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Abstract: This paper develops a new unified theoretical general equilibrium model in which the
interactions between heterogeneous workers and firms influence heterogeneous city evolutions.
Given the heterogeneous worker–firm–city framework, I study in depth the possible heterogenous
city evolutions and the resulting implications on the labor market, as well as on overall productivity.
In particular, it is shown that the same exogenous shocks may lead to completely different results
depending on the relative dominance of the two countervailing effects of congestion and agglom-
eration. In an open economy setting, it is also shown that such relative dominance may affect the
trading partner and generate the comovement of city evolution in each country.
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1. Introduction

A country or region is made up of many cities, which are different in many ways.
Cities largely differ not only in their size, but also in their function and in the characteristics
of the agents forming each city. Since the development of a country or region is highly
dependent on the formation of various cities and their interactions, understanding the
heterogeneous and diverse urban formation and interaction mechanisms in whole economic
systems should be at the core of concerns of the policy makers for sustainable economic
development and growth.

To understand such heterogeneity of cities and their formation and interaction mecha-
nisms, the field of urban economics has been developed, and many systematic links have
been uncovered. Above all, cities are largely different in their productivity. In general,
large cities are more productive than small cities. Such urban productivity premiums are
affected by various externality effects, as well as by various geographical characteristics.
Among others, the previous literature in urban economics has highlighted the positive
externality coming from agglomeration economies as the main driver for urban productiv-
ity premiums [1]. As more firms and workers flow into the city, more competitions and
more opportunities for idea exchange are created, and such positive externalities lead to an
improvement of the overall city productivity. To explain such basic mechanisms, traditional
models in urban economics have assumed homogeneous representative agents. Under
the simplifying assumption of homogeneous agents, the larger the size (population) of
the city, the more the total product of the city increases proportionately through positive
externality effects [2]. Consequently, models that take such approaches do not take account
of the heterogeneity of agents, and only the total population (size) of the city determines
the urban productivity premiums (see, e.g., [3,4]).

Though traditional models have provided many important basic insights concerning
city formations and the links between the city size and the productivity, recent studies
using individual firm and worker level microdata highlight the heterogeneity of cities in
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many aspects and much more complex interactions between heterogeneous cities, as well
as between heterogeneous agents inside the cities. Above all, individual agents forming a
city are largely heterogeneous, particularly regarding their individual productivity level,
and such individual heterogeneity and its interactions play a key role in the aggregate
output of heterogenous cities.

The highlighted stylized facts of recent empirical studies particularly emphasize such
heterogeneity of agents and its implications [5]. The share of qualified workers increases
with the size of the city, which implies a sorting effect between heterogeneous workers
and heterogeneous locations. Recent evidence shows that the worker quality differences
across cities may explain up to 40–50% of the measured size productivity relationship [6].
In addition to the soring effect, a selection effect has also been highlighted: the heteroge-
neous characteristics of the cities influence the occupational choices of the heterogeneous
individual workers, as well as the entry/exit decisions of the heterogeneous individual
firms and entrepreneurs. Various agglomeration effects have also been highlighted: the
externality effects of each city are affected not only by the size of the city, but also by the
heterogeneity of the agents forming the city and their interactions. Another branch of
recent works in this line has focused on inequality. The average earnings of the workers are
positively correlated to the size of the city, and the urban productivity premium increases
proportionately with the average education level of the workers in the city. In addition, a
large part of the overall income inequality is explained by the within-city income inequality
as well as by the between-city income inequality. Not surprisingly, the size distribution
of cities is not uniform. It is now widely documented that the size distribution of cities
displays Zipf’s law (see, e.g., [7–9]).

The above recent stylized facts based on heterogeneous agents cannot be explained
by traditional modeling approaches in urban economics that assume homogeneous rep-
resentative agents. Addressing heterogeneous agents and their interactions requires the
introduction of heterogeneous agents in the model and the explicit consideration of the
linkage between them. In particular, we need a framework that make it possible to analyze
how heterogeneous agents flow into different city types (the sorting effect) and choose
different tasks/occupations (the selection effect), as well as how the agglomeration effects
coming from the heterogenous agents affect the overall productivity of the city (the produc-
tivity effect). Though recently, there have been several theoretical attempts to address such
heterogeneous agents and their interactions in urban systems, their implications seem to
still be limited in many ways due the complexity of the model when introducing various
heterogeneity factors [10]. Mainly, one-sided heterogeneity has been assumed, such as
heterogeneous workers and homogeneous firms or heterogeneous firms and homogeneous
workers, which would limit the analyses on the possible direct and indirect effects through
the interactions of heterogeneities.

Another branch of recent studies focuses on the composition of cities. As modern
cities specialize in different functions according to the value chain of the whole economy,
large cities tend to attract high-value-added headquarter activities, while small cities tend
to host relatively low-value-added simple production functions [11,12]. Moreover, cities
are also different in their skill composition: relatively more-qualified workers flow into
large cities, while small cities host more less-qualified workers (see, e.g., [6,13]). Such a
compositional effect should be one of the main drivers of urban productivity premiums.

The aim of this paper is to analyze heterogenous city evolutions and the resulting
implications on the labor market, as well as the overall productivity within a unified theoret-
ical general equilibrium framework. For this, I developed a model in which heterogeneous
workers were sorted into different cities based on their comparative advantage. Cities are
heterogeneous in their function in the overall value chain and have different city-specific
productivities, wherein the productivity of a worker depends not only on the individual
ability, but also on the overall productivity of the city where the worker is located. Firms
are also heterogeneous: two types of firms, using high or low technology, respectively,
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compete in the market and employ different workers. In doing so, I attempt to address
recent new stylized facts coming from various heterogeneity factors in modern cities.

In terms of the theoretical modeling of heterogeneous agents, this model is related
to the recent literature in international trade. By modeling heterogeneous firms and/or
workers, recent papers highlight the aggregate productivity effect of globalization and
the new gains from trade, which could not be captured by traditional models assuming
a representative agent (see, e.g., [14–20]). In a similar vein, this paper investigates how
a reduction in the monitoring costs to produce in peripheral areas or a reduction in the
trade costs in international trade contexts may differently affect the cities, as well as the
heterogeneous workers and firms.

In particular, this paper focuses on the two countervailing effects of agglomeration
and congestion. Traditional theoretical models in the literature have simply assumed that
the congestion economies would dominate the agglomeration economies. It is because
the derived equilibrium city size can be stable only when the marginal utility of workers
decreases in city size. Such a theoretical condition should, however, be required in a
particular environment where workers are homogeneous and all cities perform the same
function and/or produce the same homogeneous goods. It is, however, widely documented
that today’s modern cities are functionally specialized in many cases, and heterogeneous
workers sort into different cities. In addition, as Behrens and Robert-Nicoud [5] point out,
though the relative magnitude of urban costs (congestion economies) and of agglomeration
economies are important for understanding a variety of positive and normative properties
of the spatial equilibrium, the empirical literature on the estimation of the urban costs is
still scarce.

Given our heterogeneous worker–firm–city framework, in this paper, I investigate the
different implications depending on the relative dominance of the two countervailing effects
of agglomeration and congestion. As will be shown, given the same exogenous shocks,
the city evolutions and the resulting labor market implications are crucially dependent on
the relative dominance between the agglomeration and congestion effects. It is also shown
that such relative dominance may affect the trading partner and generate the co-movement
of city evolution in each country. When trading countries are asymmetric, overall city
evolutions may be synchronized and follow the evolution of the country characterized that
is by stronger dominance of one of the two effects of agglomeration and congestion.

As will be shown, by explicitly considering the linkage between functionally differenti-
ated cities, as well as the interactions between heterogeneous agents, our integrated frame-
work overcomes the limitations of traditional models. Since the 1960s, urban economists
have focused on the problem of the optimal city size. Based on simple cost-benefit analyses,
the optimal city size theory has sought the optimal city population which maximizes the
net benefits [21]. As pointed out by various authors, however, the dynamics and develop-
ment patterns of urban systems in the real world can be explained by many other factors
other than the population size [22]. In particular, urban economists began to underline
the concept of efficient city size. which is determined by the functional heterogeneity of
cities and its linkage within the urban systems. Two paradigms have emerged, which are
referred to as the neoclassical Christallerian city paradigm and the network city paradigm.
Though Christaller’s central place theory has provided important insights on the pattern
of a nested hierarchy in urban systems [23], it has been widely highlighted that modern
city systems are much more complex and function as networks [24]. In the network theory,
cities are functionally specialized within the whole urban system and closely interrelated
through such features as the production linkages of local and global firms. In this regard,
our paper contributes to the city network theory literature by explicitly modeling worker
and firm heterogeneity and by studying the possible outcomes coming from their inter-
actions. In particular, it is shown that cities may develop and co-evolve through their
interactions within global networks. Though, in this paper, we do explicitly model the
strategic behaviors of city developers, our unified theoretical framework may shed some
interesting light on the city development process. In their influential work, Henderson and
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Thisse [25] developed a model to determine the number and sizes of communities when
consumers/residents are heterogeneous in their income levels and when communities
adopt strategic behaviors to attract residents. In our study, workers are heterogenous in
their talents, and individual incomes are determined endogenously by interactions with
the overall productivity of the city, which were determined endogenously through the
sorting of heterogeneous workers. Such compositional effects should be at the core of
concerns about the issue of optimal and/or efficient city size. Fujita and Krugman [26]
emphasized the increasing returns, imperfect competition, and transport costs in the new
economic geography literature. In an environment where heterogeneous workers and
firms endogenously sort into different city types, and the overall productivity of cities
is, in turn, determined by such endogenous compositional effects, previous key terms,
such as increasing returns, imperfect competition, and transport costs, should play much
more important roles and generate even stronger direct and indirect effects in the general
equilibrium framework of the spatial economy.

The rest of the paper is organized as follows. In Section 2, I present the basic setup
of a model where only one firm type exists. In Section 3, I study the effects of a fall in the
monitoring costs to produce in peripheral areas. In Section 4, we extend the basic model by
introducing another technologically different firm type, and I investigate the effects of a fall
in the monitoring costs when the two heterogeneous firm types compete in the market. In
Section 5, I further extend the model to include international trade between two countries
and investigate the effects of a fall in trade costs. Section 6 supplements the theoretical
discussions by providing numerical simulation results with a parameterized version of the
model. Section 7 concludes with some concluding remarks.

2. Setup of the Model

In this section, we first construct a basic model where only one firm type exists.
Workers are differentiated by their individual ability, and their productivity is determined
by their interactions with the overall productivity of the city, while cities are exposed to
externalities from agglomeration and urban costs. Cities perform specialized functions
in the total production chain of firms. Workers then sort into different cities and tasks
according to their comparative advantage so that city-specific wage rates and the overall
productivity of cities are endogenously determined by the resulting compositional effects.
In such a setting, we analyze the impacts of a reduction in the monitoring costs to produce
outside peripheral areas. We will later extend the model to incorporate different firm types
and study the implications from their competition.

2.1. Preferences

Households have Dixit–Stiglitz preferences over a continuum of differentiated varieties:

X =

[∫
i∈N

x(i)
σ−1

σ di
] σ

σ−1
, (1)

where N represents the mass of available varieties, and σ > 1 is the elasticity of substitution
between varieties. A consumer’s optimization yields a demand schedule for each variety:

x(i) =
(

p(i)
PX

)−σ

X, (2)

which is associated with an aggregate price index:

PX =

[∫
i∈N

p(i)1−σdi
] 1

1−σ

. (3)
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2.2. Heterogeneous Workers and Cities

There is a continuum of workers with a unit mass, differentiated by their talent z.
The talent distribution is given by G(z) with density g(z) with a support of (0, ∞). The
productivity of a worker depends not only on the individual talent z, but also on the overall
productivity of the city where the worker is located. Let ϕc(z) denote the productivity
(the efficiency units of labor) of a worker with talent z when located in a city c ∈ C. For
simplicity, we assume linear productivity schedules:

ϕc(z) = b + acz, c ∈ C, (4)

where ac ≥ 1 is a city-specific productivity parameter, and b ≥ 0 is a vertical shift parameter.
For expositional purpose, we assume, for the moment, that b = 0. This assumption will
be relaxed later. Without the loss of generality, we index cities in increasing order of their
productivity: ac < ac+1. More formally, any functional form satisfying 0 < ∂ϕc(z)

∂z
1

ϕc(z)
<

∂ϕc+1(z)
∂z

1
ϕc+1(z)

can be adopted. Since we have no strong evidence concerning ϕc(z), we
assume a linear productivity functional form for the sake of simplicity. This also allows for
the potential introduction of worker talent distribution (see Jung [20]).

Apart from the differentiated city-specific productivities, cities are exposed to exter-
nalities from agglomeration Zc and urban costs from congestion ∆c. Workers can increase
their productivity by interacting and exchanging ideas with others in the city (thus positive
learning externalities from larger cities), while larger cities suffer higher urban costs from
more congestion. An individual worker has one unit of time that can be divided between
producing (δ) and interacting (1− δ): δ ∈ (0, 1). The output of a worker with talent z in city
c is given by:

qc(z) = ∆c[δϕc(z)]
α[(1− δ)ϕc(z)Zc]

β, α + β = 1, (5)

where ∆c =
[∫

z∈c ϕc(z)g(z)dz
]−µ, and 0 < µ < 1.

The learning externality Zc depends on the city-wide total time allocation for in-
teracting Ic (a scale effect) and the average productivity of the workers in the city zc (a
composition effect). We assume:

Zc = γIczc, (6)

Ic =
∫

z∈c
(1− δ)g(z)dz, (7)

zc =
1∫

z∈c g(z)dz

∫
z∈c

ϕc(z)g(z)dz, (8)

where γ is a scale parameter.
Workers allocate time optimally to maximize their total output. From Equation (5),

maximizing qc(z) with respect to δ yields δe = α
2−α . Substituting δe into Equations (6)–(8),

Equation (5) then leads to the following:

qc(z) = Aϕc(z)Lβ−µ
c , (9)

where A = ααγ1−α(2− 2α)2−2α(2− α)α−2, and Lc =
∫

z∈c ϕc(z)g(z)dz, which represents
the city size in terms of the efficiency units of labor.

Finally, Equation (9) shows that at a given talent z, individual real output level is
determined by the basic city-specific productivity and the relative dominance between
agglomeration and congestion effects governed by β and µ at a given city size.

2.3. Firms and Production

There is a continuum of firms, each producing a differentiated variety i. The produc-
tion of any variety requires combining managerial (headquarter) inputs h(i) and intermedi-
ate (repetitive) inputs m(i). We assume a Leontief production function with units that are



Systems 2023, 11, 360 6 of 25

conveniently chosen so that one unit of h(i) and one unit of m(i) are required to produce
one unit of product x(i):

x(i) = h(i) = m(i). (10)

Cities are differentiated in their functions and productivities, and firms’ production
functions are vertically differentiated in their required technologies so that more productive
cities host higher value-added headquarter activities, while less productive ones host lower
value-added repetitive activities. Given the two functions in the total value chain of firms,
for now we consider two cities: c ∈ {1, 2}. Technological speaking, m(i) and h(i) are thus
associated with a1 and a2, respectively.

Here, we consider the firms’ outsourcing strategies. Recent revolutionary advances in
transportation and ICT technologies have provided firms with strong new incentives to
extensively adopt outsourcing strategies and transfer more production activities to new
locations with cheap labor. We assume that firms have the possibility to outsource some
part of their intermediate input production to outside peripheral areas. That is, while h(i)
can be produced only in c2, m(i) can be produced in c1 and in peripheries. Peripheral areas
should be understood more broadly as including any new locations outside the existing
core urban areas. They may also be located abroad so that the firms engage in offshore
outsourcing. On the other hand, producing in peripheries is associated with monitoring
costs t > 1 per unit.

By assuming a Cobb–Douglas production function for m(i), Qm = mη
1 m1−η

o , we obtain
the following demand system:

m1 = η

(
pm

w1

)
Qm and mo = (1− η)

(
pm

two

)
Qm, (11)

lnpm =ηlnw1+(1− η)ln(two), (12)

where w1 and wo are the wage rates in c1 and the outside peripheries, respectively. We can
of course adopt a more general CES function, where the elasticity of substitution between
the two inputs is different from unity. However, in this framework, that would yield
qualitatively identical results without adding insight.

Labor forces are cheaper in undeveloped peripheral areas; we assume an exogenously
given relative wage rate wo, with wo = θw1 and θ < 1. Alternatively, we may endogenize
wo with a strictly fixed supply of labor in peripheral areas. This, however, would not
change our main results qualitatively. Henceforth, we will use the subscript o to indicate
the variables of outside peripheral areas.

Firms are free to enter the market, and entering the market incurs a fixed cost f , which
is expressed in terms of the variety-specific foregone output. We assume monopolistic
competition to prevail so that firms charge a constant markup over the marginal production
cost. From the technology Equation (10), we have the following:

p(i) =
σ

σ− 1
(pm + w2), (13)

where w2 is the wage rate in c2.

2.4. Sorting and Wage Distribution

Equation (4) indicates that there is a complementarity between worker talent and
city-specific productivity. In a given city, a worker’s productivity increases with individual
talent level z, and also at a given individual talent level z, a worker’s productivity increases
with a higher city-specific productivity level ac. That is, workers with higher z are relatively
more efficient when matched with higher city-specific productivities.

In the spirit of Roy [27], workers will sort based on their respective comparative
advantage. Let z1 be the equilibrium talent threshold between the two cities. Then, less
talented workers with z ∈ (0, z1) will sort into c1 and produce intermediate inputs, while
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more talented ones with z ∈ (z1, ∞) will sort into c2, where they perform higher value-
added managerial activities. In each city, workers are paid their marginal product. From
Equation (9), we then have the following:

w(z) =

{
w1 Aϕ1(z)Lβ−µ

1 , z ∈ (0, z1)

w2 Aϕ2(z)Lβ−µ
2 , z ∈ (z1, ∞)

, (14)

where L1 and L2 are, respective, the city sizes in terms of the efficiency units of labor:

L1 =
∫ z1

0
ϕ1(z)g(z)dz and L2 =

∫ ∞

z1

ϕ2(z)g(z)dz. (15)

City-specific wage rates w1 and w2 will be determined by labor market equilibrium
conditions. Figure 1 illustrates the equilibrium talent allocation to different cities and the
resulting equilibrium wage distribution. In Figure 1, it is shown clearly that higher-talented
workers are paid higher in the higher-productivity city (city 2), while lower-talented
workers are paid higher in the lower-productivity city (city 1).
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Though the concepts and definitions might be different, our multi-city framework may
be related to the polycentric city models in the literature [28]. Modern economic activities
tend to cluster in several interacting centers of activity rather than to be monocentric. In
our model, cities are technologically defined and perform different functions along the total
production chain of firms. In such a functionally defined urban system, we seek to find the
equilibrium regarding how heterogeneous workers sort into different cities based on their
comparative advantages and what the resulting market implications would be.

2.5. Equilibrium

Now, we turn to derive the long-run general equilibrium solutions of this framework.
Free entry ensures zero profits for firms so that markup revenue exactly covers the

fixed cost:
1
σ

px = (pm + w2) f . (16)

From Equation (9) and at a given equilibrium threshold z1, the total output of each
city is given by the following:

Qc =
∫

z∈c
qc(z)g(z)dz = AL1+β−µ

c , c ∈ {1, 2}. (17)
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From Equations (10), (11), and (17) and from our characterization of the fixed costs as
a foregone output, labor market equilibrium requires that the following be met:

m1N = Q1 and mo N = Qo, (18)

1
σ

px = (pm + w2) f , (19)

where N and Qo denote the number of firms and the total output produced in the periph-
eries, respectively.

In a perfectly competitive labor market, having no arbitrage condition for the threshold
worker would pin down the city-specific wage rates, w1 and w2. The city-specific wage
rates would adjust so that the marginal worker would be indifferent between the cities.
From Equation (14) and by choosing w1 as our numeraire, we obtain the following:

w2 = w1
ϕ1(z1)

ϕ2(z1)

(
L1

L2

)β−µ

. (20)

Among others, Equation (20) shows that β and µ are crucial for the determination
of the wage rates. If β > µ, then the relative wage rate w2/w1 is negatively related to
the relative city size L2/L1, while if β < µ, the opposite result appears. Intuitively, if the
agglomeration effect dominates the congestion effect (β > µ), the city-specific efficiency
wage rate should fall as the city becomes larger, since the city-specific labor supply increases
in the labor market. On the other hand, if the congestion effect dominates the agglomeration
effect (β < µ), the city-specific labor supply would decrease as the city grows more so
that the city-specific efficiency wage rate rises. In the following section, we will study the
different implications in depth.

Finally, the labor incomes from employment are given by:

W = w1Q1 + w2Q2 and Wo = woQo. (21)

To avoid the unnecessary balance of payment complication, we conveniently assume
that labor costs for peripheral workers are paid in units of the consumption basket (1):

PXX = W + Wo. (22)

3. Effects of a Fall in t (One-Firm-Type Case)

Recent revolutionary technological advances have provided firms with strong new
incentives to extensively adopt outsourcing strategies. In particular, recent advances
in information and communication technologies have drastically reduced the required
monitoring costs when some production activities are performed in new and distant
locations, and new peripheral areas are being increasingly included into firms’ production
chains. We now investigate the effects of such changes.

From markup pricing (13) and the free-entry Condition (16), it follows immediately
that x = (σ− 1) f . By substituting this expression into Equation (19), the number of firms
can be expressed as follows:

N =
1

σ f
Q2. (23)

From Equations (17), (18), and (23), we then obtain the following:

m1 = σ f
Q1

Q2
=

(
L1

L2

)1+β−µ

and mo = σ f
Qo

Q2
. (24)

From Equations (11) and (12), we know that a fall in t increases the demand for
mo, while it decreases that of m1. Then, from Equations (15) and (24), it can be easily
checked that a decrease in m1 due a fall in t leads to a decrease in the threshold z1, since
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0 < β, and µ < 1. Not surprisingly, a fall in t makes the production in the peripheries more
profitable so that the demand for m1 decreases, which consequently results in a contraction
of city 1: z1 decreases. A decrease of z1 implies, at the same time, an expansion of city 2:
the most talented workers in city 1 now move to city 2 and perform higher value-added
managerial activities. It is also straightforward that an increase in Q2 induces more entry
of the firms from Equation (23).

On the other hand, the impact on the city-specific wage rates would be dependent on
the relative magnitude of β and µ. From Equation (20), we obtain the following: (i) if β > µ,
then d(w2/w1)

dz1
> 0; (ii) if β < µ; then d(w2/w1)

dz1
< 0. That is, the impact of a fall in t on the

relative wage rate between cities is crucially dependent on the relative dominance of the
two countervailing effects of agglomeration and congestion. If agglomeration economies
dominate congestion economies (β > µ) the city’s relative wage would decrease as the city
grows, since the city-specific labor supply increases in the labor market, while, in the case
of β < µ, the opposite result would appear. If β = µ, the two effects are exactly offset so
that there is no change in w2/w1, since ϕ1(z1)/ϕ2(z1) is fixed to a1/a2 with b = 0 from
Equation (4). In this simple model with only one firm type, the model is solvable even
with the assumption of b = 0. This assumption, however, should be relaxed when different
firm types coexist and compete in the final good market. This will be discussed in the
subsequent section, where we extend the basic model by introducing other firm types.

Concerning this issue, canonical models in the literature assume that congestion
economies dominate agglomeration economies at the margin (see, e.g., Henderson [2]). The
reason is that the equilibrium city size is stable only if the marginal utility is decreasing in
city size, that is, when urban costs rise faster than urban productivity as urban population
grows. Canonical models in the spirit of Henderson [2], however, crucially depend on the
simplistic assumption that all cities produce the same homogeneous final good. In such
a particular environment, the optimal size can be solved only if the marginal utility from
moving into the city falls with the city size. It is, however, widely documented that today’s
modern cities are functionally specialized; there exist functionally separate labor markets.
In such an environment, β < µ is no longer a necessary condition for the equilibrium stable
city size to be solved. On the empirical side, there have been many studies to measure
agglomeration and congestion economies. The estimates are, however, largely diverse
depending on the used data and methodology, and there seems to be no consensus yet on
the relative dominance between the agglomeration and congestion effects. Those effects
should be city-specific issues.

Lemma 1 summarizes the results.

Lemma 1. When there exists only one firm type in the market, a fall in t decreases the talent
threshold z1 so that more workers are attached to higher value-added managerial activities. This
reallocation leads to two possible outcomes depending on the relative magnitude of β and µ: (i) if
β > µ, then d(w2/w1)

dt > 0; and (ii) if β < µ, then d(w2/w1)
dt < 0.

Thus, an exogeneous shock of a fall in t may change the basic urban structure. Lower
monitoring costs to produce in the outside peripheral areas induce firms to increasingly
adopt the outsourcing strategy. The city 2 where firms are headquartered expands, while
the city 1 also produces the intermediate input contracts. Workers’ movement between
cities changes city size in terms of both efficiency units of labor and total output. Though
we do not explicitly model the labor market of the outside peripheral areas for the sake
of simplicity, an increased outsourcing of firms obviously implies developments and the
urbanization of those areas. Also, movements of more workers from city 1 to city 2 imply
an improvement of overall productivity, since more workers are now attached to higher
technology. The impact on the relative wage rates would be different depending on the
relative dominance of the two countervailing effects of agglomeration and congestion. If
the agglomeration effects are dominant, the relative wage rate of city 2 for one efficiency
labor unit would decrease due to more abundant managerial inputs. On the other hand, if
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the congestion effects are dominant, the opposite result would appear. The main insight
from this result may be that the optimal city size and the resulting urban structure are
not determined simply by the cost-benefit analysis of the homogenous population as in
the traditional optimal city size theory. Various heterogeneities and their interactions in
the urban systems do matter. Having this basic mechanism in mind, we now proceed to
include different firm types.

4. Heterogeneous Firms and Competition
4.1. Two Firm Types

So far, firms have been defined as homogeneous in their organizational structure
and used technologies. All firms can have access to the intermediate inputs produced in
peripheries. Though such a modeling approach makes things much simpler and easier to
analyze, there is now ample evidence that firms are highly heterogeneous, even within
narrowly defined industries. To study the possible implications for the city evolution when
firms are heterogeneous and compete in the market, this section extends the previous base
model to include different firm types.

We distinguish two different technologies for the managerial (headquarter) activities:
a high (H) and a low (L) technology. Using H technology is cheaper to operate by enabling
the use of cheaper labor in the peripheries (w1 > two), but more expensive to set up
( fH > fL). Thus, we assume that the marginal production costs are lower in the peripheral
areas even after paying the unit monitoring costs, but having the access to the outside
peripheries firms means incurring a higher fixed setup cost for high technology. From
our functional and technological distinction of cities, this implies an emergence of a city
associated with H technology. Accordingly, we assume:

ϕc(z) = b + acz, c ∈ {1, 2, 3}, (25)

where a1 < a2 < a3, and b > 0.
Thus, the most talented workers are now allocated to city 3, which has the highest

productivity. To sum up, the lowest-talented workers produce intermediate inputs in
city 1 with the lowest technology (productivity), while the workers in city 2 and 3 perform
managerial activities; the middling workers perform managerial activities in city 2 that
are associated with L technology, while the highest-talented workers perform managerial
activities in city 3 associated with H technology. Figure 2 illustrates such specification with
the resulting sorting of the workers.
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Firms’ organizational structures require specific technologies. There are two types
of firms, which we denote by the used technologies: H and L. Without the loss of gen-
erality, we assume that only firms using H technology are profitable enough to meet



Systems 2023, 11, 360 11 of 25

the higher fixed setup cost fH to have access to the peripheries. More specifically, the
following condition ensures such a case: 1

σ

(
σ

σ−1
)1−σPσ

XX(two + w2)
1−σ ≤ fL < fH ≤

1
σ

(
σ

σ−1
)1−σPσ

XX(two + w3)
1−σ. When this condition is satisfied, H firms produce m(i)

in the peripheries, while L firms do this in city 1. The previous equations are adjusted
accordingly.

Given the two firm types, the pricing Equation (13) and the zero-profit Condition (16)
now lead to the following:

pL =
σ

σ− 1
(w1 + w2) and pH =

σ

σ− 1
(two + w3) (26)

1
σ

pLxL = (w1 + w2) fL and
1
σ

pHxH = (two + w3) fH . (27)

Throughout the paper, we assume two
w1

< w3
w2

, thus implying that the essential price
advantage of H firms comes from employing cheap labor in the peripheries.

Equations (18) and (19) are adjusted to yield the following:

Q1 = Q2 and Qo = Q3 (28)

(xL + fL)NL = Q2 and (xH + fH)NH = Q3, (29)

where
Qc = AL1+β−µ

c , c ∈ {1, 2, 3} (30)

L1 =
∫ z1

0
ϕ1(z)g(z)dz, L2 =

∫ z2

z1

ϕ2(z)g(z)dz and L3 =
∫ ∞

z2

ϕ3(z)g(z)dz. (31)

The workers of the three cities are paid their marginal product:

w(z) =


w1 Aϕ1(z)Lβ−µ

1 , z ∈ (0, z1)

w2 Aϕ2(z)Lβ−µ
2 , z ∈ (z1, z2)

w3 Aϕ3(z)Lβ−µ
3 , z ∈ (z2, ∞).

(32)

The city-specific wage rates are determined by a no-arbitrage condition for the thresh-
old workers:

w2 = w1
ϕ1(z1)

ϕ2(z1)

(
L1

L2

)β−µ

and w3 = w2
ϕ2(z2)

ϕ3(z2)

(
L2

L3

)β−µ

,

which can be rewritten using the fact that Q1 = Q2, thereby implying that L1 = L2:

w2 = w1
ϕ1(z1)

ϕ2(z1)
and w3 = w2

ϕ2(z2)

ϕ3(z2)

(
L1

L3

)β−µ

, (33)

where w1 is our numeraire.
Now, the total labor incomes are given by the following:

W = w1Q1 + w2Q2 + w3Q3. (34)

4.2. Effects of a Fall in t (Two-Firm-Type Case)

As before, we now investigate the effects of a fall in the peripheral monitoring costs. If
both firm types appear in equilibrium, their competition in the final goods market can be
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summarized by the revenue ratio between them: RH/RL. From Equations (2), (26), and
(27), we obtain the following:

RH
RL

:
two + w3

w1 + w2
=

(
fH
fL

)− 1
σ

. (35)

To investigate the effects of a fall in t, we start by showing dz1
dz2

. By totally differentiating
the equilibrium condition Q1 = Q2 in Equation (28) and by using Equations (30) and (31),
we obtain a positive relationship between z1 and z2:

dz1

dz2
=

ϕ2(z2)g(z2)dz
ϕ1(z1)g(z1)dz + ϕ2(z1)g(z1)dz

> 0. (36)

Recall that L firms are based in city 1 and 2. Intuitively, if L firms expand, then the
two cities should expand too—increases in both z1 and z2—while, if L firms contract, then
the two cities should contract too—decreases in both z1 and z2.

Now consider a fall in t. Intuitively, a fall in the monitoring costs would benefit H
firms who produce their intermediate inputs in the peripheral areas after incurring the
high fixed setup costs. Since the two firm types (H and L) are competing in the final good
market, a fall in t would generate negative impacts for L firms, which would finally lead to
an expansion of H firms and a contraction of L firms. How would such changes affect the
allocation of workers between cities and the relative wage rates? To see this, we investigate
the revenue ratio between H and L firms. Since the equilibrium Condition (35) should
always be satisfied as long as the two firm types exist in the market, it is straightforward
that a fall in t should lead to an increase in the wage ratio w3/w2: d(w3/w2)

dt < 0. Recall that
w1 is our numeraire, with w1 > two.

From Equations (31) and (33), we have the following:

w3

w2
=

ϕ2(z2)

ϕ3(z2)

(∫ z1
0 ϕ1(z)g(z)dz∫ ∞
z2

ϕ3(z)g(z)dz

)β−µ

. (37)

As before, the consequences are highly dependent on the relative dominance of the
two countervailing effects of agglomeration and congestion, which are measured by β and
µ, to simplify the analysis and to focus on the two city-wide effects. Let us first assume
that b = 0 in Equation (25) as before so that ϕc+1(z)

ϕc(z)
= ac+1

ac
. We can characterize three cases

depending on the relative magnitude of β and µ.
First, when the agglomeration effects are dominant (β > µ), it can be shown easily

from Equations (36) and (37) that an increase in w3/w2 due to a fall in t would induce
increases in both z1 and z2. If we allow for b > 0, those effects would be mitigated to
some extent, since d(ϕ2(z2)/ϕ3(z2))

dz2
< 0 from Equation (25), but, as long as the agglomeration

effects remain dominant, the effects on the two talent thresholds would not be reversed. If
b > 0, then we also obtain d(w2/w1) < 0 due to an increase in z1.

Second, when the congestion effects are dominant (β < µ), the inverse effects are
yielded. An increase in w3/w2 due to a fall in t would induce decreases in both z1 and z2.
On the other hand, in this case, allowing for b > 0 enforces those effects, since the two
terms on the RHS of Equation (37) move in the same direction: ϕ2(z2)/ϕ3(z2) increases too
as z2 decreases. Additionally, a decrease in z1 leads to an increase in w2/w1.

Third, when the agglomeration and congestion effects are almost offset (β ≈ µ), the
impact of a fall in t would be adjusted mostly on the first term of the RHS of Equation (37).
As an extreme case, if we impose β = µ, then Equation (37) becomes: w3

w2
= ϕ2(z2)

ϕ3(z2)
. Note that

we cannot impose both β = µ and b = 0 simultaneously. In the equilibrium Condition (35),
when there is a competition between different firm types, something should be adjusted,
followed by a change in t. This could not the case when only one firm type exists in
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the market. More formally, the assumption of b > 0 ensures that 0 < ∂ϕ1(z)
∂z

1
ϕ1(z)

<

∂ϕ2(z)
∂z

1
ϕ2(z)

< ∂ϕ3(z)
∂z

1
ϕ3(z)

. An increase in w3/w2 due to a fall in t would induce decreases in
both z1 and z2. A decrease in z1 also induces an increase in w2/w1.

Lemma 2 summarizes the results.

Lemma 2. When two firm types compete in the market, a fall in t yields three possible outcomes:
(i) If the agglomeration effects are dominant, (β > µ), we obtain the following: dz1

dt < 0, dz2
dt < 0,

d(w2/w1)
dt > 0, and d(w3/w2)

dt < 0. (ii) If the congestion effects are dominant, (β < µ), we obtain

the following: dz1
dt > 0, dz2

dt > 0, d(w2/w1)
dt < 0, and d(w3/w2)

dt < 0. (iii) If the agglomeration
and congestion effects are almost offset, (β ≈ µ), wet obtain the following: dz1

dt > 0, dz2
dt > 0,

d(w2/w1)
dt < 0, and d(w3/w2)

dt < 0.

5. International Trade and City Evolution

Our model can easily be extended to include international trade. Let us assume two
symmetric countries where two previous firm types compete. Now, there is ample evidence
that exporting firms are more productive and use higher technologies. In addition, entering
the foreign market requires an additional fixed setup cost, which we denote by fE. Thus,
we assume that H firms export, while L firms only serve the domestic market.

Assuming iceberg trade costs τ > 1, the import demands for individual H varieties
are given by the following:

ximp
H = τ

(
PX

τp∗H

)σ

X, (38)

and the aggregate price index adjusts is given as the following:

PX =
[

NL p1−σ
L + NH p1−σ

H + N∗H(τp∗H)
1−σ
] 1

1−σ , (39)

where asterisks indicate foreign variables.
As before, we can consider the revenue ratio between the exporting firms (H) and

domestic firms (L). By removing the asterisks from the symmetry between the countries,
the total revenue of each firm type can be written as:

pLxL = p1−σ
L Pσ

XX and pHxH =
(

1 + τ1−σ
)

p1−σ
H Pσ

XX. (40)

From (26), (27), and (40), we obtain the revenue ratio as follows:

RH
RL

:
∼

wo + w3

w1 + w2
=

[
fH + fE

(1 + τ1−σ) fL

]− 1
σ

, (41)

where
∼

wo = two.
Note that a decrease in the trade cost τ would induce very similar effects as a decrease

in the monitoring cost t. Given that high technology (H) firms have access to peripheral
areas to produce more cheaply and enter the foreign market after incurring high fixed
setup costs, decreases in either t or τ benefit H firms. From Equation (41), it can be
shown that a fall in τ induces an increase in w3/w2 as the impacts of a fall in t. A fall
in τ leads to a rise in the RHS of Equation (41). Then, w3/w2 should increase so that the
equilibrium Condition (41) remains satisfied. Also, note that a fall in fH leads to the same
qualitative results.

Thus, similarly to Lemma 2, the following Lemma 3 is immediately established under
international trade.
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Lemma 3. When trading countries are symmetric, a freer trade yields three possible outcomes:
(i) If the agglomeration effects are dominant, (β > µ), we obtain the following: dz1

dτ < 0, dz2
dτ < 0,

d(w2/w1)
dτ > 0, and d(w3/w2)

dτ < 0. (ii) If the congestion effects are dominant, (β < µ), we obtain

the following: dz1
dτ > 0, dz2

dτ > 0, d(w2/w1)
dτ < 0, and d(w3/w2)

dτ < 0. (iii) If the agglomeration
and congestion effects are almost offset, (β ≈ µ), we obtain the following: dz1

dτ > 0, dz2
dτ > 0,

d(w2/w1)
dτ < 0, and d(w3/w2)

dτ < 0.

The above results indicate again that the consequences of freer trade may crucially
depend on the relative dominance of the two countervailing effects of agglomeration and
congestion. This implies that when countries are asymmetric in terms of the magnitude
of the two effects, trade may yield quite different effects. We now turn to the case of
asymmetric countries.

Allowing for asymmetric countries in their city-wide dominance between agglomera-
tion and congestion effects should make the basic mechanism more complicated. First of all,
the revenue ratio between the two firm types would not be simplified as in Equation (41).
Since exporting firms have revenue from two asymmetric countries, the revenue ratio
between domestic and exporting firms in the home country leads to the following:

RH
RL

:
∼

wo + w3

w1 + w2
=

(
fH + fE

fL

)− 1
σ

[
Pσ

XX + τ1−σP∗X
σX∗

Pσ
XX

] 1
σ

. (42)

Furthermore, the competition of the two firm types in the two asymmetric countries
requires more equilibrium conditions to be satisfied. That is, all the other possible com-
petition pairs should be considered simultaneously: R∗H

R∗L
, RH

R∗L
, R∗H

RL
, RH

R∗H
, RL

R∗L
. Note that even

domestic firms, which do not enter the foreign market, in each country compete with each
other indirectly under international trade.

R∗H
R∗L

:

∼
w∗o + w∗3
w∗1 + w∗2

=

(
fH + fE

fL

)− 1
σ

[
τ1−σPσ

XX + P∗X
σX∗

P∗X
σX∗

] 1
σ

(43)

RH
R∗L

:
∼

wo + w3

w∗1 + w∗2
=

(
fH + fE

fL

)− 1
σ

[
Pσ

XX + τ1−σP∗X
σX∗

P∗X
σX∗

] 1
σ

(44)

R∗H
RL

:

∼
w∗o + w∗3
w1 + w2

=

(
fH + fE

fL

)− 1
σ

[
τ1−σPσ

XX + P∗X
σX∗

Pσ
XX

] 1
σ

(45)

RH
R∗H

:
∼

wo + w3
∼

w∗o + w∗3
=

[
Pσ

XX + τ1−σP∗X
σX∗

τ1−σPσ
XX + P∗X

σX∗

] 1
σ

(46)

RL
R∗L

:
w1 + w2

w∗1 + w∗2
=

[
Pσ

XX
P∗X

σX∗

] 1
σ

. (47)

All of the above Equations (42)–(47) should be satisfied simultaneously as long as each
firm type exists in the market. This implies that when countries are interrelated through
international trade, the city evolution in each country also becomes highly interrelated.
That is, even though one country might be neutral in the two effects of agglomeration and
congestion, if its trading partner is highly dominated by one of the two effects, then the
country would follow its trading partner’s city evolution pattern. Suppose, for example,
that β is strongly higher than µ in the foreign country so that a fall in τ generates increases
in both z1 and z2, which leads to an overall decrease in income in the foreign country.
Such contraction in the foreign country negatively affects the exporting firms in the home
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country too, which leads to a contraction of exporting firms and an expansion of domestic
firms in the home country. Thus, international trade generates the comovement of city
evolution in each country.

Lemma 4. When trading countries are asymmetric, overall city evolutions are synchronized and
follow the evolution of the country characterized by a stronger dominance of one of the two effects of
agglomeration and congestion.

To get a feeling for the different quantitative effects involved, the following section
provides numerical simulation results with a parameterized version of the model.

6. A Numerical Appraisal

In this section, we complement our theoretical discussion with numerical simulations.
From our development of the theoretical model, the two-country general equilibrium model
consists of 29 equations and 29 endogenous variables, which should be solved simultane-
ously. To solve the numerical general equilibrium model, the GAMS (General Algebraic
Modeling System) software has been used. Starting from a benchmark parameterization of
the model, we resolve the model by changing a parameter value such as trade costs.

The chosen (and/or calibrated) parameter values and initial benchmark equilibrium
values for the endogenous variables are reported in the Appendix A (Table A1). As a
benchmark, we set β = µ = 0.5 so that the two countervailing effects of agglomeration
and congestion are exactly offset. The base model parameter values are configured so that,
initially, the three cities are similar in size in terms of the efficiency units of labor: L1 = 0.94,
L2 = 0.94, and L3 = 1.00. They are also similar in terms of outputs: Q1 = 0.33, Q2 = 0.33,
and Q3 = 0.35. The associated technological parameter values (a1 = 1.00, a2 = 5.66, and
a3 = 7.36) and the resulting variable values satisfy all the basic assumptions made in the
text. We assume a uniform talent distribution with a support of [0, 1], and the two countries
are completely symmetric. We set w1 as our numeraire: w1 = 1.

To complement our previous theoretical results and to contrast the impacts of some
parameter changes, we start from a situation where the economies are as neutral as possible
and symmetric. The key parameters of this model are the technological parameters a1, a2,
and a3. Since we have no strong evidence for these values, we calibrate these parameters
so that initially the three cities are almost the same. In doing so, we simulate how the same
cities and countries may evolve differently depending on the relative dominance of the two
countervailing effects of congestion and agglomeration.

Tables 1–3 show the simulated effects of falls in τ for different values of β and µ.
For comparison purposes, we maintain z1 = 0.70 and L3 = 1.00, and we adjust a2,
a3, and fE. For each case of β, µ ∈ {0.5, 0.3, 0.7}, the adjusted parameter values are
a2 ∈ {5.6579, 5.6583, 5.6572}, a3 ∈ {7.3553, 7.3558, 7.3544}, and fE ∈ {2.1172, 2.1543, 2.0800},
respectively, which lead to very similar values. In Tables 1–3, the initial variable values
when τ = 1.3 are normalized to one.

Table 1. β, µ = 0.5 (Benchmark).

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.803 0.822 1.090 1.007 0.762 2.064 0.949 0.924 1.018
1.260 0.661 0.692 1.180 1.014 0.601 2.732 0.912 0.870 1.046
1.240 0.553 0.591 1.269 1.021 0.487 3.181 0.884 0.828 1.080
1.220 0.468 0.511 1.358 1.029 0.401 3.499 0.862 0.794 1.118
1.200 0.399 0.445 1.446 1.036 0.335 3.733 0.844 0.767 1.160
1.180 0.343 0.390 1.534 1.043 0.282 3.910 0.830 0.744 1.203
1.160 0.296 0.343 1.622 1.051 0.239 4.047 0.818 0.724 1.249
1.140 0.256 0.303 1.709 1.059 0.204 4.156 0.807 0.707 1.296
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Table 2. β = 0.5, µ = 0.3.

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.010 1.009 0.996 1.015 1.015 0.930 1.005 1.006 1.002
1.260 1.020 1.018 0.992 1.030 1.030 0.862 1.010 1.013 1.004
1.240 1.029 1.026 0.989 1.046 1.045 0.796 1.015 1.019 1.006
1.220 1.039 1.035 0.986 1.062 1.059 0.733 1.020 1.025 1.008
1.200 1.047 1.043 0.982 1.079 1.073 0.673 1.024 1.030 1.010
1.180 1.056 1.050 0.979 1.097 1.086 0.616 1.029 1.036 1.012
1.160 1.064 1.057 0.976 1.116 1.099 0.562 1.033 1.041 1.013
1.140 1.072 1.064 0.974 1.136 1.111 0.511 1.037 1.046 1.015

Table 3. β = 0.5, µ = 0.7.

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.990 0.991 1.004 1.014 0.990 1.044 1.000 0.999 1.003
1.260 0.980 0.982 1.008 1.028 0.980 1.091 1.000 0.997 1.006
1.240 0.969 0.972 1.012 1.042 0.969 1.139 1.000 0.996 1.010
1.220 0.958 0.962 1.017 1.057 0.957 1.190 1.000 0.995 1.013
1.200 0.945 0.951 1.022 1.073 0.945 1.243 1.000 0.993 1.018
1.180 0.932 0.939 1.028 1.089 0.932 1.298 1.000 0.991 1.022
1.160 0.918 0.926 1.034 1.105 0.918 1.355 1.000 0.990 1.027
1.140 0.904 0.913 1.040 1.122 0.903 1.415 1.000 0.988 1.033

Tables 1–3 confirm our theoretical results (Lemma 3). When the agglomeration and
congestion effects were offset (Table 1: β = µ), a fall in τ decreased both z1 and z2 and
increased both w2/w1 and w3/w2; when the agglomeration effects were dominant (Table 2:
β > µ), a fall in τ increased both z1 and z2, and w2/w1 decreased while w3/w2 increased;
when the congestion effects were dominant (Table 3: β < µ), a fall in τ decreased both z1
and z2 and increased both w2/w1 and w3/w2.

The workers’ movement between cities changes the city size in terms of both the
efficiency units of labor and total output. Decreases in both z1 and z2 imply a contraction
of cities associated with the low-tech domestic firms and an expansion of a city associated
with the high-tech exporting firms: Q2 decreased, while Q3 increased (Tables 1 and 3). The
opposite result applied when β > µ (Table 2).

In our heterogeneous worker framework, the movements of threshold workers changed
the talent composition of each city. A decrease in z2 implies that the most talented workers
previously located in city 2 moved to city 3. These workers are, however, less talented
compared to the existing workers in city 3. The city-wide average wage per worker should
be dependent on both Qc and wc. We measured the average wage per capita in each city:

w1 =
1

G(z1)
w1Q1, w2 =

1
G(z2)− G(z1)

w2Q2 and w3 =
1

1− G(z2)
w3Q3.

The changes in these measures are reported at the last three columns of each table,
which are also highly related to the city-wide agglomeration and congestion effects.

Figure 3 shows the comovements of z1 and z2 of the two asymmetric countries. Given
β = β∗ = 0.5 and µ = 0.5, we assumed a different µ∗: µ∗ ∈ {0.3, 0.4, 0.5, 0.6, 0.7}. For
some comparison purposes as before, we adjusted a2, a3, and fE by maintaining z1 = 0.70
and L3 = 1.00. Following a fall in τ, the two talent thresholds z1 and z2 movd in the same
direction, and the magnitude of changes were also very close. Both z1 and z2 increasd
in both countries when µ∗ ∈ {0.3, 0.4}, while they decreased in both countries when
µ∗ ∈ {0.5, 0.6, 0.7}. In other words, the movement of z1 and z2 in the home country,
that is, being neutral regarding the two effects of agglomeration and congestion with
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β = µ = 0.5, is influenced by the trading partner’s characteristic. If the agglomeration
effects are dominant in the foreign country (β∗ > µ∗), z1 and z2 increase, even in the home
country. Inversely, if the congestion effects are dominant in the foreign country (β∗ < µ∗),
z1 and z2 decrease in the home country as well. In our parameterization, the critical value
of µ∗, which turns the direction of the movements of z1 and z2 was found around 0.4834.
This result indicates that city evolutions are interrelated through international trade, and
they are highly influenced by the trading partner’s characteristic in terms of the two effects
of agglomeration and congestion.
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Figure 4 shows the resulting changes in the relative wage ratios. From Equations (4)
and (33), we know that d(w2/w1)

dz1
< 0, which was confirmed for all cases. On the other

hand, the effects on w3/w2 were largely different between the two countries. Note that,
by keeping w1 as the numeraire, w∗1 was totally endogenous in this case of asymmetric
countries. In our configuration, a fall in τ led to a fall in w∗1 , except when µ∗ = 0.5 (the
case where two countries are completely symmetric), which yields the different effects on
w3/w2 and w∗3/w∗2 .

Finally, Figure 5 shows the resulting effects on the average wage per capita in each
city and in each country. We find more or less similar changes in the two countries, except
when µ∗ ∈ {0.3, 0.4}. Note that, in terms of the movement of z1 and z2 the home country
was influenced by the foreign country, especially when the agglomeration effects were
dominant in the foreign country: when β∗ > µ∗; z1 and z2 increased in the home country
as well, although the home country was neutral in the two effects. Once again, it can be
noticed that city and income inequality evolutions are interrelated through international
trade and influenced by the characteristics of the trading partners.
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Given the importance of the elasticity of substitution for the results in these types of
monopolistic competition models, in the Appendix A, we report the results for alternative
values of σ: σ ∈ {2, 3, 4, 5}, which confirmed our main qualitative results.

7. Conclusions

Though many important mechanisms regarding city formation and expansion have
been uncovered, traditional theories in urban economics have limitations in explaining
the recent stylized facts of modern city evolutions. Recent evidence highlights various
heterogeneity factors in the composition of cities and much more complex interactions
among the heterogeneous agents and heterogeneous cities, which cannot be addressed by
traditional models assuming a homogeneous representative agent.

In line with the recent empirical evidence, in this paper, I developed a unified theoreti-
cal general equilibrium model, which incorporates the various aspects of heterogeneity in
the modern city evolutions. Workers are heterogeneous in their basic abilities, and firms are
heterogeneous in their technologies. Furthermore, cities are functionally differentiated in
the total value chain and have different city-specific productivities. Consequently, workers
endogenously sort into different tasks and cities based on their comparative advantage,
and the interaction between heterogeneities plays a key role in the heterogeneous city
evolutions.

Among others, our heterogeneous worker–firm–city framework has highlighted
the importance of the relative magnitude of congestion economies and agglomeration
economies as pertains to the equilibrium outcomes. It was shown that the same exogenous
shocks might lead to completely different consequences depending on the relative domi-
nance of the two countervailing effects of congestion and agglomeration, which could not
be captured by traditional models in the literature. Such analyses have also yielded a new
and interesting, empirically testable, prediction in an extended open economy setting. The
relative dominance of the two countervailing effects of congestion and agglomeration may
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affect the trading partner and generate the comovement of city evolution in each country:
that is, when trading countries are asymmetric, overall city evolutions may be synchronized
and follow the evolution of the country characterized by the stronger dominance of one of
the two effects of agglomeration and congestion.

Though the terminology might be different depending on the fields, the optimal
allocation of resources and their efficient circularity have been at the core of sustainable
development. As an economic concept linked to sustainable development, the circular
economy has gained important attention in recent years. Though the original concept
and models may be more related to environmental issues in a narrow sense, the circular
economy also aims to increase the sustainability of the economic systems by improving
resource efficiency. On the other hand, in the urban economics, the optimal allocation of
resources between cities and their interactions, as well as efficient circularity, have been
at the core of sustainable economic development. By making a bridge between the two
fields, this paper extends the paradigm of the circular economy in the context of the city
evolutions within the urban systems. In particular, by developing a new unified theoretical
framework, this paper highlights the role of various heterogeneity factors in modern cities,
which should be at the core of the circular economy and sustainable development.

There has been rising literature as pertains to new urban economics, which has been
attempting to focus on the various heterogeneity and transportation costs in urban systems.
As the literature is new and emerging, many directions of future research would be inter-
esting and promising. First of all, the theoretical predictions of this paper may be tested
empirically. In particular, precise estimates of both the congestion economies and agglomer-
ation economies and the assessment of their differential impacts on the aggregate outcomes
in urban systems should be of great interest to understand diverse urban mechanisms. As a
first attempt, our model abstracts from various labor market imperfections in the real world.
Needless to say, further elaboration and extension of the basic setup of this paper may yield
further new insights into the various mechanisms in the modern urban systems. As argued
by many researchers, some important drivers of the urban growth of modern cities may
include innovation and different amenities. And as Moretti [29] identifies, brain hubs or
innovation clusters have been emerging, and highly specialized innovation workers are
generating more kinds of service jobs in these hubs and clusters. Such a dynamic perspec-
tive of innovation should be an important factor to explain the evolution of modern cities.
This paper has provided a new theoretical general equilibrium framework in which the
technology–skill matchings are endogenous and heterogeneous workers sort into different
cities based on their comparative advantages. Endogenizing the given technologies in this
framework and analyzing the dynamic perspective of innovation more explicitly would
be a promising direction for future work. Also, the parameterized version of the model
in this paper might be extended and adapted to develop a large-scale computable general
equilibrium (CGE) model to derive various real-world policy implications. Since the litera-
ture on new urban economics is new, currently, no equivalent simulation models are to be
found. This paper’s new theoretical framework may be enriched in various directions to
incorporate various other real-world complex heterogeneity factors and to be applied to
real-world datasets. I leave them for future research.
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Appendix A

Table A1. Benchmark parameter and variable values.

σ z z b aM aL aH α β γ
3.00 0.00 1.00 1.00 1.00 5.66 7.36 0.50 0.50 1.00

µ θ fL fH fE t τ Inc PX L1
0.50 0.60 1.00 1.80 2.12 1.20 1.30 0.80 4.52 0.94

L2 L3 NL NH pL pH xL xH z1 z2
0.94 1.00 0.11 0.03 2.01 1.49 2.00 7.83 0.70 0.87

w0 w1 w2 w3 Q1 Q2 Q3
0.60 1.00 0.34 0.27 0.33 0.33 0.35

Sensitivity Analysis of σ when countries are asymmetric.

Table A2. Asymmetric countries when σ = 2.

(a) µ = 0.5, µ∗ = 0.3

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.019 1.017 0.993 0.999 1.024 0.890 1.005 1.007 0.999
1.260 1.036 1.032 0.987 0.999 1.046 0.788 1.009 1.014 0.998
1.240 1.051 1.046 0.981 0.999 1.066 0.695 1.013 1.020 0.998
1.220 1.065 1.059 0.976 0.998 1.084 0.610 1.017 1.025 0.997
1.200 1.078 1.070 0.972 0.998 1.100 0.533 1.020 1.030 0.997
1.180 1.089 1.080 0.968 0.998 1.115 0.464 1.023 1.034 0.997
1.160 1.099 1.089 0.965 0.997 1.128 0.403 1.026 1.038 0.997
1.140 1.108 1.097 0.962 0.997 1.139 0.348 1.028 1.041 0.997

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.018 1.016 0.993 1.027 1.028 0.874 1.001 1.003 0.995
1.260 1.035 1.031 0.987 1.055 1.053 0.761 1.000 1.005 0.990
1.240 1.050 1.045 0.982 1.084 1.076 0.659 0.999 1.005 0.985
1.220 1.063 1.057 0.977 1.114 1.098 0.568 0.997 1.005 0.979
1.200 1.075 1.068 0.973 1.146 1.117 0.488 0.995 1.004 0.973
1.180 1.086 1.077 0.969 1.179 1.134 0.417 0.991 1.002 0.967
1.160 1.096 1.086 0.966 1.213 1.150 0.355 0.987 0.999 0.960
1.140 1.104 1.094 0.963 1.249 1.164 0.302 0.982 0.995 0.953

(b) µ = 0.5, µ∗ = 0.7

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.984 0.986 1.006 1.001 0.980 1.096 0.996 0.994 1.001
1.260 0.967 0.971 1.013 1.001 0.959 1.199 0.992 0.987 1.002
1.240 0.949 0.954 1.020 1.002 0.936 1.309 0.987 0.980 1.003
1.220 0.929 0.936 1.029 1.003 0.911 1.426 0.982 0.973 1.005
1.200 0.908 0.917 1.038 1.004 0.885 1.549 0.976 0.964 1.006
1.180 0.885 0.896 1.048 1.005 0.858 1.679 0.970 0.956 1.009
1.160 0.861 0.874 1.060 1.006 0.829 1.813 0.964 0.946 1.011
1.140 0.835 0.851 1.072 1.008 0.799 1.952 0.957 0.937 1.014

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.984 0.985 1.006 1.024 0.984 1.079 0.993 0.991 0.998
1.260 0.966 0.969 1.013 1.049 0.966 1.163 0.985 0.981 0.996
1.240 0.947 0.952 1.021 1.075 0.946 1.250 0.978 0.971 0.995
1.220 0.926 0.934 1.030 1.101 0.926 1.340 0.971 0.961 0.994
1.200 0.904 0.914 1.039 1.127 0.904 1.434 0.963 0.951 0.995
1.180 0.881 0.893 1.050 1.154 0.881 1.530 0.956 0.941 0.996
1.160 0.856 0.870 1.061 1.182 0.856 1.627 0.949 0.931 0.998
1.140 0.831 0.847 1.074 1.210 0.831 1.725 0.943 0.922 1.000
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Table A3. Asymmetric countries when σ = 3.

(a) µ = 0.5, µ∗ = 0.3

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.019 1.017 0.993 0.999 1.024 0.891 1.005 1.007 0.999
1.260 1.036 1.033 0.986 0.999 1.046 0.786 1.009 1.014 0.998
1.240 1.053 1.047 0.981 0.999 1.067 0.687 1.014 1.020 0.998
1.220 1.068 1.061 0.975 0.998 1.087 0.595 1.018 1.026 0.997
1.200 1.081 1.073 0.970 0.998 1.105 0.511 1.021 1.031 0.997
1.180 1.094 1.084 0.966 0.997 1.121 0.435 1.024 1.036 0.997
1.160 1.105 1.094 0.963 0.997 1.135 0.367 1.027 1.040 0.997
1.140 1.114 1.102 0.960 0.997 1.148 0.308 1.030 1.044 0.996

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.021 1.018 0.992 1.031 1.031 0.857 1.000 1.002 0.993
1.260 1.039 1.035 0.985 1.064 1.060 0.728 0.998 1.003 0.986
1.240 1.056 1.051 0.979 1.099 1.087 0.613 0.995 1.002 0.978
1.220 1.072 1.064 0.974 1.136 1.111 0.511 0.991 1.000 0.970
1.200 1.085 1.077 0.969 1.176 1.133 0.423 0.986 0.997 0.962
1.180 1.097 1.087 0.965 1.218 1.152 0.347 0.981 0.992 0.953
1.160 1.108 1.097 0.962 1.264 1.169 0.282 0.974 0.987 0.944
1.140 1.117 1.105 0.959 1.312 1.184 0.228 0.967 0.980 0.935

(b) µ = 0.5, µ∗ = 0.7

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.979 0.981 1.008 1.001 0.973 1.122 0.995 0.992 1.001
1.260 0.955 0.960 1.018 1.001 0.944 1.256 0.988 0.983 1.003
1.240 0.929 0.936 1.029 1.002 0.911 1.402 0.982 0.973 1.005
1.220 0.900 0.910 1.042 1.003 0.876 1.561 0.974 0.962 1.007
1.200 0.868 0.881 1.057 1.005 0.837 1.731 0.966 0.949 1.010
1.180 0.833 0.849 1.075 1.006 0.796 1.912 0.957 0.936 1.014
1.160 0.795 0.815 1.095 1.007 0.752 2.101 0.947 0.921 1.020
1.140 0.755 0.778 1.118 1.009 0.706 2.296 0.936 0.906 1.026

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.981 0.983 1.007 1.026 0.981 1.086 0.991 0.989 0.997
1.260 0.961 0.965 1.016 1.053 0.960 1.177 0.982 0.977 0.994
1.240 0.938 0.944 1.025 1.082 0.938 1.273 0.973 0.965 0.993
1.220 0.913 0.922 1.036 1.111 0.913 1.374 0.965 0.954 0.993
1.200 0.887 0.898 1.048 1.141 0.887 1.479 0.957 0.943 0.994
1.180 0.858 0.872 1.062 1.172 0.858 1.586 0.949 0.932 0.997
1.160 0.829 0.845 1.077 1.203 0.829 1.695 0.942 0.921 1.001
1.140 0.797 0.817 1.093 1.235 0.798 1.804 0.936 0.911 1.007
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Table A4. Asymmetric countries when σ = 4.

(a) µ = 0.5, µ∗ = 0.3

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.014 1.012 0.995 1.000 1.017 0.919 1.004 1.005 0.999
1.260 1.028 1.025 0.989 0.999 1.036 0.834 1.007 1.011 0.999
1.240 1.043 1.039 0.984 0.999 1.055 0.745 1.011 1.017 0.998
1.220 1.058 1.052 0.979 0.998 1.074 0.656 1.015 1.022 0.998
1.200 1.072 1.065 0.974 0.998 1.092 0.570 1.019 1.028 0.997
1.180 1.085 1.077 0.969 0.998 1.110 0.488 1.022 1.033 0.997
1.160 1.098 1.088 0.965 0.997 1.126 0.411 1.025 1.038 0.997
1.140 1.109 1.097 0.961 0.997 1.140 0.342 1.028 1.042 0.997

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.020 1.018 0.993 1.029 1.030 0.864 0.998 1.001 0.992
1.260 1.038 1.034 0.986 1.061 1.059 0.736 0.995 1.000 0.984
1.240 1.055 1.050 0.979 1.096 1.086 0.619 0.992 0.998 0.975
1.220 1.071 1.064 0.974 1.135 1.111 0.513 0.987 0.995 0.966
1.200 1.086 1.077 0.969 1.177 1.134 0.420 0.981 0.991 0.956
1.180 1.098 1.088 0.965 1.223 1.154 0.339 0.974 0.985 0.946
1.160 1.109 1.098 0.961 1.273 1.172 0.271 0.966 0.979 0.936
1.140 1.119 1.107 0.958 1.327 1.188 0.213 0.957 0.971 0.925

(b) µ = 0.5, µ∗ = 0.7

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.976 0.978 1.010 1.001 0.970 1.139 0.994 0.991 1.001
1.260 0.948 0.953 1.021 1.002 0.935 1.296 0.987 0.980 1.003
1.240 0.917 0.925 1.035 1.003 0.896 1.472 0.978 0.968 1.006
1.220 0.881 0.892 1.051 1.004 0.853 1.665 0.969 0.954 1.009
1.200 0.841 0.856 1.071 1.006 0.805 1.875 0.959 0.939 1.013
1.180 0.797 0.816 1.094 1.007 0.753 2.098 0.947 0.922 1.019
1.160 0.748 0.772 1.122 1.010 0.698 2.333 0.935 0.903 1.027
1.140 0.697 0.725 1.155 1.012 0.640 2.573 0.921 0.883 1.038

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.982 0.984 1.007 1.025 0.982 1.081 0.990 0.988 0.996
1.260 0.963 0.966 1.015 1.051 0.962 1.169 0.981 0.976 0.993
1.240 0.940 0.946 1.024 1.079 0.940 1.264 0.972 0.965 0.991
1.220 0.916 0.924 1.035 1.108 0.916 1.365 0.964 0.954 0.991
1.200 0.889 0.900 1.047 1.138 0.889 1.471 0.957 0.943 0.993
1.180 0.861 0.874 1.061 1.170 0.861 1.580 0.950 0.933 0.997
1.160 0.830 0.846 1.076 1.202 0.830 1.692 0.945 0.924 1.003
1.140 0.798 0.818 1.093 1.235 0.799 1.803 0.942 0.917 1.013
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Table A5. Asymmetric countries when σ = 5.

(a) µ = 0.5, µ∗ = 0.3

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.000 1.000 1.000 1.000 1.000 0.978 1.000 1.000 1.000
1.260 1.001 1.001 1.000 1.000 1.001 0.946 1.000 1.000 1.000
1.240 1.001 1.001 1.000 1.000 1.002 0.902 1.000 1.001 1.000
1.220 1.002 1.002 0.999 1.000 1.003 0.849 1.001 1.001 1.000
1.200 1.003 1.003 0.999 1.000 1.004 0.787 1.001 1.001 1.000
1.180 1.004 1.003 0.999 1.000 1.005 0.719 1.001 1.002 1.000
1.160 1.005 1.004 0.998 1.000 1.006 0.646 1.001 1.002 1.000
1.140 1.006 1.005 0.998 1.000 1.008 0.570 1.002 1.002 1.000

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 1.002 1.002 0.999 1.019 1.003 0.898 0.989 0.989 0.988
1.260 1.003 1.003 0.999 1.039 1.005 0.797 0.977 0.978 0.976
1.240 1.005 1.005 0.998 1.063 1.008 0.700 0.966 0.966 0.964
1.220 1.007 1.006 0.998 1.089 1.010 0.607 0.954 0.955 0.952
1.200 1.008 1.007 0.997 1.118 1.013 0.519 0.942 0.943 0.940
1.180 1.010 1.009 0.997 1.150 1.015 0.438 0.931 0.932 0.928
1.160 1.011 1.010 0.996 1.186 1.017 0.365 0.919 0.920 0.916
1.140 1.012 1.011 0.996 1.226 1.019 0.300 0.906 0.908 0.903

(b) µ = 0.5, µ∗ = 0.7

τ z1 z2
w2
w1

w3
w2

Q2 Q3 w1 w2 w3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.974 0.976 1.011 1.001 0.967 1.153 0.993 0.990 1.002
1.260 0.943 0.948 1.023 1.002 0.928 1.327 0.985 0.978 1.004
1.240 0.907 0.916 1.039 1.003 0.885 1.524 0.976 0.964 1.006
1.220 0.866 0.879 1.058 1.005 0.835 1.743 0.965 0.949 1.011
1.200 0.820 0.837 1.081 1.006 0.781 1.981 0.953 0.931 1.016
1.180 0.769 0.791 1.110 1.009 0.722 2.234 0.940 0.911 1.024
1.160 0.714 0.740 1.144 1.011 0.659 2.496 0.926 0.890 1.034
1.140 0.655 0.686 1.184 1.015 0.595 2.758 0.911 0.867 1.048

τ z*
1 z*

2
w*

2
w*

1

w*
3

w*
2

Q*
1 Q*

2 w*
1 w*

2 w*
3

1.300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.280 0.985 0.986 1.006 1.022 0.984 1.072 0.990 0.988 0.995
1.260 0.967 0.970 1.013 1.046 0.966 1.151 0.981 0.977 0.992
1.240 0.947 0.952 1.022 1.071 0.946 1.237 0.973 0.967 0.990
1.220 0.924 0.932 1.031 1.098 0.924 1.331 0.966 0.957 0.990
1.200 0.900 0.909 1.042 1.127 0.899 1.431 0.960 0.947 0.993
1.180 0.873 0.885 1.055 1.157 0.872 1.535 0.955 0.940 0.998
1.160 0.844 0.859 1.069 1.188 0.844 1.642 0.953 0.933 1.006
1.140 0.814 0.831 1.085 1.219 0.814 1.750 0.952 0.929 1.017
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