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Abstract: The marine water-lubricated bearing’s (WLBs) dynamic properties are essential 
for ensuring the shaft system’s operational dependability. The coupled model of mixed 
lubrication and turbulence under the impact of bidirectional misalignment is proposed in 
this research, and the perturbation equations of marine WLBs with 32 coefficients are de-
rived. The finite difference method (FDM) is used to solve the steady-state and perturba-
tion equations, and the impacts of turbulence, bearing bush deformation, surface rough-
ness, and bidirectional shaft misalignment on the dynamic characteristics of the WLBs are 
systematically investigated. The results reveal that under mixed lubrication, surface 
roughness and the turbulence effect can both greatly improve the stiffness and damping 
of the bearings, but that there is a threshold phenomenon for the turbulence effect’s influ-
ence on these properties. Neglecting the elastic deformation of the bush may lead to an 
overestimation of the bearings’ stiffness and damping, causing substantial inaccuracies in 
conditions of heavy load or declined Young’s modulus. The 32 coefficients of the WLB 
exhibit considerable variation with the misalignment angle; hence, a more comprehensive 
dynamic model should be developed for misaligned marine WLBs. The study’s findings 
provide valuable insights for rotor dynamics research and optimal design of lubrication 
performance in marine WLBs. 

Keywords: marine water-lubricated bearing; turbulence; mixed lubrication; bearing bush 
deformation; bidirectional misalignment; dynamic characteristics 
 

1. Introduction 
Better lubrication performance of marine WLBs is beneficial for enhancing the oper-

ating safety and dependability of the ship propulsion shaft system [1,2]. The WLB system 
is commonly used in maritime stern bearings due to its superior performance and benefits 
over oil-lubricated bearings, including energy efficiency, environmental sustainability, 
and reduced noise levels [3,4]. However, there are specific problems to consider: (1) Be-
cause water has a significantly lower viscosity than mineral oil, WLB exhibits smaller wa-
ter film thickness under the same load condition, which is of the same order of magnitude 
as the bearing surface roughness, and the WLB is more prone to a mixed lubrication state 
under heavy load conditions [5]. (2) The WLB is typically misaligned in both vertical and 
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horizontal directions due to the propeller’s self-weight and the uneven lateral forces gen-
erated during operation [6]; (3) The large diameter of the ship’s propulsion shaft system 
causes the bearing system to be subjected to turbulent lubrication conditions, exacerbated 
by a high relative slip velocity and a low viscosity fluid; (4) The marine WLB bush has a 
low Young’s modulus, making it susceptible to wear and distortion, which can lead to 
anomalous vibration and noise emission [7]. A more comprehensive model is essential to 
better understand the complex dynamic behavior of the ship propulsion shaft system, as 
the current WLB dynamic model seldom integrates these features. 

Extensive research has been conducted on the topic of mixed lubrication. When the 
bearing is in mixed lubrication, the minimum film thickness is typically of the same order 
of magnitude as the surface roughness. To characterize the impact of roughness parame-
ters on lubrication performance, Patir et al. [8] established the average Reynolds equation 
taking surface roughness into account and introduced the flow factor and shear factor 
based on the traditional Reynolds equation. A GW contact model for two rough surfaces 
in contact was subsequently presented by Greenwood et al. [9] based on a statistical 
model. Liang et al. [10] proposed a deterministic model to study the influence of surface 
roughness on the mixed lubrication performance of thrust bearings. Wang et al. [11] 
pointed out that surface roughness and elastic deformation substantially affect the lubri-
cation performance of bearings. He et al. [12] developed a mixed lubrication model for 
ship stern bearings, incorporating the effects of cavitation, and investigated the influence 
of bending deformation on the transition of lubrication states. Xie et al. [13] investigated 
the regulation of the asperity contact load ratio of WLB when transitioning from mixed 
lubrication to hydrodynamic lubrication and established a coupling relationship that was 
later validated by experiment. Charamis et al. [14] studied the influence of surface rough-
ness and thermal effects on the lubrication performance of marine WLBs. Xiang et al. [15] 
presented a profile modification method to improve the contact and wear behavior of 
WLB under mixed lubrication and discussed the effect of asperity contact on adhesive 
wear behavior [16]. Zhao et al. [17] analyzed the effects of local wear and surface rough-
ness on the performance of mixed lubrication in ship stern bearings. It is evident that the 
aforementioned studies typically ignored the turbulence effect and assumed laminar flow 
to exist inside the bearings. 

A number of scholars have conducted relevant studies on the influence of turbulence 
on bearing lubrication performance. According to Wang’s research [18], turbulence and 
thermal factors have a significant effect on the high-speed WLB’s lubrication performance. 
Du et al. [19] investigated the lubrication properties of WLB under high-speed situations 
using four various mathematical models of turbulent lubrication. Lv et al. [20] investi-
gated the effect of surface roughness, transient shock load, and turbulence on the mixed 
lubrication properties of bearings. Liu et al. [21] designed a high-speed WLB test rig to 
investigate the effect of turbulence on WLB at various speeds. Qiao et al. [22] employed a 
numerical method to investigate the influence of turbulence on the mixed lubrication per-
formance of water-lubricated rubber bearings, demonstrating that turbulence can enhance 
bearing capacity while simultaneously diminishing contact load. However, the aforemen-
tioned research tends to ignore the effect of bearing misalignment. 

The stern bearing is commonly misaligned because of the propeller’s cantilever ef-
fect, and existing research has shown that this misalignment significantly affects the bear-
ing’s lubrication performance. Sun et al. [23] developed the film thickness equation of 
bearings under misalignment conditions to study the influence of various misalignment 
angles and eccentricities on the oil film pressure, bearing capacity, attitude angle, and fric-
tion coefficient. Liu et al. [24] developed a computational model of a ship’s stern bearing 
with a bidirectional misalignment and investigated the impact on the dynamic properties. 
According to Lv’s research [25], shaft misalignment significantly decreases the bearing 
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capacity and impairs the tribological performance of the bearings. Yang et al. [26] investi-
gated the mixed lubrication and transient wear behavior of misaligned WLB. Xie et al. [27] 
examined the impact of misalignment on WLB lubrication performance and state transi-
tion. 

More researchers have recently begun to focus on the impact of numerous parame-
ters on the dynamic properties of bearings. Liang et al. [28] investigated the effect of dis-
turbance amplitude on the stiffness coefficient of WLB using the CFD approach. Zhou et 
al. [29] examined the effect of groove number and structural parameters on the stiffness 
and damping properties of water-lubricated rubber bearings. Wang et al. [30] investigated 
the influence of bearing misalignment angle on the static and dynamic properties. Xiang 
et al. [31] investigated the dynamic characteristics of WLB under asperity contact consid-
ering different radial clearances, rubber thicknesses, and elastic moduli. Feng et al. [32] 
established a THD model to study the impact of thermal effects and turbulence on the 
dynamic properties of bearings. Ouyang et al. [33] conducted experimental studies of the 
dynamic characteristics of a ship’s stern bearing, revealing that the bending deformation 
of the journal significantly increased the local dynamic characteristic coefficients of the 
bearing, particularly the stiffness coefficient. However, most of the current bearing dy-
namic studies are simplified eight-factor models that ignore the effect of journal misalign-
ment and cannot accurately reveal the actual working status of marine WLBs. There is 
also a lack of a coupled model that takes into account turbulence and mixed lubrication 
to study the influence of complex factors on the dynamic characteristics of marine WLBs. 

This study provided a mixed lubrication model for maritime WLBs that incorporated 
the effects of turbulence. Furthermore, the equation for water film thickness under bidi-
rectional misalignment was developed, and the perturbation equation with 32 coefficients 
was derived and solved utilizing the FDM. The impacts of surface roughness, turbulence 
effect, bearing bush deformation, and bidirectional misalignment angle on the stiffness 
and damping properties of marine WLBs are systematically investigated. 

2. Mathematical Model 
2.1. The Generalized Average Reynolds Equation 

Figure 1 illustrates the schematic structure of the WLB under mixed lubrication con-
ditions, wherein asperity contact occurs around the location of minimal film thickness 
during operation at low speed and heavy load conditions. To account for the turbulence 
effect, a turbulence factor was incorporated based on the average Reynolds equation, and 
the generalized average Reynolds equation is presented in Equation (1). It should be noted 
that when the flow regime is laminar, the equation can be simplified to the conventional 
average Reynolds equation, which may be further simplified to the basic Reynolds equa-
tion if the impact of roughness is also neglected. As a result, the generalized average Reyn-
olds equation provides a broader spectrum of applications [20,22]. 

3 3

6 6 12s
x z c c

x z

h p h p h hU U
x G x z G z x x t

φφ φ φ σ φ
μ μ

    ∂∂ ∂ ∂ ∂ ∂ ∂+ = + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂  
 (1) 

where x and z are the bearing circumferential and axial coordinates, respectively, 𝜙௫ and 𝜙௭ are the pressure flow factor, 𝜙௖ is the contact factor [34], 𝜙௦ is the shear flow factor, 𝑝  is the water film pressure, ℎ  is the water film thickness, 𝜇  is the viscosity, 𝑈  is the 
journal rotational speed, 𝜎 is the surface composite roughness, 𝐺௫ and 𝐺௭ are the turbu-
lence factors in the Ng-Pan model [35], respectively, which can be calculated using the 
following equation: 
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where the Reynolds number can be determined using the following equation: 
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Uh / Re l Re cρ μ
<

=  >

 
(3) 

where 𝜌 is the density and 𝑅𝑒𝑙 is the local Reynolds number. The microclearance shear 
flow inside a journal bearing during stable conditions can be treated as a Taylor–Couette 
flow [36]; therefore, this study adopted the critical Reynolds number to define the critical 
transition value from laminar to turbulent flow. When  𝑅𝑒𝑙 < 𝑅𝑒𝑐 it is the laminar flow, 
while 𝑅𝑒𝑙 > 𝑅𝑒𝑐 is the turbulent flow. 𝑅𝑒𝑐 is the critical Reynolds number, which can be 
calculated as 𝑅𝑒𝑐 = 41.1/ඥ𝑐/𝑟 [20,22], 𝑐 is the radial clearance, and 𝑟 is the bearing ra-
dius. 

 

Figure 1. Schematic diagram of WLB. 

2.2. Water Film Thickness Equation 

The schematic of a misaligned journal is shown in Figure 2 The water film thickness 
is no longer uniformly distributed along the axial and circumferential directions, and the 
centre of the journal yields misalignment displacements Δx and Δy in each cross-section 
due to the misalignment angle in both directions, and the equation for the water film 
thickness at any cross-section can be expressed in terms of geometric gap and elastic de-
formation: 

( ) ( ) ( ) ( )01θ ε θ ϕ θ θ δ θ= + − + Δ + Δ + Eh ,z c cos xcos y sin ,z  (4) 

where c is the bearing radial clearance, ε0 is the eccentricity ratio at the centre of the bear-
ing, θ is the circumferential angle, 𝑧 is the axial coordinate, 𝜑 is the attitude angle, δE is 
the bearing bush deformation, and Δx and Δy can be determined by the following equa-
tions: 

y y

x x

x z tan z
y z tan z

γ γ
γ γ

Δ = ≈

Δ = ≈

 
(5) 

where 𝛾௫ is the journal misalignment angle around the 𝑥 coordinate, 𝛾௬ is the journal 
misalignment angle around the 𝑦 coordinate. 
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Figure 2. Schematic diagram of bidirectional misaligned WLB. (a): bidirectional misalignment; 
(b): projection of different coordinates. 

Due to the small Young’s modulus of the WLB bush, the deformation during opera-
tion can not be neglected, and this study employs the influence coefficient method (ICM) 
to compute the deformation of the bearing bush [11], as shown in the following equation: 

( ) ( ) ( ) ( )( )ξ κ ξ κ ξ κ
ζ κ

δ ϕ ϕ ϕ ϕ ϕ= +E i j i j asp, z G , z , , z p , z p , z  
(6) 

where 𝐺(𝜑௜, 𝑧௝, 𝜑క, 𝑧௞) is the matrix of influence coefficients indicating the amount of ra-
dial deformation at the node (𝜑௜, 𝑧௝) generated by the unit pressure at the node (𝜑క, 𝑧௞), 𝑝 is the water film pressure, 𝑝௔௦௣ is the contact pressure. G can be determined by ANSYS. 

Figure 3 depicts the solution of bush elastic deformation. The finite element method 
(FEM) model is established by ANSYS Parametric Design Language (APDL) to calculate 
the 𝐺. To facilitate the calculation, the FEM nodes are coincident with FDM, and then the 
node numbers inside the bush are arranged in sequence. All the nodes outside the bush 
are subjected to fixed constraints, while the unit pressure is applied to the internal nodes 
in sequence, and the radial deformation of each node is solved to obtain the matrix of 
influence coefficients. 

 

Figure 3. FEM for bearing bush deformation calculation. 

2.3. Asperity Contact Model 

The asperity contact pressure and the water film pressure share the bearing load in 
the mixed lubrication condition, and the G–W model is employed in this study to deter-
mine the contact pressure of the WLB in the mixed lubrication condition [9]. 

( )2 5
*

asp con . dp K E F H=
 

(7) 

where 𝑝௔௦௣  is the contact pressure, 𝐸∗  is the composite Young’s modulus, 𝐸∗ =((1 − 𝜐௃ଶ)/𝐸௃ + (1 − 𝜐஻ଶ)/𝐸஻)ିଵ, 𝜐 is the Poisson’s ratio, 𝐸 is the Young’s modulus of the 
material, 𝐽 and 𝐵 and represents the journal and the bearing, respectively, and 𝐾௖௢௡ is 
the contact stiffness coefficient, which can be determined using the following equation: 
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where 𝜎 is the composite roughness, β is the curvature radius of the asperities, and η is 
the density of the asperities. 𝐹ଶ.ହ(𝐻ௗ) is a function related to the dimensionless film thickness ratio 𝐻ௗ [12]: 

( ) ( )6 8045

2 5
4 4086 10 4 4
0 4

.
d d

. d
d

. H if HF H
if H

− × − ≤= 
>

 (9) 

where 𝐻ௗ = ℎ/𝜎 is the ratio of water film thickness to composite roughness. 

2.4. Perturbation Equation 

At present, the dynamic models of marine WLBs are commonly simplified, disre-
garding the impacts of surface roughness and turbulence. The mechanism of shaft bidi-
rectional misalignment impact on the dynamic properties of bearing coupled translation 
and tilting degree of freedom (DOF) is yet unknown. In this study, a comprehensive 32 
dynamic coefficient model incorporating the effects of multiple factors is proposed based 
on the generalized average Reynolds equation. 

Assuming that ℎ଴ is the water film’s thickness in the equilibrium position, and the 
pressure is 𝑝଴, when they are perturbed, the dynamic properties of the water film can be 
determined by the perturbation pressure (the derivative of the pressure with respect to 
the displacement and velocity), the water film thickness and the pressure consisting of the 
steady-state term and the perturbation term, which can be obtained by performing a Tay-
lor expansion of the terms and disregarding the higher order terms: 

0 y xh h x sin y cos z sin z cosθ θ γ θ γ θ= + + + +
 

(10) 

0 xx y x y
x y x y x y x yp p p x p y p x p y p p p pγ γ γ γγ γ γ γ

′ ′′ ′
′ ′′ ′= + + + + + + + +

 
(11) 

where 𝑝௫ = డ௣డ௫, 𝑝௬ = డ௣డ௬, 𝑝௫ᇱ = డ௣డ௫ᇱ, 𝑝௬ᇱ = డ௣డ௬ᇱ, 𝑝ఊೣ = డ௣డఊೣ, 𝑝ఊ೤ = డ௣డఊ೤, 𝑝ఊೣᇱ = డ௣డఊೣᇱ, 𝑝ఊ೤ᇱ = డ௣డఊ೤ᇱ 
Substituting the Taylor expansion equation for ℎ and 𝑝 to the generalized average 

Reynolds equation, then making it dimensionless, 𝐻 = ℎ/𝑐 , 𝑃 = 𝑝/6𝜇𝑟𝑈/𝑐ଶ , 𝜆 = 2𝑧/𝐿 , 𝜃 = 𝑥/𝑟, 𝐻ௗ = ℎ/𝜎. The Reynolds equation for the unsteady state can be obtained, and the 
differential equations for each of the perturbation pressures can be obtained using the 
derivation: 
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where 𝜉 = ൫0, 𝑥, 𝑦, 𝑥′, 𝑦′, 𝛾௫, 𝛾௬, 𝛾௫′, 𝛾௬′൯, the first formula represents the steady-state equa-
tion for stationary conditions, whereas the subsequent eight formulas denote the pertur-
bation equations for the non-stationary conditions. By resolving the perturbation pressure 
and integrating it inside the water film region, 32 stiffness and damping coefficients can 
be derived as follows: 
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where 𝑘ଵ, 𝑘ଶ, 𝑘ଷ, 𝑘ସ are the dimensionless stiffness factors, corresponding to 3𝜇𝑈𝐿𝑟ଶ/𝑐ଷ , 3𝜇𝑈𝐿ଶ𝑟ଶ/2𝑐ଷ , 3𝜇𝑈𝐿𝑟ଶ/𝑐ଶ , 3𝜇𝑈𝐿ଶ𝑟ଶ/2𝑐ଶ , respectively. 𝑐ଵ , 𝑐ଶ , 𝑐ଷ , 𝑐ସ  are the dimen-
sionless coefficient factors, corresponding to 3𝜇𝐿𝑟ଷ/𝑐ଷ , 3𝜇𝐿ଶ𝑟ଷ/2𝑐ଷ , 3𝜇𝐿𝑟ଷ/𝑐ଶ , 3𝜇𝐿ଶ𝑟ଷ/2𝑐ଶ, respectively. 𝐾 is the dimensionless stiffness coefficient matrix, while 𝐶 is the di-
mensionless damping coefficient matrix, 𝑥 and 𝑦 are the translational direction, 𝜃௫ and 𝜃௬ are the tilting direction. To be specific, 𝐾ఏೣ௫ represents the change in vertical moment 
due to horizontal translational displacement. 𝐶ఏ೤ఏೣ represents the change in horizontal 
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moment due to vertical angular velocity. It should be noted that the conventional 8 coef-
ficients model exclusively accounts for translational stiffness and translational damping, 
disregarding the coupling effect of translational and tilting DOF. 

2.5. Boundary Condition 

The mass conservation boundary conditions can more accurately describe the cavi-
tation phenomena inside the WLB, but they are often accompanied by a significant 
amount of time consumption. In order to ensure a higher solving efficiency, the Reynolds 
boundary conditions are used in this research: 

( ) ( )
( )

( )0
0

0 2
1 0

0 0

P , P ,
P ,

PP , ,

θ θ π
θ λ

θ θ
θ

=
 = ± =


∂ = =
 ∂

 (15) 

Since it is difficult to determine the depth of the water line when the water-lubricated 
bearings are in operation, in this study, the boundary of the bearings is set at the ambient 
pressure. In the iteration process of the pressure, at that time 𝑃 < 0, set 𝑃 = 0. The loca-
tion of the water film rupture can be determined during the iteration. The boundary con-
ditions for the perturbation equations are related to the boundaries of the entire water film 
pressure region. 

2.6. Convergence Principle 

During the numerical simulation, the parameters, primarily the steady-state water 
film pressure, bearing bush deformation, attitude angle, and perturbation pressure, 
should be continuously modified to satisfy the convergence criterion. 

The convergence principle of water film pressure is as follows: 

( ) ( )
( )

610−
−

≤

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new old

new

P i, j P i, j

P i, j
 (16) 

The convergence principle of bearing bush deformation is as follows: 
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The convergence principle of attitude angle is as follows: 
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(19) 

where 𝑊௫ and 𝑊௬ are the component forces of the water film in the horizontal and ver-
tical directions, respectively. 𝑝 is the water film pressure and 𝑝௔௦௣ is the contact pres-
sure. 

The convergence principle of perturbation pressure is as follows: 
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where 𝜉 = 𝑥, 𝑦, 𝑥′, 𝑦′, 𝛾௫, 𝛾௬, 𝛾௫′, 𝛾௬′. 
3. Numerical Schemes and Model Validation 
3.1. Numerical Simulation Flowchart 

Figure 4 depicts the numerical simulation flowchart for this study. The numerical 
computation consists of two components: the steady-state equation and the perturbation 
equation. The FDM is used to discretely solve the generalized averaged Reynolds equa-
tion, then the successive over-relaxation (SOR) method is used to obtain the water film 
pressure, the elastic deformation of the bearing bush is calculated by ICM, and the water 
film thickness equation is continuously updated, and the attitude angle is adjusted using 
the secant method until it converges. The steady-state equations’ water film pressure dis-
tribution and thickness distribution are utilized as inputs to the perturbation equations, 
and the 32 stiffness and damping coefficients of the WLB are finally derived. The compu-
tational domain’s grid size is set to 720 × 60, which was shown to have a high convergence 
accuracy. 

 

Figure 4. Flowchart of the numerical procedure. 

3.2. Model Validation 

To verify the accuracy of the calculation of the steady-state characteristics of WLB in 
this model, the calculation results of this model on the lubricant film pressure distribution 
are compared with the numerical calculation results of Dobrica et al. [36]. As shown in 
Figure 5a, the current model’s results exhibit remarkable accuracy for both smooth and 
rough surface conditions, with a maximum pressure error of around 2%, enabling exact 
predictions of lubrication performance for various types of surface patterns. Table 1 illus-
trates the bearing parameters adopted by Dobrica et al. 
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Figure 5. Comparison of present results with experimental data: (a) maximum fluid pressure con-
sidering turbulence effect; (b) fluid pressure distribution considering surface roughness. 

Table 1. Bearing parameters of Dobrica. 

Parameter Value Parameter Value 
Bearing diameter (𝐷) 30 mm Bearing Poisson’s ratio (𝑣஻) 0.33 
Bearing length (𝐿) 15 mm Eccentricity ratio 0.945 
Radial clearance (𝑐) 0.022 mm Viscosity (𝜇) 0.03 Pa·s 
Rotational speed (𝑛) 300 rpm Roughness (𝜎) 0.4 µm 
Bearing Young’s modulus (𝐸஻) 63 GPa Surface orientation 1/9 

To verify the accuracy of the turbulence model in this study, the numerical results 
are compared with the experimental results of Liu [21] and the numerical results of Qiao 
[22], and the parameters of the high-speed water-lubricated rubber bearing test rig are 
shown in Table 2. It is worth noting that the bush material utilized in Liu’s experiment is 
rubber, and the impact of its elastic deformation is significant. Figure 5b presents a com-
parison of the maximum water film pressures at various rotational speeds and loads, 
which provides strong concordance and validates that the current model incorporates tur-
bulence and bush deformation effects. 

Table 2. Experimental parameters for Liu [20]. 

Parameter Value Parameter Value 
Bearing diameter (𝐷) 120 mm Load capacity(𝑊) 0.09–3.12 kN 
Bearing length (𝐿) 480 mm Rotational speed (𝑛) 300–1800 rpm 
Radial clearance (𝑐) 0.4 mm Bush material Rubber 
Viscosity (𝜇) 1.01 × 10−3 Pa·s Bearing Young’s modulus (𝐸஻) 7.86 MPa 
Bush thickness (𝑙) 7.5 mm Bearing Poisson’s ratio (𝑣஻) 0.47 

To verify the validity of the mixed lubrication model in this study, the transient 
mixed lubrication results are compared with Mokhtar’s experimental data [37]. As shown 
in Figure 6, it can be found that the present model is able to accurately predict the transient 
mixed lubrication behavior of the rotor during the start-up phase, which is closer to Cui’s 
numerical results [38]. 
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Figure 6. Verification of the accuracy of mixed lubrication modeling: (a) rotor orbit predicted by 
mixed lubrication model; (b) contact behavior. 

To validate the accuracy of the dynamic characteristics calculation results in the pre-
sent model, the numerical results are compared with those of Liu [39], who adopted a 
bearing with an L/D ratio of 2, a length of 80 mm and a radius clearance of 0.08 mm. It 
should be noted that the method adopted by Liu is the difference method, which is quite 
different from that in this research. Table 3 compares the tilting stiffness and damping 
coefficients under different eccentricity, and it can be seen that the calculation results of 
the two methods are reasonably close. 

Table 3. Comparison of dimensionless coefficients calculated by difference method. 

 𝜺 𝑲𝜽𝒙𝜽𝒙 𝑲𝜽𝒙𝜽𝒚 𝑲𝜽𝒚𝜽𝒙 𝑲𝜽𝒚𝜽𝒚 𝑪𝜽𝒙𝜽𝒙 𝑪𝜽𝒙𝜽𝒚 𝑪𝜽𝒚𝜽𝒙 𝑪𝜽𝒚𝜽𝒚 
Liu 0.1 7.69 × 101 4.46 × 102 5.55 × 102 −1.38 × 102 4.42 × 102 5.71 × 101 −5.77 × 101 −5.64 × 102 

Present 0.1 7.74 × 101 4.51 × 102 5.64 × 102 −1.40 × 102 4.46 × 102 5.86 × 101 −5.86 × 101 −5.73 × 102 
Liu 0.5 7.39 × 102 1.07e3 4.32 × 102 −9.51 × 102 9.07 × 102 4.39 × 102 −4.41 × 102 −7.68 × 102 

Present 0.5 7.47 × 102 1.09e3 4.36 × 102 −9.62 × 102 9.16 × 102 4.45 × 102 −4.45 × 102 −7.77 × 102 
Liu 0.9 3.64 × 104 2.00 × 104 −7.05 × 103 −8.45 × 103 1.49 × 104 4.53 × 103 −4.57 × 103 −2.37 × 103 

Present 0.9 3.56 × 104 2.04 × 104 −7.05 × 103 −8.58 × 103 1.51 × 104 4.58 × 103 −4.58 × 103 −2.46 × 103 

4. Results and Discussion 
The effects of surface roughness, turbulence, bearing bush deformation, and bidirec-

tional misalignment on the stiffness and damping coefficients of marine WLBs have been 
investigated by adopting the model proposed in this study. The parameters of WLB 
adopted in this study are listed in Table 4. 

Table 4. Parameters of WLB in this study. 

Parameter Value Parameter Value 
Shaft radius (𝑟) 224.6 mm Asperity radius (β) 2 µm 
Bearing radius (𝑅) 225 mm Asperity density (η) 2 × 1011/m2 
Bush thickness (𝑙) 15 mm Journal material 45Cr 
Bearing length (𝐿) 990 mm Bearing material Thordon 
Radial clearance (𝑐) 0.4 mm Viscosity (𝜇) 1.005 × 10−3 Pa·s 
Rotational speed (𝑛) 250 rpm Dry friction 0.15 
Journal Poisson’s ratio (𝑣௃) 0.3 Bearing roughness (𝜎஻) 1.6 µm 
Bearing Poisson’s ratio (𝑣஻) 0.45 Journal roughness(𝜎௃)  1.2 µm 
Journal Young’s modulus (𝐸௃) 210 GPa Surface orientation(𝛾) 1 
Bearing Young’s modulus (𝐸஻) 490 MPa Wrap angle 150° 
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4.1. Effect of Surface Roughness 

The effect of surface roughness on the dynamic characteristics of marine WLBs is 
investigated. When the WLB operates at low speeds and heavy loads, the influence of 
surface roughness is not negligible since the minimum nominal film thickness approaches 
the same order as the surface roughness and the bearings enter a mixed lubrication con-
dition. The composite roughness range is 0–6 µm, where “0” indicates a smooth surface, 
the eccentricity ratio is 0.99, the rotational speed is 20 rpm, and the horizontal and vertical 
misalignment angles are both 0°. 

Figure 7a–d depict the relationship between the stiffness coefficients of the WLB and 
surface roughness. The stiffness coefficients evidently increase with the increase in surface 
roughness. When surface roughness is minimal, mixed lubrication exerts a minor influ-
ence on the bearing stiffness coefficients, resulting in a small difference from a smooth 
surface. Nonetheless, as surface roughness increases, a significant increase in the stiffness 
coefficients is observed. When the surface roughness is increased from 0 to 6 µm, 𝐾௫௫, 𝐾௫௬ , 𝐾௬௫ , 𝐾௬௬  increases by 24.14%, 19.08%, 16.13%, and 26.34%, respectively, whereas, 𝐾ఏೣఏೣ, 𝐾ఏೣఏ೤, 𝐾ఏ೤ఏೣ, 𝐾ఏ೤ఏ೤ increases by 26.57%, 17.19%, 18.97%, and 24.88%. The vertical 
translational stiffness coefficient 𝐾௬௬ and the horizontal tilting stiffness coefficient 𝐾ఏೣఏೣ 
are more sensitive to roughness variations. Upon comparing the magnitudes of the stiff-
ness coefficients, it is evident that the coefficients in the vertical force direction 𝐾௬௬ and 𝐾ఏೣఏೣ are significantly greater than those in other directions, attributable to the direct cor-
relation of the vertical force and the horizontal moment. Interestingly, these two stiffness 
coefficients vary non-linearly with roughness, although the other stiffness coefficients in-
crease approximately linearly. The stiffness does not change significantly as the roughness 
increases. For instance, increasing the roughness from 5 µm to 6 µm, 𝐾௬௬ only raises it by 
0.91%. 

Figure 8a–d depict the variation of WLB damping coefficients with surface rough-
ness. The damping coefficients vary similarly to the stiffness coefficients and both increase 
with surface roughness. It should be noted that when the roughness exceeds 3 µm, the 
cross-damping coefficients, 𝐶௫௬, 𝐶௬௫, and 𝐶ఏೣఏ೤, 𝐶ఏ೤ఏೣ are no longer equal, and the dif-
ference gradually increases. 𝐶௬௬, 𝐶ఏೣఏೣ and 𝐾௬௬, 𝐾ఏೣఏೣ demonstrate a comparable trend, 
gradually stabilizing as the surface roughness increases, suggesting that roughness pre-
sents a constrained impact on the stiffness and damping coefficients. On the one hand, 
increasing the roughness reduces the thickness of the water film, hence enhancing its stiff-
ness and damping properties. However, as the roughness further increases, the quantity 
of contact asperities and the contact area also increase, leading to a gradual convergence 
of the shear flow factor towards zero, hence diminishing the flow capacity of the water 
film. Furthermore, as the roughness continues to increase, the stiffness and damping co-
efficients of the water film progressively diminish. 
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Figure 7. Effect of surface roughness on stiffness coefficients. 

 

Figure 8. Effect of surface roughness on damping coefficients. 

4.2. Effect of Turbulence 

The effect of turbulence on the dynamic characteristics of marine WLBs is investi-
gated. The bearing eccentricity ratio is 0.9, the composite roughness is 2 µm, the speed 
range is 15–300 rpm, and the horizontal and vertical misalignment angles are both 0°. It 
should be noted that under these conditions, the critical Reynolds number for turbulence 
is 975, which corresponds to a theoretical critical speed (TCS) of 55 rpm. 

Figure 9a–d depict the variation of the stiffness coefficients of WLB at various speeds. 
At lower rotational speeds, there is essentially no difference between the turbulence 
model and the laminar flow model, but as the rotational speed increases, the discrepancy 
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grows and becomes almost linear. The turbulence effect can significantly enhance the stiff-
ness coefficients of WLB compared to laminar flow. When the rotational speed is 300 rpm, 
compared with that of laminar flow, 𝐾௫௫, 𝐾௫௬, 𝐾௬௫, 𝐾௬௬ increases by 46%, 36.93%, 19.09% 
and 14.05%, respectively. While 𝐾ఏೣఏೣ, 𝐾ఏೣఏ೤, 𝐾ఏ೤ఏೣ, 𝐾ఏ೤ఏ೤ increases by 12.10%, 17.54%, 
39.41%, 45.23%, respectively, 𝐾௫௫ and 𝐾ఏ೤ఏ೤ are more sensitive to turbulence effect. 

 

Figure 9. Effect of turbulence on stiffness coefficients at different rotational speeds. 

An interesting threshold phenomenon can be observed; the actual critical speed 
(ACS—the speed at which turbulence affects the stiffness or damping coefficients to yield 
a deviation) is always higher than the TCS. However, this difference is not constant, it 
increases with larger values of the stiffness coefficients. The ACS of 𝐾ఏೣఏೣ, 𝐾ఏೣఏ೤, 𝐾ఏ೤ఏೣ, 𝐾ఏ೤ఏ೤ are 165 rpm, 120 rpm, 105 rpm, and 90 rpm, respectively. The convergence zone 
predominantly affects the dynamics of the WLB; at rotational speeds around the TCS, tur-
bulence influences only the dispersion region and minimally affects the convergence re-
gion. As speed increases, the turbulence effect progressively extends to the convergence 
area, influencing the dynamic characteristics of the bearing. The convergence region is 
narrower with an increased stiffness coefficient, requiring a higher ACS. 

Figure 10a–d depict the variation of the damping coefficients of WLB at various ro-
tational speeds. The turbulence effect can dramatically enhance the damping coefficients 
of WLB, much like it did with the stiffness coefficients. More specifically, 𝐶௫௫ and 𝐶ఏ೤ఏ೤ 
experience an increase of 61.46% and 57.89%, respectively, due to the turbulence effect. 
The damping coefficients of the WLB exhibit minimal variation with speed when the in-
fluence of turbulence is disregarded. Nevertheless, they exhibit non-linear changes and 
increase more rapidly at low rotational speeds. Additionally, the cross-damping coeffi-
cients 𝐶௫௬, 𝐶௬௫, and 𝐶ఏೣఏ೤, 𝐶ఏ೤ఏೣ stay numerically equal and do not differ. The variation 
of the damping coefficients exhibits a similar threshold phenomenon. 
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Figure 10. Effect of turbulence on damping coefficients at different rotational speeds. 

4.3. Effect of Bearing Bush Deformation 

The effect of bearing bush deformation on the dynamic characteristics of marine 
WLBs is investigated. The bearing eccentricity ratio range is 0.8–0.98, The Young’s modu-
lus of the bearing bush is taken as 200 MPa, 500 MPa, 800 MPa and rigid, respectively. The 
composite roughness is 2 µm, the rotational speed is 250 rpm, and the horizontal and 
vertical misalignment angles are both 0°. 

Figure 11a–d depicts the variation of stiffness coefficient with eccentricity ratio for 
WLB at various Young’s moduli. The stiffness coefficients of WLB with differing Young’s 
modulus exhibit a non-linear increase when the eccentricity ratio rises, particularly when 
the eccentricity ratio exceeds 0.92, at which point the stiffness coefficients increase expo-
nentially. The 𝐾௬௬ and 𝐾ఏೣఏೣ of rigid bush experienced the greatest variations, reaching 
2.96 × 1010 N/m and 2.12e9 N/rad, respectively, at an eccentricity ratio of 0.98. The com-
parison indicates that the Young’s modulus of the bush has no effect on the stiffness coef-
ficients at smaller eccentricity ratios due to the lower water film pressure and deformation. 
When the eccentricity ratio exceeds 0.94, the stiffness coefficients show a considerable dis-
crepancy, which increases with the eccentricity ratio. When the eccentricity ratio is 0.98, 𝐾௬௬ increases to 6.32 × 109 N/m, 1.10 × 1010 N/m, and 1.40 × 1010 N/m at the Young’s mod-
ulus of 200 MPa, 500 MPa, and 800 MPa, respectively, and 𝐾ఏೣఏೣ increases to 4.95 × 108 
N·m/rad, 8.49 × 108 N·m/rad, and 1.07 × 109 N·m/rad, respectively. Once bush deformation 
is disregarded, the discrepancy of 𝐾௬௬  amounts to 352.07%, 160.23%, and 104.56%, re-
spectively, and the discrepancy of 𝐾ఏೣఏೣ amounts to 328.42%, 149.48%, and 97.53%, re-
spectively. The deformation of the bearing bush significantly affects the stiffness coeffi-
cients of the WLB, particularly when the bush’s Young’s modulus is low or under heavy 
load conditions, where this discrepancy then becomes very pronounced. 
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Figure 11. Effect of bush Young’s modulus on stiffness coefficients for different eccentricity ratio. 

Figure 12a–d depicts the variation of the damping coefficient with the eccentricity 
ratio for WLB at various Young’s modulus. The damping coefficients rise non-linearly 
with an increase in the eccentricity ratio at varying bush Young’s moduli, similar to the 
stiffness coefficients, and they are more noticeable when the eccentricity ratio is greater 
than 0.92. Neglecting the elastic deformation of the bush will lead to a substantial overes-
timation of the damping coefficients of the WLB. Upon comparing the variation rates of 
stiffness and damping coefficients in Figures 11 and 12, it is evident that the elastic defor-
mation of the bush significantly affects the stiffness coefficients more than the damping 
coefficients. For instance, when the eccentricity ratio is 0.98, the discrepancy of 𝐶௬௬ in the 
Young’s modulus of 200 MPa, 500 MPa, and 800 MPa amounts to 112.94%, 53.14%, and 
33.52%, respectively, and the discrepancy of 𝐶ఏೣఏೣ  amounts to 108.43%, 51.84%, and 
32.63%, respectively, which are significantly less than 𝐾௬௬ and 𝐾ఏೣఏೣ. 
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Figure 12. Effect of bush Young’s modulus on damping coefficients for different eccentricity ratio. 

4.4. Effect of Bidirectional Misalignment 

The effect of bidirectional misalignment on the dynamic characteristics of marine 
WLBs is investigated. The WLB is typically misaligned in both vertical and horizontal 
directions due to the propeller’s self-weight and the uneven lateral forces generated dur-
ing operation. Classification societies normally demand that misalignment angles greater 
than 3.0 × 10−4 rad (0.3 mm/m) be addressed by inclined boring, hence the misalignment 
angle limit range is 𝛾 = 𝑐/(2𝐿) [24], which is 0–0.0116°. In this section, misalignment an-
gles ranging from −0.008° to 0.008° in the horizontal and vertical directions are chosen for 
investigation, with an eccentricity ratio of 0.8 and a rotational speed of 250 rpm. 

It should be emphasized that the misalignment angles in Sections 4.1–4.3 are as-
sumed to be 0°, at which point the WLB’s 16 coupled translational-tilting and tilting-trans-
lational stiffness and damping coefficients are nearly 0 and can be ignored when journal 
misalignment is disregarded. 

Figure 13a–d depict the effect of various vertical misalignment angles 𝛾௫ on stiffness 
coefficients. The 16 stiffness coefficients increase with the misalignment angle; the larger 
the misalignment angle, the faster the change. The translational and tilting stiffness coef-
ficients are symmetrically distributed as the vertical misalignment angle changes from -
0.008° to 0.008°, but the coupled translational-tilting and tilting-translational stiffness co-
efficients are center-symmetric. This is because a misaligned journal influences the orien-
tation of the moment to be altered instead of the direction of the joint force. When the 
vertical misalignment angle increases from 0 to 0.008°, 𝐾௫௫, 𝐾௫௬，𝐾௬௫，𝐾௬௬ increase by 
47.75%, 38.58%, 52.37% and 72.23%, respectively. While 𝐾ఏೣఏೣ , 𝐾ఏೣఏ೤ , 𝐾ఏ೤ఏೣ , 𝐾ఏ೤ఏ೤  in-
crease by 169.06%, 147.42%, 108.02% and 115.32%, respectively. The effect of vertical mis-
alignment angle is more significant for 𝐾௬௬  and 𝐾ఏೣఏೣ . Additional, 𝐾௫ఏೣ , 𝐾௫ఏ೤ , 𝐾௬ఏೣ , 𝐾௬ఏ೤, 𝐾ఏೣ௫, 𝐾ఏೣ௬, 𝐾ఏ೤௫ and 𝐾ఏ೤௬ increase from 0 to 2.11 × 107 N/rad, 2.17 × 107 N/rad, 1.08 
× 108 N/rad, 5.51 × 107 N/rad, 5.62 × 107 N·m/m, 1.11 × 108 N·m/m, −2.20 × 107 N·m/m, −2.16 
× 107 N·m/m, respectively. 
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Figure 14a–d depict the effect of various horizontal misalignment angles γ୷ on stiff-
ness coefficients. The regularity of the 16 stiffness coefficients is comparable to that of ver-
tical misalignment. As the horizontal misalignment angle increases from 0 to 0.008°, 𝐾௫௫, 𝐾௫௬ , 𝐾௬௫ , 𝐾௬௬  increased by 23.30%, 19.12%, 16.60% and 18.09%, respectively. While 𝐾ఏೣఏೣ, 𝐾ఏೣఏ೤, 𝐾ఏ೤ఏೣ, 𝐾ఏ೤ఏ೤ increased by 36.75%, 47.86%, 58.54% and 67.39%, respectively. 
The effect of horizontal misalignment is more significant for 𝐾௫௫ and 𝐾ఏ೤ఏ೤. Moreover, 
with the influence of horizontal misalignment, 𝐾௫ఏೣ, 𝐾௫ఏ೤, 𝐾௬ఏೣ , 𝐾௬ఏ೤, 𝐾ఏೣ௫, 𝐾ఏೣ௬, 𝐾ఏ೤௫, 𝐾ఏ೤௬ increases from 0 to 1.46 × 107 N/rad, 1.71 × 107 N/rad, 3.56 × 107 N/rad, 2.93 × 107 
N/rad, 2.95 × 107 N·m/m, 3.52 × 107 N·m/m, −1.73 × 107 N·m/m, −1.46 × 107 N·m/m, respec-
tively. 

The influence of horizontal misalignment on the 16 stiffness coefficients of the WLB 
is consistently less than that of vertical misalignment, as evidenced by the comparisons of 
stiffness coefficients across various misalignment directions in Figures 13 and 14. This 
suggests that the 16 stiffness coefficients of the WLB exhibit greater sensitivity to vertical 
misalignment. It is noteworthy that none of the eight associated translational-tilting stiff-
ness and tilting-translational coefficients are zero for both horizontal and vertical misa-
lignment angles. Consequently, neglecting the coupled translational-tilting and tilting-
translational stiffness coefficients in the dynamic analysis of a misaligned shaft system 
could lead to a substantial inaccuracy for marine WLBs. 

 

Figure 13. Effect of different vertical misalignment angles on stiffness coefficients. 
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Figure 14. Effect of different horizontal misalignment angles on stiffness coefficients. 

Figure 15a–d depict the effect of various vertical misalignment angle 𝛾௫  on the 
damping coefficients. The impact of vertical misalignment on the damping coefficient is 
comparable to that of stiffness coefficients, which change more quickly with increasing 
the misalignment angle. Around the vertical misalignment angle, the damping coeffi-
cients are also distributed symmetrically or center-symmetrically. As the vertical misa-
lignment angle increases from 0° to 0.008°, 𝐶௫௫, 𝐶௬௬, 𝐶ఏೣఏೣ, 𝐶ఏ೤ఏ೤ increases to 2.86 × 106 
N·s/m, 2.20 × 107 N·s/m, 1.62 × 106 N·m·s/rad, −2.28 × 105 N·m·s/rad, respectively. The cross-
damping coefficients, for instance, 𝐶௫௬ and 𝐶௬௫, 𝐶ఏೣఏ೤ and 𝐶ఏ೤ఏೣ，𝐶௫ఏೣ and 𝐶௬ఏ೤，𝐶ఏೣ௫ 
and 𝐶ఏ೤௬ are still numerically identical, but all of them increase significantly from zero, 
which cannot be neglected. 

Figure 16a–d depict the effect of various horizontal misalignment angles 𝛾௬ on the 
damping coefficients. The horizontal misalignment similarly affects damping coefficients 
as vertical misalignment, increasing with the misalignment angle and varying more rap-
idly with greater misalignment. The damping coefficients are symmetrically or center-
symmetrically distributed around the zero-misalignment angle. With the increase in the 
misalignment angle, the cross-damping coefficients, such as 𝐶௫௬  and 𝐶௬௫ , 𝐶ఏೣఏ೤  and 𝐶ఏ೤ఏೣ , 𝐶௫ఏೣ  and 𝐶௬ఏ೤ , 𝐶ఏೣ௫  and 𝐶ఏ೤௬  are still numerically identical, and gradually in-
crease. When the vertical misalignment angle 𝛾௫ increased from 0° to 0.008°, 𝐶௫௫, 𝐶௬௬, 𝐶ఏೣఏೣ, 𝐶ఏ೤ఏ೤ increases to 2.78 × 106 N·s/m, 1.78 × 107 N·s/m, 1.02 × 106 N·m·s/rad and −2.08 
× 105 N·m·s/rad, respectively. 

By comparing the growth rate of damping coefficients with different misalignment 
angles in Figures 15 and 16, the vertical misalignment has a more significant impact on 
the damping coefficients of WLBs than horizontal misalignment. Comparing the growth 
rate of stiffness and damping coefficients, the effect of a misaligned journal on the stiffness 
coefficients is greater than on the damping coefficients. It is important to highlight that 
the eight coupled translational-tilting and tilting-translational damping coefficients are no 
longer zero for both horizontal and vertical misalignment angles and all exhibit significant 
variation. This indicates that for misaligned WLBs, the coupled translational-tilting and 
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tilting-translational stiffness and damping coefficients constitute a substantial aspect of 
the dynamic characteristics of the bearings and should be considered. 

 

Figure 15. Effect of different vertical misalignment angles on damping coefficients. 

 

Figure 16. Effect of different horizontal misalignment angles on damping coefficients. 

5. Conclusions 
In this study, a coupled model with turbulence and mixed lubrication is proposed 

for marine WLBs with a large aspect ratio, and a perturbation equation with 32 coefficients 
is derived. The effect of surface roughness, turbulence effect, bearing bush deformation, 
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and horizontal and vertical misalignment on the dynamic characteristics of marine WLBs 
is systematically investigated. The main conclusions of this study are as follows: 

(1) The stiffness and damping coefficients of marine WLBs in the mixed lubrication con-
dition can be significantly enhanced by using an appropriate surface roughness; the 𝐾௬௬ and 𝐾ఏೣఏೣ are more sensitive to changes in roughness. However, the effect of 
surface roughness on enhancing the stiffness and damping of the water film gradu-
ally diminishes as it further increases. 

(2) The turbulence effect can enhance the stiffness and damping coefficients of the WLB 
when the rotational speed exceeds the ACS. Larger stiffness or damping coefficients 
result in a higher ACS required for the threshold phenomenon to occur. While stiff-
ness grows roughly linearly with speed, damping increases non-linearly and more 
quickly at lower speeds. 𝐾௫௫, 𝐶௫௫ and 𝐾ఏ೤ఏ೤, 𝐶ఏ೤ఏ೤ are more affected by the turbu-
lence effect. 

(3) The impact of bearing bush deformation on the dynamic characteristics of WLBs can-
not be ignored, particularly in cases of low Young’s modulus or heavy loads, and the 
impact can be particularly significant, and the bush elastic deformation affects the 
stiffness coefficient of WLBs more than the damping coefficients. 

(4) The 16 coupled translational-tilting and tilting-translational stiffness and damping 
coefficients are close to 0 and can be neglected when misalignment is not taken into 
account. For both horizontal and vertical misalignment, the WLB’s 32 stiffness and 
damping coefficients dramatically change. The effect of vertical misalignment is more 
significant for 𝐾௬௬, 𝐶௬௬, and 𝐾ఏೣఏೣ, 𝐶ఏೣఏೣ, while the horizontal misalignment is more 
significant for 𝐾௫௫ , 𝐶௫௫  and 𝐾ఏ೤ఏ೤ , 𝐶ఏ೤ఏ೤ . A completed 32 coefficients dynamic 
model should be developed for misaligned marine WLBs. 

(5) When designing marine WLBs, it is not recommended to use a relatively high surface 
roughness as this increases the possibility of the bearings entering a mixed lubrica-
tion condition and also reduces the stiffness and damping coefficient of the WLB, 
which is not conducive to stable operation. For heavy-loaded WLBs, the Young’s 
modulus of the bush should be increased to improve the bearing’s support perfor-
mance. The misalignment effect during the actual operation of marine WLBs is inev-
itable, and the edge loading effect caused by it will have a significant impact on the 
dynamic characteristics of the bearing, and the misalignment angle should be con-
trolled within 0.004°, and for horizontal misalignment, this range should be more 
stringent. 
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Nomenclature 𝐸 Young’s modulus, MPa 𝐾 stiffness coefficient matrix 𝐻 dimensionless water film thickness 𝐶 damping coefficient matrix 𝑃 dimensionless water film pressure β curvature radius of the asperity, µm 𝑊௫ horizontal load, kN η density of the asperity, 1/m3 𝑊௬ vertical load, kN 𝜃 circumferential angle, rad 𝑅𝑒 Reynolds number 𝜃଴ film rupture angle, rad 𝑅𝑒𝑐 critical Reynolds number 𝜎 surface composite roughness, µm 𝑅𝑒𝑙 local Reynolds number 𝑙 bush thickness, mm 𝑈 rotational speed, m/s 𝜆 dimensionless axial coordinate 
c radial clearance, mm 𝜇 viscosity, Pa·s 
e eccentricity 𝜌 density, kg/m3 ℎ water film thickness, µm 𝜐 Poisson’s ratio 𝑝 water film pressure, MPa φ attitude angle, rad 𝑝௔௣ contact pressure, MPa 𝛾௫ misalignment angle around x, ° 
r bearing radius, mm 𝛾௬ misalignment angle around y, ° 𝑥 bearing circumferential coordinates, mm 𝛿ா bearing bush deformation 𝑦 bearing axial coordinates, mm 𝜀଴ eccentricity ratio 𝑧 axial coordinate, mm 𝜙௫, 𝜙௬ pressure flow factor 𝑃క  dimensionless perturbation pressure 𝜙௖ contact factor 𝐺௫, 𝐺௭ turbulence factors 𝜙௦ shear flow factor 𝐻ௗ film thickness ratio ∆𝑥, ∆𝑦 misalignment displacements, mm 𝐾௖௢௡ contact stiffness coefficient   
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