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Abstract: In this paper, we propose a new method of optimization based on genetic algorithms
using the MATLAB toolbox “Global Optimization”. The algorithm finds layers moduli of a flexible
pavement through the measurement of pavement surface deflections under assigned load conditions.
First, the algorithm for the forward calculation is validated, then the algorithm for the back-calculation
is proposed, and the results are compared, in the case of airport pavements, with other software using
different back-calculation techniques. The goodness of the procedure and the way of managing the
algorithm operator is demonstrated by means of positive feedback obtained from the comparison
of the results of ELMOD and BackGenetic3D. Moreover, the findings of the analysis prove that, in
such an optimization procedure by GA, the best solution is always reached with a low number of
generations, generally less than 10, allowing a reduction in the time of calculation and choosing a
population big enough to select with good probability, in the initial population, solutions close to the
real ones. The code is made available in such a way that the reader can easily apply it to other flexible
pavements in the case of fully bonded layers (both for roads and airports). In particular, interested
readers can easily modify the algorithm parameters (population number, stop criteria, probability of
mutation, cross-over, and reproduction) and the type of fitness function to minimize, together with
the geometric and load characteristics (number and thickness of the layers and the range of module
variation). The possibility to change the algorithm parameters and the fitness function allows for
exploring different scenarios in order to find the best solution in terms of fitness values. It is also
possible to intervene in the time of calculation by managing the algorithm’s stopping criteria.

Keywords: back-calculation; soft computing; flexible pavement; genetic algorithm; road maintenance;
non-destructive testing

1. Introduction

The process of evaluating the layer moduli of a pavement using the deflection data
is defined as back-calculation (backward calculation). This technique specifically selects
the modules of the layers using any suitable methodology (iteration, database search,
closed-form solutions, or optimization) that produces deflections as close as possible to
those measured by the instrument [1].

Back-calculation is a procedure that allows deriving instantaneous information of
the mechanical characteristics of the layers of a pavement—through the measurement of
the pavement’s surface deflection under certain load conditions [2]. The above analysis
is essential to evaluating pavement service conditions, predicting its performance and
residual life, and evaluating the type and time of intervention needed to remedy any
structural deficiencies.

Back-calculation of pavement layer moduli has been a topic studied for more than
five decades [3,4]. Indeed, the evaluation of appropriate mechanical characteristics for the
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various layers is key to the design of new and in-service pavements and, in particular, is
useful for:

• Assessing the conditions of service of the pavement,
• Predicting the performance and residual life of the pavement,
• Formulating maintenance and rehabilitation strategies,
• Selecting the types of treatment to be performed,
• Carrying out, if requested, the design of an additional layer.

Despite the existence of many back-calculation programs, which use different al-
gorithms and procedures, the accuracy of the moduli values is still controversial. The
procedures that require the initial moduli to start the back-calculation process generally
find different solutions for different initial moduli, which can lead to very different pave-
ment evaluations. Indeed, in the search space exists many local optima, and so more than
one solution could satisfy the criterion of the objective function.

Moreover, it is also recommended to use a maximum of three layers to reduce the
errors associated with the back-calculation process.

Genetic Algorithms (GAs), which operate using guided random search techniques,
can be used for the back-calculation of pavement modules since they are able to consider
the entire global search space of the objective function, overcoming the problem of local
maxima [5]. GAs are based on Darwinian theory and are formulated on the mechanics of
genetics and natural selection [6,7].

The objective of this work is to show how it is possible to optimize the procedure of
back-calculation of pavement layer moduli through the use of genetic algorithms. The
procedure allows for evaluating the mechanical properties of a pavement, which is essential
for forecasting a declining law and intervention time for pavement maintenance.

2. Background
2.1. Pavement Response of Elastic Multi-Layer System

Scrivner et al. [8] developed the first closed-form solution that finds the pavement
response of a two-layer system based on the Burmister layer theory [9]. The first solution
in closed form for evaluating the layer modules of a multi-layer pavement was developed
by Yih Hou [10] using the least squares method. The first graphic method to determine
the modules of a two-layer system was developed by Swift [11]. In some back-calculation
models, the Odemark equivalent layer concept [12] has been used to simplify the multi-
layer systems, allowing the use of the Boussinesq theory [13]. The back-calculation method
developed by Ullidtz [14] is based on this concept and gives reasonable moduli values
for pavements in which the stiffness of the layers decreases with depth. Lytton and
Michalak [15] used a more general form of the Odemark hypothesis to convert a multi-
layer system into a single layer lying on a rigid base. With the advances that have taken
place from a computational point of view, a series of computer back-calculation programs
are available.

Back-calculation procedures are generally associated with a suitable response theory of
stratified systems, with an optimization technique for the selection of a set of layer modules
that produce calculated responses similar to the measured responses to an objective function
that reflects the differences between measured and calculated deflections.

Generally, all commonly used back-calculation methods assume flexible pavements
are linear elastic multi-layer systems and employ an iterative approach that starts with
some test modules to find a set of modules, for the various layers, that produce, under a
load application, a deflections basin as close as possible to the measured deflections basin.

When the FWD is used, the measured deflection basin is represented by the measure-
ments detected by the sensors. The deflections basin calculated is generally obtained using
the elastic multi-layer theory, assuming a static load. The objective function, therefore, has
the aim of minimizing errors (within a specified tolerance value), which are the differences
between calculated and measured deflections.
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To guard against unforeseen circumstances or incorrect inputs, generally, all back-
calculation programs include setting a maximum number of iterations as one of the stopping
criteria. The results vary according to the response model of the system and the calculation
software used, the method by which the modules are generated, the method of searching
for modules by the algorithm, the objective function, and the sensitivity of the algorithm
with respect to errors in deflection measurements and layer thicknesses, etc.

The classical methods of moduli back-calculation have several limitations, also theo-
retical limitations, that do not allow us to find the “real” moduli. In classical methods, the
thickness and elastic modulus of pavement with several layers are considered equivalent to
the first layer. Therefore, it is always necessary to modify them with correction factors that
depend on the pavement system. The regression equation-based approach [16,17] or the
back-calculation method by search on database [18,19] have the defect of only being valid
for the specific pavement and for the load conditions for which they were derived. Another
problem is the non-uniqueness of the solution, which cannot be effectively managed by
one of these methods. This problem is further aggravated by the inevitable presence of
errors in the deflection measurements.

Moreover, a major limitation of almost every back-calculation procedure is the con-
sideration of linear elastic materials for all pavement layers. Indeed, the asphalt layers
in the flexible pavements show both elastic and viscous features. At high temperatures,
the viscoelastic behavior dominates, and the pavement damage for airport pavements can
be even double (e.g., [20,21]), with a profound impact on the decision-making processes.
At low temperatures, linear–elastic models could be sufficient to model the material pa-
rameters [22]. Accordingly, when using deflections to assess the structural performance
of pavement, deflections should be corrected for temperature and adjusted to the same
reference temperature [23] in order to better reflect the pavement’s structural strength.

2.2. Back-Calculation through the Use of a GA

In the last years, in several managerial fields, there has been a drastic increase in the
use of deep learning and soft computing for the resolution of optimization problems with
one or more objective functions that difficultly could be solved in a closed way. For instance,
the minimization of the production costs or of the environmental impact of products or
processes, accordingly to a life-cycle assessment analysis [24] or the search for Nash equi-
librium in a multi-player decision game theory model [25]. In engineering applications, the
cost optimization of road pavement thickness design [26] or the optimization in pavement
rehabilitation and maintenance decisions [27]. All these problems are solved by using GA.

In the back-calculation of pavement layer moduli, specifically, GAs are revealed to
be very useful, thanks to their capacity to examine the global search space of possible
solutions and to overcome the problem of local maxima [5]. For this reason, many authors
have used genetic algorithms for the optimization of that problem [3,28], studying possible
efficient parameters of the GA [29,30], and also proposing software that conducts the
back-calculation process in particular conditions [31]. All recent methods continue using
GA, for instance, together with Multi-Layer Elastic Theory (MLET) for investigating the
performance of the foamed asphalt base [32]. New hybridized methods use GAs for the
optimization of moduli back-calculation together with artificial neural networks (ANN)
for the prediction of pavement deflection basin [33,34]. For instance, ANN–GA methods
are developed considering the viscoelastic properties of the asphalt layer and nonlinear
parameters of unbound layers [35–37]. This procedure with ANN requires the phase of
training and verification using a synthetic database.

In the analysis proposed in this article, we used MLET for determining deflection and
GAs for optimization because, as previously said, GAs present an interesting approach to
overcoming the local maxima problem thanks to the ability to “move out” from the local
maximum and to explore new regions of the decision-making space where there is high
probability of finding solutions with a better fitness value. A GA does not require the initial
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moduli, and the method of back-calculation using a GA is suitable for parallel computers
and operations with a large number of parameters.

Therefore, we propose a new method of optimization by a GA using the MATLAB
toolbox “Global Optimization”. The code is made available in Appendix A in such a way
that the reader can easily apply it to other flexible pavements in case of fully bonded layers
(both for roads and airports). In particular, the interested readers can easily modify the
algorithm parameters (population number, stop criteria, probability of mutation, cross-over,
reproduction) and the type of fitness function to minimize, together with the geometric and
load characteristics (number and thickness of the layers, the range of module variation). The
possibility to change the algorithm parameters and the fitness function allows us to explore
different scenarios in order to find the best solution in terms of fitness values. It is also
possible to intervene in the time of calculation by managing the algorithm-stopping criteria.

3. Method: Back-Calculation with GA

The first step in the back-calculation procedure is the determination of an algorithm
for the forward calculation, that is, the evaluation of the pavement response model. Then,
it is necessary to define the fitness function to satisfy.

The response model of the pavement should provide the deflection of any point of the
pavement as the distance from the loading axis varies, following the application of a load
distributed over a certain area of radius a.

Usually, for flexible pavement, a 3-layer system is used: bitumen-bonded layer, founda-
tion in granular- or cement-stabilized mixture, and substrate. For a flexible three-layer pave-
ment, the theory of elastic multi-layer [38] is simplified in the following Equations (1)–(3).

In the below formulas, all the quantities are normalized with respect to the distance H
between the surface of the pavement and the surface of the n-th layer.

The quantities are defined as following:

• α = a/H, where a is the radius of the footprint of the uniformly distributed circular
load [m];

• λ = z/H where z represents the depth, which starts from zero on the surface and grows
downwards [m];

• ρ = r/H where r is the distance from the axis of application of the load [m];
• Φ = F/H where F is the force applied to the circular plate [kN].

Therefore, the pressure, defined as q = F
A , is given by:

q =
Φ

πα2 =
F
H

π
( a

H
)2 =

FH
πa2 (1)

The displacement w of a generic point, when the system is subjected to a load q
uniformly distributed over a circular area of radius a, is a function of the normalized
distance ρ with respect to the load axis and of the normalized depth λ, and it is found as:

w = qα
∫ ∞

0

w∗

m
J1(m α)dm (2)

where:

• J1 is the Bessel function of the first kind and of order 1,
• m is a parameter that takes positive values. The integral that appears in the previous

relation in dm has as integration extremes 0 and the largest positive value of m, which
provides a finite displacement w,

• w∗ is the displacement of a generic point when the system is subjected to a vertical
load of −mJ0(mρ), defined by the following expression:

(w∗)i = −
1 + νi

Ei
J0(m ρ)

{
[Ai − Ci(2− 4νi −mλ)]e−m(λi−λ)

−[Bi + Di(2− 4νi + mλ)]e−m(λ−λi−1)
} (3)
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where

- J0 is the Bessel function of the first type and of order 0
- νi is the Poisson’s ratio of the generic layer i
- Ei is the elastic modulus of the generic layer [kPa]
- Ai, Bi, Ci, Di are the integration constants of the generic layer, which are obtained by

imposing the boundary and continuity conditions
- i varies from 1 to the number of layers and represents the considered layer
- λi represents the normalized depth at the interface between layer i and i + 1
- m has been previously defined
- ρ and λ are variables ranging between 0 and ∞.

The most used fitness functions to minimize in back-calculation of pavement layer
moduli are:

• The sum of the absolute differences of the deflections:

N

∑
i=1

wi(Di − di)

• The sum of the squared differences of the deflections:

N

∑
i=1

wi(Di − di)
2

• The sum of the square of the relative errors of the deflections:

N

∑
i=1

wi

(
Di − di

Di

)2

• The maximum percentage error of the deflections:

〈 max
(

Di − di
Di

)
× 100%, i = 1, 2, . . . , N〉

• The maximum percentage error of the modulus of the layers computed in successive
iterations:

〈 max

E(k)
j − E(k−1)

j

Ej

× 100%, j = 1, 2, . . . , m〉

where wi is the weight of sensor i; Di and di are, respectively, the deflections measured
and calculated in sensor i; N is the total number of sensors that are available for deflection
measurement, E(k)

j the elastic modulus of layer j calculated in the k-th iteration and m the
total number of pavement layers. It should be remembered that all N sensors are often
given the same weight.

The steps of the proposed genetic algorithm procedure are the following.

• There are assigned ranges of variation for the modules of the layers that have to be
determined according to the type of material constituting them.

• The algorithm creates an initial population formed by a certain number of individuals
(number of population). Each individual represents a possible solution to the problem;
therefore, each individual is associated with a set of n modules where n is the number
of pavement layers. The module values are randomly selected within the variation
ranges previously assigned.
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• Knowing the thicknesses and the Poisson coefficients of the pavement layers, the
distances of the sensors with respect to the load axis, and the applied force, formula (3)
is used to calculate the displacements of the pavement at the sensors.

• The fitness value of each individual in the population is then determined as the
difference between the displacements just calculated and those measured by the in-
strumentation.

• If the fitness value of one of the individuals in the population is lower than a cer-
tain tolerance (previously fixed), the algorithm stops and returns the corresponding
modules; otherwise, it passes to the next generation.

• A new generation of individuals is created by selecting individuals who are candidates
for reproduction (parents) according to their fitness value by manipulating the genes
of these individuals using genetic transformation operators (reproduction, cross-over,
and mutation) in order to obtain new configurations of chromosomes (children) and by
inserting new individuals (based on the fitness value) in the population and replacing
older individuals.

• The fitness of the individuals of the new generation is then evaluated, and if one of
these fitness values reaches the tolerance or if another stop criterion is reached, the
algorithm stops and returns the values of the module; otherwise, it continues with a
new generation and so on.

4. Software Validation
4.1. Implementation of the Pavement Response Model on MATLAB and Comparison of the Results
with the Software KENPAVE: Direct Check

As the first step, the algorithm for the forward calculation—describing the response
model of the system—was implemented on MATLAB, and subsequently, the resulting
deflections were compared with the deflections, under the same conditions, obtained by
another software that uses the elastic multi-layer model, which is KENPAVE.

The choice to use MATLAB is due to the presence of the associated toolbox of global
optimization by GA, which is subsequently used for the back-calculation of pavement
layers moduli.

The written code allows obtaining the deflection of any point (at any depth from
the surface and at any radial distance from the axis) when a load of any intensity that is
uniformly distributed over any area acts on a system with any number of layers defined by
any sensors geometry and mechanical characteristics.

To validate the goodness of the model, the results in terms of deflections of a three-
layer system with the following characteristics of geometry (layers thickness), mechanical
characteristics (E modulus and Poisson coefficient), load intensity (force and radius), and
position of the sensors (see Table 1) are compared.

Table 1. Data input.

h1 0.3 m v1 0.25

h2 0.5 m v2 0.30

h3 infty v3 0.35

E1 2000 MPa a 0.15 m

E2 200 MPa F 38.87 kN

E3 100 MPa r1 0 m

r2 0.2 m r3 0.3 m

r4 0.6 m r5 0.9 m

r6 1

In KENPAVE software, the deflections are evaluated at the surface (for z = 0) of a
three-layer system with constrained interfaces, in the hypothesis of a linear elastic material,
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without a damage analysis, and considering only one period of the year and only one load
group (load applied on a circular area, representing the FWD test plate).

The input is the thickness of the layers, the relative Poisson’s coefficients, and the
elastic moduli. The load is a uniformly distributed pressure of 550 kPa, which corresponds
to a force of 38.87 kN on a circular area of a radius of 15 cm. Six radial distances are
considered with respect to the load axis to calculate the pavement response and represent
the positions of the various sensors of the FWD equipment.

The results of the analysis are shown below and lead to an error of a thousandth of a
millimeter, as can be seen from the comparison shown in Table 2.

Table 2. Comparison of deflections with the new code in MATLAB and KENPAVE software.

MATLAB KENPAVE

w1 0.2779 mm 0.2745 mm

w2 0.2215 mm 0.2179 mm

w3 0.1981 mm 0.1949 mm

w4 0.1499 mm 0.1475 mm

w5 0.1166 mm 0.1143 mm

w6 0.1079 mm 0.1056 mm

4.2. Compare the Pavement Layer Moduli Obtained by a GA with the Modulus That in KENPAVE
Generate the Deflections Used as Input in the Back-Calculation Procedure: Indirect Check

By putting as input data in the proposed program the displacements obtained in
KENPAVE, the modules obtained by back-calculation with a GA approach actually produce
those displacements in KENPAVE. For rapidity of calculation, a two-layer pavement with
the following characteristics is considered (Table 3).

Table 3. Data input of the analyzed pavement.

h1 0.2 m v1 0.25

h2 infty v2 0.3

E1 2000 MPa a 0.15 m

E2 100 MPa F 50 kN

E3 100 MPa r1 0 m

r2 0.2 m r3 0.3 m

r4 0.6 m r5 0.9 m

r6 1

The deflections obtained in KENPAVE, in correspondence to the sensors placed at r1,
r2, r3, r4, r5, and r6, are, respectively, 0.5565, 0.4478, 0.3871, 0.25, 0.1682, and 0.1497 mm.

They are used as input data (measured deflections) to find modules E1 and E2, which
should coincide with the initial ones. Table 4 shows the results of the back-calculation for
some analyses that differ in population number, number of considered sensors, breadth
of moduli ranges, etc. It always starts from wide ranges, and it tries to refine the results
by working with the other parameters of the algorithm so as to reach increasingly smaller
values of the fitness function (i.e., a small difference between measured and calculated
deflections). The analysis with the smallest fitness value gives the results of E1 = 2010.58
and E2 = 99.88, which are very similar to the real values of 2000 and 100.
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Table 4. Results of the GA optimization procedure.

(1) (2) (3) (4) (5)

Population (P) 20 20 50 60 60

Range of modulus
E1 (MPa) 1500–4000 1500–4000 1000–4000 1800–2100 1800–2100

E2 (MPa) 50–200 50–200 50–300 70–130 70–130

Probability of cross-over 0.8 0.8 0.8 0.74 0.74

Probability of mutation 0.2 0.2 0.2 0.1 0.1

Calculated modulus
E1 (MPa) 3356.363 2312.136 1951.296 2073.421 2010.584

E2 (MPa) 81.825 95.26 99.149 99.234 99.877

Fitness value 6.33 × 10−9 3.95 × 10−10 2.75 × 10−11 1.12 × 10−11 1.42 × 10−13

5. Case Study: Application of the Optimization GA Code to a Real Case

The forward calculation of the developed system can be applied both to road and
airport flexible pavements. For the numerical application, we consider an airport pavement,
thus carrying out the deflection measurements using the HWD (Heavy Weight Deflectome-
ter) equipment, which is able to apply a force that can reach up to 250 kN (representing the
load produced by a fully loaded Boeing 747 wheel).

The deflection measurements were carried out in an airport with the following geomet-
ric and mechanic characteristics of the layers, load characteristics, distance of the sensors,
and with the following measured deflections (data have been extracted by the Engineering
Department of the University of Messina) (see Table 5).

Table 5. Data input.

h1 0.155 m v1 0.35

h2 0.22 m v2 0.35

h3 infty v3 0.45

F 164.2 kN a 0.15 m

r1 0 m D1 0.488 mm

r2 0.2 m D2 0.396 mm

r3 0.3 m D3 0.372 mm

r4 0.45 m D4 0.327 mm

r5 0.9 m D5 0.228 mm

r6 1.2 m D6 0.180 mm

r7 1.5 m D7 0.143 mm

r8 1.8 m D8 0.112 mm

Flexible pavement is normally modeled as a three-layer system with all AC layers
considered as a unified course according to common engineering sense during back-
analysis (the two sub-layers—from Figure 1—correspond to surface and binder course), the
base layer (in mixed granular or cement stabilized) as the second layer and the subgrade
(considered as the pavement foundation layer) as the third layer.

Therefore, Figure 1 shows the first layer of AC with a thickness of 15.5 cm, a second
layer of 22 cm, which represents the base, and the third and last layer in the granular mix
representing the subgrade, which is assumed in the model as a layer of infinite thickness.



Information 2023, 14, 286 9 of 16Information 2023, 14, x FOR PEER REVIEW 9 of 18 
 

 

  
Figure 1. Case study representation. 

6. Results 
In Table 6, the results of different analyses are shown, obtained by changing the 

parameters of the algorithms and the range of the layers moduli. The fitness function 
optimization problem here applied is: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒  (𝑑 − 𝐷)ଶே
ୀଵ , (4)

That is, the minimization of the sum of the square of the differences between calculated 
and measured deflections, where Di and di are, respectively, the deflections measured and 
calculated in sensor i, and N is the total number of sensors that are available for deflection 
measurement. 

Table 6. Back-calculation results. 

 (1) (2) (3) (4) (5) 
Population (P) 40 30 20 5 30 

Range of modulus 
E1 (MPa) 2000–8000 4500–6500 5000–6000 5000–5800 5000–6000 
E2(Mpa) 100–2000 2000–4000 2500–3800 2500–3800 2500–3800 
E3(Mpa) 50–200 150–350 200–300 200–300 200–300 

Probability of cross-over 0.8 0.8 0.74 0.8 0.8 
Probability of mutation 0.2 0.2 0.1 0.2 0.2 

Calculated modulus  
E1 (Mpa) 7480.225 5589.432 5278.499 5078.032 5850.679 
E2(Mpa) 1865.601 3040.105 3485.062 2500.001 3615.922 
E3(Mpa) 187.001 225.479 218.686 248.538 208.747 

Fitness value  2.643 × 10−8 6.195 × 10−10 3.06 × 10−10 3.53 × 10−9 2.34 × 10−10 

The first step in the solution search is to consider very large ranges of variation of the 
modules, especially for the bituminous conglomerate layer (where the module values vary 
with the temperature). Since it is not known whether the foundation is in a granular 
mixture or cement-stabilized, we assigned a wide enough range that could include the 
presence of different types of material. It can be immediately noticed that the values given 
by the back-calculation (see analysis (1)) are very close to the extremes of the assigned 
ranges, which, therefore, must be modified. In the second and third analyses, there are 
modules that lead to the best fitness value (i.e., the differences between deflections 
measured by the HWD and calculated are smaller) and which fall well within the assigned 
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6. Results

In Table 6, the results of different analyses are shown, obtained by changing the
parameters of the algorithms and the range of the layers moduli. The fitness function
optimization problem here applied is:

Minimize
N

∑
i=1

(di − Di)
2, (4)

That is, the minimization of the sum of the square of the differences between calculated
and measured deflections, where Di and di are, respectively, the deflections measured
and calculated in sensor i, and N is the total number of sensors that are available for
deflection measurement.

Table 6. Back-calculation results.

(1) (2) (3) (4) (5)

Population (P) 40 30 20 5 30

Range of modulus

E1 (MPa) 2000–8000 4500–6500 5000–6000 5000–5800 5000–6000

E2 (Mpa) 100–2000 2000–4000 2500–3800 2500–3800 2500–3800

E3 (Mpa) 50–200 150–350 200–300 200–300 200–300

Probability of cross-over 0.8 0.8 0.74 0.8 0.8

Probability of mutation 0.2 0.2 0.1 0.2 0.2

Calculated modulus

E1 (Mpa) 7480.225 5589.432 5278.499 5078.032 5850.679

E2 (Mpa) 1865.601 3040.105 3485.062 2500.001 3615.922

E3 (Mpa) 187.001 225.479 218.686 248.538 208.747

Fitness value 2.643 × 10−8 6.195 × 10−10 3.06 × 10−10 3.53 × 10−9 2.34 × 10−10

The first step in the solution search is to consider very large ranges of variation of the
modules, especially for the bituminous conglomerate layer (where the module values vary
with the temperature). Since it is not known whether the foundation is in a granular mixture
or cement-stabilized, we assigned a wide enough range that could include the presence
of different types of material. It can be immediately noticed that the values given by the
back-calculation (see analysis (1)) are very close to the extremes of the assigned ranges,
which, therefore, must be modified. In the second and third analyses, there are modules
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that lead to the best fitness value (i.e., the differences between deflections measured by the
HWD and calculated are smaller) and which fall well within the assigned ranges. At this
point, to further minimize the fitness value, the variation ranges can be tightened, and the
deflections in several distance points can be compared.

The algorithm stopping criteria set (that stop for reaching a fitness value lower than a
fixed tolerance, for reaching a predetermined number of generations, or for not increasing
the best fitness value after a certain number of generations) have allowed the performing
of a low number of generations (6 generations in the last analysis (5) with the best fitness
value), which is a big advantage considering the long computation times.

In the fourth analysis, all the measured deflections (eight sensors) are considered. The
algorithm finds the optimal solution among those within the population, but then despite
the use of cross-over, mutation, and other operators, it cannot greatly improve its fitness
value as the generations increase. The population is too small, and the solutions are really
near the range limits. It follows that population size has turned out to be one of the most
important parameters. Its optimal value is the largest possible. At the same time, the
calculation time is directly proportional to the size of the population, together with the
number of generations and the number of considered sensors. It was, therefore, necessary
to opt for a value that satisfied both needs, in any case not less than 20.

In the last analysis, a population of 30 is considered, and the optimization procedure
is stopped at the sixth generation to reach one of the stopping criteria of the algorithm
(the average change in the fitness value is less than the tolerance of the fitness value). The
obtained moduli are E1 = 5,850,679 MPa, E2 = 3,615,922 MPa, and E3 = 208,747 MPa, which
give the deflections of 0.4853 mm, 0.402 mm, 0.3666 mm, 0.3262 mm, 0.2309 mm, 0.1841 mm,
0.1487 mm, 0.1222 mm at the eight considered sensors. These deflections are very close to
the deflections measured by the sensors (see Table 5).

It is found that, in such a type of optimization procedure by GA, the solution is always
reached with a low number of generations, generally less than 10 (see, for instance, the
first graph in Figure 2). That circumstance reduces the time of calculation and allows one
to choose a population number big enough to select with good probability, in the initial
population, solutions close to the real ones.
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In fact, as it is easy to understand and fix the number of layers, the calculation time is
given by the product between the time to evaluate the displacement of the pavement in
correspondence to one sensor and the number of sensors, populations, and generations.

Figure 2 shows the plots of analysis (5) with some characteristics of the algorithm as
the generation number increases.

For a check of the goodness of the results, the results of the proposed algorithm are
compared with those of two other software, which are BackGenetic3D (designed by the
group of Computer Modeling and Simulation at the University of Akron, combining the
Multismart3D software, used for forward computation—i.e., the computation of surface
deflections known the modules of the layers, —with the GA as an optimization technique
in the search for the modules of the layers) and ELMOD (“Evaluation of Layer Moduli and
Overlay Design” from Dynatest, uses the theory of Odemark–Boussinesqe transformed
section for forward analysis, with an iterative method for back-calculation). Table 7 shows
the final values of layer moduli for the examined pavement (in a specified section of the
center line) and the differences in errors.

Specifically, the obtained moduli are very similar to BackGenetic3D and more distant
from ELMOD. A justification is due to the use of a GA for the optimization in BackGenetic3D
instead of another iterative method for back-calculation [39] used in ELMOD.

For what concerns the time of calculation, the proposed software is slower than
BackGenetic3D because it uses for the forward analysis of the MLET that requires, for
a pavement with three layers, the inversion of three matrices 4 × 4 for the evaluation
of a single displacement. BackGenetic3D, instead, uses the Multismart3D software for
forward analysis, which requires only solving two systems of linear algebraic equations
(2 × 2 and 4 × 4) in the transformed domain, no matter how many layers there are in the
layered structure.

Table 7. Moduli comparison.

BackGenetic3D ELMOD Software GA Errors (%)

E1 (MPa) 5770.913 5024.1 5850.679 1.3 16.4

E2 (MPa) 3840.381 3756.7 3615.922 5.8 3.7

E3 (MPa) 227.527 231.5 208.747 8.2 9.8

7. Discussion

The proposed procedure allows the evaluation of the elastic layer moduli of a flexible
pavement, knowing the surface deflection measurements under assigned load conditions.
This procedure leads to the optimization of the back-calculation process thanks to the
possibility of varying the GA parameters (population size, probability of genetic operators,
range of variation of the variables, fitness function) and managing the error (operating on
the tolerance).

That is important because the development of an algorithm that manages to find
optimal results requires the use of appropriate operators and correct population size.
Indeed, the selection of the GA parameters has not been generalized in the form of rules
or guidelines, and none of the previous studies have been able to demonstrate that the
suggested parameters are the optimal parameters that can be used for any problem [40,41].

It has to be underlined that the pavement response model implemented in MATLAB
according to the MLET (see Appendix A) allows calculating the deflection of any point (at
any depth from the surface and at any radial distance from the axis) when a load of any
intensity that is uniformly distributed over any area acts on a system with any number and
mechanical characteristics of layers defined by any sensors configuration.

Despite the advantages of using GA, it must be considered that the GA increases the
computation time of the calculations, and, accordingly, only a limited number of layers and
a limited number of points of the deflection basin are generally considered. The processing
times of the calculations are very long because:
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• For each iteration, a number of possible solutions equal to the size of the population
are evaluated.

• For each set of modules, which represents a possible solution, a fitness value is
evaluated, which indicates the goodness of the solution.

• The fitness value of each solution requires the evaluation of a number of surface
deflections equal to the number of HWD sensors.

• The calculation of each deflection requires the inversion of three matrices 4 × 4.

Therefore, as it is easy to understand, fixed the number of layers, the calculation
time is given by the product of the time to evaluate the displacement of the pavement in
correspondence to one sensor by the number of the sensors, by the number of populations,
by the number of generations. However, it is found here that, in such a type of optimization
procedure by GA, the solution is always reached with a low number of generations, gener-
ally less than 10 (see, for instance, the first graph in Figure 2). That circumstances reduce
the time of calculation and allow one to choose a population number big enough to select
with good probability in the initial population provides solutions close to the real ones.

The numerical application has been addressed for a three-layer system, but the written
program is easily editable for systems with any number of layers. With the use of more
powerful computers in parallel, moreover, the problem of the time of calculation can
be reduced.

Recently, to overcome the computational time problem, efforts have been made in the
literature. For instance, a new hybridized method that uses ANN, together with the Jaya
procedure for moduli optimization, has been applied to reduce the calculation time [42].
Further, a new approach with an ANN model was developed to predict pavement response
directly from surface deflections without back-calculation [43], and a hybrid neural network
structure, combined with a Residual Neural Network, Recurrent Neural Network, and
Wide and Deep structure, was proposed [44].

8. Conclusions

This paper carefully studied the back-calculation of layers moduli of a flexible pave-
ment by using GA. A new back-calculation algorithm is developed and implemented in
MATLAB software using the Global Optimization Toolbox: genetic algorithms. That origi-
nal algorithm is able to derive the layers moduli of a flexible pavement with any number of
layers and any load configuration.

The algorithm for the forward calculation has been validated, and the procedure of
back-calculation has been applied to a system of three layers—layers are assumed linear,
homogeneous, and elastic.

The effects on the performance of the back-calculation process, population size, genetic
operator probability, sensor number, and the search space range (range of module variation)
have been investigated.

We have demonstrated the validity of the proposed model and of the way of managing
the algorithm operators by means of the positive feedback obtained from the comparison
with the results of other software such as ELMOD, developed by Dynatest, and Back-
Genetic3D, developed by the University of Akron, that use different back-calculation
techniques.

The evaluation of the modules of the layers of an existing airport pavement is of
fundamental importance since it allows to:

• Evaluate the service conditions of the pavement,
• Predict the performance and residual life of the pavement,
• Evaluate the extent and type of intervention necessary to remedy any structural

deficiencies,
• Determine the maximum permissible loads.

The developed back-calculation algorithm allows modifying the algorithm parameters
(population number, stop criteria, probability of mutation, cross-over, reproduction) and the
type of fitness function to minimize, together with the geometric and load characteristics
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(number and thickness of the layers, the range of module variation). Moreover, a possible
way to manage the parameters of genetic algorithms has been discussed.
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Appendix A

function [f] = eight(E1)
r = [0 0.2 0.3 0.45 0.9 1.2 1.5 1.8]
h1 = 0.155;
h2 = 0.22;
h3 = 1;
H = h1 + h2;
rho = r/H
z1 = h1;
z2 = z1 + h2;
z3 = z2 + h3;
l1 = z1/H;
l2 = z2/H;
l3 = z3/H;
m = sym(′m′)
v1 = 0.35;
v2 = 0.35;
v3 = 0.45;
T = [exp(−m ∗ l1) 1− (1− 2∗v1)∗ exp(−m ∗ l1) (1− 2∗v1);

exp(−m ∗ l1)− 1 2∗v1∗ exp(−m ∗ l1) 2∗v1];
K = [1 exp(−m ∗ l1)− (1− 2∗v1−m ∗ l1) (1− 2∗v1 + m ∗ l1)∗ exp(−m ∗ l1);

1− exp(−m ∗ l1) 2∗v1 + m ∗ l1 (2∗v1−m ∗ l1)∗ exp(−m ∗ l1);
1 exp(−m ∗ l1) 1 + m ∗ l1− (1−m ∗ l1)∗ exp(−m ∗ l1);
1− exp(−m ∗ l1)− (2− 4∗v1−m ∗ l1)− (2− 4∗v2 + m ∗ l2)∗ exp(−m∗(l2− l1))];

F = [1 exp(−m∗(l2− l1))− (1− 2∗v2−m ∗ l2) (1− 2∗v2 + m ∗ l2)∗ exp(−m∗(l2− l1));
1− exp(−m∗(l2− l1)) 2∗v2 + m ∗ l2 (2∗v2−m ∗ l2)∗ exp(−m∗(l2− l1));
1 exp(−m∗(l2− l1)) 1 + m ∗ l2− (1−m ∗ l2)∗ exp(−m∗(l2− l1));
1− exp(−m∗(l2− l1))− (2− 4∗v2−m ∗ l2)− (2− 4∗v2 + m ∗ l2)∗ exp(−m∗(l2− l1))];

D = [exp(−m∗(l2− l1)) 1− (1− 2∗v2−m ∗ l1)∗ exp(−m∗(l2− l1)) 1− 2∗v2 + m ∗ l1;
exp(−m∗(l2− l1))− 1 (2∗v2 + m ∗ l1)∗ exp(−m∗(l2− l1)) 2∗v2−m ∗ l1;
(E1(1)/E1(2)) ∗ ((1 + v2)/(1 + v1))∗ exp(−m∗(l2− l1)) (E1(1)/E1(2)) ∗ (1 + v2)/(1

+v1) (1 + m ∗ l1) ∗ (E1(1)/E1(2)) ∗ ((1 + v2)/(1 + v1))∗ exp(−m∗(l2
−l1))− (1−m ∗ l1) ∗ (E1(1)/E1(2)) ∗ ((1 + v2)/(1 + v1));

(E1(1)/E1(2)) ∗ ((1 + v2)/(1 + v1))∗ exp(−m∗(l2− l1))− (E1(1)/E1(2)) ∗ (1 + v2)/(1
+v1)− (2− 4∗v2−m ∗ l1) ∗ (E1(1)/E1(2)) ∗ ((1 + v2)/(1 + v1))
∗ exp(−m∗(l2− l1))− (2− 4∗v2 + m ∗ l1) ∗ (E1(1)/E1(2)) ∗ (1
+v2)/(1 + v1)];
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C = [exp(−m∗(l3− l2)) 1− (1− 2∗v3−m ∗ l2)∗ exp(−m∗(l3− l2)) 1− 2∗v3 + m ∗ l2;
exp(−m∗(l3− l2))− 1 (2∗v3 + m ∗ l2)∗ exp(−m∗(l3− l2)) 2∗v3−m ∗ l2;
(E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2))∗ exp(−m∗(l3− l2)) (E1(2)/E1(3)) ∗ (1 + v3)/(1

+v2) (1 + m ∗ l2) ∗ (E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2))∗ exp(−m∗(l3
−l2))− (1−m ∗ l2) ∗ (E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2));

(E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2))∗ exp(−m∗(l3− l2))− (E1(2)/E1(3)) ∗ (1 + v3)/(1
+v2)− (2− 4∗v3−m ∗ l2) ∗ (E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2))
∗ exp(−m∗(l3− l2))− (2− 4∗v3 + m ∗ l2) ∗ (E1(2)/E1(3)) ∗ (1
+v3)/(1 + v2)];

C1 = [ 11− 2∗v3 + m ∗ l2;
−12∗v3−m ∗ l2;
(E1(2)/E1(3)) ∗ (1 + v3)/(1 + v2)− (1−m ∗ l2) ∗ (E1(2)/E1(3)) ∗ ((1 + v3)/(1 + v2));
−(E1(2)/E1(3)) ∗ (1 + v3)/(1 + v2)− (2− 4∗v3 + m ∗ l2) ∗ (E1(2)/E1(3)) ∗ (1

+v3)/(1 + v2)];
q = [1; 0]
Q = T ∗ inv(K)∗D ∗ inv(F)∗C1;
A = inv(Q)∗q;
A3 = [0; A(1); 0; A(2)];
A2 = inv(F)∗C ∗A3;
A1 = inv(K) ∗ (D ∗A2);
J0 = besselj(0, m ∗ rho);
a = 0.15;
F = 164.2
ql = (F ∗H)/(pi ∗ â2);
alpha = a/H
J1 = besselj(1, m ∗ alpha)
l = 0 %/H
ws1 = (−((1 + v1)/E1(1)) ∗ J0(1) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1

−l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k1 = matlabFunction((ws1/m)∗J1);
R1 = quadgk(k1, 0.000001, 100);
w1 = R1∗ql ∗ alpha
ws2 = (−((1 + v1)/E1(1)) ∗ J0(2) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1
−l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));

k2 = matlabFunction(ws2/m) ∗ J1);
R2 = quadgk(k2, 0.000001, 100);
w2 = R2∗ql ∗ alpha
ws3 = (−((1 + v1)/E1(1)) ∗ J0(3) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1

−l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k3 = matlabFunction((ws3/m)∗J1);
R3 = quadgk(k3, 0.000001, 100);
w3 = R3∗ql ∗ alpha
ws4 = (−((1 + v1)/E1(1)) ∗ J0(4) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1

−l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k4 = matlabFunction((ws4/m)∗J1);
R4 = quadgk(k4, 0.000001, 100);
w4 = R4∗ql ∗ alpha
ws5 = (−((1 + v1)/E1(1)) ∗ J0(5) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1

−l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k5 = matlabFunction((ws5/m)∗J1);
R5 = quadgk(k5, 0.000001, 100);
w5 = R5∗ql ∗ alpha
ws6 = (−((1 + v1)/E1(1)) ∗ J0(6) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1−

l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k6 = matlabFunction((ws6/m)∗J1);
R6 = quadgk(k6, 0.000001, 100);
w6 = R6∗ql ∗ alpha
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ws7 = (−((1 + v1)/E1(1)) ∗ J0(7) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1−
l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));

k7 = matlabFunction((ws7/m)∗J1);
R7 = quadgk(k7, 0.000001, 100);
w7 = R7∗ql ∗ alpha
ws8 = (−((1 + v1)/E1(1)) ∗ J0(8) ∗ (((A1(1)−A1(3) ∗ (2− 4 ∗ v1−m ∗ l)) ∗ exp(−m ∗ (l1−

l)))− ((A1(2) + A1(4) ∗ (2− 4 ∗ v1 + m ∗ l)) ∗ exp(−m ∗ l))));
k8 = matlabFunction((ws8/m)∗J1);
R8 = quadgk(k8, 0.000001, 100);
w8 = R8∗ql ∗ alpha
w = [w1 w2 w3 w4 w5 w6 w7 w8]
d = [0.000488 0.000396 0.000372 0.000327

0.000228 0.000180 0.000143 0.000112]
f = (w(1)− d(1))2 + (w(2)− d(2))2 + (w(3)− d(3))2 + (w(4)− d(4))2 + (w(5)− d(5))2

+(w(6)− d(6))2 + (w(7)− d(7))2 + (w(8)− d(8))2
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