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Abstract: This manuscript focuses on the process of measuring the angular positions of radio sources
using radio engineering systems. This study aims to improve the accuracy of measuring the an-
gular positions of sources that radiate functionally determined signals and to expand the range of
the unambiguous operation angles for multi-antenna radio direction finders. To achieve this goal,
the following tasks were addressed: (1) defining the models of signals, noise, and their statistical
characteristics, (2) developing the theoretical foundations of statistical optimization methods for mea-
suring the angular positions of radio sources in multi-antenna radio direction finders, (3) optimizing
the structures of radio direction finders with different configurations, (4) analyzing the accuracy
and range of the unambiguous measurement angles in the developed methods, and (5) conduct-
ing experimental measurements to confirm the main results. The methods used are based on the
statistical theory of optimization for remote sensing and radar systems. For the specified type of
signals, given by functionally deterministic models, a likelihood function was constructed, and its
maxima were determined for different multi-antenna direction finder configurations. The results
of statistical synthesis were verified through simulation modeling and experiments. The primary
approach to improving measurement accuracy and expanding the range of unambiguous angles
involves combining antennas with different spatial characteristics and optimally integrating classical
radio direction-finding methods. The following results were obtained: (1) theoretical studies and
simulation modeling confirmed the existence of a contradiction between high resolution and the
width of the range of the unambiguous measurements in two-antenna radio direction finders, (2) an
improved signal processing method was developed for a four-antenna radio direction finder with a
pair of high-gain and a pair of low-gain antennas, and (3) to achieve maximum direction-finding accu-
racy within the unambiguous measurement range, a new signal processing method was synthesized
for a six-element radio receiver, combining processing in two amplitude direction finders and one
phase direction finder. This work provides a foundation for further theoretical studies, highlights the
specifics of combining engineering measurements in direction-finding systems, and offers examples
of rapid verification of new methods through computer modeling and experimental measurements.

Keywords: multi-antenna direction finders; statistical optimization; optimal signal processing;
experimental measurements

1. Introduction

Radio direction finders are crucial components in nearly all modern radio systems
and complexes for detection [1], ranging [2], monitoring [3], navigation [4], and control [5].
Typically, the performance characteristics of these systems are determined by their radio
direction finders. Key attributes include the operating frequency range, bearing accuracy,
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overall dimensions, and the range of angles for unambiguous measurements [6]. Particu-
larly high demands are placed on these characteristics, especially when direction finders
are installed on UAVs [7,8]. Modern trends in the expanding application of unmanned
aerial vehicles, uncrewed marine vessels, and land vehicles necessitate enhancements in on-
board systems for determining the angular positions of radio emission sources [9–11]. The
primary challenge in direction finder operation lies in balancing a high bearing accuracy
with a broad range of unambiguous measurement angles.

Several fundamental principles underpin direction finding, based on the measurement
of parameters and statistical characteristics of received signals. The main types of direction
finders include amplitude, phase, and correlation methods [12].

Amplitude direction finders [13] implement measurements through methods such
as rotating a single high-gain antenna, switching between multiple high-gain antennas,
electronically switching low-gain antennas in a circular array to simulate the rotation
of a narrow beam, and utilizing a pair of Adcock antennas for measurements. Recent
advancements have improved the accuracy of amplitude direction finding; however, these
developments often overlook restrictions related to the overall size of the direction finder
carrier.

Phase direction finders [14] operate on principles such as direct phase difference
measurement between receivers with antennas spaced less than half a wavelength apart,
interferometric phase difference measurement across multiple spatially dispersed receivers,
and phase measurement of received signals with phase modulation induced by the Doppler
effect through circular antenna rotation. Despite significant advancements in accuracy,
digital signal processing, and size reduction, phase measurements in radio systems remain
constrained to narrow value ranges or ambiguous measurements that require secondary
processing, an issue still unresolved in the current literature.

Correlation direction finders [15] combine the advantages of amplitude and phase
direction finders by determining the direction of radio emission sources through statistical
processing of complex signal amplitudes. These systems, when equipped with a sufficiently
large antenna array, can separate signals and interference in combined channels and isolate
signals from coherent interference backgrounds. They utilize algorithms such as MUSIC,
multilevel maximum likelihood estimation (MLE), and super-resolution direction finding
(SR-DF). While these systems offer enhanced performance, they require significant prior
information and are complex and costly to implement due to the necessity of coherent
amplitude processing.

Given the analysis of current scientific research and the aforementioned challenges,
there is a critical need to statistically synthesize and analyze methods for accurately and un-
ambiguously determining the angular positions of radiation sources emitting functionally
determined signals in multi-antenna direction finders. Addressing this need is expected to
provide theoretical optimizations in signal processing that will benefit future research and
offer practical recommendations for developing and conducting experimental studies on
direction finders capable of high accuracy and wide-angle unambiguous measurements.

While recent advancements in direction-finding systems, such as those based on am-
plitude, phase, and correlation methods, have made significant progress, each has inherent
limitations. For instance, amplitude direction finders face size constraints, phase direction
finders suffer from ambiguity in phase measurements, and correlation methods are complex
and costly to implement. In contrast, the proposed system must not only resolve the contra-
diction between the high bearing accuracy and wide angles of unambiguous measurements
but also achieve a balance between system size and performance, making it more suitable
for compact platforms such as UAVs. This represents a significant improvement over the
state-of-the-art solutions described in the literature.

To achieve the objectives of the study, the following tasks needed to be addressed and
completed: (1) establishing models for signals, noise, and their statistical characteristics
received by the direction finder; (2) developing theoretical frameworks for statistically
optimizing methods to measure the angular positions of radio sources in multi-antenna
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direction finders; (3) resolving specific optimization challenges related to radio direction
finder structures with varying configurations; (4) evaluating the accuracy and range of the
angles for unambiguous measurements using the developed methods; and (5) conducting
experimental measurements to validate the primary results.

2. Materials and Methods
2.1. Observation Equation and Its Statistical Characteristics

We assume that the signals received by the direction finder can be generally described
by the following functionally deterministic model:

.
si(t, θs) = K0i

∫
Θ

.
Gi(θ− θ0i)δ(θ− θs)

.
A(t)e−j2πf0tejψi(θs)dθ, (1)

where ψi(θs) = 2πf0∆ri(θs)c−1 is the phase shift of the signal in each receiving channel
relative to the phase center of the antenna array, ∆ri(θs) = xi cos θs + yi sin θs is the dif-
ference in distances the electromagnetic waves travel from the source to each antenna,
δ(θ− θs) is the delta function determining the spatial position of the point source of radio
emission in the direction θs, K0i is the gain of the i-th receiving channel,

.
Gi(θ− θ0i) is

the directional diagram of the i-th antenna oriented by its maximum in the direction θ0i,.
A(t) is the complex envelope of the signal emitted by the source, e−j2πf0t is the harmonic
oscillation in complex form with carrier frequency f0, t is the time, θ are angle coordinates,
c is the electromagnetic wave propagation velocity, and i = 1, N.

In Figure 1, D is the surface on which the boundary conditions are phenomenologically
stated in the form of the scattering coefficient

.
F(

→
r , λ). The area D′ is the area of observation

and primary (before processing) description in a coherent form of the field, taking into
account its amplitude and phase dependences. Within the region D′, there is a physical
rectangular region D′

p of registration of scattered signals, which in the general case may
have an arbitrary shape. The surface D will be considered as flat or spherical surface. The
coordinates of D include a coherent image that takes into account, in its amplitude-phase
structure, the influence of various inhomogeneities, such as inhomogeneities of chemical
composition, inhomogeneities of the refractive index gradient, and irregularities of the
real surface. The region emitting the probing signal may be outside the region D′ or be
aligned with the origin of the region D′. The only limitation is the wide emission angle
of the probing signal, in particular the case of omnidirectional radiation. The geometry
underlying model (1) is illustrated in Figure 1.

Based on the model of useful signals (1), the input paths differ only in gain K0i. We
will assume that the internal noise ni(t) in the receiving paths is white Gaussian noise,
which is uncorrelated in different channels and has the same power spectral density 0.5N0.
The correlation function of the internal noise is given by

Rni(t1 − t2) = 0.5N0δ(t1 − t2), (2)

where δ(t1 − t2) is the delta function.
The combination of signals and noise to be optimally processed in the direction finder

will be referred to as observation equations. The general form of observation equations in
multi-antenna direction finders is as follows:

→
u(t) = Re{

.
→
s (t, θs)}+

→
n (t), (3)

where Re{·} is the operator of the real part of the complex signal,

→
u(t) = ∥u1(t), u2(t), . . . , uN(t)∥, (4)

.
→
s (t, θs) =

∥∥ .
s1(t, θs),

.
s2(t, θs), . . . ,

.
sN(t, θs)

∥∥, (5)
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→
n (t) = ∥n1(t), n2(t), . . . , nN(t)∥. (6)
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2.2. Elements of the Statistical Theory of Radio System Optimization

To solve optimization problems of synthesis signal processing algorithms in multichan-
nel direction finders, we will use the statistical theory of optimization of radio engineering
systems of remote sensing and radar [16–18]. According to this theory, the method of
maximum likelihood function is recommended for use. The essence of this method lies
in finding the parameter λ that maximizes the likelihood functional P[

→
u(t)

∣∣∣λ] , which is

the conditional probability density functional of a random process
→
u(t) when value of the

parameter λ is fixed. Instead of maximizing the likelihood functional P[
→
u(t)

∣∣∣λ] directly, its
logarithm is maximized as the logarithm function is monotonic and does not change the
maximum point P[

→
u(t)

∣∣∣λ] . To obtain the optimal parameter, λ estimates that it is necessary
to solve the system of equations

d ln P[
→
u(t)

∣∣∣λ]
d λ

∣∣∣∣∣∣
λ=λtrue

= 0 (7)

where d
dλ denotes the derivative operator evaluated at the true value λtrue of the

parameter λ.
One of the critical steps in solving an optimization problem is determining P[

→
u(t)

∣∣∣λ].
Reference [16] outlines a methodology for constructing likelihood functionals applicable



Computation 2024, 12, 170 5 of 21

to a broad spectrum of radar and remote sensing issues. In this study, we will employ a
likelihood functional of the following form:

P[
→
u(t)|λ = θs] = κ exp

− 1
N0

N

∑
i=1

∫
T

[
ui(t)− Re

{ .
si(t, θs)

}]2 dt

, (8)

where κ is the coefficient independent on λ and T is the observation time. The parameter
λ = θs is a constant value.

Substituting (8) into (7), we obtain the system of likelihood equations

2
N0

N

∑
i=1

∫
T

[
ui(t)− Re

{ .
si(t, θs)

}]
Re

{
d

.
si(t, θs)

dθs

}
dt = 0 (9)

or in the other form

N

∑
i=1

∫
T

ui(t)Re
{

d
.
si(t, θs)

dθs

}
dt =

N

∑
i=1

∫
T

Re
{ .

si(t, θs)
}

Re
{

d
.
si(t, θs)

dθs

}
dt. (10)

The left side of (10) outlines the essential optimal operations for processing the received
oscillations in each channel. This should be compared with the right side, which represents
the direction-finding characteristic of the multichannel direction finder, illustrating how
the meter responds to changes in the angular position of the radiation source.

Initially, the analytical form of the direction-finding characteristic is determined based
on the given parameters of the source’s signals, considering the spatial characteristics of
the antennas, their geometry, observation time, and input path parameters. This theoretical
characteristic must then be practically verified through experiments, with measurement
results incorporated into the implemented device.

Discrepancies from theory arise due to various factors affecting each receiver element,
deviations from nominal parameters, flicker noise, varying coherence indices of microwave
elements, and more. By specifying useful signals in the observation equation and using
expression (10), solutions to partial optimization problems in algorithm synthesis for
different types of direction finders can be obtained.

3. Results

To develop a direction-finding method that balances high angular accuracy with a
wide range of unambiguous measurements, it is advisable to first optimize the structure
of a two-channel amplitude direction finder and identify its limitations. To address these
drawbacks of obtained structure, a four-antenna amplitude direction finder is proposed.
Considering the superior accuracy of phase direction finders, it is crucial to create an
algorithm for integrating measurements from both amplitude and phase direction finders.
These specific challenges will be addressed subsequently.

3.1. Two-Antenna Amplitude Direction Finder

Let us assume the signals from the radiation source are received by two identical
antennas separated by an angular distance θδ in their radiation patterns,

.
G1(θ) =

.
G2(θ).

The direction where equal signal values are observed in both receiving channels is called
the equal-signal direction and is denoted by θb. A typical geometry for measuring angle
θs in a two-antenna direction finder is shown in Figure 2. When determining the orien-
tation angle of the antenna pattern’s maximum in (1), it is noted that θ01 = (θb + 0.5θδ),
θ02 = (θb − 0.5θδ).
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The models of useful signals under the specified measurement conditions in the
two-antenna direction finder are as follows:

.
s1(t, θs) =

∫
Θ

.
G(θ− θb − 0.5θδ)δ(θ− θs)

.
A(t)e−j2πf0tdθ, (11)

.
s2(t, θs) =

∫
Θ

.
G(θ− θb + 0.5θδ)δ(θ− θs)

.
A(t)e−j2πf0tdθ. (12)

In the models given in Equations (11) and (12), the phase shift information ψi(θs) =
2πf0∆ri(θs)c−1 is omitted because the processing is assumed to be incoherent within each
channel.

In two-antenna direction finders, the equal-signal direction θb is typically chosen
along the linear sections of the first and second diagrams, and all measurements are also
performed along these linear segments. For instance, consider the radiation patterns of the
two antennas represented as two real Gaussian functions in a Cartesian coordinate system
(see Figure 3). Within these linear sections, the patterns G1(θ) and G2(θ) can be expanded
into a Taylor series around the direction θb and represented by linear approximation

G(θ− θb − 0.5θδ) = G(θb)(1 + kθ 1 (θ− θb)), G(θ− θb + 0.5θδ) = G(θb)(1 + kθ 2 (θ− θb)), (13)

where

kθ1 =
dG(θ− θb − 0.5θδ)

dθ

∣∣∣∣θ=θb , kθ2 =
dG(θ− θb + 0.5θδ)

dθ

∣∣∣∣
θ=θb

(14)

are slopes of the normalized directional patterns of the first and second antennas. For
identical and symmetric diagrams with respect to the θb, we have kθ2 = −kθ1 . In the
following, we will use only kθ with different signs.
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Considering Equations (13) and (14), the observation equations will be expressed as
follows:

u1(t) = Re{G(θb)
∫
Θ

(1 − kθ (θ− θb))δ(θ− θs)
.

A(t)e−j2πf0t dθ
}
+ n1 (t), (15)

u2(t) = Re{G(θb)
∫
Θ

(1 + kθ (θ− θb))δ(θ− θs)
.

A(t)e−j2πf0t dθ
}
+ n2 (t). (16)

Substituting (11), (12), (15), and (16) into (10), we obtain the inequality

∫
T

u1(t)
.

A(t)e−j2πf0tdt −
∫
T

u2(t)
.

A(t)e−j2πf0t dt =
1
2

∫
T

.
s1(t, θs)

.
A
∗
(t)ej2πf0t dt − 1

2

∫
T

.
s2(t, θs)

.
A
∗
(t)ej2πf0tdt. (17)

Introducing the transmission coefficient of the optimal filter
.
h(t) =

.
A(t)e−j2πf0t, we

obtain in the left part of inequality (17) the optimal output effect of the direction finder

Y(θs) =
∫
T

u2(t)
.
h(t)dt −

∫
T

u1(t)
.
h(t) dt. (18)

The right part of (17) is the bearing characteristic, which takes the form of a linear
function after substituting (11) and (12)

Ψ(θs) = χ(θs − θb), (19)

where χ = kθ
∫
T

∣∣∣ .
A(t)

∣∣∣2dt .

For the simplification introduced in this particular problem regarding the calculations
within the linear section of the directional diagrams, it is possible to derive the measurement
algorithm by substituting (19) and (18) into (17)

θs =
Y(θs)

χ
+ θb. (20)

The main mathematical operations for signal processing in a two-antenna amplitude
radio direction finder are matched filtering and the subtraction of the filtering results in
different channels. The coefficient χmust be measured practically in advance to implement
algorithm (19).

The range of unambiguous measurements in the resulting algorithm is determined by
the size of the linear section, and the accuracy is proportional to the slope kθ. As the slope
increases, we achieve higher bearing accuracy, but the range of angles for unambiguous
measurement of the radio source position narrows. Based on these results, the contradiction
between the accuracy and range of unambiguous measurements appears.
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3.2. Four-Antenna Amplitude Direction Finder

To overcome the contradiction between the accuracy and unambiguity of measure-
ments over a wide range of angles, it is proposed to use two pairs of antennas. The first pair
of antennas features wide radiation patterns, while the second pair has narrow radiation
patterns. By doing so, the advantages of both types of direction finders can be combined to
complete the measurements.

The geometry of measurements using a four-antenna direction finder is illustrated in
Figure 4. The observation equation for this geometry is as follows:

u1(t) = Re{
∫
Θ

G1(θ− θb −
θδ1

2
)δ(θ− θs)

.
A(t)e−j2πf0tdθ}+ n1(t),

u2(t) = Re{
∫
Θ

G1(θ− θb +
θδ1

2
)δ(θ− θs)

.
A(t)e−j2πf0tdθ}+ n2(t),

u3(t) = Re{
∫
Θ

G2(θ− θb −
θδ2

2
)δ(θ− θs)

.
A(t)e−j2πf0tdθ}+ n3(t),

u4(t) = Re{
∫
Θ

G2(θ− θb +
θδ2

2
)δ(θ− θs)

.
A(t)e−j2πf0tdθ}+ n4(t).

(21)
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dG1(θ− θb − 0.5θδ1)

dθ

∣∣∣∣
θ=θs

∫
T

u1(t)
.
h(t)dt +

dG1(θ− θb + 0.5θδ1)

dθ

∣∣∣∣
θ=θs

∫
T

u2(t)
.
h(t)dt+

+
dG2(θ− θb − 0.5θδ2)

dθ

∣∣∣∣
θ=θs

∫
T

u3(t)
.
h(t)dt +

dG2(θ− θb + 0.5θδ2)

dθ

∣∣∣∣
θ=θs

∫
T

u4(t)
.
h(t)dt =

1
2

EsΨ(θs, θb, θδ1, θδ2),
(22)

where Es =
∫
T

∣∣∣ .
A(t)

∣∣∣2dt is the energy of the signal emitted by the source,

Ψ(θs, θb, θδ1, θδ2) =
dG1(θ−θb−0.5θδ1)

dθ

∣∣∣
θ=θs

G1(θs − θb − 0.5θδ1)+

+ dG1(θ−θb+0.5θδ1)
dθ

∣∣∣
θ=θs

G1(θs − θb + 0.5θδ1) +
dG2(θ−θb−0.5θδ2)

dθ

∣∣∣
θ=θs

G2(θs − θb − 0.5θδ2)+

+ dG2(θ−θb+0.5θδ2)
dθ

∣∣∣
θ=θs

G2(θs − θb + 0.5θδ2)

(23)

is the bearing characteristic of a four-antenna radar system measuring the angular position
of the radio emission sources.

The resulting algorithm is quite complex from both a technical standpoint and in terms
of practical implementation, but the fundamental mathematical operations are clear. Unlike
the direction-finding characteristic in the dual-antenna direction finder (18), which is a linear
function, our calculations address a more general problem of analyzing direction finder
performance. Firstly, the resulting formula of Ψ(·) describes any type of radiation pattern,
which may vary between antenna pairs. Secondly, we did not restrict measurements to the
linear section of the direction finder’s operation; instead, we derived general multipliers
dGi(·)

dθ for the rate of change in functions Gi(·) in each channel. This approach enables us
to analyze the full range of viewing angles for the antennas and to select the widest angle
range with unambiguous measurements.

The left part of Equation (21) represents a standard weighted addition of the measure-
ment results and does not explicitly reveal the known algorithmic operations. However, the
weight coefficients dGi(·)

dθ will vary in sign near equal-signal directions, leading to familiar
algorithms for subtracting measurement results across different channels.

A more detailed analysis of the derived expressions, particularly in the context of
functional descriptions of directional patterns, will be provided later in the simulation
modeling of direction-finding characteristics.

The obtained algorithms merge the benefits of two-antenna direction finders with both
narrow and wide patterns, overcoming the contradiction between the accuracy and angular
range of the unambiguous measurements. Furthermore, there is interest in developing
an algorithm that provides high bearing accuracy without signal loss across a wide range
of angles.

3.3. Six-Antenna Amplitude-Phase Direction Finder

To achieve the highest accuracy in angle measurement, it is proposed to add two
channels for measuring the phase difference in signals in the structure of the four-antenna
direction finder. In this configuration the antenna measurements of the phase direction
finder can be non-directional, but it is necessary to account the phase shift relative to the
phase center in the received signals. The measurement geometry is illustrated in Figure 5.
Noise in each channel is also considered as Gaussian white random processes, uncorrelated
in time and between channels

Rn1(t1 − t2) = Rn2(t1 − t2) = Rn3(t1 − t2) = Rn4(t1 − t2) = Rn5(t1 − t2) = Rn6(t1 − t2) = 0.5N0δ(t1 − t2). (24)
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Useful signals have the following models

.
s1(t, θs) = K01

∫
Θ

G1(θ− θb − 0.5θδ1)δ(θ− θs)
.

A(t)e−j2πf0tdθ,

.
s2(t, θs) = K02

∫
Θ

G1(θ− θb + 0.5θδ1)δ(θ− θs)
.

A(t)e−j2πf0tdθ,

.
s3(t, θs) = K03

∫
Θ

G2(θ− θb − 0.5θδ2)δ(θ− θs)
.

A(t)e−j2πf0tdθ,

.
s4(t, θs) = K04

∫
Θ

G2(θ− θb + 0.5θδ2)δ(θ− θs)
.

A(t)e−j2πf0tdθ,

.
s 5(t, θs) = K05G3(θb)

.
A(t)e

−j2πf0(t−
1
2

d cos(θs − θb)

c
)
,

.
s6(t, θs) = K06G3(θb)

.
A(t)e

−j2πf0(t+
1
2

d cos(θs − θb)

c
)
,

(25)

where d is the distance between the antennas of the phase direction finder located on the
same line along the x axis.

By substituting the observation equations, which consist of an additive mixture of
useful signals and delta-correlated noise, into inequality (10), we obtain
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dG1(θ− θb − 0.5θδ1)

dθ

∣∣∣∣
θ=θs

K01
∫
T

u1(t)
.
h(t)dt +

dG1(θ− θb + 0.5θδ1)

dθ

∣∣∣∣
θ=θs

K02
∫
T

u2(t)
.
h(t)dt+̃

+
dG2(θ− θb − 0.5θδ2)

dθ

∣∣∣∣
θ=θs

K03
∫
T

u3(t)
.
h(t)dt +

dG2(θ− θb + 0.5θδ2)

dθ

∣∣∣∣
θ=θs

K04
∫
T

u4(t)
.
h(t)dt−

−G3(θb) sin(θs − θb)

(
cos

(
πf0

d cos(θs − θb)

c

)
+ j sin

(
πf0

d cos(θs − θb)

c

))
×

(
jπf0dc−1)K05

∫
T

u5(t)
.
h(t)dt+

+G3(θb) sin(θs − θb)

(
cos

(
πf0

1
2

d cos θs

c
(θs − θb)

)
− j sin

(
πf0

d cos(θs − θb)

c

))(
jπf0dc−1)K06

∫
T

u6(t)
.
h(t)dt =

= K01
dG1(θ− θb − 0.5θδ1)

dθ

∣∣∣∣
θ=θs

G1(θs − θb + 0.5θδ1)
Es

2
+ K02

dG1(θ− θb + 0.5θδ1)

dθ

∣∣∣∣
θ=θs

G1(θs − θb − 0.5θδ1)
Es

2
+

+K03
dG2(θ− θb − 0.5θδ2)

dθ

∣∣∣∣
θ=θs

G2(θs − θb + 0.5θδ2)
Es

2
+ K04

dG2(θ− θb + 0.5θδ2)

dθ

∣∣∣∣
θ=θs

G2(θs − θb − 0.5θδ2)
Es

2
+

+(K06 − K05)G2
3(θb) sin(θs − θb)

(
πf0

d
c

)
Es

2
.

(26)

As it mentioned before, the left side of Equation (26) shows the optimal operations to
be performed on the received signals

→
u(t) in each receive channel of the direction finder.

The first four equations repeat the operations performed in a four-antenna direction finder.
The fifth and sixth terms provide an estimate of the angular position of the radio source with
the precision of phase measurements. The basic operations are as follows: (1) equations
u5(t) and u6(t) must be passed through a filter which parameters are matched to the
complex envelope and frequency of the transmitter signal; (2) the result of detection at
low frequency is normalized by multiplying with coefficients G3(θb)

(
jπf0dc−1)K06; (3) the

normalized amplitudes must be processed in a quadrature detector, which is configured
to measure the phase shift arising from the deviation of the radiation source from the
equal-signal zone. The processing results are then converted into angles using the bearing
curve calculated on the right side of Equation (26).

For given parameters of antenna placement and orientation in the direction finder,
the right side of Equation (26) is a function of the angle θs. It is analytically impossible
to evaluate or analyze the obtained expressions without specifying the forms of the di-
rectional diagrams. Therefore, it is advisable to perform simulation modeling of bearing
characteristics and calculate the marginal errors of measurement.

4. Theoretical Analysis

To confirm the efficiency of the algorithms we will analyze the right-hand sides of
the likelihood Equations (17), (22) and (26), which represent the bearing characteristics
of various types of multi-antenna direction finders. The derived Equation (19) represents
only the linear part of such characteristics and does not depend on the type of directional
diagrams or their orientation in space. To visually compare all the obtained methods, the
bearing characteristic of the two-antenna direction finder will be derived from the analysis
of the bearing characteristic of the four-antenna direction finder. Simulation modeling will
be conducted using the following expressions:

(1) two-antenna amplitude direction finder

Ψ(θs) =
dG1(θ− θb − 0.5θδ1)

dθ

∣∣∣∣
θ=θs

G1(θs − θb − 0.5θδ1) +
dG1(θ− θb + 0.5θδ1)

dθ

∣∣∣∣
θ=θs

G1(θs − θb + 0.5θδ1), (27)

(2) four-antenna amplitude direction finder

Ψ(θs) =
dG1(θ−θb−0.5θδ1)

dθ

∣∣∣
θ=θs

G1(θs − θb − 0.5θδ1) +
dG1(θ−θb+0.5θδ1)

dθ

∣∣∣
θ=θs

G1(θs − θb + 0.5θδ1)+

+ dG2(θ−θb−0.5θδ2)
dθ

∣∣∣
θ=θs

G2(θs − θb − 0.5θδ2) +
dG2(θ−θb+0.5θδ2)

dθ

∣∣∣
θ=θs

G2(θs − θb + 0.5θδ2),
(28)

(3) six-antenna amplitude-phase direction finder
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Ψ(θs) = K01
dG1(θ−θb−0.5θδ1)

dθ

∣∣∣
θ=θs

G1(θs − θb + 0.5θδ1) + K02
dG1(θ−θb+0.5θδ1)

dθ

∣∣∣
θ=θs

G1(θs − θb − 0.5θδ1)+

+K03
dG2(θ−θb−0.5θδ2)

dθ

∣∣∣
θ=θs

G2(θs − θb + 0.5θδ2) + K04
dG2(θ−θb+0.5θδ2)

dθ

∣∣∣
θ=θs

G2(θs − θb − 0.5θδ2)+

+(K06 − K05)G2
3(θb) sin(θs − θb)

(
πf0

d
c

)
.

(29)

All variables in the above expressions, except for θs, will be constants. As functions
describing the directional patterns Gi(·) we will consider the following:

(1) Gaussian function

Gi(θ) = aie
− (θ−θ0i)

2

2∆θ2 , (30)

(2) Sinc function

Gi(θ) = aisin c
(
θ− θ0i

∆θ

)
, (31)

where ai is the amplitude multiplier, θ0i is the angular position of the main lobe of the
directional pattern, and ∆θ is the width of the directional pattern.

The unit-normalized bearing curves of radio sources using function (30) with param-
eters θb = 90

◦
, ∆θ1 = 30

◦
, ∆θ2 = 5

◦
, K01 = K02 = K03 = K04 = (K06 − K05) = 1, a1 = 6,

a2 = 1, θδ1 = 60
◦
, θδ2 = 10

◦
, G3(θb) = 1, f0 = 1 GHz, d = 0.1 m are shown in Figure 6a.
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The bearing characteristics for the given parameters when using antennas with the
diagrams from Equation (31) are shown in Figure 6b.

Analyzing the obtained graphs, it follows that in the two-antenna direction finder,
there is indeed a contradiction between the range of angles of unambiguous measurements,
corresponding to the linear section of the direction-finding characteristic, and the receiver’s
response to angle changes (accuracy).

In the four-antenna direction finder, this contradiction was overcome. The graphs
indicate that the direction-finding characteristic has increased the range of unambiguous
measurements by four times, but it has two sections with different slopes. The central
part of the bearing characteristic has a steeper slope, allowing for high-accuracy problem-
solving within the linear section of narrow antennas. Outside this section, the slope is
smaller, but there is no observation failure or measurement ambiguity.

The operation of the six-antenna direction finder is better illustrated by its inclusion in
an automatic tracking system for angular coordinates. Such a system begins to function
after “catching” the angular position of the radio source. At the initial stage, the target
is already within the operating range of the direction finder. For example, if the angular
position of the target is 110◦, the direction finder output will produce a positive voltage
value, which will activate the antenna rotation mechanism to align the angles θb and θs .
With each new measurement, the voltage will decrease until the angles are equal and the
output voltage becomes 0. The solid black curve in Figure 6, from the angle value of 110◦

to 90◦, shows the sections with different slopes. The highest slope on the equal-signal
circle will provide the highest measurement accuracy, while other sections will have lower
accuracy. At the same time, from 110◦ to 90◦, we have a descending curve without multiple
maxima, in contrast to the bearing curve of the dual-antenna direction finder. This indicates
that with each new measurement cycle, the automatic tracking-guidance system for angular
coordinates will converge to the true direction θs. The advantage of the six-antenna over
the four-antenna system is particularly evident at the final stage of θs tracking. The dual-
antenna system has the highest slope but within a very narrow angular range. It can be
concluded that the six-antenna direction finder offers a balanced compromise between
accuracy and the range of unambiguous measurements, thereby overcoming the existing
contradiction.

It is also useful to verify the obtained results by analyzing the expressions for the
marginal errors of radio direction finder measurements. In the statistical theory of optimiz-
ing radio-technical systems [16–18], the limiting variance of the parameter λ estimation
error is derived from the Cramer–Rao inequality

σ2
λ ≥ − 1〈

d2

dλ2 ln P[
→
u(t)

∣∣∣λ]〉
∣∣∣∣∣∣λ=λtrue , (32)

where < · > is the sign of statistical averaging and d2

dλ2 is the operator of the secondary
derivative.

The general analytical expression for the marginal estimation error of all direction
finders is as follows:

σ2
θs

=

 2
N0

N

∑
i=1

∫
T

(
Re

{
d

.
si(t, θs)

dθs

})2

dt

−1
∣∣∣∣∣∣∣
θs=θs true

. (33)

The marginal variances of the angular position estimation errors (33) for the cases
considered in this paper are as follows:

(1) two-antenna amplitude direction finder
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σ2
θs

=
1
µ0


 dG1

(
θ− θb − θδ1

2

)
dθ

∣∣∣∣∣∣
θ=θs

2

+

 dG1

(
θ− θb +

θδ1
2

)
dθ

∣∣∣∣∣∣
θ=θs

2
−1

∣∣∣∣∣∣∣∣
θs=θs true

, (34)

(2) four-antenna amplitude direction finder

σ2
θs

= 1
µ0


 dG1

(
θ−θb−

θδ1
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

 dG1

(
θ−θb+

θδ1
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

+

 dG2

(
θ−θb−

θδ2
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

 dG2

(
θ−θb+

θδ2
2

)
dθ

∣∣∣∣∣
θ=θs

2


−1
∣∣∣∣∣∣∣∣
θs=θs true

,

(35)

(3) six-antenna amplitude-phase direction finder

σ2
θs

= 1
µ0


 dG1

(
θ−θb−

θδ1
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

 dG1

(
θ−θb+

θδ1
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

 dG2

(
θ−θb−

θδ2
2

)
dθ

∣∣∣∣∣
θ=θs

2

+

+

 dG2

(
θ−θb+

θδ2
2

)
dθ

∣∣∣∣∣
θ=θs

2

+
(

K2
05 + K2

06

) (
πf0

d
c

)2
G2

3(θ0) sin2(θs − θb)
}−1∣∣∣∣∣∣

θs=θs true

,

(36)

where µ0 = Es
2N0

is the signal-to-noise ratio, Es is the energy of the received signal, and N0
is the power spectral density of internal noise.

It is useful to model the obtained expressions using the same parameters as those for
the bearing characteristics shown in Figure 6. The results of such modeling are presented in
Figure 7. The figures illustrate the root mean square (RMS) errors in estimating the angular
position of the radio source in degrees as a function of the observation angle for the two
types of directional patterns, (30) and (31). The chosen angles from 70◦ to 110◦ correspond
to the widest range of unambiguous measurements in the six-antenna direction finder.
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5. Experiment

Simulation modeling was conducted under idealized conditions, with a directional
pattern free of side lobes and a receiving path devoid of internal noise. Consequently, before
interpreting the results, it is advisable to perform experimental validation of the proposed
signal processing algorithm within the direction-finding system. To achieve this, the system
depicted in Figure 8 was developed, based on the method (22). This system comprises
four receiving antennas with RF paths calibrated to the frequency range of 2.4–2.48 GHz, a
microprocessor-based data acquisition unit, and an automatic rotary device.
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Collinear antenna arrays were selected due to their straightforward implementation
and tuning, lack of need for complex calculations, and easily adjustable pattern width by
varying the number of sections in the antenna. The geometric relationships of the antenna
elements relative to the wavelength λant used in the calculations are shown in Figure 9. In
the antennas used during the experiment, L = 54 mm and d = 22 mm. The connection point
for the 50-ohm impedance cable on the center loop was determined experimentally. The
antenna with a wide radiation pattern consists of four receiving elements, while the one
with a narrow radiation pattern consists of eight.
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The outputs of the antennas are connected to RF paths, one of which is depicted in
Figure 10. This path includes a low-noise amplifier based on the MGA-86563 chip and
an AD8361 power detector. The measured gain of the path is 19.5 dB, with parameter
variations between different implementations not exceeding 0.3 dB.
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In the experiment, the transmitter and direction finder were positioned 20 m apart, as
shown in Figure 12.
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Initially, the directional patterns of the receiving antennas were measured and their
alignment was fine-tuned. Figure 13 illustrates the shape and angular alignment of the
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direction finder’s antenna patterns after adjustment. For ease of comparison, the amplitudes
were normalized.
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Figure 13. Measured directional patterns of direction finder antennas.

From the obtained graphs, it was determined that the pattern width of the eight-
element antennas is 17◦, while that of the four-element antennas is 37◦. The patterns of
all antennas intersect at the 0.5 level at an angle of −3◦. The offset of the intersection
point from zero is not critical and will only result in a shift of the bearing characteristic
zero. Figure 13 also shows that the radiation patterns of the various antennas are not
symmetrical and have side lobes at the 0.5 level. This is due to manufacturing inaccuracies
and mismatched coordination of individual antenna elements. However, for initial tests,
such deviations are acceptable.

Next, the normalized bearing characteristics were plotted separately for antenna pairs
with wide and narrow lobes. The resulting plots are presented in Figure 14. For antennas
with wide lobes, the zone of unambiguous measurement is 36◦, while for those with narrow
lobes, it is 8◦. Antennas with four elements offer a slope of the observational characteristic
at 0.05 units per degree, whereas antennas with eight elements provide a slope of 0.25 units
per degree.
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The range of angles with unambiguous measurements is 9, 18, and 33◦ when
A = 1, 2, 4 respectively. Within the equal-signal zone, the slope of the bearing char-
acteristic is 0.17 units per degree for the 9-degree range, 0.14 units per degree for the
18-degree range, and 0.10 units per degree for the 33-degree range.

The developed algorithm (22) was then applied to the system. The characteristics of the
four-antenna direction finder were constructed under conditions of additional measurement
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amplification A = 1, 2, 4 in channels with wide directional patterns. The gain coefficients
were determined experimentally. The resulting plots are displayed in Figure 15.
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The experiment using a four-antenna direction finder demonstrated the advantages
of the developed methods. To create a six-antenna direction finder, improvements in the
phase measurement layout are necessary. Working with phase measurements requires
more precise design and implementation of new input paths. This task will be elaborated
upon in future publications, where practical results and recommendations for six-antenna
radio systems will be provided. In this paper, we conducted experiments that confirmed
the fundamental principles of the proposed theory.

6. Discussion

The theoretical analysis of the simulated bearing curves in Figure 6 shows a contradic-
tion in a two-antenna direction finder between the range of unambiguous measurement
angles and the receiver’s response to angle changes (accuracy). This issue is resolved
in a four-antenna system, where the range of unambiguous measurements quadruples,
although with varying slopes in the characteristic curve. The six-antenna direction finder
strikes a balance between accuracy and measurement range, effectively overcoming the
previously mentioned contradiction.

Simulated RMS errors in estimating the angular position of the radio source in Figure 7
reveals that in the two-antenna direction finder the highest accuracy is found in the linear
segments of the direction-finding characteristics. The four-antenna direction finder also
exhibits fluctuations in marginal errors; however, due to the increased number of indepen-
dent measurements, these fluctuations are minor, and overall, the marginal errors are lower
compared to the two-antenna system. The six-antenna direction finder demonstrates the
highest accuracy. However, due to the component involving a rapidly varying function
sin2(θs − θb), the accuracy drops significantly outside the equal-signal direction. At a
specific point θb the marginal errors of the six-antenna direction finder match those of the
four-antenna direction finder because sin2(0) = 0.

The experiment validated the modeling results. Applying algorithm (22) in a four-
antenna direction finder enables the achievement of a broad sector for unambiguous angle
measurements and enhances the slope of the discriminative characteristic, provided that
measurements from wide-beam antennas are adjusted with an additional proportionality
factor greater than one. However, practical implementation of multiple antennas can be
complicated by potential asymmetry and elevated side lobes in antenna patterns. For
instance, Figure 15 shows an additional extremum in the discriminative characteristic at an
angle of 7◦, which is not present at the symmetric angle relative to the equal-signal zone
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(−13◦). Addressing such issues in practice requires meticulous calibration of the direction-
finding system, use of highly stable platforms, and precise positioning of the equipment.

7. Conclusions

Using the statistical theory of signal processing optimization in radio systems, the
problem of synthesizing signal processing methods in direction finders with various combi-
nations of receivers and antennas has been posed and solved. The analysis of the derived
algorithms confirmed the assumption of an existing contradiction in dual-antenna ampli-
tude direction finders between the accuracy of angular position measurements and the
range of angles for unambiguous measurements. The obtained algorithms demonstrated
the potential to overcome this contradiction by employing an additional pair of antennas
in one case and incorporating phase measurements in another. Overall, the results suggest
new opportunities for researchers to apply the mathematical theory of radio system opti-
mization to enhance direction finders. The improvements in accuracy and widening of the
range for unambiguous measurements were analytically verified through the Cramer–Rao
inequality, simulation modeling, and experimental studies. The range of unambiguous
measurements was increased by 3.6 times without decreasing accuracy.
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