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Abstract: As emission legislation becomes more stringent, the modelling of turbulent lean premixed
combustion is becoming an essential tool for designing efficient and environmentally friendly com-
bustion systems. However, to predict emissions, reliable predictive models are required. Among the
promising methods capable of predicting pollutant emissions with a long chemical time scale, such
as nitrogen oxides (NOx), is conditional moment closure (CMC). However, the practical application
of this method to turbulent premixed flames depends on the precision of the conditional scalar dissi-
pation rate, 〈Nc|ζ〉, model. In this study, an alternative closure for this term is implemented in the
RANS-CMC method. The method is validated against the velocity, temperature, and gas composition
measurements of lean premixed flames close to blow-off, within the limit of computational fluid
dynamic (CFD) capability. Acceptable agreement is achieved between the predicted and measured
values near the burner, with an average error of 15%. The model reproduces the flame characteristics;
some discrepancies are found within the recirculation region due to significant turbulence intensity.

Keywords: lean; premixed; CMC; pollutants; conditional scalar dissipation rate

1. Introduction

Fossil fuels remain among the world’s primary energy sources because of their high
energy density and availability [1]. However, the emissions produced by the combustion
of fossil fuels impact the environment and humankind. For instance, climate changes
and health-related concerns will continue to be at the forefront for debate and research.
Consequently, environmental regulations demand more efforts to minimise these harmful
effects.

In recent years, lean premixed combustion has been in the spotlight because it can
reduce nitrogen oxide (NOx) emissions emitted from combustion without compromising
efficiency. However, the main limitation of lean premixed combustion is that it is notori-
ously prone to combustion instabilities associated with the oscillations of the pressure that
represent design and operation difficulties. These oscillations lead to the fluctuation of the
fuel–air ratio by changing the inlet flow rates that change the rate of combustion [2]. Ac-
cordingly, the change in the combustion rate amplifies the pressure oscillation that causes
thermoacoustic instabilities. If the fuel–air ratio decreases significantly, a local extinction
might occur [2–5].

Furthermore, the coupling of turbulence, chemical reaction, and diffusion in lean
premixed combustion is strong [6,7]. These limitations pose a challenge to modelling
turbulent lean premixed flames. Consequently, for the design and development of the next
generation of low emissions of lean combustion systems, more sophisticated numerical
models are required [8].

The conditional moment closure (CMC) method [9] is usually used as a closure for the
mean reaction rate, which is an essential term in the averaged species transport equation.
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In CMC, the transport equations are obtained without any prior assumptions about the
effect of turbulence on the flame front structure, and hence, the finite-rate chemistry effects
are captured. Thus, species with long chemical time scales, such as nitrogen oxides, are
expected to be predicted with reasonable computational costs. The method has been
effectively applied to various non-premixed combustion systems, such as bagasse-fired
boiler [10], bluff-body stabilised [11,12] and lifted jet flames [13], spray autoignition [14–16],
gas turbine combustor [17], and soot formation [18]. In recent studies [19–23], the method
has also been enhanced and adapted to turbulent premixed flames. Nevertheless, the
effective use of the technique to model premixed flames depends on the precision of the
sub-models. Among these sub-models is the conditional scalar dissipation rate (CSDR),
〈Nc|ζ〉, in the CMC transport equation, where ζ is the sample space for the progress variable,
and c. CSDR signifies the rate of mixing at small scales. Recent studies [19] have indicated
that the CSDR term is fundamental in the CMC transport equation, and the application
of the method to turbulent premixed flames depends significantly on the term modelling.
Accordingly, the main aim of the present study is to implement an alternative model [21]
for the conditional mean scalar dissipation rate in the RANS-CMC method and use the
technique to compute lean premixed flames. Since the model is based on an analytical
approach, the model can be generalised to a broad spectrum of combustion regimes.

2. Related Works

The CMC method was enhanced and tailored to turbulent premixed flames in the
RANS context by Amzin et al. [19,20] with a satisfactory outcome. The model has been
implemented and examined versus laboratory data of pilot stabilised turbulent Bunsen
flames [24] and piloted lean premixed flames [25]. In these studies, the conditional mean
dissipation rate was closed employing a simple algebraic model [26] that maintains the
coherence among the conditional and unconditional mean dissipation rates and includes
reaction–diffusion coupling in turbulent premixed flames. In turbulent premixed flames,
the scalar gradients are produced predominately by chemical reactions [26]. Hence, the
algebraic model relies fundamentally on assuming that the stretch rate will influence the
local scalar gradients, and the local flame front can be considered as an ensemble of strained
laminar flamelets. This assumption is invalid for some flames with high Damkhøler
numbers. Unlike the algebraic model, the proposed model is based on a mathematical
approach [21]; therefore, it can be applied to a broad spectrum of combustion regimes.

Recently, the CMC has been tested in Large Eddy Simulation (LES) [22] to study
the curvature effects for lean methane–air and lean hydrogen–air premixed flames with
different Lewis numbers with agreeable results. The additional molecular diffusion in the
physical space and differential diffusion effects are added to the non-unity Lewis number
CMC transport equation. The CMC calculations predicted the typical M-shaped, which
was observed in the experiment. The unstructured finite volume LES-CMC numerical
framework for premixed combustion has recently been applied to turbulent premixed bluff
body flames close to blow-off [23]. In this study, the conditional mean dissipation rate was
closed using the simple algebraic model of Kolla et al. [26], and the PDF was presumed as
a β-function distribution. The LES-CMC framework was used to numerically study the
structure of unconfined lean premixed methane–air flames stabilised on an axisymmetric
bluff body [23]. The LES-CMC method simulated the general behaviour of the selected
flames in reasonable agreement with the measurements.

3. CMC Method

The method is systematically presented in this section, followed by a brief discussion
of the 〈Nc|ζ〉model.

In turbulent flames, the oscillations of the species mass fraction, temperature, and
enthalpy over the mean are typically very high. These fluctuations with the high non-
linear reaction rate make the moment method ineffective to yield a proper closure for
the mean reaction rate [9]. In contrast, these oscillations over the conditional mean are
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significantly small compared with the actual mean [9] and are typically associated with
the oscillation of fundamental scalar. In non-premixed combustion, the passive scalar
mixture fraction Z, which represents the reactants’ stoichiometry, is used. It is normalised
to maintain Z = 0 in the oxidiser stream and Z = 1 in the fuel stream. On the other hand, in
premixed combustion, the reactive scalar progress variable, c, which measures the reaction
progress, is used as a conditioning variable. It can be defined based on temperature, cT ,
or fuel mass fraction, c f [27]. At the unity Lewis number where the thermal diffusivity
and the mass diffusivity of the mixture are equal, c f = cT [28]. In the present study, the
conditioning variable c was chosen to be defined based on the fuel mass fraction, as shown
in Equation (1), where Yu

f represents the unburnt fuel mass fraction.

c = 1−Yf /Yu
f , (1)

3.1. CMC Governing Equations

In the CMC method [9], the instantaneous mass fraction of species Yα is typically
decomposed into two quantities: a conditional mean Qα and a conditional fluctuation y′′α .
Transport equations for the conditional mean scalar values Qα are derived by substituting
the decomposition in the instantaneous mass fraction of species Yα. Detailed derivation of
the CMC equation is included in [9]. The CMC equation is shown in Equation (2)

〈ρ|ζ〉 ∂Qα
∂t + 〈ρui|ζ〉 ∂Qα

∂xi
− Lec

Leα
〈ρNc|ζ〉 ∂2Qα

∂ζ2

= 〈 .
ωα|ζ〉 − 〈

.
ωc|ζ〉 ∂Qα

∂ζ −
1

p̃(ζ)
∂

∂xi

[
〈ρu′′i y′′α |ζ〉 p̃(ζ)

]
+ eQα

(2)

where the angled brackets signify an ensemble averaging subject to the condition c = ζ.
Parameter Le is the Lewis number of species α and p̃, which is represented as the Favre PDF
of c. The first and second terms on the left-hand side of Equation (2) represent the unsteady
and convective variations of the conditional mean, respectively. The third term describes
the diffusion of the conditional mean in the sample space ζ. The first and second terms on
the right-hand side denote the conditional mean chemical reaction rate for species α and the
effect of the conditioning variable c (reactive scalar) on the production of Qα, respectively.
The third term on the right-hand side signifies the effect of the conditional fluctuation y′′α
on the production of Qα. The last term represents the contributions of molecular diffusion
of Qα in physical space. The effects of differential diffusion of mass and heat is closed using
Equation (3) [29]

eQα ≈
1

p̃(ζ)

(
1− Leα

Lec

)
∂Qα

∂ζ

∂〈Nc|ζ〉 p̃(ζ)
∂ζ

, (3)

The Favre averaged PDF of the progress variable is modelled using a presumed shape
with a beta function as follows:

p̃(ζ) = C ζa−1(1− ζ)b−1, (4)

where the model constants a, b, and C are defined as follows:

C =
1

β(a, b)
, a = c̃

(
1− g

g

)
, b = (1− c̃)

(
1− g

g

)
. (5)

The variance parameters are g = c̃′′ 2/c̃(1− c̃) and β(a, b) =
∫ 1

0 ζa−1(1− ζ)b−1dζ.
The conditional mean reaction rate 〈 .

ωα|ζ〉 for species α, shown in Equation (2), is
closed using a first-order CMC closure, as shown in Equation (6), where QT is the condi-
tional temperature.

〈 .
ωα|ζ〉 =

.
ωα(〈ρ|ζ〉, Qα, QT), (6)
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A closure for 〈 .
ωc|ζ〉 can be obtained based on the definition of c.

〈 .
ωc|ζ〉 =

〈 .
ω f |ζ〉

Yu
f

(7)

The conditional mean velocity 〈ui|ζ〉 can be closed using the gradient [30] or linear [9]
model. Both approaches are equally adequate for turbulent premixed flames. In the present
study, the linear model was selected, and it is given by Equation (8)

〈ui|ζ〉 = ũi +
ũ′′i c′′

c̃′′ 2
(ζ − c̃), (8)

where ũi is the Favre unconditional mean velocity. ũ′′i c′′ is the correlation between the

velocity and progress variable fluctuations. c̃′′ 2 is the variance of the progress variable
fluctuations.

The conditional density is obtained using the state equation and QT through Equa-
tion (9).

〈ρ|ζ〉 =
P

RQT
, (9)

where R is the gas constant.
The CMC transport equations can be solved with their sub-models and appropriate

initial and boundary conditions. The Favre average quantities are then obtained using
Equation (10)

Ỹα =

1∫
0

Qα p̃(ζ)dξ· (10)

3.2. Turbulence Model Closure

The turbulent dynamic viscosity µt is closed using the standard turbulence k − ε

model. The model links turbulent viscosity µt to the mean turbulent kinetic energy k̃ and
dissipation rate ε̃. This model is numerically stable, and it converges reasonably quickly.
Additionally, it is acceptable for flows with a high Reynolds number and free shear flows.
The model can be written as Equation (11)

µt = ρCµ( k̃2/ε̃ ), (11)

where Cµ is a constant and given by Cµ= 2. k̃ and ε̃ are obtained by solving their transport
Equations (12) and (13)

∂

∂t

(
ρk̃
)
+

∂

∂xi

(
ρũi k̃

)
=

∂

∂xi

[(
µ +

µt

σ̃k

)
∂k̃
∂xi

]
+ ρτij

∂ũj

∂xi
− ρε̃, (12)

and
∂

∂t
(ρε̃) +

∂

∂xi
(ρũi ε̃) =

∂

∂xi

[(
µ +

µt

σ̃ε

)
∂ε̃

∂xi

]
+ Cε̃1

ε̃

k
ρτij

∂ũj

∂xi
− Cε̃2 ρ

ε̃2

k̃
. (13)

The standard model constants are Cµ = 0.09, σk = 1.0, σε = 1.30, Cε1 = 1.44, and
Cε2 = 1.92. In the modified k− ε model, the closure coefficient Cε1 = 1.44 is modified to
1.6 to justify the round jet anomaly [31].
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3.3. Modelling of Conditional Scalar Dissipation Rate

The conditional mean scalar dissipation rate, 〈Nc|ζ〉, which appears in Equation (2),
is linked to the mean scalar dissipation rate ε̃c and the Favre PDF p̃(ζ) via the following
integral Equation (14) [29]

ε̃c =
∫ 1

0
〈Nc|ζ〉 p̃(ζ)dζ. (14)

Equation (14) is an ill-posed equation [32], and typically, obtaining a solution for these
equations is not straightforward, since these equations have a non-unique and unstable
solution. Applying ordinary least-squares approximation is incorrect. Equation (14) resem-
bles a Fredholm integral equation of the first kind, where 〈Nc|ζ〉 is an unknown scalar that
can be written in a compact matrix form as Equation (15) [32]

N ≈ (p)−1ε. (15)

The vector N and ε (input) are functions of the sample space ζ. The kernel p (input) is
a two-dimensional matrix and is a function of the sample space and physical space in the
RANS domain. The difficulty associated with solving first kind Fredholm integrals arises
from the instability of the inverse operator, p. Typically, the solution is exceptionally suscep-
tible to inaccuracies in the vector ε, which usually includes errors (noise) e. Accordingly, a
regularisation procedure must be used to reach a stable solution. In this study, the Tikhonov
regularisation algorithm [32] was implemented to estimate a solution for Equation (15).
However, various algorithms are available in the literature. The regularisation suppresses
the undesired elements of the minimal-norm least-squares by replacing the minimisation
problem by the solution of a penalised minimisation problem Equation (16)

min{|pNα − ε|2 + α|Nα − N0|2}, (16)

where α is the regularisation parameter, and the value controls how sensitive Equation (16)
is to the error e within the vector ε and how close the attained solution is to the exact
solution. The notation Nα indicates the value of N obtained with regularisation parameter α,
and the vector N0 is an available approximation. This procedure has been utilised in the
past to find closure of the mean reaction rate [33,34].

N can be obtained by discretising Equation (16) into a linear system of equations using
the finite difference method. Differential parameter dζ was discretised into 100 discrete
intervals in the present study. These intervals were found to provide a sufficient resolution.
The linear equations were solved using the iterative technique of the conjugate gradient
method [35].

4. Test Case

In this study, the bluff-body stabilised turbulent flame [36,37], shown schematically
in Figure 1, was considered to validate the RANC-CMC method with the inverse model
as a closure for the 〈Nc|ζ〉. The premixed flame burned lean methane–air mixture with
an equivalence ratio of 0.586 at 300 K and 1 atm. The flame was restrained in a squared
combustion chamber with a cross-section of 79 × 79 mm. The flame was stabilised at the
inlet with a conical bluff body with a diameter of D = 44.45 mm. The average bulk velocity
and the turbulence intensity were 15 m/s and 24%, respectively. The characteristics of these
streams are summarised in Table 1. The turbulence conditions were measured using a Laser
Doppler Velocimetry, and the reactive scalars were measured using Rayleigh scattering
analysis. The conditions of the flame were located in the thin reaction zones regime, as
shown in Figure 2, where the characteristic chemical length and time scales of the flame
were more significant than the turbulence length and time scales, and hence, turbulent
eddies were expected to penetrate the reaction zones causing local extinction.
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Table 1. Combustor characteristics [36,37].

V(m/s) D(mm) T (K) P (bar) I (%) Re(D)

15 44.45 294.0 1.0 24.0 43,400
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These flames have been previously studied using the RANS partially premixed
model [38] and LES flamelet [39]. The RANS study applied a steady-state partially pre-
mixed model with a single-step mechanism under adiabatic conditions. The PDF of the
progress variable was modelled using a presumed shape with a beta function. The flame
front position was determined by solving a transport equation for the mean reaction
progress variable plus the mean mixture fraction and its variance. The turbulent flame
speed in the premixed model was closed by Zimont turbulent flame speed closure. This
model assumes that the combustion front consumes fuel at a turbulent flame speed [40]. In
the LES study, Favre-filtered transport equations were solved. The sub-filter scalar term
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was modelled using the gradient-assumption with the turbulent Schmidt number, with a
constant of 0.7. The sub-grid-scale viscosity was obtained from the standard Smagorinsky
model. The turbulent flame speed was modelled by Zimont turbulent flame speed clo-
sure [40]. On the other hand, the contribution of CMC for premixed combustion would be
predicting species with slow time scales, including the effects of turbulence on the chemical
structure with complex chemical kinetics [19,20]. The proposed model for the conditional
scalar dissipation rate term in the CMC transport equation is based on a mathematical
approach and has no preassumptions [21].

5. Computational Approach and Parameters

The original version of the research code was designed for non-premixed flames with
two separate streams [41], fuel and oxidiser, with their mixing being described by solving
a transport equation for Favre averaged mixture fraction, which is a passive scalar. The
code was further developed to include turbulent premixed flames [19,20] with more than
two streams along with appropriate transport equations to track the fluids emerging from
these various streams. The transport equations for the Favre averaged progress variable c̃
and its variance c̃′′ 2 were also included in addition to closure for the mean reaction rate.

The partial differential equation for the stationary CMC transport equation was discre-
tised over a physical space control volume into an algebraic equation by the finite volume
method. The power-law scheme was used to discretise the physical and ζ space deriva-
tives in the CMC equation. A SIMPLER approach [42] was used to couple the velocity
and pressure fields inside the computational domain. These discretised equations were
solved to obtain the conditional mean quantities Qα using an iterative algorithm with
under-relaxation factors, as shown in Table 2. The CMC transport equation was solved in ζ
space on the CMC physical grid by the CMC solver. The Favre-averaged mass, momentum,
turbulence, enthalpy progress variable, progress variable variance, and the mixture fraction
transport equations were solved on the RANS physical domain and passed to the CMC
solver. The exchange process was iterated until convergence criteria were met. These
convergence criteria were set to be 5 × 10−5 for fluid dynamics and CMC. The mean flow
and turbulence quantities obtained from the fluid dynamics solver were passed to the
CMC solver.

Table 2. Under-relaxation factors.

P u v w k ε h µ $ T ~
c c̃′ ′2

0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.1 0.1 0.1

The physical computational domain covered 79 × 342 mm in r and x directions with
180 × 513 cells in both directions. Based on the CMC assumption, the conditional averages
changed gradually in the physical space. Thus, two cells in each direction of the physical
domain were joined to assemble the physical grid for the CMC equations. The initial
value of the progress variable variance entering the computational domain was zero. The
bluff-body and combustion chamber walls were considered no-slip walls, and heat transfer
from the walls was considered. The conditional mean reaction rate term was closed using
a first-order CMC closure, and the GRI-3.0 [43] chemical mechanism was used to represent
the chemical kinetics of the methane–air mixture. The initial and boundary conditions for
the CMC equations in the ζ space were prescribed using planar unstrained laminar flame
computation obtained from the Premix code of Chemkin [44]. A presumed shape with a
beta model was used for the PDF of the progress variable. From the converged solution, the
various mean quantities required for comparison with experimental measurements were
obtained using Equation (10). Further details on the computational tool used in this study
can be found in [19,20,41]. The computational sequence in the RANS-CMC framework is
shown in Figure 3.
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6. Results and Discussion

The physical computational grid was specified to be non-uniform near the inlet and
the bluff-body recirculation zone. The CMC grid consisted of 500 non-uniform cells in
ζ space. As the conditional averages oscillated slowly in the physical space, the CMC
physical space was constructed by combining two RANS grid cells. The conditional mean
mass fraction Qα was obtained by solving the CMC equation, Equation (7), without eQα.
The typical variation of conditional mean mass fractions for some selected species is shown
in Figure 4. The results are shown for c = 0.586 at axial locations, x/D = 1.5. The values
of H2 and OH mass fractions were multiplied by 40 and 20 for plotting purposes, and
the results were compared to the unstrained laminar methane–air premixed flame with
ϕ = 0.58. The laminar calculations were obtained using the PREMIX code [44] and the
GRI-mechanism.

The radial variations of the computed normalised mean axial velocity, temperature,
and mole fractions of major species were compared to the experimental measurements at
different axial locations in the flame, as shown in Figures 5–9. The values were normalised
using the axial inlet velocity. The solid lines represent the CMC calculations, and the
symbols represent the experimental measurements [36,37]. The standard radial profiles
of these scalars were satisfactory and acceptable at all axial locations in the flame. The
normalised mean axial velocity was over-predicted in the upstream region close to the
bluff-body circulation zone. These discrepancies can be attributed to the strong inhomoge-
neous turbulence near the burner exit. The comparison gradually improved far from the
recirculation zone, where the turbulence intensity levels were low.
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Figure 5. The computed normalised mean velocity was compared to the experimental measurements
at axial locations: (a) x/D = 0.1, (b) 0.3, (c) 0.6, and (d) 1 [36,37].
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Figure 6. The computed mean temperature was compared to the experimental measurements:
(a) x/D = 0.1, (b) 0.3, (c) 0.6, (d) 1, (e) 1.5, and (f) 2 [36,37].
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Figure 7. The computed mean mole fractions of CH4 were compared to the experimental measure-
ments: (a) x/D = 0.1, (b) 0.3, (c) 0.6, (d) 1, (e) 1.5, and (f) 2 [36,37].
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Figure 8. The computed mean mole fractions of O2 were compared to the experimental measure-
ments: (a) x/D = 0.1, (b) 0.3, (c) 0.6, (d) 1, (e) 1.5, and (f) 2 [36,37].
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ments: (a) x/D = 0.1, (b) 0.3, (c) 0.6, (d) 1, (e) 1.5, and (f) 2 [36,37].

Additionally, the differential diffusion effects were significant near the central and
recirculation regions. Adding the differential diffusion terms to the CMC transport equation
may improve the velocity profiles upstream. The peak temperature at the centre line was
captured reasonably by the RANS-CMC framework, as shown in Figure 6. In the transverse
direction, the agreement between the measured and computed mean values was acceptable
inside the recirculation zone region at x/D < 1.0. Beyond this region, a steep temperature
gradient was observed near the combustor wall at radial locations greater than 0.4. There
was a comparable level of agreement for the major reactants and products profiles at all
axial locations in the flame, as shown in Figures 7–9. The CMC predicts reasonably the
mean values at upstream locations x/D < 1.0. Outside this region, the mean values of the
CH4 and O2 were over-predicted at radial locations greater than 0.4, while the mean values
of H2O and CO2 were under-predicted. The discrepancies at downstream locations were
possibly because of the k− ε model, and hence, a future study to address the sensitivity of
the computations to different turbulence models are required to clarify these issues.

7. Summary and Conclusions

The implementation of the conditional moment closure (CMC) method to turbulent
premixed combustion is still under research. In the method, the transport equations are
derived without any explicit assumptions about how turbulent vortices affect the flame
front structure. Therefore, finite-rate chemistry is expected to be well captured. Unlike
other methods, this feature enables the CMC to predict chemically slow species, such
as nitrogen oxides, with realistic computational costs. While this method has recently
been amended and validated to turbulent premixed combustion with some encouraging
outcomes, its sub-model precision significantly influences the method’s strength. Among
the critical sub-models is the conditional scalar dissipation rate, representing the mixing at
a small scale. This term describes the local micromixing of the relevant scalar. It signifies
the dissipation rate of progress variable variance, which is predominantly affected by
the coupling of turbulence, diffusion, and chemical reaction. Hence, this work aimed to
implement an alternative model [21] for this term in the RANS-CMC framework and to
use the method to compute lean premixed bluff-body stabilised turbulent flame. The PDF
of the progress variable was modelled using a presumed shape with a beta function. The
conditional mean reaction rate, 〈 .

ωα|ζ〉, for species α in Equation (7) was closed using a
first-order CMC closure [9], and the combustion kinetics were represented using the GRI-
3.0 chemical kinetics mechanism for methane–air combustion. The standard k-ε represents
the turbulence. Despite some discrepancies, especially within the recirculation zone where
the turbulence intensity was very high, the RANS-CMC framework captured the general
trend of premixed turbulent flame near blow-off conditions in reasonable agreement with
experimental measurements. Additional approvement may be achieved by including the
differential term in the CMC transport equation.
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