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Abstract: An event-triggered neural adaptive cooperative control is proposed for the towing system
(TS) with model parameter uncertainties and unknown disturbances. Different from ordinary multi-
vessel formation control, the tugs and unactuated offshore platform in the TS are connected together
by towlines, and the resultant tension of the towlines serves as the actual drag force for the platform.
Initially, based on the radial basis function neural network (RBFNN), an adaptive RBFNN is designed
to compensate unknown disturbances and model parameter uncertainties of the TS, and we use
minimal learning parameter (MLP) algorithm to reduce the online learning parameters of adaptive
RBFNN. Combined with dynamic surface technology and event-triggered control (ETC) mechanism,
an event-triggered neural adaptive virtual controller is designed to obtain the desired drag force
of the platform. According to the quadratic programming algorithm, the desired drag force is
allocated as the desired tensions of towlines. Subsequently, the desired towline length and the
desired position information of the tugs are obtained sequentially through the towline model and the
position relationship between the tugs and the platform. Then, according to the desired positions of
tugs, an event-triggered neural adaptive distributed cooperative controller is designed for achieving
the multi-tug towing of the offshore platform. The ETC mechanism is introduced to reduce the
communication burden within the TS and the execution frequency of the tugs’ thrusters. Finally, the
stability of the closed-loop system is proven using the Lyapunov theory, and the ETC mechanism
proves that no Zeno behavior occurs. The effectiveness of the ETC mechanism and the MLP-based
adaptive RBFNN on the controllers of TS is verified through simulations and comparison analysis.

Keywords: towing system; event triggered; neural network; minimum learning parameter algorithm

1. Introduction

Multi-tug towing is a common water transportation method for unactuated offshore
platforms. Different from ordinary multi-vessel formation control, the tugs and platform in
the towing system (TS) are connected together by towlines, and the combined tension of
the towlines serves as the actual drag force for the platform. Compared to the umbilical ca-
ble [1] of underwater vehicles, the damping coefficient of the towlines in the TS is relatively
large, and even a slight change in length can significantly impact the combined tension.
This poses strict requirements for the precision of the TS cooperative control. In actual
water operations, unknown disturbances and model uncertain parameters are the main
reasons affecting control effect for the marine vehicles, such as the autonomous underwater
vehicle [2], unmanned surface vessel [3], and TS [4]. Additionally, the proposed cooper-
ative control schemes [5–9] did not account for unknown disturbances, resulting in poor
applicability. Ref. [10] proposed a parameter adaptive method to handle the environmental
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disturbances of the TS, but the model parameters of the system were assumed to be known.
Therefore, how to deal with the unknown disturbances and uncertainties on multi-tug
cooperative control is still a key issue that urgently needs to be addressed.

Due to the strong approximation and learning ability, the radial basis function neural
network (RBFNN) has been widely applied to deal with the uncertainties [11–13]. Although
there are few studies on RBFNN for the TS, we can still learn from the applications of
RBFNN in multi-agent control systems and vessels control systems. Ref. [14] proposed
a local RBFNN distributed cooperative learning control strategy for multi-agent collab-
orative systems with uncertain dynamics. Ref. [15] used the Chebyshev neural network
to approximate the bounded external disturbances of spacecraft. Ref. [16] proposed an
adaptive neural network based on a backstepping strategy, which can effectively mitigate
the impact of disturbances on vessels. Ref. [17] employed an RBFNN to mitigate the effects
of unknown nonlinearities on vessels with unidentified dead zones in their rudder angles.
However, there are a large number of learning parameters that need to be adjusted online
in these schemes, which will lead to an increase in the computational complexity of the TS.
The amount of computation will limit the application of the adaptive RBFNN in the TS.

In addition, the TS requires low-velocity navigation during transportation, which
results in long towing task completion time. On one hand, long time navigation will
result in the long-term high-frequency action of tugs’ thrusters, reducing the service life
of thrusters. On the other hand, the tugs need to communicate continuously with the
platform and adjacent tugs during the navigation, but traditional continuous trigger control
(CTC) will lead to wasted resources and energy [18]. To the best of our knowledge, there is
no relevant research that has addressed the high-frequency response and communication
resource waste of the TS. Fortunately, event-triggered control (ETC) has gained attention
for its advantages in reducing transmission and computational burdens [19–22].

At present, ETC is widely applied in control systems. Ref. [19] introduced a drone
control system with an event-driven mechanism that responds to specific triggers, effec-
tively reducing communication frequency and enhancing the system’s flexibility. Ref. [20]
discussed the time-varying formation problem of high-order multi-agent system under
external disturbances and proposed an event-triggered integral sliding mode control strat-
egy, which saves energy consumption and avoids triggering Zeno behavior in time series.
Ref. [21] designed an interleaved periodic ETC for cooperative unmanned surface vessels
to prevent communication delays and actuator faults. Ref. [22] designed an asynchronous
event-triggered scheme for nonlinear entities, conserving the network resources of net-
worked control systems. Obviously, we can introduce ETC mechanism in the distributed
collaborative control scheme of TS, which can reduce the communication burden and the
action frequency for tugs’ thrusters.

Based on the above discussion, we propose an event-triggered neural adaptive cooper-
ative control for the TS with model parameter uncertainties and unknown disturbances.
Firstly, an adaptive RBFNN is designed to compensate for disturbances and model parame-
ter uncertainties of the TS based on the minimal learning parameter (MLP) and RBFNN.
Based on the adaptive RBFNN, an event-triggered neural adaptive virtual controller of
the platform is designed to obtain the desired drag force of the platform. Subsequently,
according to the quadratic programming (QP) algorithm, the desired drag force is allocated
as the desired tensions of towlines, and the desired towline length and the desired posi-
tion information of the tugs are obtained sequentially through the towline model and the
position relationship between the tugs and the platform. Then, according to the desired
positions of tugs, we design an event-triggered neural adaptive distributed cooperative
controller, where the ETC mechanism is introduced to reduce the communication burden
and the action frequency for tugs’ thrusters, and the prominent highlights of this paper are
organized as follows:

• Different from the simplified model of TS in [5–10], the parameter uncertainty and
unknown disturbances are considered in our paper to establish a more realistic mathe-
matical model for TS. Then, an MLP-based adaptive RBFNN is designed to compensate
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uncertainty and disturbances. Compared to the RBFNNs in [12–15], only three on-
line learning parameters need to be considered for our MLP-based adaptive RBFNN,
thus reducing the design and computational burden caused by the large number of
learning parameters.

• Unlike the collaborative control methods of the TS [4–10], we design an event-triggered
neural adaptive cooperative controller to reduce the communication burden and the
frequency of actions for the tugs’ thrusters. Moreover, the ETC mechanism does not
significantly affect the control performance of the TS.

The principal contents of this paper include the following: Section 2 introduces the
RBFNN, the mathematical model of the TS, and the control objectives; Section 3 proposes
an event-triggered neural adaptive cooperative control for the TS and stability analysis;
Section 4 validates the effectiveness of the proposed MLP-based adaptive RBFNN and ETC
mechanism; and Section 5 provides a summary of the entire paper.

Lastly, to enhance the overall readability of this paper, a dedicated nomenclature
section has been added for the abbreviations and symbols as below.

2. Preliminaries and Problem Formulation
2.1. Radial Basis Function Neural Network

Lemma 1. Based on [23], for a continuous nonlinear function V(δ) : Rn → Rk and any positive
constant µ, the RBFNN can approximate V(δ) as follows:

V(δ) = WTh(δ) + µ (1)

where ∀δ ∈ Ωδ ⊂ Rn, W ∈ Rm×k is the optimal weight matrix; m represents the number of
hidden layer neurons; h(δ) = [h1(δ) · · · hm(δ)] ∈ Rm×1 represents the neuron basis function,
where ∥h(δ)∥ ≤ h and h is a positive constant; and µ ∈ Rk represents the approximation error,
where ∥µ∥ ≤ µ.

2.2. Towline Model

We use the catenary model to represent the towlines connecting the tugs and the
platform [24,25]. In Figure 1, we denote the tension in the towline as TR, TH is the effective
force applied to the platform and tugs, and DH and LR represent the horizontal and actual
length of the towlines. GR denotes the gravitational force acting on the towlines. The
catenary model is as follows:

TH =

(
DH − 2TH

σ
sinh−1

(
σLR
2TH

))
EA
LR

(2)

where TH refers to the horizontal tension of the towlines, σ is the density of towlines,
and E and A are the towlines’ elastic modulus and cross-sectional area.
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where 0 0B Tτ =   represents the drag force exerted by the tugs though towlines, and 
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θ θ θ θ θ θ θ θ
=

− − − −

 
 
 
  

 (5)

where iθ   refers to the angle between the towlines and the platform’s heading in the 
earth-fixed coordinate system, ( , )xi yil l  specifies the location of the tow point on the plat-
form, and other definitions are consistent with the tug model (3). 

Figure 1. Towline model.
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2.3. Dynamic Models of Tugs and the Offshore Platform

In this paper, the connection relationship between the platform and tugs of the TS are
shown in Figure 2.
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The mathematical model of i − th (i = 1, . . . , 4) tug is described by [26]:

.
ηi = J(ψi)vi,

Mi
.
vi + Divi + gi = τi + τi

h + τi
w

(3)

where ηi = [xi, yi, ψi]
T represents the north and east positions of the tug in the earth-

fixed coordinate system, vi = [ui, vi, ri]
T represents the velocity in the body-fixed coor-

dinate system, J(ψi) is the transformation matrices, and Mi and Di are inertial matrices
and damping matrices, respectively. τi

w and gi refer to disturbance forces and unmod-
eled dynamics. τi

h = BiTi
H denotes the effort vector induced by the horizontal tension,

where Bi = [cos(ϕi), sin(ϕi), 0]T and the definitions of ϕi are described in Figure 2.
Due to the similarity between the platform and tug models, the platform model is

shown below: .
η0 = J(ψ0)v0

M0
.
v0 + D0v0 + g0 = τ0 + τ0

w
(4)
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where τ0 = B0T represents the drag force exerted by the tugs though towlines, and
T =

[
T1

H , T2
H , T3

H , T4
H
]T and B0 are given below:

B0 =

 cos(θ1) cos(θ2) cos(θ3) cos(θ4)
sin(θ1) sin(θ2) sin(θ3) sin(θ4)

lx1 sin(θ1)− ly1 cos(θ1) lx2 sin(θ2)− ly2 cos(θ2) lx3 sin(θ3)− ly3 cos(θ3) lx4 sin(θ4)− ly4 cos(θ4)

 (5)

where θi refers to the angle between the towlines and the platform’s heading in the earth-
fixed coordinate system, (lxi, lyi) specifies the location of the tow point on the platform, and
other definitions are consistent with the tug model (3).

2.4. The Time-Variant Relative Position

To obtain the desired position information of the tugs, we introduce the time-variant
relative position ηt−v

i =
[

ηt−v
xi ηt−v

yi ηt−v
zi

]
∈ R3 [10]:

ηt−v
i = qi + pd

i (6)

where qi = ηtow
i − η0, ηtow

i is the attachment point of each towlines on the platform,
qi(3) = 0; pd

i = dH
i Bd

i , dH
i refers to the towlines’ desired horizontal length; Bd

i = [cos(θi + ψ0),

sin(θi + ψ0), ρi/dH
i ]

T with constant ρi.

Assumption 1. The parameters M0, Mi, D0, and Di (i = 1, . . . , 4) of the TS model are unknown.

Assumption 2. The desired trajectory ηd of the platform and the desired trajectory η0 + ηt−v
i of

the i − th tug are continuous and bounded.

Assumption 3. The unmodeled dynamics and disturbance g0, gi, τ0
w, and τ0

w are continuous
and bounded.

2.5. Control Objective

The objective is to design an event-triggered neural adaptive distributed cooperative
controller for the TS under unknown disturbances and uncertain parameters, with the
following aims:

P1. The designed adaptive RBFNN with MLP can compensate the uncertain parame-
ters and unknow disturbances of the TS.

P2. The platform can be towed by the tugs to follow the reference trajectory ηd, and
tugs can follow ηi

d, where ηi
d = η0 + ηt−v

i .
P3. The designed ETC mechanism can effectively reduce the communication frequency

of the TS and the action frequency of the tugs’ thrusters.

3. Main Results

To enhance the clarity and comprehensibility of our detailed implementation, the
schematic for the event-triggered neural adaptive distributed cooperative control scheme
of the TS is given in Figure 3. An event-triggered neural adaptive cooperative control is
proposed for multi-tug coordinated towing of unactuated offshore platform under the
disturbances and uncertainties in this section. Initially, we proposed an event-triggered
neural adaptive virtual controller to acquire desired drag force for the offshore platform.
Subsequently, the desired drag force is allocated to the desired tensions by the proposed
allocation scheme. Then, we designed an event-triggered neural adaptive distributed
cooperative controller to achieve the multi-tug towing of offshore platform. Finally, the
stability of the closed-loop system is proven using the Lyapunov theory, and the ETC
mechanism proves that no Zeno behavior occurs.
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3.1. Event-Triggered Neural Adaptive Virtual Controller for Offshore Platform

In this subsection, an event-triggered neural adaptive virtual controller is proposed
for the offshore platform. Firstly, the two error of the platform is defined as follows:{

E10 = η0 − ηd
E20 = v0 − ϑ0

(7)

where E20 =
[

E20,1 E20,2 E20,3
]T , the control law ϑ0 ∈ R3 for the platform can be

obtained as follows:
ϑ0 = J(ψ)0

T(−K10E10 +
.
ηd). (8)

To simplify the computation of the derivative of ϑ0, a first-order filter is introduced to
obtain ϑ0 as follows:

k
.
ϑ0 = ϑ0 − ϑ0, ϑ0(0) = ϑ0(0) (9)

where k > 0 is a predetermined time constant.
Based on the (9), (4), we can obtain the derivative of (7) as follows:{ .

E10 = J(ψ)0v0 −
.
ηd

M0
.
E20 = τ0 + d0

(10)

where d0 = τ0
w − D0v0 − g0 − M0

.
ϑ0 represents the total disturbances and uncertainties of

the platform. Since d0 is unknown in the actual towing system, this scheme employs the
RBFNN to estimate d0 as follows:

d̂0 = W0
Th0(δ0) + µ0 (11)

where d̂0 is the estimation of d0, W0 =

 WT
1 01×m 01×m

01×m WT
2 01×m

01×m 01×m WT
3

 is the optimal weight ma-

trix, Wn ∈ Rm×1(n = 1, 2, 3), m represents the number of neurons,
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h0(δ0) =
[

hT
0,1(δ0,1) hT

0,2(δ0,2) hT
0,3(δ0,3)

]T
, with hn(δn) ∈ Rm×1, δ0 =

[
1

.
ϑ

T

0 vT
0

]T
,

and µ0 =
[

µ0,1 µ0,2 µ0,3
]
.

According to Lemma 1, the norm of d0 satisfies the following inequality:

∥d0,n∥ =
∥∥∥WT

0,nh0,n(δ) + µ0,n

∥∥∥ ≤ χ0,nξ0,n (12)

where χ0,n = max
{
∥W0,n∥, µ0,n

}
, ξ0,n = 1 + ∥h0,n(δ0,n)∥.

Based on the MLP algorithm, the control effort τ0_c(t) is designed as follows:

τ0_c(t) = −K20E20 − d̂0 (13)

where d̂0 = ρ̂0ε0E20, τ0_c(t) =
[

τ0_c, 1(t) τ0_c, 2(t) τ0_c, 3(t)
]
, ρ0 = diag(ρ0,1, ρ0,2, ρ0,3), ρ̂0 =

diag(ρ̂0,1, ρ̂0,2, ρ̂0,3) is the estimation of ρ, ρ0,n = χ2
0n(n = 1,2,3), ε0 = diag(ε0,1, ε0,2, ε0,3),

with ε0,n = ξ2
0,n/(4δ2

0,n), and δ0,n represents the positive constant. The update rate of ρ̂0
as follows: .

ρ̂0,n = β0,n

{
ε0,nE2

20,n − γ0,n[ρ̂0,n − ρ̂0,n(0)]
}

(14)

According to ETC, the final control law is designed as follows:

τ0,n(t) = τ0_c,n(ts
0,n), ∀t ∈ [ts

0,n, ts+1
0,n ), n = 1, 2, 3 (15)

where τ0(t) =
[

τ0,1(t) τ0,2(t) τ0,3(t)
]
, and ts

0,n is the triggering time instant of the s-th
event. The triggering conditions are as follows:{

ts
0,n = inf{t ∈ R||E0,n| ≥ α0,n}

E0,n = τ0_c,n(ts−1
0,n )− τ0,n(ts

0,n)
(16)

where α0,n ∈ R, which satisfies 0 < α0,n < α0,n, with constants α0,n. If the triggering
condition of (16) is not met, τ0,n(t) remains constant τ0_c,n(ts−1

0,n ). When triggering condition
(16) is met, the current triggering time instant is marked as ts

0,n, and control input τ0,n(t) will
change to τ0_c,n(ts

0,n).

Remark 1. For the input signal triggering mechanism, the threshold triggering conditions [27] and
the dynamic triggering conditions [28] may exhibit Zeno behavior. The fixed threshold triggering
condition for the control signal can effectively prevent Zeno behavior. Therefore, this paper adopts
fixed threshold triggering conditions.

Based on (10), (13), and (14) and defining ρ̃0,n = ρ̂0,n − ρ0,n, we obtain the following:
.
E10 = −K10E10 + J(ψ)0(E20 + q0)

M0
.
E20 = −K20E20 − ρ̂0ε0E20 + d0.

ρ̃0,n = β0,n
{

ε0,nE2
20,n − γ0,n[ρ̂0,n − ρ̂0,n(0)]

} (17)

where q0 = ϑ0 − ϑ0.

3.2. Control Allocation of the Drag Force

The actual drag force of the offshore platform is provided through towlines linked
with tugs [10,25]. The optimal desired tension of each towline is computed by the quadratic
programming (QP) algorithm [29]. The objective function is constructed as below:

minJ = TTΩT + sTQs (18)
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subject to {
s = τ0(t)− B0T
Tmin

h ≤ Ti
h ≤ Tmax

h
i = 1, 2, 3, 4 (19)

where Tmin
h and Tmax

h represent the minimum and maximum horizontal tensions of towlines,
and Ω and Q are weighting matrices.

Then, combined with the Ti
h and the towline model (2), the desired horizontal dis-

tance dH
i and the actual horizontal tension Ti

H can be gained. The time-variant relative
position υi can be obtained by (6).

Remark 2. There are some typical algorithms to solve the optimal desired tension problem [25,29–31].
Linear programming (LP) is not suitable for quadratic objective function problems [30]. Nonlinear
programming (NLP) [31] and model predictive control (MPC) [25] have shortcomings in terms of
accuracy and computation efficiency, respectively. The QP algorithm can strike a balance between
computation efficiency and accuracy, especially when the objective function is quadratic, and the
constraints are linear. It can be seen from the proposed optimal desired tension allocation model (18)
and (19) that the objective function and constraints are quadratic and linear, respectively. Therefore, we
chose the QP algorithm to achieve the optimal desired tension allocation of TS.

3.3. Event-Triggered Neural Adaptive Distributed Cooperative Controllers for Tugs

Similar to the platform, we design a neural adaptive distributed cooperative controller
for tugs.

Step 1: Firstly, the two errors of the ith (i = 1, . . . , 4) tug is defined as follows: E1i = ∑
j∈Ni

aij(e1i − e1j) + ai0(e1i)

E2i = vi − ϑi

(20)

where e1i = ηi − η0 − ηt−v
i , aij, ai0 are adjacency matrices, Ni is the neighbor set for ith tug,

and the details can be seen in preliminaries in [10,32]. The control law ϑi ∈ R3 for the
platform can be obtained as follows:

ϑi =
JT(ψ)i

aid

[
−K1iE1i + ∑

j∈Ni

aij(JT(ψ)ivi +
.
η

t−v
i − .

η
t−v
j )− ai0(JT(ψ)0v0 +

.
η

t−v
i )

]
(21)

The ϑi can be obtained through first-order filter as follows:

k
.
ϑi = ϑi − ϑi, ϑi(0) = ϑi(0) (22)

Based on the (20) and (3), we can obtain the derivative of (20) as follows:
.
E1i = aidJ(ψ)ivi − ∑

j∈Ni

aij(J(ψ)jvj +
.
η

t−v
i − .

η
t−v
j )− ai0(J(ψ)0v0 +

.
η

t−v
j )

Mi
.
E2i = τi + di − τi

h

(23)

where di = τi
w −Divi − gi −Mi

.
ϑi includes total disturbances and uncertainties. The design

process of the control effort τi_c(t) of tugs are similar to the process of platform. The control
effort τi_c(t) are designed as follows:

τi_c(t) = −K2iE2i − d̂i (24)

where d̂i = ρ̂iεiE2i, τi_c(t) =
[

τi_c, 1(t) τi_c, 2(t) τi_c, 3(t)
]
, ρi = diag(ρi,1, ρi,2, ρi,3),

ρ̂i = diag(ρ̂i,1, ρ̂i,2, ρ̂i,3) is the estimation of ρi, ρi,n = χ2
i,n(n = 1, 2, 3), εi = diag(εi,1, εi,2, εi,3),
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with εi,n = ξ2
i,n/(4δ2

i,n), and δi,n represents the positive constant. The update rate of ρ̂n is
as follows: .

ρ̂i,n = βi,n{εi,nE2i,n − γi,n[ρ̂i,n − ρ̂i,n(0)]} (25)

According to event-triggered control, the final control law is designed as follows:

τi,n(t) = τi_c,n(ts
i,n), ∀t ∈ [ts

i,n, ts+1
i,n ), n= 1, 2, 3 (26)

where τi(t) =
[

τi,1(t) τi,2(t) τi,3(t)
]
, ts

i,n is the triggering time instant of the s-th event,
and the triggering conditions are as follows:{

ts
i,n = inf{t ∈ R||En| ≥ αi,n}

Ei,n = τi_c,n(ts−1
i,n )− τi,n(ts

i,n)
(27)

where αi,n ∈ R, which satisfies 0 < αi,n < αi,n, with constants αi,n. If the triggering
condition of (27) is not met, τi,n(t) remains constant τi_c,n(ts−1

i,n ). When triggering condition
(27) is met, the current triggering moment is marked as ts

i,n, and control input τi,n(t) will
change to τi_c,n(ts

n).
Based on (23)–(25) and defining ρ̃i,n = ρ̂i,n − ρi,n, we obtain the following:

.
E1i = −K1iE1i + J(ψ)i(E2i + qi)

Mi
.
E2i = −K2iE2i − ρ̂iεiE2i + di.

ρ̃i,n = βi,n
{

εi,nE2
2i,n − γi,n[ρ̂i,n − ρ̂i,n(0)]

} (28)

where qi = ϑi − ϑi.

3.4. Stability Analysis

Theorem 1. For the system errors (17) and (28) of the platform and tugs with unknown distur-
bances and uncertainties, and according to Assumptions 1–3, the proposed control scheme, composed
of dynamics control law (15) and (24) and the update rate (16) and (25), can achieve the control
objectives of this paper. Additionally, in the closed-loop system, all signals of the TS are ultimately
uniformly bounded.

Proof. Based on the errors discussed above, we established the following Lyapunov
function as follows:

V =
1
2

(
ET

10E10 + ET
20ME20 +

1
β0,n

3

∑
n=1

ρ̃2
0,n

)
+

1
2

4

∑
i=1

(
ET

1iE1i + ET
2iME2i +

1
βi,n

3

∑
n=1

ρ̃2
i,n

)
(29)

The derivative of (29) as follows:

.
V = ET

10

.
E10 + ET

20M
.
E20 +

3
∑

n=1
ρ̃0,n

.
ρ̃0,n +

4
∑

i=1

(
ET

1i

.
E1i + ET

2iM
.
E2i +

3
∑

n=1
ρ̃i,n

.
ρ̃i,n

)
= ET

10[−K10E10 + J(ψ)0(E20 + q0)] + ET
20(−K20E20 − ρ̂0ε0E20 + d0)

+
3
∑

n=1
ρ̃0,n

{
ε0,nE2

20,n − γ0,n[ρ̂0,n − ρ̂0,n(0)]
}

+
4
∑

i=1

{
ET

1i(−K1iE1i + J(ψ)i(E2i + qi)) + ET
2i(−K2iE2i − ρ̂iεiE2i + di)

+
3
∑

n=1
ρ̃i,n
{

εi,nE2
2i,n − γi,n[ρ̂i,n − ρ̂i,n(0)]

}
}

= −ET
10K10E10 + ET

10J(ψ)0(E20 + q0) +−ET
20K20E20 + ET

20(−ρ̂0ε0E20 + d0)

+
3
∑

n=1
ρ̃0,nε0,nE2

20,n −
3
∑

n=1
ρ̃0,nγ0,n[ρ̂0,n − ρ̂0,n(0)]

+
4
∑

i=1

{
−ET

1iK1iE1i + ET
1iJ(ψ)i(E2i + qi) +−ET

2iK2iE2i + ET
2i(−ρ̂iεiE2i + d)i

+
3
∑

n=1
ρ̃i,nεi,nE2

2i,n −
3
∑

n=1
ρ̃i,nγi,n[ρ̂i,n − ρ̂i,n(0)]}

(30)
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According to references [33], q0 and qi are bounded, such that ∥q0∥ ≤ q0,
∥qi∥ ≤ qi, where q0 and qi are constants. Based on the Young’s inequality, we can ob-
tain the inequalities as follows:

ET
10J(ψ)0(E20 + q0) ≤ σ0ET

10E10 +
1

2σ0
ET

20E20 +
1

2σ0
q2

0

ET
1iJ(ψ)i(E2i + qi) ≤ σiET

1iE1i +
1

2σi
ET

2iE2i +
1

2σi
q2

ET
20(−ρ̂0ε0E20 + d0) ≤ −ET

20ρ̂0ε0E20 +
3
∑

n=1

(
ρ̃0,nE2

20,nξ2
0,n

4γ2
0,n

+ γ2
0,n

)

≤
3
∑

n=1

(
ρ̃0,nE2

20,nξ2
0,n

4γ2
0,n

+ γ2
0,n

)

ET
2i(−ρ̂iεiE2i + di) ≤ −ET

2iρ̂iεiE2i +
3
∑

n=1

(
ρ̃i,nE2

2i,nξ2
i,n

4γ2
i,n

+ γ2
i,n

)

≤
3
∑

n=1

(
ρ̃i,nE2

2i,nξ2
i,n

4γ2
i,n

+ γ2
i,n

)
−ρ̃0,n[ρ̂0,n − ρ̂0,n(0)] ≤ −1

2
ρ̃2

0,n +
1
2
[ρ0,n − ρ̂0,n(0)]

2

−ρ̃i,n[ρ̂i,n − ρ̂i,n(0)] ≤ −1
2

ρ̃2
i,n +

1
2
[ρi,n − ρ̂i,n(0)]

2

(31)

where σ0 and σi are constant. By substituting (31) into (30), we can obtain the follow inequality.

.
V ≤ −ET

10K10E10 + σ0ET
10E10 +

1
2σ0

ET
20E20 − ET

20K20E20

−
3
∑

n=1

γ0,nρ̃2
0,n

2
+

1
2σ0

q2
0 +

3
∑

n=1
β2

0,n+
3
∑

n=1

γ0,n

2
[ρ0,n − ρ̂0,n(0)]

2

+
4
∑

i=1

{
−ET

1iK1iE1i + σiET
1iE1i +

1
2σi

ET
2iE2i − ET

2iK2iE2i

−
3
∑

n=1

γi,nρ̃2
i,n

2
+

1
2σi

q2
i +

3
∑

n=1
β2

i,n+
3
∑

n=1

γi,n

2
[ρi,n − ρ̂i,n(0)]

2

}
≤ −[λmin(K10)− σ0]∥E10∥2 −

[
λmin(K20)−

1
2σ0

]
∥E20∥2 − γ0,n

2

3
∑

n=1
ρ̃2

0,n

+
3
∑

n=1

1
2σ0

q2
0 +

3
∑

n=1
β2

0,n+
3
∑

n=1

γ0,n

2
[ρ0,n − ρ̂0,n(0)]

2

+
4
∑

i=1

{
−[λmin(K1i)− σi]∥E1i∥2 −

[
λmin(K2i)−

1
2σi

]
∥E2i∥2 − γi,n

2

3
∑

n=1
ρ̃2

i,n

+
3
∑

n=1

1
2σi

q2
i +

3
∑

n=1
β2

i,n+
3
∑

n=1

γi,n

2
[ρi,n − ρ̂i,n(0)]

2
}

≤ −c1
1
2

(
ET

10E10 + ET
20ME20 +

1
β0,n

3
∑

n=1
ρ̃2

0,n

)
+ c2

−c3
1
2

4
∑

i=1

(
ET

1iE1i + ET
2iME2i +

1
βi,n

3
∑

n=1
ρ̃2

i,n

)
+ c4

≤ −cV + c2 + c4

(32)

where c = min(c1, c3), c1 = 2min
{

λmin(K1i)− σi,
λmin(K2i)− 1

2σi
λmax(K2i)

, βi,nγi,n
2

}
, c2 =

3
∑

n=1

1
2σ0

q2
0 +

3
∑

n=1
β2

0,n+
3
∑

n=1

γ0,n

2
[ρ0,n − ρ̂0,n(0)]

2, c3 = 2min
{

λmin(K1i)− σi,
λmin(K2i)− 1

2σi
λmax(K2i)

, βi,nγi,n
2

}
,

c2 =
3
∑

n=1

1
2σi

q2
i +

3
∑

n=1
β2

i,n+
3
∑

n=1

γi,n

2
[ρi,n − ρ̂i,n(0)]

2. λmin and λmax represent the minimum and

maximum eigenvalues of the matrix, respectively. c2 + c4 > 0 and c > 0 can be obtained by
choosing parameters.
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Further, the closed-loop system is uniformly ultimately bounded. Finally, Theorem 1
is proven. □

Theorem 2. In this paper, the fixed-threshold event-triggering mechanisms (15), (16), (26), and
(27) can effectively prevent Zeno behavior, and the time intervals ts

0,n − ts−1
0,n and ts

i,n − ts−1
i,n have

lower bound t, where t is a positive constant.

Proof. Based on (16), the derivative of E0n as follows:

.
E0,n = sign(E0,n)

.
E0,n ≤ |τ0_c|, ∀t ∈ [ts−1

0,n , ts
0,n] (33)

According to (13), the derivative of τ0_c with respect to
.
τ0_c is as follows:

.
τ0_c,n(t) = −K20,n

.
E20,n −

.
ρ̂0,nε0,nE20,n − ρ̂0,n

.
ε0,nE20,n − ρ̂0,nε0,n

.
E20,n (34)

According to Theorem 1,
.
E20,n and

.
ρ̂0,n are bounded. Based on Lemma 1, h(δ) and first

derivative
.
h(δ) are bounded, and subsequently,

.
ε0,n is bounded as well. Therefore, there

exists a positive number ϖ0,n such that
∣∣∣ .
E0,n

∣∣∣ ≤ ϖ0,n.

E0,n

(
ts−1
0,n

)
= 0, lim

t→ts
0,n

|E0,n(t)| = α0 (35)

Based on (35), the time interval has lower bound t, where t ≥ min{α0/ϖ0,n}. There-
fore, the proposed ETC method can avoid Zeno behavior. Similarly, the above proof also
applies to the neural adaptive distributed cooperative controller for tugs.

Theorem 2 is proven. □

4. Simulation Results and Analysis

In this section, we employ the towing system (TS) [10] to validate the effectiveness of
the proposed control method. To show the performance of the designed control method,
our simulations and experiments were conducted using MATLAB 2023b and Windows 11.
The parameters of the unactuated platform and four tugs of the TS can be seen in [10] and
Table 1. The following desired trajectory can only be gained by the platform.{

x(t) = 0.2t
y(t) = 200sin(0.001t)

(36)

Table 1. Initial positions and initial velocities of the platform and four tugs.

The Towing System Initial Positions Initial Velocities

The offshore platform η0 = [0, 0, 0
◦
]
T v0 = [0, 0, 0(rad/s)]T

The first tug η1 = [271,−167, 0
◦
]
T v1 = [0, 0, 0(rad/s)]T

The second tug η2 = [271, 167, 0
◦
]
T v2 = [0, 0, 0(rad/s)]T

The third tug η3 = [−271, 167, 180
◦
]
T v3 = [0, 0, 0(rad/s)]T

The fourth tug η4 = [−271,−167, 180
◦
]
T v4 = [0, 0, 0(rad/s)]T

In practice, the TS usually navigates in a moderate sea condition. However, it is
also essential to consider its reliability under different conditions. Therefore, this paper
introduced the following two types of unknown disturbances [34]:
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Case 1. Based on Ref. [35], the unknown disturbances τw and the model uncertain-
ties g of moderate sea conditions are designed as follows:

τi
w = 103[5 sin(t), 5 sin(t), 5 sin(t)]T , i = 1, 2, 3, 4

gi = 103[0.3uiv2
i + 0.4v2

i ri, 0.1uivi, 0.2uir2
i + 0.3uirivi

]T

τ0
w = 104[5 sin(t), 5 sin(t), 5 sin(t)]T

g0 = 104[0.3u0v2
0 + 0.4v2

0r0, 0.1u0v0, 0.2u0r2
0 + 0.3u0r0v0

]T

(37)

Case 2. The unknown disturbances τw and the model uncertainties g of adverse sea
conditions are designed as follows:

τi
w = 105[5 sin(t), 5 sin(t), 5 sin(t)]T , i = 1, 2, 3, 4

gi = 105[0.3uiv2
i + 0.4v2

i ri, 0.1uivi, 0.2uir2
i + 0.3uirivi

]T

τ0
w = 106[5 sin(t), 5 sin(t), 5 sin(t)]T

g0 = 106[0.3u0v2
0 + 0.4v2

0r0, 0.1u0v0, 0.2u0r2
0 + 0.3u0r0v0

]T

(38)

Considering that symmetrically distributed tugs can better coordinate the towing force on
the platform, we use the same transformation matrix B0 with [10]. The parameters are as fol-
lows: θ1 = 330

◦
, θ2 = 30

◦
, θ3 = 150

◦
, θ4 = 210

◦
; (lx1, ly1) = (55m,−42m),

(lx2, ly2) = (55m, 42m), (lx3, ly3) = (−55m, 42m), (lx4, ly4) = (−55m,−42m); ϕ1 = ϕ3 =

150
◦
, ϕ2 = ϕ4 = 210

◦
.

Based on the Theorem 1, we design the parameters of the proposed control scheme
by trial and error. And the final designed parameters are as follows: K10 = 0.55I3, K20 =
106 I3, K1i = 5I3, K2i = diag

(
1e5, 1e6, 1e7), β01 = β02 = 0.02, β03 = 10, βi1 = βi2 =

2e−3, βi3 = 0.1,γ01 = γ02 = 1e−3, γ03 = 1e−4, γi1 = γi2 = 4e−4, γi3 = 8e−3, δ01 = δ02 =
500, δ03 = 50, δi1 = δi2 = 800, δi3 = 50, ρ̂0(0) = ρ̂i(0) = 0, α0,1 = α0,2 = 1e4N, α0,3 =
1e6N, αi,1 = αi,2 = 1e5N, αi,3 = 1e7N, ρi = 0.08.

To validate the advantages of the proposed MLP-based adaptive RBFNN, the single-
hidden-layer neural network (SHLNN) is introduced as follows:

ρ̂i(t) = ŴT
i h(χi) (39)

where χi = [1, νT
i ,

.
ηi

T , ψi]
T

is the input vector for the single-hidden-layer neural net-
work, Ŵi is the estimated weight vector, and h(χi) = 1

1+e−χi
is the basis function of the

neural network.
The adaptive update rule for Ŵi are designed as follows:

.
Ŵi = σi

(
h(χi)ET

i ki M
−1
i (ηi)− kwiŴi

)
(40)

where σi is the gain parameters.
The simulation results are as follows:
Figure 4 describes the three adaptive learning parameters designed for the platform

and tugs. It is evident from Figure 4 that the adaptive learning parameters stabilize
at around 50 s. Figures 5 and 6 demonstrate that the MLP-based adaptive RBFNNs
can effectively approximate the total disturbances and uncertainties of the TS, which
can improve the robustness of the TS. By comparing the curves of MLP-based adaptive
RBFNN and SHLNN in Figures 5 and 6, it is evident that both methods can achieve similar
approximation results for the total disturbances and uncertainties around 70 s. This means
that the MLP-based adaptive RBFNN can reduce the design and computational burden
caused by numerous learning parameters without compromising the performance.
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MLP-based adaptive RBFNN and SHLNN in Case 1.

Figures 7 and 8 illustrate the control forces of the tugs under ETC in Case 1 and
Case 2. Clearly, the tugs’ control forces are not continuously changing, it only adjusts
when the control input error exceeds the predefined fixed threshold. Although there are
some fluctuations in the control forces under Case 2, they remain within an acceptable
range. This means that the control scheme proposed in our paper has good robustness
to different sea conditions. To further validate the effectiveness of ETC, the execution
frequency and inter-execution time (ts

n+1 − ts
n), s = 0, 1, 2 . . ., are given for the fourth tug

under the two controllers (ETC and CTC). The comparison of the execution frequency
in Figure 9 demonstrates that the designed ETC mechanism can effectively reduce the
execution frequency of the tugs’ thrusters and the communication burden within the TS.
Furthermore, it can be seen from the detailed enlarged view of Figure 10 that the minimum
inter-execution time is greater than 0 s, which validates that the proposed scheme can avoid
Zeno behavior.

Figures 11 and 12 show the trajectories of the TS tracking straight and curved predeter-
mined trajectories, respectively. It can be seen from Figures 11 and 12 that the platform can
track the arbitrary predetermined trajectory well under the towing of tugs. Figures 13–15
show the position error curves of the platform and tugs under the two controllers (ETC
and CTC). Figure 16 shows the deviations in the tugs’ positions under two controllers. It
can be seen from the first two items of Figure 16 that the north and east deviations are both
within a small range. And the third item of Figure 16 shows that the heading deviations
can converge to a small neighborhood within 100 s. Therefore, although there are slight
oscillations of the proposed controller under the ETC, the overshoot and the convergence
time remain basically consistent with those under CTC. Overall, Figures 11–16 show that
the designed ETC mechanism can effectively reduce the thruster execution frequency and
the communication burden with minimal impact on the performance of controller.
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Figures 17 and 18 represent the horizontal lengths and horizontal tensions of towlines,
which demonstrate that the length variation in towlines are relatively small and consistent
with the horizontal tension variation in the towlines under the ETC mechanism. The rela-
tively small length change in towlines can guarantee the trajectory-tracking performance of
the platform. Based on the configuration of the TS in Figure 9 and the desired trajectory of
the platform, the second and third tugs should provide the main drag forces at the initial
stage, which is consistent with the horizontal length of towlines shown in Figure 13.
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5. Conclusions

This paper proposed an event-triggered neural adaptive cooperative control for the
TS with model parameter uncertainties and unknown disturbances. To begin with, we
designed an adaptive RBFNN improved by the MLP algorithm to compensate for these
uncertainties and disturbances. The MLP algorithm reduces the online learning parameters
of the adaptive RBFNN to only three, significantly reducing the design and computation
burden. Based on this adaptive RBFNN, we developed an event-triggered neural adaptive
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virtual controller to obtain the desired drag force for the platform. Subsequently, according
to the QP algorithm, the desired drag force is allocated as the desired tensions of the
towlines. The desired towline lengths and the desired position information of the tugs
are then obtained sequentially through the towline model and the position relationship
between the tugs and the platform. Subsequently, an event-triggered neural adaptive
distributed cooperative controller is designed for the tugs based on their desired positions.
Simulations and analyses demonstrated that the event-triggered neural adaptive controllers
can ensure the tracking error of the TS converges to a smaller neighborhood. The designed
adaptive RBFNN with MLP requires only three online learning parameters, reducing the
design and computational burden caused by numerous learning parameters and effectively
compensating for uncertainties and disturbances in the TS. Additionally, the ETC mecha-
nism reduces the communication burden within the TS and the execution frequency of the
tugs’ thrusters. In future research, we aim to design controllers with faster convergence
rates under control input constraints and hope to conduct physical testing soon to further
validate our proposed approaches.
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Abbreviation
Key abbreviations and symbols used in this paper.

TS Towing System
RBFNN Radial basis function neural network
MLP Minimal learning parameter
CTC Continuous trigger control
ETC Event-triggered control
QP Quadratic programming
SHLNN Single-hidden-layer neural network
h(δ) The neuron basis function
TH The horizontal tension
DH The horizontal length of the towlines
ηi, η0 The positions of the tugs and platform
vi, v0 The velocity of the tugs and platform
J(ψi), J(ψ0) The transformation matrices of the tugs and platform
Mi, M0, Di, Di The inertial and damping matrices of the tugs and platform
τi

w, τ0
w, gi, g0 The disturbance forces and unmodeled dynamics of the tugs and platform

τi
h The effort vector induced by the horizontal tension

ηt−v
i The time-variant relative position

E1i, E2i, E10, E20 Position tracking errors and velocity tracking errors of the tugs and platform
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ϑi, ϑ0 The virtual controller of the tugs and platform
ϑi, ϑ0 The output of first-order filter
di, d0 The total disturbances and uncertainties of the tugs and platform
d̂i, d̂0 The estimation of RBFNN
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