n+1 + R,n+1µ2,n+1)Y0(k2r,n+1rn+1), (A99)

C6n+7,6n−5 = −k1r,nϕ,n(µ1,n − 1)J1(k1r,nrn+1), (A100)

C6n+7,6n−4 = −k1r,nϕ,n(µ1,n − 1)Y1(k1r,nrn+1), (A101)

C6n+7,6n−3 = −k2r,nϕ,n(µ2,n − 1)J1(k2r,nrn+1), (A102)

C6n+7,6n−2 = −k2r,nϕ,n(µ2,n − 1)Y1(k2r,nrn+1), (A103)

C6n+7,6n−1 = jkzϕ,n(µ3,n − 1)J1(k3r,nrn+1), (A104)

C6n+7,6n = jkzϕ,n(µ3,n − 1)Y1(k3r,nrn+1), (A105)

C6n+7,6n+1 = k1r,n+1ϕ,n+1(µ1,n+1 − 1)J1(k1r,n+1rn+1), (A106)

C6n+7,6n+2 = k1r,n+1ϕ,n+1(µ1,n+1 − 1)Y1(k1r,n+1rn+1), (A107)

C6n+7,6n+3 = k2r,n+1ϕ,n+1(µ2,n+1 − 1)J1(k2r,n+1rn+1), (A108)

C6n+7,6n+4 = k2r,n+1ϕ,n+1(µ2,n+1 − 1)Y1(k2r,n+1rn+1), (A109)

C6n+7,6n+5 = −jkzϕ,n+1(µ3,n+1 − 1)J1(k3r,n+1rn+1), (A110)

C6n+7,6n+6 = −jkzϕ,n+1(µ3,n+1 − 1)Y1(k3r,n+1rn+1), (A111)

Hi,n = ((R,n + Q,n)µi,n + Q,n + A,n)k2
i,n + 2S,nk2

ir,n (A112)
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