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Abstract

:

In this work, the combined effects of velocity slip and convective heat boundary conditions on a hybrid nano-fluid over a nonlinear curved stretching surface were considered. Two kinds of fluids, namely, hybrid nano-fluid and aluminum oxide (  A  l 2   O 3   )- and iron oxide (  F  e 3   O 4   )-based nano-fluid, were also taken into account. We transformed the governing model into a nonlinear system of ordinary differential equations (ODEs). For this we used the similarity transformation method. The solution of the transformed ODE system was computed via a higher-order numerical approximation scheme known as the shooting method with the Runge–Kutta method of order four (RK-4). It is noticed that the fluid velocity was reduced for the magnetic parameter, curvature parameter, and slip parameters, while the temperature declined with higher values of the magnetic parameter, Prandtl number, and convective heat transfer. Furthermore, the physical quantities of engineering interest, i.e., the behavior of the skin fraction and the Nusselt number, are presented. These behaviors are also illustrated graphically along with the numerical values in a comparison with previous work in numerical tabular form.
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1. Introduction and Literature Review


Boundary layer flows are characterized by Newtonian and non-Newtonian fluids. Newtonian fluids are those in which the stress is linearly proportional to strain. Examples of Newtonian fluids are mineral oil, water, gasoline, organic matter, kerosene, solvents, glycerin, alcohol, etc. The boundary layer flows of non-Newtonian fluids have attracted much attention owing to their tremendous applications in industry, manufacturing, and geothermal engineering. Examples of these applications are nuclear reactors, metallurgical processes, the spinning of fibers, casting, liquid metals space technology, crystal growth, and many more. The models of non-Newtonian fluids cannot be expressed in a single relationship because of their mutual aspects. Crane et al. [1] determined the boundary layer flow over exponentially and linear stretching surfaces. Then, Vleggaar [2] explored the laminar flow of the boundary layer on a continuous and accelerating stretching surface. The similarity analysis for the Navier–Stokes equation over the stretching surface was studied by Wang [3]. The time-dependent boundary layer flow of viscous fluid over a stretching curved surface was investigated by Sajid et al. [4].



The time-dependent boundary layer flow over a permeable curved shrinking/stretching surface was demonstrated by Rosca et al. [5]. The properties of homogeneous and heterogeneous reactions on boundary layer flow over a stretchable curved sheet were studied by Saif et al. [6]. The temperature-dependent conductivity effects on boundary layer fluid and heat transfer over a curved stretchable sheet were reported by Murtaza et al. [7]. A non-Newtonian fluid over an exponential curved stretching surface with the magnetic field was presented by by Shi et al. [8]. The computational solution of an electrically conducting macropoler fluid over a curved stretching sheet was analyzed by Naveed et al. [9].



Nano-fluids can be defined as the suspension of particles having one or more metal or non-metal nano-particles such as (  A g , C u , F e ,  S 1   O 2  , C u O , A  l 2   O 3  , H g  ) that are nano-sized (1–100 nm). Initially, nano-fluid improves the thermo-physical properties of nano-fluid, as was presented by Choi [10]. He concluded that thermo-physical properties promote the nano-fluid through thermal conductivity, thermal diffusivity, the volumetric fraction of the nano-particles, convective heat, and viscosity as compared to the base fluid. Furthermore, many authors have presented the characteristics of nano-particles in different fluid models, which can be seen in [11,12,13,14,15,16]. Hybrid nano-fluid along with (  C u + F  e 3   O 4  /  H 2  O  ) and   C u /  H 2  O   was initially presented by Suresh et al. [17]. Then, Shoaib et al. [18] presented numerical approaches for the MHD flow of hybrid nano-fluids with heat transfer over a moving surface.



Then, Devi et al. [19] also investigated the MHD flow of hybrid nano-fluid   C u / A  l 2   O 3    water due to a stretching surface. Hassan et al. [20] presented the characteristics of a   C u − A g /  –water hybrid nano-fluid with convective heat transfer using an inverted cone. The numerical solution for the stagnation point flow of hybrid nano-fluid (  C u − A g /  –water) was presented by Dinarvand et al. [21]. The Darcy–Forchheimer flow of hybrid nano-liquid (MWCNTs   + F  e 3   O 4   /water and   S W C N T s + F  e 3   O 4   /water) over a curved surface was investigated by Saeed et al. [22]. In a porous space, the viscous fluid was expressed by Darcy–Forchheimer. A mixed convection hybrid nano-fluid over a curved sheet was illustrated by Gohar et al. [23]. Waini et al. [24] explored the effects of thermal radiation on the MHD flow of a hybrid nano-fluid by considering a permeable stretching wedge. The stability analysis of the stagnation point flow of a hybrid nano-fluid with heat transfer analysis due to a shrinking sheet was computed by [25].



The effects of metallic nano-particles on the MHD flow of micropolar fluid through a vertical artery with a six-type stenosis was presented by Ashfaq et al. [26]. Yousefi et al. [27] found the analytical solution for the time-dependent stagnation point flow of a hybrid nano-fluid by considering a moving cylinder. Furthermore, the researchers presenting hybrid nano-fluid models can be seen in [28,29,30,31,32,33,34].



For the convective heat boundary condition in heat transfer analysis, researchers have been motivated by the applications in industry and engineering, such as the solidification of cistinf, underground electric cables, material drying, etc. Cooling plants, gas turbines, thermal storage, etc. can all use convective heat boundary conditions. The stagnation point flow analysis over a porous stretching sheet in the presence of heat generation was reported by Malvandi et al. [35]. The MHD flow of Newtonian fluid with heat transfer analysis over a rotating region was attempted by Ayub et al. [36].



In pumping power the hybrid nano-fluid in the presence of convective heat and heat transfer effects were considered by Irandoost et al. [37]. A numerical approach for the thermophoretic and heat source impacts on micropolar fluid with a magnetic field was provided by Sharma et al. [38]. The convective heat transfer flow in micropolar fluid arrayed with microgrooves was analyzed by Hu et al. [39]. An exponential study of convective heat transfer in mono-hybrid nano-fluids was demonstrated by Vallaj et al. [40]. A convective heat transfer analysis of hybrid nano-fluids in the developing region tube was performed by Anoop et al. [41].



The above literature survey motivated us towards this study of convective heat transfer analysis for hybrid nano-fluids over a nonlinear curved surface. We considered the inclined magnetic field, thermal radiation, and slip boundary condition. Furthermore, the governing model was transformed into a nonlinear ODE system by using similarity transformation. The solution of these ODE systems was computed with the shooting method with an RK-4 numerical scheme. The effects of different physical and engineering parameters on the velocity and temperature of the fluid for both cases of nano-fluids:   A  l 2   O 3   /water (  F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ) base fluid. Furthermore, the behavior of the skin friction and the local Nusselt number for the different physical parameters was studied in detail.




2. Mathematical Model


In this work, we considered the hybrid nano-fluid   A  l 2   O 3  − F  e 3   O 4   /water flow over a curved stretching surface. The convective heat transfer, thermal radiation, inclined magnetic field, and slip boundary condition were all taken into account. The flow was produced by a curved stretching sheet coiled with radius r. The stretchable surface was of a higher value than   R → ∞  , then the surface was equal to distance R from the origin. The stretched surface place was along the s-direction with velocity component    a 1   s n  =  u w   ( s )   . A magnetic field   B o   was applied at angle  α  lying in the range   0 < β <  π 2    in the direction of the sheet. The geometrical interpretation of the flow problem is shown in Figure 1. The stretching curved surface of the sheet was hot by convection from a heated fluid at temperature   T  h n f   , which produced a convective heat transfer coefficient,   h  h n f   . The governing coupled partial differential equations for the above flow are given by


   ∂  ∂ r    ( r + R ) v  + R   ∂ u   ∂ s   = 0  



(1)






     u  2   r + R   =  1  ρ  h n f      ∂ p   ∂ r    



(2)






     v   ∂ u   ∂ r   +   R u   r + R     ∂ u   ∂ s   +   u v   r + R   = −  1  ρ  h n f     R  r + R     ∂ p   ∂ s   −    σ  h n f   sin  ( α )   B  0  2    ρ  h n f    u       +   μ  h n f    ρ  h n f         ∂  2  u   ∂   r  2    +  1  r + R     ∂ u   ∂ r   −  u   ( r + R )  2        



(3)






  v   ∂ T   ∂ r    +   u R   r + R     ∂ T   ∂ s   =    ( ρ  c p  )   h n f    k  h n f         ∂  2  T   ∂ r   +  1  r + R     ∂  T   ∂ r     



(4)







The corresponding boundary conditions are


     u = b s +  L 1     ∂ u   ∂ r   −  u  r + R    =  u w  , v = 0 ,  k  h n f     ∂ T   ∂ r   = h  (  T f  − T )  , u → 0       ,   ∂ u   ∂ r   → 0 , T →  T ∞   as  r → ∞ .     



(5)







Here the above expressions (  v , u  ) represent the components in the   ( r , s )   direction, respectively, p represents the pressure, a is the stretching rate constant,   L 1   represents the slip parameter, T is the temperature,   k  h n f    stands for the thermal conductivity of the hybrid nano-fluid,    α  h n f   =  k  h n f   /   ( ρ c )  f    represents the thermal diffusivity, and h denotes the convective heat transfer coefficient. The effective hybrid nano-fluid density   ρ  h n f    and heat capacity    ( ρ  c p  )   h n f    may be found in [19]. These are defined as


      C 1  =   μ  h n f    ×  μ f    =  1 −  ϕ 1      2.5    1 −  ϕ 2      2.5   ,        C 2  =   ρ  h n f    ρ f   =  1 −  ϕ 2       ϕ 1   ρ  s 1     ρ f   +  1 −  ϕ 1    +    ϕ 2   ρ  s 2     ρ f          C 3  =    ( ρ C p )   h n f     ( ρ C p )  f   =  1 −  ϕ 2      ϕ 1  ρ  C  p  s 1      ρ  C  p f     +  1 −  ϕ 1   +    ϕ 2  ρ  C  p  s 2      ρ  C  p f            A 3  =   k  n f    k f   =    2  k f  +  k  s 1    − 2  ϕ 1    k f  −  k  s 1       ϕ 1    k f  −  k  s 1    +  2  k f  +  k  s 1             A 4  =   k  n f    k f   =    2  A 3  +  k  s 2    − 2  ϕ 2    A 3  −  k  s 2       ϕ 2    A 3  −  k  s 2    +  2  A 3  +  k  s 2             B 1  =    2  σ f  +  σ  s 1    − 2  ϕ 1    σ f  −  σ  s 1       ϕ 1    σ f  −  σ  s 1    +  2  σ f  +  σ  s 1             B 2  =    2  B 1  +  σ  s 2    − 2  ϕ 2    B 1  −  σ  s 2       ϕ 2    B 1  −  σ  s 2    +  2  B 1  +  σ  s 2      .     



(6)







The similarity transformations are defined as


  u = b s  f ′   ( η )  , v =   − R   r + R     b υ   f  ( η )  , ξ =   b υ   R , η =   b υ   r , p = ρ   b  2    s  2  P  ( η )  , θ  ( η )  =   T −  T ∞     T w  −  T ∞    .  



(7)







Clearly, this satisfies the continuity equation, and Equations (1)–(4) can be written as


    ∂ P   ∂ η   =  C 2     (  f ′  )  2   η + ξ    



(8)






   1  C 2     2 ξ   η + ξ   P  ( η )  =  1   C 2   C 1      f  ‴   +   f  ″    η + ξ   −   f ′    ( η + ξ )  2    −   B 2   C 1    sin 2  α   M  2   f ′  −  k  η + ξ     ( (  f ′  )  2  − f  f  ″   −    f ′  f   η + ξ   )  



(9)






   θ ″  +   θ ′   ξ + η   + P r   C 3    A 4  + R   f  θ ′   k  ξ + η   = 0 .  



(10)







The corresponding boundary conditions are given by


     f  ( η )  = 0 ,   f ′   ( η )  = 1 +   K 1  ξ   ( ξ  f  ″    ( η )  −  f ′   ( η )  )  ,   θ ′   ( η )  = −   ( 1 − θ ( η ) )   A 4    at  η → 0 ,        f ′   ( η )  = 0 ,  f ″   ( η )  = 0 , θ  ( η )  = 0  at  η → ∞ .     



(11)







In the above formulation, f and  θ  represent the velocity and temperature, and  ξ ,   R , M ,  A 1  , P r  , and   K 1   are the curvature, magnetic value, thermal radiation, Biot number, Prandtl number, and velocity slip parameter, respectively, and are given as follows:


  η = ξ   b υ   , R =   4  σ *   T  ∞  3    3  k *  ρ  c p    , M =   σ  B  0  2    b  ρ f    ,   A 1  =  k  k f      V f  b   , P r =    v f  C p   k f   ,  K 1  =  L 1    b  ν f     











.



By eliminating the pressure term form Equations (8) and (9), we obtained


      f  ⁗   +   f ′    ( ξ + η )  3   +  C 2   C 1   −   k f  f ′     ( ξ + η )  3   +   k  f  f ″  −  f  ′ 2       ( ξ + η )  2   +   ξ   f ‴   f ′  − f  f ″     ξ + η          +  B 1   C 1   M 2  sin  ( α )     f ′   ξ + η   +  f ″   +   2  f ‴    ξ + η   −   f ″    ( ξ + η )  2   = 0 .     



(12)







The corresponding boundary conditions are


  f  ( 0 )  = 0 ,   f ′   ( η )  = 1 +   K 1  ξ   ( ξ  f ″   ( η )  −  f ′   ( η )  )  at  η = 0 ,   f ′   ( η )  = 0 ,  f ″   ( η )  = 0 , at  η → ∞ .  



(13)







We determined the pressure thus:


     P =  C 2     f  f ′    2 ( ξ + η )   +  1 2  f  f ″  −  1 2   f  ′ 2    +  1  C 1      ξ + η   2 ξ    f ‴  +  1  2 ξ    f ″  −   f ′   2 ξ ( ξ + η )          −  B 1   M 2  sin  ( α )   f ′     ξ + η   2 ξ    .     



(14)







Here   q m   is the heat transfer, and   τ w   is the wall shear stress, given as


   τ w  =  μ  h n f       ∂ u   ∂ r   −  u  r + R     r = 0     q w  = −   [  k  h n f     ∂  T ^    ∂ r   +   ∂  q r    ∂ r   ]   r = 0   .  



(15)







The dimensionless form of Equation (15) can be formulated as


     C f    R  e x      =  1  C 1     f ″   ( 0 )  −    f ′   ( 0 )   ξ   ,       N  u x     R  e x       = −   A 3  +  R d    θ ′  ( 0 )    



(16)







Where    C f    R  e x      and    N  u x     R  e x      represent the skin fraction and local Nusselt number, respectively.




3. Shooting Method


The shooting method is a numerical approach generally used for the solution of the BVP by reducing it to the system of an initial value problem. Equations (10)–(12) are the system of non-linear coupled ODEs of order four in   f ( ξ )   and order two in   θ ( η )  , respectively. Rearranging Equations (10)–(12) with boundary conditions will take the form of


      f ⁗  = −   f ′    ( ξ + η )  3   −  C 2   C 1   −   k f  f ′     ( ξ + η )  3   +   k  f  f ″  −  f  ′ 2       ( ξ + η )  2   +   ξ   f ‴   f ′  − f  f ″     ξ + η          −  B 1   C 1   M 2  sin  ( α )     f ′   ξ + η   +  f ″   −   2  f ‴    ξ + η   +   f ″    ( ξ + η )  2   ,     



(17)






      θ ″  = −   θ ′   ξ + η   − P r   C 3    A 4  + R   f  θ ′   k  ξ + η   .     



(18)







To reduce the higher-order nonlinear coupled ODEs into a first-order ODE system, let us consider


      f =  u 1  ,  f ′  =  u 2  ,   f ″  =  u 3  ,   f ‴  =  u 4  and  u  4  ′  =  f ⁗  ,     



(19)






        θ =  u 5  ,   θ ′  =  u 6   and   θ ″  =  u  7  ′  .     



(20)







The nonlinear coupled ODE system is reduced into a first-order ODE system. It can be defined with the new variables as


       u  1  ′  =  u 2  ,           u  2  ′  =  u 3  ,           u  3  ′  =  u 4            u  4  ′  = −   u 2    ( ξ + η )  3   −  C 2   C 1   −   k  u 1   u 2     ( ξ + η )  3   +   k   u 1   u 3  −  u  2  2      ( ξ + η )  2   +   ξ   u 4   u 1  −  u 1   u 3     ξ + η           −  B 1   C 1   M 2  sin  ( α )     u 2   ξ + η   +  u 3   −   2  u 4    ξ + η   +   u 3    ( ξ + η )  2             u  5  ′  =  u 6          u  6  ′  = −   u 6   ξ + η   − P r   C 3    A 4  + R    u 1   u 6   k  ξ + η   .     



(21)







The corresponding boundary conditions are


       u 1   ( 0 )  = 0 ,  u 2   ( 0 )  = 1 +  K 1    u 3   ( 0 )  −    u 2   ( 0 )   ξ     u 6   ( 0 )  = −  A 1   (   1 −  u 4   ( 0 )    A 4   )  .     



(22)







The next task is to solve the above seven first-order ODE systems (20)–(21) via a shooting method with RK-4. For any numerical solution this evidently requires seven initial guesses, whereas four initial guesses were given and the other three initial guesses were    u 2   ( η )   ,    u 4   ( η )   , and    u 6   ( η )   . These were defined as   η → ∞  . Hence, it was considered that    (  u 2   ( 0 )  ,  u 4   ( 0 )  ,  u 6   ( 0 )  )  =  (  q 1  ,  q 2  ,  q 3  )   . These unknown required three initial guesses   (  u 2   ( 0 )   ,    u 4   ( 0 )   , and    u 6    ( 0 )  )    were computed by the Newton iterative scheme. The main step of this numerical solution is to select the suitable finite values for boundary conditions. The step size and convergence criteria were taken to be   ▵ η = 0.02   and   T O L =  10  − 5    , respectively, for our numerical solution.




4. Results and Discussions


First of all, we computed the solution of the resulting ODE system given in Equations (10)–(12) with a shooting method along with RK-4 Method. For the numerical computations we used the specific values for the parameters given in Table 1. Further, We compared the present work with previously published data and found a good agreement between them. The comparison is given in Table 2. The characteristics of different physical parameters, namely temperature and velocity, for the hybrid nano-fluid (  A  l 2   O 3   /water and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ) were determined and presented.



The effect of the magnetic parameter on velocity is shown in Figure 2 for the hybrid nano-fluid (  A  l 2   O 3   /Water and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ). A Lorentz force was created due to the existence of a magnetic field, which enhances the interaction in electrically conducting the fluid motion and, therefore, reduces the fluid motion. Here it is noticed that the fluid temperature rises by greater values of M, as shown in Figure 3 for the hybrid nano-fluid (  A  l 2   O 3   /water and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ). The effect of the curvature parameter  ξ  on velocity is plotted in Figure 4 for the hybrid nano-fluid (  A  l 2   O 3   /Water and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ). The velocity rises by higher values of  ξ  for both   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   nanomaterials. The higher values of  ξ  mean that the radius of the sheet is enhanced, which increases the fluid motion. Similarly, the same result for the curvature parameter  ξ  is shown in Figure 5 in the temperature field for   A  l 2   O 3  /  H 2  O   and the hybrid nano-fluid (  F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ).



Figure 6 is plotted for the temperature field with different values of Prandtl number   P r   for the hybrid nano-fluid (  A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ). Here a reduction in the temperature was found with higher values of   P r   for both   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   nanomaterials. The effects of the thermal radiation parameter   R d   on temperature can be seen in Figure 7 for hybrid nano-fluid (  A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ) flow. The temperature was increased by increasing the radiation parameter for both nanomaterials (  A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  ). This increase occurs due to the increase in temperature   T  ∞  3  .



The influence of velocity    f ′   ( η )    is presented in Figure 8 by volume fractions    ϕ 1  ,  ϕ 2   . It is seen that the velocity effect    f ′   ( η )    declined by greater values of the nano-particle volume fractions    ϕ 1  ,  ϕ 2    for the hybrid nano-fluids. Physically, the higher values of the nano-particle volume fraction of   A  l 2   O 3   /water and   A  l 2   O 3  + F  e 3   O 4  /  water were due to the thickness of the momentum boundary layer. The influence of fluid temperature   θ ( η )   is presented in Figure 9 by nano-particle volume fractions    ϕ 1  ,  ϕ 2   .



It is clearly seen that the fluid temperature   θ ( η )   increased by greater values of the nano-particle volume fraction    ϕ 1  ,  ϕ 2    for the hybrid nano-fluids. In fact, the higher values of thermal conduction were improved by the greater thermal diffusivity. The fluid temperature   θ ( )   field is directly related to both (   ϕ 1  ,  ϕ 2   ), resulting in increases in the fluid temperature for   A  l 2   O 3   /Water and   A  l 2   O 3  + F  e 3   O 4  /  water. The velocity behavior is plotted in Figure 10 for higher values of the velocity slip parameter for both   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   nano-particles. It is noticed that velocity decreases with greater values of   K 1   for both   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   nano-particles.



Figure 11 shows the velocity for angle of inclination  α  for both   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   nanomaterials. Here it is noticed that the velocity was reduced with larger values of angle of inclination  α . This is because by increasing the angle of inclination, the effect of the magnetic field on fluid particles increases, which enhances the Lorentz force. Figure 12 shows the angle of inclination effects on temperature for the hybrid nano-fluids   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  . Here it is seen that the temperature increased with larger values of  α  for both nano-particles,   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O  . The higher angle values correspond to a larger magnetic field which opposes the fluid motion. Hence, this increases the value of the temperature.



The effects of the velocity slip parameter   K 1   on temperature field   θ (  η )    are found in Figure 13. It is noticed that temperature increased for greater values of   K 1   and also increased the thermal boundary layer for both hybrid nano-fluids considered in this work. The impacts of convective heat transfer are shown in Figure 14 for the temperature field. It is concluded that the temperature rises for hybrid nano-particles   A  l 2   O 3  /  H 2  O   and   F  e 3   O 4  − A  l 2   O 3  /  H 2  O   with higher values of convective heat transfer   A 1  .



Table 3 displays the numerical properties of Nusselt numbers and skin fractions for different physical parameters. The skin friction decreased with higher values of M and   ϕ 2   and increased with higher values of R and  ξ . The Nusselt number increased with higher values of   L t   and   ϕ 2   and decreased with higher values of M,  ξ , R, and   P r  .




5. Conclusions


In this work, the effects of velocity slip on a hybrid nano-fluid over a curved stretching sheet were considered. Furthermore, (  A  l 2   O 3   ) aluminum oxide and ferro (  F  e 3   O 4   ) nano-particles, thermal radiation, and convective heat transfer were examined. We transformed the governing model into a non-linear coupled ODE system by using similarity transformation. Then, the solution of these ODEs was computed by the shooting method with the RK-method of order four. The characteristics of temperature and velocity profiles for the physical parameters involved were presented graphically. Moreover, the heat transfer rate and skin friction coefficients were displayed in tables for both nano-fluids and hybrid nano-fluids. We draw the following conclusions:




	
There was a reduction in the velocity    f ′   ( 0 )    with increasing the values of  ξ ,    ϕ 2  =  ϕ 1   ,   K 1  , and M for aluminum oxide (  A  l 2   O 3   ) and ferro (  F  e 3   O 4   ) nano-particles.



	
There was an increase in temperature gradients   θ ( η )   with higher values of R for aluminum oxide (  A  l 2   O 3   ) and ferro (  F  e 3   O 4   ) nano-particles.



	
There was a decrease in the temperature gradients   θ ( η )   with higher values of   P r   aluminum oxide (  A  l 2   O 3   ) and ferro (  F  e 3   O 4   ) nano-particles.
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Nomenclature










	MHD
	Magnetohydrodynamics
	RK
	Runge-Kutta



	IVP
	Initial value problem
	BVP
	Boundary value problem



	M
	Magnetic parameter (Wb/m   2  )
	   μ o   
	Magnetic permeability



	   P r   
	Prandtl number
	 Γ , b
	Rate constant of fluid material



	
	
	
	parameter



	   C f   
	Local skin friction
	   K 1   
	Slip boundary condition



	   C p   
	Specific heat m   2   s    − 2   
	f
	Dimensionless velocity



	   q w   
	Wall heat flux
	  ζ  
	Stefan-Boltzmann constant



	   N  u x    
	Nusselt number
	b
	Stretching rate constant



	r
	Radius
	   ν  h n f    
	Kinematic viscosity m   2  s    − 1   



	   R  e x    
	Reynolds number
	   A 1   
	Convective heat transfer



	   T w   
	Wall temperature (K)
	   R d   
	Radiation parameter (Rad)



	u
	Velocity along x-axis
	  ξ  
	Curvature parameter



	   μ  h n f    
	Dynamic viscosity (kg/ms)
	   u w   
	Stretching velocity along x-axis



	   T ∞   
	Ambient temperature (K)
	p
	Pressure



	    ϕ 1  ,  ϕ 2    
	Volume fraction of nano-particles
	  α  
	Inclination parameter
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Figure 1. Geometry of the problem. 
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Figure 2. Characteristics of M for the velocity distribution   f ′  . 
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Figure 3. The result of M on   θ ( η )  . 
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Figure 4. The distribution of    f ′   ( η )    for  ξ . 
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Figure 5. Temperature field for  ξ . 
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Figure 6. The gradient of   ( η )   for   P r  . 
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Figure 7. The impact of R for   θ ( η )  . 
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Figure 8. The distribution of    f ′   ( η )    for    ϕ 1  ,  ϕ 2   . 
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Figure 9. The characteristics of    ϕ 1  ,  ϕ 2    on the temperature field. 
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Figure 10. The distribution of    f ′   ( η )    for   K 1  . 
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Figure 11. The distribution of    f ′   ( η )    for  α . 
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Figure 12. The characteristics of  α  on the temperature field. 
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Figure 13. The properties of   K 1   on the temperature field. 
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Figure 14. The properties of   A 1   on the temperature field. 
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Table 1. Thermo-physical aspects of different fluids and nano-fluids.
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	Properties
	    H 2  O   /Water
	    Al 2   O 3     Aluminum Oxide
	    Fe 3   O 4     Ferrofluid





	 ρ  (kg/m   3  )
	997.1
	3970
	5180



	  C p   (JK    − 1   /kg)
	4180.0
	765.0
	650



	k (W m    − 1   /K)
	0.6071
	40.0
	9.7



	 σ  (s/m)
	   0.05   
	  3.5   ×    10 7   
	  0.74   ×    10 7   
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Table 2. Comparison of the current results with those from previous published research with different values of   P r   by taking   L t =  ϕ 1  =  ϕ 2  =  K 1  =  A 1  = 0  .
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	Pr
	Saba et al. [42]
	Grubkal et al. [43]
	Ishak et al. [44]
	Present Work





	0.72
	0.8086
	0.8086
	0.8058
	0.8086



	1.0
	1.0000
	1.0000
	1.0000
	1.0000



	3.0
	1.9237
	1.9237
	1.9237
	1.9237
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Table 3. The variation of the skin friction coefficient and Nusselt number for both the nano-fluid and the hybrid nano-fluid.
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    ϕ 2    

	
M

	
R

	
Lt

	
Pr

	
   ξ   

	
Skin Friction Co-Efficient,    −  f  ′ ′    ( 0 )    

	
Nusselt Number    −  θ ′   ( 0 )    






	

	

	

	

	

	

	
   F  e 3   O 4  − A  l 2   O 3    

	
   A  l 2   O 3    

	
   F  e 3   O 4  − A  l 2   O 3    

	
   A  l 2   O 3    




	
0.005

	
2.0

	
1.0

	
0.4

	
6.2

	
0.3

	
5.04486

	
5.4346

	
0.380146

	
0.379330




	
0.02

	

	

	

	

	

	
5.05593

	
5.44837

	
0.365899

	
0.365116




	
0.04

	

	

	

	

	

	
5.06784

	
5.46335

	
0.347978

	
0.347237




	
0.04

	
0.0

	
1.0

	
0.4

	
6.2

	
0.3

	
5.34173

	
5.75861

	
0.328696

	
0.327995




	

	
0.2

	

	

	

	

	
5.34159

	
5.75840

	
0.326459

	
0.325826




	

	
0.4

	

	

	

	

	
5.3415

	
5.75825

	
0.324735

	
0.324156




	

	
0.6

	

	

	

	

	
5.34144

	
5.75814

	
0.323365

	
0.322833




	
0.04

	
0.2

	
0.0

	
0.4

	
6.2

	
0.3

	
3.20277

	
3.20512

	
0.334256

	
0.334621




	

	

	
1.0

	

	

	

	
3.43466

	
3.50167

	
0.332969

	
0.332993




	

	

	
2.0

	

	

	

	
3.97763

	
4.15909

	
0.330530

	
0.330179




	

	

	
3.0

	

	

	

	
4.63385

	
4.93133

	
0.328304

	
0.327762




	
0.04

	
0.2

	
4.0

	
0.3

	
6.2

	
0.3

	
5.34159

	
5.75840

	
0.326459

	
0.325826




	

	

	

	
0.6

	

	

	
4.21659

	
4.65584

	
0.310688

	
0.309276




	

	

	

	
0.9

	

	

	
3.88472

	
4.32912

	
0.304040

	
0.302058




	

	

	

	
1.2

	

	

	
3.73050

	
4.17672

	
0.300530

	
0.298137




	
0.04

	
2.0

	
1.0

	
0.4

	
6.2

	
0.3

	
5.34159

	
5.75840

	
0.326459

	
0.325826




	

	

	

	

	
7.0

	

	
5.34169

	
5.75855

	
0.328092

	
0.327410




	

	

	

	

	
8.0

	

	
5.34182

	
5.75875

	
0.330049

	
0.329312




	

	

	

	

	
9.0

	

	
5.34196

	
5.75898

	
0.331916

	
0.331131




	
0.04

	
2.0

	
1.0

	
0.4

	
6.2

	
0.4

	
5.34159

	
5.75840

	
0.326459

	
0.325826




	

	

	

	

	

	
0.6

	
5.33985

	
5.75631

	
0.448490

	
0.447358




	

	

	

	

	

	
0.8

	
5.33904

	
5.75476

	
0.551573

	
0.549915




	

	

	

	

	

	
1.0

	
5.33835

	
5.75376

	
0.639806

	
0.637616

















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg
0.35
0.30

Rd=0.0,0.3,06,0.9 — FegO,+H,0+A1,05
H,0+Al,05

0.25
= 0.20 £=1.0,M=05, A =04,
T 0.15 Pr=6.9,K1=04,

a=90,¢1 =¢2 =04

0.10

0.05

0.00

0 1 2 < 4 5 6





media/file4.png
0.30¢ M=0.0,05,1.0,1.5 [— Fe304+H20+A|203\ ~

025 i — - H20+A|203 q
= 0.20] £=1.0Rd=0.3, A{ =04,
+=— 0.15} Pr=6.9, K1=0.4,

a=90,¢1 =¢2 =0.4

0.10}

0.05}

0'00 IO = s L i B i i o L YT

0 1 2 S 4 5 6





media/file18.png
6(

0.6} [ Fe30,4+H,0+Al,05 |-
0 5 -_—- H20+A|203
0.4 ¢4 = ¢ =0.0, 0.02, 0.04, 0.06
0.3} —
0'25 §=2.0, M=2.0Rd=1.0, o e ||
0.1} Pr=6.9, K1 =0.8; A =0.8; s taten et

- a=90;
OO ............................

0 1 2 3 4 5 6

"""""""""

vvvvvvvvvvvvvvvv






media/file21.jpg
@=30, 60,90, 120






media/file26.png
o(n)

0.4},

0.3|

0.2

0.1}

0.0}

|

[ Feg0,+Hy0+A1,0; |
- - H20+A|203

> /

¢§=1.0,M=0.5Rd=1.0,
Pr=6.9, A1 =0.4,
a=90,91 =P2 =0.4






media/file27.jpg
e

A1=04,06,08,1.0






media/file3.jpg
f(n)

0.30
0.25
0.20
0.15
0.10
0.05
0.00

M=00,05,1.0,1.5

£=1.0Rd=0.3, A = 0.4,






media/file22.png
_—

f'(n

0.0}

0.5/
0.4]
0.3|
0.2|

0.1}

a = 30, 60, 90, 120

— - H20+A|203

-

(— Fe3 O4+H20+A|203\

ol

§=1.0,M=05,Rd=1.0,
Pr=6.9, Ay =04,
Ky =0.4.P1=¢2=04






media/file19.jpg
£=1.0,M=05,Rd=1.0,
Pr=6.9, A1 =04,
@=90,¢1=¢2=04

K1 =04,08,1.2,16






media/file7.jpg
£=1.0,20,30,40 FagDpdh0ail 0y
- H,0+A1,05

M=05Rd=0.3, A =04,






media/file28.png
o(n)

0.5}

0.0}

0.4}
0.3}
0.2/

0.1}

T T 1 ™ =y LS 1 & -

A1=04,06,08,1.0 (_ F9304+H20+A|203\ ﬂ
~ - H,0+Al,0, 4

)
9 1

§=1.0,M=0.5, Rd=1.0,
a=90,p1=¢2 =0.4






media/file10.png
o(n)

0.15}

0.10¢}

0.05}

0.00}

£§=1.0,2.0,3.0, 4.0 — Fe3z04+H>0+Al>,O4
— - H20+A|203

M=0.5RBd=0.3, A1 =0.4,
Pr=6.9, K1 =0.4,
a=90,%1=¢2 =04






media/file14.png
e(n)

0.35[
0.30}
0.25|
0.20}
0.15}
0.10}
0.05/
0.00}

- H2 O+A|2 03

.

4 N
Rd=0.0,0.3,0.6, 0.9 — Fe30,+H,0+A1,0; |

) B

§= 1.0, M=0.5, A1 =04,
Pr=6.9,K1 =04,
a=90’¢1 - @ =O.4






media/file11.jpg
0.30
0.25
0.20

=

¥ 0.15
0.10
0.05
0.00

Pr=63,7.3,83,9.3

£=10,M=05Rd=04,
A1 =04,K1=04,
a=90¢1=¢2 =04






media/file6.png
0.30|
0.25|
0.20]|
S 0.15|
0.10]|
0.05|
0.00|

(— Fe304+H2O+A|203\j
M=0.0,05,1.0,15 |- - HyO+Al,O4

92 NE

f =1.0,Rd =0.3, A1 =04,
Pr=6.9, K1 =0.4,
a=90,p1 =P2 =04






media/file15.jpg
§=20, M=2.0,Rd=1.0,

Pr=6.9, K1 =0.8; A =0.8;
a=90






nav.xhtml


  nanomaterials-12-01152


  
    		
      nanomaterials-12-01152
    


  




  





media/file16.png
f'(n)

04 S S S S S N S S R S S S
( p. 9
—_— F9304+H2O+A|203 )
0.3} - o H20+A|203

\ o

§=2.0, M=2.0,Rd=1.0,
0.2l Pr=6.9, K; =0.8; A; = 0.8;
. a=90 -






media/file2.png





media/file20.png
[ FegO4+H,0+Al,0; |
— H20+A|203

\ J

§=1.0,M=0.5 Rd=1.0,
Pr=6.9, A =04,
a=90,01 =¢2 =0.4
Ki=04,08,12,1.6
0 1 2 S 4 5 6





media/file23.jpg
0.30
0.25
0.20
Sois
0.10
0.05
0.00

a =30, 60, 90, 120






media/file5.jpg
0.30
0.25
0.20
§ 0.15
0.10
0.05
0.00

M=0.0,05,1.0,15

£=1.0Rd=03, A =04,






media/file24.png
0.30¢ a ”
a = 30, 60, 90, 120 — Fez0,4+H;0+Aly 03
025 I — H20+A|203
. 0.20; §=1.0,M=0.5Rd=1.0,
% 0.15| Pr=6.9, Ay =0.4,
K1 =04,P1=¢2 =04
0.10}
0.05}
OO e - -
0 1 2 3 4 5 6





media/file1.jpg
Nanofluid

(z,u)

/R






media/file25.jpg
Pr=69, A1 =04,
a=90,¢1=¢2=04






media/file12.png
\ : :
0_30 : Pr=6.3, 7.3, 8.3, 9.3 — F6304+H20+A|203
0.25} -~ - H20+A1,05 )
0.20} §=1.0, M=0.5Rd=0.4,

§015 A1 =04,K1 =04,
' a=90,¢1 =¢2 =0.4

0.10}
0.05}
0.00 N .. s = SR






media/file9.jpg
0.15

0.10

e(n)

0.05

0.00

£210,20,30,4.0 Fe3O4+H,0+Al,05
H,0+A1,04

M=05Rd=03, Ay =04,
Pr=69,K1=04,
a=90,$1=92=04






media/file0.png





media/file8.png
§=1.0,2.0,3.0,4.0

—

— - H20+A|203

.

' Fes04+H,0+Al,05 | 1

J

M=0.5Rd=0.3, A =0.4,
Pr=6.9, K1 =04,
a=90,$1=¢2 =04






media/file17.jpg
0.7

0.6 FegO4+H,0+AI,05
- ,0+A1,05

= 0.4 ¢1 = ¢2=0.0,0.02,0.04, 0.06
® 03
0-2] ¢_50, M-20nd -
0.1 Pr=69,K =08;A
a=90;
0.0
0 2 3 4 5





