
 

1. Section SA 

In the present section, parameters 0, n, ,  characterizing the erosion behavior of 

EB-PVD TC are determined through the method described in [1] using experimentally 

measured erosion rates at different temperatures [2,3], (Table S1). 

Table S1. The experimentally measured erosion rate of EB-PVD TBCs [2,3]. 

Temperature 

(℃) 

Impact 

Velocity(m/s) 
Erodent 

Impact Angles 

(°) 

Erosion Rates 

(g/kg) 

Room 

Temperature 

(RT) 

170 60 μm SiO2 

30 9.58 

60 15.44 

75 17.39 

90 18.3 

540 ℃ 122 40 μm Al2O3 

15 2.06 

20 3.98 

25 5.09 

36 7.62 

53 10.76 

83 14.33 

90 14.7 

910 ℃ 300 60 μm SiO2 

30 27 

45 25.2 

60 16.7 

75 8.9 

90 5.4 

1.1. Erosion Curves and Parameters Characterizing the Erosion Behavior of EB-PVD TC at RT 

and 540 ℃ 

Typically, a brittle erosion is found according to erosion data measured for EB-PVD 

TC with silica erodent at RT and with alumina erodent at 540℃, where the maximum 

erosion rate is identified at an impact angle of 90°. The procedure to estimate the param-

eters characterizing the erosion behavior of brittle material is used and described in fol-

lowing steps. 

(1) Considering the negligible critical impact velocity K for brittle material (see Section 

3.3), the deformation wear kinetic energy  can be estimated using Equation (S1) with 

the experimentally measured erosion rate at 90° 𝑊𝑡, the accumulated impact mass M 

and impact velocity V from 
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(2) Once the  is determined, the deformation wear 𝑊𝑑() can be estimated at different 

angles using Equation (S2). The corresponding cutting wear 𝑊𝑡() can be calculated by 

subtracting the deformation wear 𝑊𝑑()  from experimentally measured total erosion rate  

𝑊𝑐() using Equation (S3), as 
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(3) The maximum cutting wear can therefore be identified at the specific maximum angle 

of cutting wear 𝑐𝑚𝑎𝑥, from which the erosion parameter n can be estimated by solving 

Equation (S4). The critical angle 0 is calculated by substituting n into Equation (S2). 

 

  (S4) 

 

(4) For brittle erosion, there is no “turning point” at which the maximum erosion rate is 

found at a specific impact angle. According to [1], the cutting wear kinetic energy ϕ is 

evaluated based on the comparison between the angle giving half of the erosion experi-

enced at 90° (1/2)and the critical angle 0, as shown in Equation (S5).  

  (S5) 

Substituting the experimentally measured erosion rates at RT and 540 ℃ into Equa-

tions (S1)–(S5), parameters characterizing the erosion behavior of EB-PVD TC are identi-

fied and tabulated in Table S2. The erosion rates are calculated as a function of impact 

angles and illustrated in Figures S1 and S2 together with experimentally measured erosion 

rates. 

 

Figure S1. The calculated erosion rate of EB-PVD TC under impact of silica particles at RT. 
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Figure S2. The calculated erosion rate of EB-PVD TC under impact of alumina particles at 540 ℃. 

1.2. Parameters Characterizing the Erosion Behavior of EB-PVD TC at 910 ℃ and Erosion 

Curve 

Ductile erosion is found for EB-PVD TC erosion data with silica erodent at 910 ℃, 

where the maximum erosion rate (estimated at turning point) is identified at an impact 

angle of 𝑚𝑎𝑥 = 300. The method to evaluate the parameters characterizing the erosion 

behavior are identical to steps (1)–(3) in Section 1.1, except for the cutting wear kinetic 

energy ϕ, which is estimated by  

  (S6) 

However, due to the limited experimental data (none of the erosion data are provided 

for <𝑚𝑎𝑥), it is impossible to identify the maximum angle of cutting wear 𝑚𝑎𝑥 follow-

ing the regular sequence of steps from (1)–(4). In the present study, assuming measured 

erosion data fall into the range >𝑜, cutting wear kinetic energy ϕ is obtained by fitting 

measured total erosion rates into expression 1B in Equation (1), with deformation wear 

kinetic energy ε estimated from steps (1)–(2) in Section 1.1 (Figure S3).  
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Figure S3. The experimentally measured erosion rates at 910 ℃ with fitting curve used to obtain the 

cutting wear kinetic energy ϕ. 

Therefore, the parameter n is obtained by substituting  and solving Equation (S6), 

where 𝑜 is estimated by Equation (2). The maximum angle of cutting wear can be esti-

mated by substituting n into Equation (S4) (𝑚𝑎𝑥 = 28.820 for erosion curve at 910℃). 

Parameters characterizing the erosion behavior of EB-PVD TC at 910 ℃ are tabulated in 

Table S2. The erosion rates are calculated as a function of impact angles and illustrated in 

Figure S 4, together with experimentally measured erosion rates. 

 

 

Figure S4. The calculated erosion rate of EB-PVD TC under impact of silica particles at 910 ℃. 

Table S2. Parameters characterizing the erosion behavior of EB-PVD TC at different temperatures. 

Temperatu

res (℃) 

Impact 

Velocity 

(m/s) 

Erodent 

Cutting 

Wear 

Kinetic 

Energy  

(m2/s2) 

Deformation 

Wear Kinetic 

Energy  

(m2/s2) 

n 𝟎 (°) 

20 170 60 μm SiO2 2.05106 7.90105 3.982 22.60 

540 122 
40 μm 

Al2O3 
2.21106 5.06105 2.841 31.698 

910 300 60 μm SiO2 1.17106 8.33106 2.202 40.87 

2. Section SB 

In the present section, the effect of critical velocity on the deformation wear kinetic 

energy is evaluated. The critical impact velocity K is evaluated by substituting the tem-

perature-dependent yield strength and the out-of-plane elastic modulus into Equation (8), 

and the results are illustrated in Figure S5. 



 
 

 

 

 

Figure S5. The calculated critical impact velocity of EB-PVD TC (a) as a function of time for three 

cycles (b) as a function of number of cycles. 

It is evident that the value of critical impact velocity is much less than the impact 

velocity applied at either RT (170 m/s) or 910 ℃ (300 m/s). This indicates that the contri-

bution of deformation wear generated from vertical impact of erodent cannot be neglected 

throughout the thermal cycles. For simplification, the critical impact velocity is neglected 

from the analytical expression of deformation wear kinetic energy in Equation (13). 

In the present section, the effect of sintering of TC on the kinetic energies are evalu-

ated. Hutchinson et al. [4] proposed an analytical model to evaluate the energy release 

rate generated due to the sintering cracks, as the top surface of coating is at a sufficiently 

high temperature. The sintering cracks propagate perpendicular to the surface of the TC 

(within columns) initially. The cracks could reorient into a delamination at depth a when 

the sintering stress 𝑠 , developed over a depth H, is sufficiently large. The schematic 



 
 

 

diagram of development of sintering cracks is illustrated in Figure S6. The expression of 

sintering crack energy release rate 𝐺𝑆𝑖𝑛𝑡  is given by [4] 

  (S7) 

where 𝐸̅𝑇𝐶 is the TC effective elastic modulus. In Equation (S7), a defines the depth of the 

crack developing from the surface of the TC to the position where the crack reorients into 

a delamination crack that propagates laterally. In other words, the length of sintering 

cracks determines the position of potential damage which may be exerted by the external 

erosion process.  

 

Figure S6. The schematic diagram of sintering crack developed within TC [4]. 

The cutting wear and deformation wear kinetic energy indicate the erosion resistance 

of the TC layer. Therefore, it is assumed that temperature- and time-dependent behavior 

can be described by incorporating a function inversely proportional to sintering crack 

length generated during high-temperature dwell time, as shown in Equation (30). 

The abovementioned parameter H in Equation (S7) indicates the depth of sintering 

stress generated within the TC layer. In the present study, the value of H is assumed to be 

the maximum depth of penetration 𝑍𝑚𝑎𝑥  that is able to be reached and eroded for spher-

ical particles, shown in Equation (9). The sintering stress is given by [5], 

  (S8) 

Where  is the surface free energy per unit area given by [6],  

  (S9) 

  is a constant during sintering crack growth and high-temperature dwell time.  
𝑝
in 

Equation (S8) is the mean pore radius given by [5], 
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  (S10) 

 L is the average size of isotropic grains composing YSZ columns and given by [7], 

  (S11) 

where 𝐿̇0 = 210−3 𝑚/𝑠,Q=192 kJ/mol,  R=8.314 and  =5  [7]. The average grain size  

L as a function of time can be solved by a fourth-order Runge–Kutta method. It is assumed 

that the propagation of cracks within the TC occurs as the energy release rate reaches the 

critical through-thickness fracture toughness, given in [8] and modified into Equation 

(S12) as 

  (S12) 

Here, the value of fitting parameters =1, =0.9 and =0.693 are determined by the 

assumption in [8] as 

  (S13) 

 𝐺𝑐𝑟𝑖𝑡
0 is the theoretical through-thickness toughness of the TC and is given by 1J/m2  

[9]. The calculated critical through-thickness fracture toughness is illustrated in Figure S7 

as a function of crack length a.  

 

Figure S7. Calculated critical through-thickness fracture toughness as function of crack length. 

 

The Equation (S7) can be rewritten as Equation (S14) in order to use the fourth-order 

Runge–Kutta method to derive the correlation between sintering crack length a to high-

temperature dwell time 𝑡𝐻𝐼𝐺𝐻 as 

  (S14) 
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where 

  (S15) 

The sintering crack length a is obtained by integrating Equation (S15) with respect to 

time, and the results are illustrated in Figure S8 as a function of high-temperature dwell 

time 𝑡𝐻𝐼𝐺𝐻. 

 

Figure S8. Sintering crack length as function of high-temperature dwell time. 

The calculated crack length in Figure S8 indicates the depth that the sintering crack 

reaches and the position of the plane where the crack reorientation occurs. It is evident 

that the crack length increases rapidly at the beginning of dwell time. This can be ex-

plained by the significant sintering effect at the early stage of high-temperature dwell 

time, where elevated temperatures at the surface of the TC lead to a high magnitude of 

sintering crack.  This is the driving force that initiates the vertical crack propagation and 

reorientation at a given crack length a. The crack growth rate decreases at the later stage 

of high-temperature dwell time. This corresponds to a decrease of sintering stress (𝑟𝑝 in-

crease in Equation (S8) results in a decrease in 𝑆 in Equation (S7)), and an increase in 

elastic modulus equation 𝐸̅𝑇𝐶 in Equation (S7), which generally lowers the sintering crack 

driving force. This may also indicate that at later dwell time, the erosion rates are higher 

where the sintering cracks reorient. However, the erosion rate decreases as a function of 

sintering time. 

 

3. Section SC 

In the present section, the validation of the temperature-process-dependent erosion 

model is described. The calculated results are illustrated and compared with erosion rates 

measured experimentally. The model parameters ′′ and ′′ in Equation (27) and Equa-

tion (28) are fitted using the erosion rate measured experimentally at RT and 910oC, with 

impact velocity 170 m/s and 300 m/s, respectively. The sintering parameters f(a)  and g(a) 

in Equation (30) are fitted using erosion rates measured experimentally with different sin-

tering temperatures and time [10,11].  
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3.1. Validation of Temperature-Dependent Erosion Behavior 

To calibrate the temperature-dependent model parameters ′′(𝑇) and ′′(𝑇) in Equa-

tion (27) and Equation (28), the erosion rate is calculated with Equation (1) at the first cycle 

to minimize the effect of time-dependent sintering behavior on the estimated cutting wear 

and deformation wear kinetic energy. The temperature is selected ranging from RT to 1400 
oC, where erodent parameters, including impact angles, impact mass and impact velocity 

(170,300 m/s), are tabulated in Table S3, based on experimentally measured erosion rates 

[12]. 

Table S3. Parameters used to calculate temperature-dependent fitting parameters. 

# of Cycle 
Temperatures 

(oC) 

Impact Angles 

(o) 

Impact Mass 

(kg) 

Impact Velocity 

(m/s) 

Determined cycle 

number N: 1 

Determined T 

ranging from 

[RT, 1400] 

Determined α 

ranging from 

 [5-90] 

Determined 

accumulated 

mass M=1 

Determined V: 

170,300 

Figure S9 illustrates the calculated erosion rates at the first thermal cycle for different 

temperatures. Figure S9(a) shows erosion rates measured experimentally at RT with im-

pact velocity 170 m/s, and Figure S9 (b) shows erosion rates at 910 oC with impact velocity 

300 m/s. Figure S9 indicates that the erosion rate decreases as temperature increases for 

silica particle–EB-PVD TC erosion system, i.e., there exists a significant drop in erosion 

rate at large angles as temperature increases. This in turn corresponds to an increase in 

deformation wear kinetic energy at elevated temperatures. The decrease in erosion rate at 

elevated temperatures is also experimentally measured in [13] for EB-PVD TC with silica 

particles. In addition, it is evident that apart from the erosion rates calculated at RT, the 

rest of the erosion curves indicate that the coating may be eroded in a pseudoductile man-

ner at intermediate to elevated temperatures. This is related to the thermal property of 

silica erodent at elevated temperatures, which softens at about 500 oC [14]. The half-melted 

silica particles pull out the fractured columns at glancing angles, increasing the cutting 

wear, and are attached to fractured column at high angles. This decreases the deformation 

wear at elevated temperatures, leading to pseudoductile erosion curves calculated for 

most temperatures in Figure S9.  

 



 
 

 

 

Figure S9. Calculated erosion rates as a function of impact angles at first thermal cycle for different 

temperatures with erosion rates measured experimentally [12] using (a) impact velocity 170 m/s (b) 

impact velocity 300 m/s. 

In addition, the ratio of cutting wear (estimated by (A) and (C) in Equation (1)) to 

deformation wear (estimated by (B) in Equation (1)) is calculated and evaluated as a func-

tion of different impinging angles for various of temperatures, as shown in Figure S10. 

 



 
 

 

 

Figure S10. The calculated ratio of cutting wear over deformation wear as function of (a) different 

impinging angles and (b) various of temperatures. 

It is evident that the ratio drops dramatically as the calculated impinging angles in-

crease from 0 to 90o. This corresponds to the fact that the erosion is dominated by cutting 

wear at shallow angles with an increase in deformation wear as the impact angles increase, 

as shown in Figure S10(a). It should be noted that the ratio of cutting wear over defor-

mation wear is higher at elevated temperatures compared to that at lower temperatures, 

as shown in Figure S10(b), especially for the ratio at shallow angles. The significant in-

crease in cutting wear is explained by softening/partially melting/pasty of silica erodent 

that is capable of pulling out fractured sections of coating that otherwise cannot be re-

moved at shallow angles [2,15,16]. 

3.2. Validation of Sintering Time-Dependent Erosion Behavior 

To calibrate the  and  in Equation (30), erosion is calculated from Equa-

tion (15) based on erosion tests conducted for EB-PVD TC at three different sintering 

stages [10,11]. The details of the experimental preparations (including the TC presintering 

time and temperatures, parameters for erosion tests including impact angles, impact ve-

locities and particle mass) are tabulated in Table S4. Note that the mass of erodent for 

individual particles described in [10,11] were determined by their size, ranging from 20 to 

1000 μm. For the present work, the erosions are calculated using random parameter 

𝑚𝑖=𝑝
(4/3𝑅3), where the radius R is assumed to vary randomly between 20 and 1000 

μm.  

Table S4. Parameters of experimental settings in [11] used to calculate sintering-dependent fitting 

parameters. 

TC Presintering Time 

(h) 

TC Presintering 

Temperatures 

(oC) 

Particle Impact Angles 

(o) 

Particle Impact Mass 

(kg) 

Particle Impact 

Velocity (m/s) 

0 (As received) RT Randomly selected α 

ranging from 

Randomly selected V in 

the range of [50, 400] 24 1500 

( )f a ( )g a



 
 

 

100 1100 

[30, 90] Randomly selected 𝑚𝑖  

where R is in the range 

of [20, 1000] 

Figure S11 shows the calculated erosion rates for EB-PVD TC under various presin-

tering treatments under different temperatures, together with experimentally measured 

erosion [10]. 

 

 



 
 

 

 

Figure S11. Calculated erosion as a function of high-temperature sintering time with erosion meas-

ured experimentally [10] for different accumulated mass (a) M = 0.5 g, (b) M = 0.8 g and (c) M = 1 g. 

The fitting parameters in Equation (30) (calibrated from measured erosions in [11]) 

can be used to indicate the general trend of kinetic energies affected by sintering behavior 

of the TC. This follows since the erodent used in sintering erosion experiments is selected 

to be alumina particles with impact velocity in the range of 50–400 m/s. Instead, for the 

present study with the analytical model, the silica particles are selected with defined ve-

locities (V = 170 and 300 m/s), which are then used to obtain the fitting parameters. In 

addition, unlike the procedure of estimating the temperature-dependent fitting parame-

ters using deterministic functions, the sintering parameters are fitted by a stochastic ap-

proach described in Section 2.3, where the impact angles and mass during high-tempera-

ture dwell time are randomly selected.  
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