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Abstract: The perturbation approach is presented here for the first time for the analysis of an
inhomogeneous circularly polarized rectangular dielectric resonator (DR) antenna (DRA). The in-
homogeneous permittivity is created by perturbing a rectangle-shaped region of different material
inside the rectangular dielectric resonator antenna (RDRA). The orthogonal degenerate modes with a
phase difference of TEx

111, and TEy
111, are excited simultaneously for achieving circular polarization.

A simple expression for the calculation of the resonant frequency and optimal axial ratio point for
a circularly polarized (CP) inhomogeneous RDRA is presented here. Theoretical results obtained
from the proposed theory are compared with theoretical, simulated, and experimental data available
in the literature. The proposed analysis results show optimal axial ratio point calculations within
a 1% range of the simulated and experimental data, which is better than the previous transverse
transmission line reported method, having an error of approximately 4%. The advantages, accuracy,
and simplicity of perturbation theory for DR are discussed in detail. The proposed theory can be
easily extended for higher order modes and other shapes of material perturbation and anisotropic
DRAs. The proposed technique will help in incorporation of the perturbation in the DR so that CP
radiation can be obtained in an easy way.

Keywords: inhomogeneous dielectric resonator antenna; perturbation theory; circular polarization;
resonant frequency

1. Introduction

High-frequency wireless applications need an antenna which can suitably be uti-
lized with low losses and improved performance parameters, like gain and radiation
efficiency [1]. Dielectric resonator (DR) antennas (DRAs) are predominantly being investi-
gated for fulfilling this purpose [2–4]. The low-loss, high-permittivity DRA gives a wider
bandwidth and higher radiation efficiency compared with metallic microstrip antennas.
Moreover, current research trends are moving toward the investigation of circularly po-
larized (CP) DRAs. The ability of CPDRAs to prevent polarization losses and antenna
misalignment losses makes them overwhelmingly preferred over linearly polarized (LP)
antennas [5,6]. Antennas with circularly polarized (CP) radiation patterns are preferred
for establishing links between transmitting and receiver antennas of modern wireless
communication systems. A number of research works showing the implementations of
CPDRAs have been reported recently [7–12]. Theoretical techniques are being developed
for implementing DRAs to find their different characteristics accurately [13]. The analysis
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of DRAs is still on the way toward the development of theoretical techniques for the predic-
tion of their different performance parameters. The accurate resonant frequency calculation
plays a vital role in the designing of application-specific antennas with optimized dimen-
sional parameters. The numerical methods for the analysis of isolated RDRAs are noted
in studies which are based on solving complex differential and integral equations. The
accuracy of the perturbation approach over other reported methods [14–17] for resonant
frequency calculation of an isolated RDRA [18] and an inhomogeneous stacked RDRA is
reported in [19]. The perturbation approach gives a simplified equation, and the calculated
frequency is within a 5% range of the measured and simulated frequencies.

Anisotropic inhomogeneous perturbed RDRAs provide enhanced gain and band-
width over unperturbed homogeneous RDRAs. The concept of material perturbation was
utilized for designing wideband enhanced gain CP RDRAs [20–23]. Analysis of DRAs
with operating modes responsible for LP and CP radiations is available in the literature,
based on the finite difference time domain (FDTD) method, finite element method (FEM),
dielectric waveguide model (DWM), and transmission line mode. The FDTD method
and FEM are performed by solving complex differential equations which require huge
amounts of memory. The transverse transmission line technique [24] and mode matching
technique [25] are used along with effective permittivity [26–30] approximation to improve
their accuracy. Both of these techniques use the concept of wave number calculation in the
direction of inhomogeneity.

In this paper, the perturbation approach is presented for the analysis of inhomoge-
neous CP RDRAs. The accurate resonant frequency of two orthogonal modes can be
calculated using the perturbation approach, and the resultant frequency of two modes can
be averaged for finding the optimized axial ratio point. Quasi-static approximations [31]
are applied at the dielectric-dielectric discontinuity of inhomogeneous RDRAs, and finally,
the change in resonant frequency is calculated in terms of the change in stored energy.
The proposed approach for calculation of the resonant frequencies of orthogonal modes
and the optimal axial ratio point is found to be close to the simulated, experimental, and
theoretical data available in the literature. A comparison of the proposed theory with
the mode matching technique and transverse transmission line technique is made. The
accuracy of the validation of the theory over other reported methods is performed in terms
of a very small percentage of error with respect to the simulated and experimental data.

The scope of the proposed theory is that it can be extended to other shapes of DRAs
and also for higher order modes [32,33]. The material perturbation can be combined with
metal wall perturbation for designing inhomogeneous anisotropic DRA material, which
can be further utilized for enhanced gain and wideband CP higher order mode DRAs.
It can be concluded that the perturbation approach increases antenna design flexibility
by adding one more degree of freedom, and hence, it can be an important method for
designing antennas with the optimized and desired radiation characteristics.

As was discussed, CPDRAs are currently being implemented due to their ability to
mitigate the polarization losses that occur due to antenna misalignment and environmental
effects [1]. A number of CPDRAs have recently been developed with deformed radiator
shapes [8,34–36]. Shape deformation of the radiating element is one of the simplest methods
available in the literature for obtaining the CP response [35,36]. However, prediction of
the resonant frequencies of the generated orthogonal degenerate modes is still a difficult
task in the case of the CPDRA. The research work noted in this paper reports a technique
of prediction of the resonant frequencies of the orthogonal degenerate modes required
for the CP radiation. This is the first mathematical model reported for the prediction of
the resonant frequency of the CPDRA based on the perturbation. This will help with
incorporation of the perturbation inside the DR so that the CP response can be obtained in
the easiest way, which is the current research issue.
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2. Theoretical Implementation

Consider that a homogeneous rectangular DRA having a permittivity εr and dimen-
sions l0 ×w0 × h0 is placed on a ground plane. A rectangular shape perturbation is created
inside the original DRA, and the perturbed region has the dimensions lp ×wp × hp and
a permittivity εp. The material perturbation results in an inhomogeneous RDRA. The
TEx

111 and TEy
111 modes can be excited either using dual feeds at position (l0/2, 0, 0) and

(0, w0/2, 0) or a single feed at position (l0/2, w0/2, 0). Figure 1a shows the configuration
of the original rectangular DRA. Figure 1b shows the configuration of an inhomogeneous
RDRA. Figure 1c shows the front view of a circularly polarized inhomogeneous RDRA.
Figure 1d shows the side view of a circularly polarized inhomogeneous RDRA.
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Figure 1. (a) Configuration of the original RDRA. (b) Configuration of the inhomogeneous RDRA.
(c) Front view of the circularly polarized inhomogeneous RDRA. (d) Side view of the circularly
polarized inhomogeneous RDRA.

For optimal excitation of the modes, probes are placed at the centers of the walls of the
homogeneous RDRA, resulting in a linearly polarized field. The height of the probe can
be adjusted for achieving good matching. For analysis of an inhomogeneous DRA using
perturbation theory, the fields of the original DRA must be known. The field distribution
depends upon the mode of excitation. The proposed perturbation approach provides a
simple expression of the change in resonant frequency due to perturbation in terms of the
change in the stored energy of the DRA, and the change in stored energy depends upon
the perturbed region’s dimensions and the dielectric constant.

The field equations for the TEx
111 and TEy

111 modes are given in Appendix A, where
A is the arbitrary constant and Kx, Ky, Kz are the wave numbers along the x, y, and z
directions, respectively. A transcendental equation is used for calculating the resonant
frequency f0, and the wave numbers must satisfy the separation equation.

The perturbation approach for a dielectric resonator is given by Equation (1):

fp − f0

f0
=

∆wm − ∆we

wm + we
= −

∫ ∫ ∫
∆εEP.E∗0dτ

2
∫ ∫ ∫

εrE2
0dτ

(1)



Electronics 2021, 10, 2273 4 of 10

2.1. Resonant Frequency of the TEx
111 Mode of an Inhomogeneous RDRA Using

Perturbation Theory

The total stored energy for TEx
111 is found as follows:

Wex + Wmx =
ε0εrA2l0w0h0

16

[
ky

2 + kz
2
]
[1 + sin c(kxl0)] (2)

The resonant frequency of a homogeneous rectangular dielectric resonator antenna
using perturbation theory [19] is given by Equation (3):

frx = f0x + δfx (3)

δfx = f0x ×

(
kx
k0

)2
− 1

εrw0h0
× 1

1 + sin c(kxl0)
×

ky
2h0√

(εr−1)2k0
2−ky2

+ kz
2w0√

(εr−1)2k0
2−kz2

ky2 + kz2 (4)

When a homogeneous RDRA is excited in TEx
111 mode, having a resonant frequency

frx, it is subjected to material perturbation with permittivity εp, and the change in the
resonant frequency of TEx

111 mode can be calculated using Equation (1). The continuity of
the tangential electric field components in the unperturbed and perturbed regions must be
maintained (i.e., Ep = E0):

Ep = E0 (5)

where E0 is the electric field of the homogeneous RDRA and Ep is the electric field in the
perturbed region of the inhomogeneous RDRA.

By substituting Equations (2)−(5) into Equation (1), we get Equation (6), which can be
used for calculating the resonant frequency of the perturbed RDRA excited in TEx

111 mode:
fpx − frx

frx
= −

(
εp

εr
− 1
)(

ky
2

ky2 + kz2

)(
wphp

(
l0 − lp

)
l0w0h0

)(
1 + sin c

(
kx
(
l0 − lp

))
1 + sin c(kxl0)

)
(6)

fpx − frx

frx
= −

(
εp

εr
− 1
)(

h0
2

w02 + h02

)(
wphp

(
l0 − lp

)
l0w0h0

)(
1 + sin c

(
kx
(
l0 − lp

))
1 + sin c(kxl0)

)
(7)

2.2. Resonant Frequency of the TEy
111 Mode of the Inhomogeneous RDRA Using

Perturbation Theory

The above steps can be repeated for the TEy
111 mode of an RDRA.

When a homogeneous RDRA is excited in TEy
111 mode, having a resonant frequency

fry, it is subjected to material perturbation with a permittivity εp, and the change in the
resonant frequency of the TEy

111 mode can be calculated using Equation (1). Upon being
solved, Equation (1) is reduced to Equation (8). The change in the resonant frequency of a
perturbed RDRA excited in TEy

111 mode is given by Equation (9):
fpy − fry

fry
= −

(
εp

εr
− 1
)(

kx
2

kx2 + kz2

)(
lphp

(
w0 −wp

)
l0w0h0

)(
1 + sin c

(
ky
(
w0 −wp

))
1 + sin c(kyw0)

)
(8)

fpy − fry

fry
= −

(
εp

εr
− 1
)(

h0
2

l02 + h02

)(
lphp

(
w0 −wp

)
l0w0h0

)(
1 + sin c

(
ky
(
w0 −wp

))
1 + sin c(kyw0)

)
(9)

Hence, the resonant frequency of the TEx
111 and TEy

111 modes of an inhomogeneous
DRA can be obtained by solving Equations (7) and (9), respectively.

2.3. Resonant Frequency of a Circularly Polarized Inhomogeneous RDRA Using
Perturbation Theory

An RDRA excited in the TEx
111 and TEy

111 modes radiates like the x and y directed
magnetic dipoles. The two orthogonal modes can be generated simultaneously using a
single feed at position (l0/2, w0/2, 0)). The resultant electric field component is for the
single feed at position (l0/2, w0/2, 0).
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The RDRA at (z = 0 plane) is given by following equation:

Ez = −A ky cos(kxx)âz + A kx cos
(
kyy

)
âz (10)

Ez = −A
π

w0
cos
(

kx
l0
2

)
âz + A

π

l0
cos
(

ky
w0

2

)
âz (11)

The two components in the resultant electric field are in the phase quadrature. The
components corresponding to the TEx

111 and TEy
111 modes are −A ky cos(kxx)âz and

Akx cos
(
ky

w0
2
)
âz , respectively.

The dimensions of the inhomogeneous RDRA (l0, w0, h0, lp, wp, hp) and the permittiv-
ity (εr, εp) must be chosen properly so that the following condition of circular polarization
is satisfied:

fpx

Qx
+

fpy

Qy
= fpy − fpx (12)

where fpx, fpy are the resonant frequencies corresponding to the TEx
111 and TEy

111 modes
of the inhomogeneous RDRA, respectively, and Qx, Qy are the unloaded Q factors of the
two modes.

The inhomogeneous RDRA will radiate like a CP RDRA at a resonant frequency fpc,
which is the average of the resonant frequencies of the orthogonal modes:

fpc =
fpx + fpy

2
(13)

For the CP RDRA, the optimal axial ratio point is approximately centered between
the resonant frequencies of the orthogonal modes (i.e., the optimal AR point will be
approximately at fpc). When fpy > fpx, the upper resonance fpy operates at a lower −3 db
point, which gives a −45◦ phase shift relative to the fpc, and the lower resonance fpx
operates at an upper −3 db point, which gives a 45◦ phase shift relative to the fpc. The
90◦ phase difference is obtained between the two modes, which is required for achieving
circular polarization.

The symbols used here are as follows: εr and εp are the dielectric constant of the origi-
nal and perturbed region of the RDRA, respectively; f0x, f0y are the resonant frequencies of
the homogeneous RDRA using the DWM method; frx, fry are the resonant frequency of the
homogeneous RDRA using the perturbation method; fpx, fpy are the resonant frequencies
of the inhomogeneous RDRA using the perturbation method; fpc represents the frequency
corresponding to the optimal axial ratio point; fm and fm_0.88 are the resonant frequencies
of the inhomogeneous RDRA according to the mode matching technique and effective
dielectric permittivity approach, respectively; ft represents the resonant frequency of the
hollow RDRA using the transverse transmission line model; and fhfss, fmeas represent the
simulated and measured resonant frequencies, respectively.

3. Results

The proposed perturbation theory for an inhomogeneous RDRA is compared to the
theoretical results available in the literature and validated by comparing the proposed
theoretical results with the simulated and measured results available in the literature.

The perturbation theory is verified for the single-mode TEy
111of the inhomogeneous

RDRA [25]. Analysis of the horizontally inhomogeneous RDRA using the mode matching
technique is presented in [25], and this is the special case of the proposed theory where
lp = l0 & hp = h0. The TEy

111 mode is excited in the RDRA (l0×w0× h0, εr) and subjected
to material perturbation (l0 ×wp × h0, εp) along the y-axis. The expression of the resonant
frequency can be obtained by solving Equation (1) for the TEy

111 mode. The resonant
frequencies calculated were compared to the theoretical, simulated, and measured resonant
frequencies (Tables 1 and 2 of [25]) of the inhomogeneous RDRA. Table 1 shows the
comparison of the proposed perturbation theory for inhomogeneous RDRAs to the mode
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matching technique [25] for inhomogeneous RDRAs. The error between the theoretical
frequencies calculated from the proposed method and simulated frequencies was found
to be within an acceptable range (Table 1). A comparison between the mode matching
technique and the proposed theory is shown graphically in Figure 2a,b.

Table 1. Comparison of resonant frequencies with the mode matching theory and the simulated resonant frequencies of a
horizontally inhomogeneous rectangular dielectric resonator antenna (HIRDRA) (Table 1 [25]).

DRA εr εp
Dimensions (mm)

fm [25]
fm_0.88

[25]
fhfss
[25] fyp

% Error
∆fm = fm−fyp

fyp

% Error
∆fm_0.88 =

fm_0.88−fyp
fyp

% Error
∆fhfss = fhfss−fyp

fypl0 × wp × h0 wp

1 25 10 10 × 10 × 16 5 4.565 4.865 4.737 4.6992 −2.9 3.5 0.8

2 80 25 10 × 9 × 24 6 2.761 2.942 2.954 2.9632 −6.8 −0.7 −0.3

3 80 40 15 × 4 × 30 1 2.215 2.359 2.365 2.2818 −2.9 3.4 3.6

4 100 50 10 × 20 × 20 10 1.836 1.957 2.011 2.0228 −9.2 3.3 −0.6

5 100 10 15 × 8 × 20 3 1.850 1.972 1.982 1.8456 0.2 6.8 7.4

6 40 10 6 × 5 × 8 2 6.324 6.742 6.754 6.4953 −2.6 3.8 4.0

7 40 10 6 × 4 × 12 2 6.592 7.023 6.966 6.8365 −3.6 2.7 1.9

8 100 30 6 × 6 × 12 3 3.707 3.952 3.977 3.9166 −5.4 0.9 1.5

9 80 40 5 × 9 × 12 4 4.000 4.264 4.353 4.3974 −9.0 −3.0 −1.0

10 80 40 5 × 5 × 12 1 4.193 4.469 4.590 4.5719 −8.3 −2.3 0.4

According to [25], the frequency fm [25] is the resonant frequency of the HIRDRA calculated using the mode matching technique. Frequency
fm_0.88 [25] of the HIRDRA is calculated by considering the effective permittivity approximation (εr eff = ∗εr & εp eff = ∗εp).
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Table 2. Theoretical and experimental validation of the resonant frequency with Table 2 of [25] of a horizontally inhomoge-
neous rectangular DRA.

DRA εr εp
Dimensions (mm) fm_0.88

[25]
fmeas
[25] fyp

% Error
∆fm_0.88 = fm_0.88−fyp

fyp

% Error
∆fmeas = fmeas−fyp

fypl0 × w0 × h0 wp

1 25 10 25 × 42 × 10 25 3.569 3.52 3.5845 −0.4 −1.8

2 25 10 25 × 8 × 50 5 2.757 2.68 2.794 −1.3 −4.1

3 10 25 25 × 30 × 10 5 4.511 4.43 4.5044 0.1 −1.7

Table 3. Comparison of the resonant frequencies of the CP hollow inhomogeneous RDRA [24] and hollow RDRA having
dimensions l0 = 21.7, w0 = 57.5, h0 = 46, lp = 11.8, wp = 48.2, and hp = 31.8, with a dielectric constant εr = 9.4, εp = ε0.

Mode fT [24] fhfss [24] fmeas [24] fP
% Error

∆fT= fT−fP
fP

% Error
∆fhfss = fhfss−fP

fP

% Error
∆fmeas = fmeas−fP

fP

TEx
111 2.03 2.08 2.04 2.14 −5.6 −5.1 −3.3

TEy
111 2.63 2.67 2.2.67 2.71 −3.2 −3.5 −1.7

Table 4. Experimental validation of the proposed theory for calculation of the optimal axial ratio point of a circularly
polarized hollow RDRA having dimensions l0 = 21.7, w0 = 57.5, h0 = 46, lp = 11.8, wp = 48.2, and hp = 31.8, with a dielectric
constant εr = 9.4, εp = ε0.

Theory
Optimal Axial Ratio Point % Error

∆fhfss = fhfss−fCP
fCP

% Error
∆fmeas = fmeas−fCP

fCPfCT [24] fchfss [24] fcmeas [24] fCP

Proposed - 2.24 2.4 2.425 0.2 1

Proposed [24] 2.33 * 2.24 2.4 - 3.9 3

* The average of 2.03 and 2.63 is 2.33. According to Figure 7 of [24], the simulated optimal axial ration point (fchfss) is at 2.42 GHz, and the
measured optimal axial ration point (fcmeas) is 2.4 GHz. The optimal axial ratio point for the proposed theory is calculated using Equation (13).

Theoretical and experimental validation of the resonant frequency with Table 2 of [25]
for horizontally inhomogeneous rectangular DRAs is shown in Table 2. The small per-
centage of error between the calculated resonant frequency and the measured resonant
frequency is an indicator of the accuracy of the proposed perturbation method.

The theory is further validated for circular polarization and compared to the theoreti-
cal, simulated, and experimental results as shown in [24]. A circularly polarized hollow
rectangular DRA is analyzed in [24]. An equivalent circuit model is used for calculating
the wave number and DWM method for resonant frequency calculation. The transverse
transmission line technique was used along with the effective dielectric constant method
to obtain the characteristic equation of a hollow rectangular RDRA.

A hollow RDRA is an inhomogeneous RDRA where εp = ε0. In [24], the CP hollow
DRA is designed for 2.4 GHz. This is the case for an RDRA (21.7 × 57.5 × 46 mm3, εr = 9.4)
subjected to material perturbation (11.8 × 48.2 × 31.8 mm3, εp = ε0) for making a hollow
DRA. Equations (7) and (9) can be used for calculating the resonant frequency of the TEx

111
and TEy

111 modes, respectively. The calculated percentage error between the resonant fre-
quencies calculated from the transverse transmission line technique [24] and perturbation
theory is shown in the table in [3]. A comparison of the transverse transmission line tech-
nique and the proposed theory is shown graphically in Figure 2c,d. Mode 1 in Figure 2c
corresponds to the TEx

111 mode, and Mode 2 corresponds to the TEy
111 mode. Theory 1 in

Figure 2d corresponds to the proposed method, and Theory 2 corresponds to the transverse
transmission line technique.

The center frequency corresponding to the optimal axial ratio point can be calculated
using Equation (13). Table 4 shows experimental validation of the proposed theory for
the calculation of the optimal axial ratio point of a circularly polarized hollow RDRA. The
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proposed perturbation approach yielded a very accurate estimation of the optimal AR
point for designing a CP inhomogeneous RDRA. Table 4 shows the accuracy of the given
theory over the previously reported theory. The suggested theory gave an error rate of
around 0.2% from the simulated results and within 1% with the measured results, which
was better than earlier reported transverse transmission line method, having an error of
3.9% from the simulated results and 3% with the measured results.

Hence, the perturbation theory for circular polarized inhomogeneous RDRAs gives
simpler equations for accurate calculation of the resonant frequency and the optimal
axil ratio point. The simplicity and accuracy of the proposed theory over other reported
methods is justified. The method can be applied for designing any arbitrary circularly
polarized inhomogeneous RDRA with an enhanced degree of freedom in terms of the
perturbed region dimensions and permittivity. Anisotropic structures obtained by material
perturbation can be utilized for designing DRAs with enhanced gain and bandwidth. The
theory can be easily extended for other shapes of DRAs and other shapes of perturbation.

4. Conclusions

The concept of material perturbation is applied here for calculating the optimal axial
ratio point of a circularly polarized perturbation inhomogeneous rectangular RDRA by
making use of the change in resonant frequency of simultaneously excited orthogonal
modes TEx

111 and TEy
111. The theoretical results obtained from a simple equation are

compared with the previously reported theories (mode matching technique and transverse
transmission line technique). The results are also compared to simulated and experimental
results, and the accuracy of the perturbation theory over the reported methods is validated.
The proposed method of calculation of the resonant frequency corresponding to the optimal
axial ratio provided an error of around 0.2% from the simulated results and within 1% of
the measured results, which is better than the earlier reported method, having an error
of approximately 4%. The theory can be extended for studying the effect of perturbation
on the Q factor of the orthogonal modes, higher order modes, and different shapes of
perturbation of DRAs.
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Appendix A

Field Equations for TEx
111 and TEy

111 Mode of Homogeneous Rectangular DRA

TEx
111 Mode TEy

111 Mode

Ex = 0 Ey = 0
Ey = Akz cos(kxx) cos

(
kyy

)
sin(kzz) Ex = −Akz cos(kxx) cos

(
kyy

)
sin(kzz)

Ez = −Aky cos(kxx) sin
(
kyy

)
cos(kzz) Ez = Akx sin(kxx) cos

(
kyy

)
cos(kzz)

Hx = A ky
2+kz

2

jωµ0
cos(kxx) cos

(
kyy

)
cos(kzz) Hx = A kxkz

jωµ0
sin(kxx) sin

(
kyy

)
cos(kzz)

Hy = A kxky
jωµ0

sin(kxx) sin
(
kyy

)
cos(kzz) Hy = A kx

2+kz
2

jωµ0
cos(kxx) cos

(
kyy

)
cos(kzz)

Hz = A kxkz
jωµ0

sin(kxx) cos
(
kyy

)
sin(kzz) Hz = A kykz

jωµ0
cos(kxx) sin

(
kyy

)
sin(kzz)

kx tan
(

kx
l0
2

)
= (εr − 1)k0

2 − kx
2 ky tan

(
ky

w0
2
)
= (εr − 1)k0

2 − ky
2

kx
2 + ky

2 + kz
2 = εrk0

2 kx
2 + ky

2 + kz
2 = εrk0

2

ky = π
w0

, kz = π
h0

kx = π
l0

, kz = π
h0

A is the arbitrary constant and Kx, Ky, Kz are the wave numbers along the x, y, and z directions,
respectively.
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