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1 STO electronic band structure fitting 

 

Supplementary Figure S1. Calculated band structure and tight-binding fitting near Γ point with 0.002e/u.c. 

In a tight-binding model for the STO lowest conduction bands that includes hopping terms up to the 

next-nearest neighbor, the eigenvalues of the matrix 

  (S1) 
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where 

  (S2) 

are the band energy eigenvalues of the Ti t2g basis (|dyz σ⟩,|dzx σ⟩,|dxy σ¯⟩), where σ =↑,↓, and ¯σ signifies the 

spin state orthogonal to σ [1, 2]. 

We found that the DFT electronic band dispersion is nearly independent of the doping concentration 

and, from the 0.002e/u.c. dispersion plotted in Fig. S1 above, can be fitted to the tight-binding parameters 

ti(i = 1 − 4) = 515,172,74,42 meV and ξ = 20 meV. 

2 The doping evolution of the polar soft mode velocity and correlation length 

 

Supplementary Figure S2. The doping evolution of the velocity vp (upper) and the correlation length ℓ0 ≡ 

vp/ω (lower), respectively, of the polar soft mode. The former is obtained from fitting to E2(q) = ω2 +vp2q2 

along the [110] direction, and the latter from ω taken from Fig. 1 of the main text. 
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3 The doping evolution of the lattice constant 

 

Supplementary Figure S3. The doping evolution of the lattice parameter. As explained in Sec. II of the 

main text, we show the lattice constant for which the Hellmann–Feynman force, i.e., stress, of the cubic 

lattice is minimized. For comparison, the values of a0 =3.8565 ˚A and a0 =3.8600 ˚A are indicated by the two 

sets of horizontal dashed segments. 
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