
Citation: Zhang, Y.; Zhang, J.; Zhang,

J.; Liu, G.; Zhang, Y.; Yao, Y.

Theoretical Analysis of Favorable

Propagation on Massive MIMO

Channel with Generalized Angle

Distributions. Electronics 2022, 11,

2150. https://doi.org/10.3390/

electronics11142150

Academic Editor: Athanasios

Kanatas

Received: 1 June 2022

Accepted: 1 July 2022

Published: 9 July 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

electronics

Article

A Theoretical Analysis of Favorable Propagation on Massive
MIMO Channels with Generalized Angle Distributions
Yuxiang Zhang 1,* , Jianhua Zhang 1,*, Jian Zhang 1 , Guangyi Liu 2, Yuan Zhang 1 and Yuan Yao 3

1 State Key Laboratory of Networking and Switching Technology, Beijing University of Posts and
Telecommunications, Beijing 100876, China; hackerzhangjian@gmail.com (J.Z.);
yuanzhang@bupt.edu.cn (Y.Z.)

2 China Mobile Research Institute, Beijing 100053, China; liuguangyi@chinamobile.com
3 School of Electronic Engineering, Beijing University of Posts and Telecommunications, Beijing 100876, China;

yaoy@bupt.edu.cn
* Correspondence: zhangyx@bupt.edu.cn (Y.Z.); jhzhang@bupt.edu.cn (J.Z.)

Abstract: Massive MIMO obtains the multiuser performance gain based on the favorable propagation
(FP) assumption, defined as the mutual orthogonality of different users’ channel vectors. Until now,
most of the theoretical analyses of FP are based on uniform angular distributions and only consider
the horizontal dimension. However, the real propagation channel contains full dimensions, and the
spatial angle varies with the environment. Thus, it remains unknown whether the FP condition holds
in real deployment scenarios and how it impacts the massive MIMO system performance. In this
paper, we analyze the FP condition theoretically based on a cluster-based three-dimensional (3D)
MIMO channel with generalized angle distributions. Firstly, the FP condition’s unified mathematical
expectation and variance expressions with full-dimensional angular integral are given. Since the
closed-form expressions are hard to derive, we decompose generalized angle distributions, i.e.,
wrapped Gaussian (WG), Von Mises (VM), and truncated Laplacian (TL) into the functions of Bessel
and Cosine basis by introducing Jacobi-Anger expansions and Fourier series. Thus the closed-form
expressions of the FP condition are derived. Based on the above, we theoretically analyze the
asymptotically FP condition under generalized angle distributions and then compare the impact of
angular spreads on the FP performance. Furtherly, the FP condition is also investigated by numerical
simulations and practical measurements. It is observed that environments with larger angle spreads
and larger antenna spacing are more likely to realize FP. This paper provides valuable insights for the
theoretical analysis of the practical application of massive MIMO systems.

Keywords: massive MIMO; favorable propagation; 3D MIMO channel; generalized angle distribution

1. Introduction

Mobile communications are undergoing a generational evolution from Fifth-generation
(5G) to Sixth-generation (6G) systems. Compared with 5G, 6G requires much higher data
rates, better reliability, and lower transmission latency, etc. [1–3]. To meet the above require-
ments, one of the most promising solutions is massive MIMO, which can further utilize the
spatial resource [4–9].

Massive MIMO brings more resources to the spatial domain and improves the commu-
nication system capacity [5] by using the channel degrees of freedom (DoFs). Full or three
dimensional (3D) MIMO [10–13] is a typical massive antenna realization, which deploys
antenna elements in both horizontal and elevation domains. Holographic MIMO is another
novel spatially-constrained massive antenna realization with densely deployed antennas in
a limited array aperture [14,15]. In reality, the favorable propagation (FP) condition defined
as mutual orthogonality of different users’ channel vectors impacts the performance of
massive MIMO systems severely [16–20].
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Several studies have focused on the effectiveness of the FP condition in recent years.
In [7,18], theoretical analysis indicates that the FP condition is realized in i.i.d. Rayleigh
fading channels when the number of BS antennas tends to infinity. In [20], the authors
furtherly analyze the FP condition for reconfigurable intelligent surfaces in spatially cor-
related Rayleigh channels. Different from the assumption of rich-scattering for Rayleigh
fading, the single ray line-of-sight (SR-LOS) case without scattering is researched when the
uniform linear array (ULA) is deployed at BS [16,18]. Besides, the authors expand the cases
of different antenna arrays, i.e., the uniform planar array (UPA) and uniform circular array
(UCA) [21]. However, the above two cases might not be practical in some scenarios. For
example, the spatial sparsity is observed in realistic massive MIMO channels [22], espe-
cially in mmWave frequency bands [23–25]. Therefore, we set up a massive MIMO channel
measurement system with 32 to 256 antenna elements at BS to study the FP condition in
more common cases of real scenarios. And then, we perform a field experiment in three
typical scenarios, i.e., urban macrocell (UMa), urban microcell (UMi), and rural macrocell
(RMa) [6]. The analysis results imply that the orthogonality of different users’ channel
vectors is related to spatial angle spreads, i.e., scattering environments. Furthermore, the
channel correlation and capacity performance of i.i.d. Rayleigh channels are analyzed in
massive MIMO measurements with 128 antenna elements [26,27]. Moreover, measurements
in an indoor ultra-dense scenario show that a distributed ULA topology is easier to satisfy
the FP condition for multiple serving users [28].

Researchers usually assume the angles of arrival or departure (AOAs/AODs) follow
uniform distributions to analyze the theoretical closed-form of the FP condition. The draw-
back of uniform distributions is their constant angle spreads which cannot distinguish
spatial characteristics caused by different scattering environments. Besides, field measure-
ments [10,29] and theoretical research [11,17,30–33] imply that wrapped Gaussian (WG),
Von Mises (VM) and truncated Laplacian (TL) generalized angle distributions can better fit
AOAs/AODs. Moreover, both the spatial azimuth and elevation angles are considered, and
they can be modeled by WG and TL distributions in the 5G channel model standards [34,35],
respectively. However, the closed-form solution is difficult to express due to the double
integral of spatial angles for the FP condition under these generalized distributions. Hence,
it is necessary to analyze the FP condition under these cases.

This paper studies the asymptotically FP condition under generalized angle distribu-
tions. Firstly, the 3D MIMO channel model without mutual coupling is adopted to gain
more insight into the FP condition in realistic environments. The model is proposed based
on a large number of field measurements and is the basic model adopted in the 5G channel
standards, such as 3GPP TR 38.901 [34] and ITU M. 2412 [35]. In our previous work [17],
we have derived the expectations and variances of the steering vector inner product under
a WG-TL distribution, and the performance has been validated by simulations. Furtherly in
this paper, we give the derivations of the asymptotically FP condition under a generalized
VM-TL distribution, and prove that the FP condition under the azimuth angle distribution
is a particular case with the elevation angle set to π

2 . Moreover, performances of the FP
condition are validated by both numerical simulations and practical measurements in this
paper. The main contributions of this paper are summarized as follows:

• To the best of the authors’ knowledge, it is the first time to analyze the FP condition
of the 3D MIMO channel with both horizontal and elevation domains. Moreover, we
investigate whether the real channel satisfies the FP condition in this paper.

• The expectations and variances of the channel steering vector inner product are
derived mathematically. Moreover, they are applied to analyzing different antenna
arrays by changing the coordinates of antenna elements, such as UPA and UCA.

• We theoretically prove that the asymptotically FP condition is satisfied under general-
ized angle distributions, i.e., WG-TL and VM-TL. The FP condition under uniform
distributions is a particular case for our results, and it underestimates the capacity gap
between real channels and the channel under the FP condition.
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• We analyze the FP condition under different antenna spacing in the numerical simula-
tions. It is noted that small antenna spacing, i.e., smaller than half-wavelength, leads
to large inter-user interference. The effect of the antenna array on the FP condition is
studied, and suitable spacing and array types are recommended.

• The FP condition is also validated by practical measurements. It is observed that
environments with larger angle spreads are more likely to satisfy the asymptotically
FP condition. Moreover, users in significantly different propagation environments are
more likely to have orthogonal channel vectors.

The remainder of the paper is outlined as follows. Section 2 briefly introduces the
FP’s definition and the 3D MIMO channel model we adopt. In Section 3, the expectations
and variances of the steering vector inner product are derived. Moreover, we theoretically
analyze the asymptotically FP condition under WG-TL and VM-TL. Sections 4 and 5 give
FP’s numerical and measurement results under different scattering scenarios and antenna
configurations. Finally, we conclude this paper in Section 6.

Notation: (·)T and (·)H denote the transpose and Hermitian transpose operation,
respectively. Cm×n represents a m × n dimensional matrix. The expectation and vari-
ance are denoted as E(·) and Var(·). The distributions of Von Mises, truncated Lapla-
cian, wrapped Gaussian, complex Gaussian and uniform distributions are expressed as
VM(µ, k), T L(µ, σ2),WG(µ, σ2), CN

(
µ, σ2) and U (a, b), respectively. Jn(·) and In(·) are

the nth order Bessel and modified Bessel function of the first kind, respectively.

2. Preliminaries
2.1. System Model

Consider an uplink single BS and multi-user massive MIMO system. K single-antenna
users are simultaneously communicating with an M-antenna BS, where M is much larger
than K. The system model can be given as [7]

y =
√

ρGx + n, (1)

where x = [x1, x2, . . . xK]
T denotes a K × 1 vector transmitted by K users and meets

E(|xk|2) = 1. y is an M× 1 vector received by the BS. G = [g1, g2, . . . , gK] is the channel
matrix and gk∈ CM×1 denotes the channel vector between the kth user and the BS. n is
the additive noise vector and its components follow the zero-mean and unit-variance
complex Gaussian distribution, i.e., CN (0, 1). ρ represents the transmitted signal-to-noise
ratio (SNR).

2.2. 3D MIMO Channel Model

In this paper, the 3D MIMO Geometry Based Stochastical channel model (GBSM) is
adopted due to its wide application in both academics and standards [5,34]. In general, the
wireless channel vector is a combination of the antenna response and the pure channel impulse
response [34,35]. A cluster-based 3D MIMO channel model is illustrated in Figure 1, where
each sphere represents a cluster and the dots inside it are similar rays of the cluster [5,36]. It
can be seen the 3D MIMO channel is superimposed by the rays in each cluster. The wave
line of each ray is represented by the azimuth AOA φc,l and elevation AOA θc,l in a spherical
coordinate together, and they can be fitted by some statistical distributions based on practical
field channel measurements [34,35].

Assuming mutual coupling does not exist between isotropic antenna elements, the
channel vector of the kth user can be simplistically expressed as

gk =
√

βk

C

∑
c=1

√
pk,c

L

L

∑
l=1

αk,c,lw(φk,c,l , θk,c,l)

(a)
=

S

∑
s=1

αsw(φs, θs), (2)
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where

• βk is the large-scale fading.
• C and L are the number of clusters (spheres in Figure 1) and rays per cluster (dots in

each sphere in Figure 1), respectively.
• pk,c is the normalized power of the kth user’s cluster c.
• αk,c,l , φk,c,l , θk,c,l are the normalized complex amplitude, azimuth AOA, elevation AOA

of the lth ray in the cth cluster for the kth user, respectively.
• αk,c,l ∼ CN (0, 1).
• w(φk,c,l , θk,c,l) is the antenna array steering vector. And the element of w(φk,c,l , θk,c,l)

is w(φk,c,l , θk,c,l) = ej 2π
λ (sin θk,c,l cos φk,c,l xm+sin θk,c,l sin φk,c,l ym+cos θk,c,lzm) when each antenna

radiation pattern is assumed to be omnidirectional. [xm, ym, zm]T is the mth antenna
element’s location vector in a Cartesian coordinate system.

Z
Z

Figure 1. The illustration of a 3D MIMO channel model [5].

The equality (a) in the formula (2) holds when we use subscript s to represent subscript
(k,c,l) equivalently for a simplified representation. The element of w(φs, θs) is wms = wm,k,c,l ,

and αs =
√

βk pk,c
L αk,c,l .

2.3. Favorable Propagation and Channel Capacity

According to [18], the FP condition is defined as

gH
i gj =

{
0, i 6= j,
‖gi‖2

2, i = j.
(3)

Equation (3) is an ideal assumption, which usually does not hold in most of realistic
scenarios. However, when the antenna number at BS tends to infinity, different users’
channel vectors will become asymptotically orthogonal. This is the asymptotically favorable
propagation condition [7] in (4). When i 6= j, there is

1
M

gH
i gj → 0, M→ ∞. (4)

Assuming the channel state information (CSI) is known to the BS [7] and considering
the system model in (1), we express the massive MIMO system capacity as (5).

C = log2 det(IK + ρGHG)

(b)
= log2det

(
IK + ρdiag(‖g1‖2

2, ‖g2‖2
2, . . . , ‖gK‖2

2)
)

=
K

∑
k=1

log2(1 + ρ‖gk‖2
2), (5)
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where diag(a1, a2, . . . , an) represents a diagonal matrix and an is the diagonal element. The
equality (b) in the formula (5) holds only if the FP condition is satisfied. The expression (5)
shows that different users’ channel vectors are mutually independent and inter-user inter-
ference does not exist. Besides, it shows that the channel under FP provides the maximum
capacity [6].

3. Asymptotically Favorable Propagation Analysis Using WG-TL and VM-TL
3.1. Asymptotically FP Analysis

The asymptotically FP can be expressed as (6) based on the channel model in (2).

1
M

gH
i gj =

1
M

S

∑
s=1

α∗s wH(φs, θs)
P

∑
p=1

αpw(φp, θp)

=
S

∑
s=1

P

∑
p=1

α∗s αp ·
1
M

M

∑
m=1

w∗mswmp. (6)

Since the term α∗s αp is limited by the large-scale fading parameter
√

βiβ j, the condition

ξ =
1
M

wH(φs, θs)w(φp, θp)

=
1
M

M

∑
m=1

w∗mswmp → 0, M→ ∞, (7)

is sufficient to satisfy the asymptotically FP condition in (4).
In practical massive MIMO systems, ξ in (7) can be calculated as

ξ =
1
M

M

∑
m=1

(
ej 2π

λ (sin θs cos φsxm+sin θs sin φsym+cos θszm)

×e−j 2π
λ (sin θp cos φpxm+sin θp sin φpym+cos θpzm)

)
, (8)

Equation (8) is a general formula for arbitrary types of antenna arrays with only
different location vectors being generated [21,37].

3.2. Statistical Property Analysis under Generalized Angle Distributions

To derive the formula (7) holds is to prove the expectation E(ξ) and variance Var(ξ)
both equal to zero based on the statistical theory [38]. Considering the rays between
different users and the BS follow i.i.d. distribution, E(ξ) and Var(ξ) are converted to (9)
and (10). Therefore, we need to derive E(w∗ms), E(wms), and E(w∗mswm′s) in (9) and (10) to
get E(ξ) and Var(ξ), where Eφ0(·) is the expectation operator for mean azimuth AOAs of
different users.

E(ξ) =
1
M

M

∑
m=1

E(w∗mswmp) =
1
M

M

∑
m=1

E(w∗ms)E(wmp)

=
1
M

M

∑
m=1

Eφ0{EAOA(w∗ms)}Eφ0

{
EAOA(wmp)

}
. (9)

Var(ξ) = E(ξξ∗)− E(ξ)E(ξ∗)

=
1

M2

M

∑
m=1

M

∑
m′=1

{
E(w∗mswm′sw∗m′pwmp) − E(w∗mswmp)E(wm′sw∗m′p)

}
=

1
M2

M

∑
m=1

M

∑
m′=1

{
Eφ0{EAOA(w∗mswm′s)}Eφ0

{
EAOA(w∗m′pwmp)

}
− Eφ0{EAOA(w∗ms)}Eφ0

{
EAOA(wmp)

}
{EAOA(wm′s)}Eφ0

{
EAOA(w∗m′p)

}}
. (10)
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Referring to some measurement results [10] and the standard 3D MIMO channel
model [34,35], VM or WG is used to model the azimuth angle distribution and TL is used
to model the elevation angle distribution. The probability density functions (PDFs) of VM,
WG, TL distributions are given in Table 1. The corresponding curves are plotted in Figure 2.
Different PDFs characterize different spatial angular dispersions which directly affect the
spatial correlation. It can be seen that the shape of the TL distribution is the narrowest,
which means most angles are concentrated around the mean value. And this characteristic
fits well with the elevation angle due to the sparse scatterers in the vertical dimension.
Besides, the WG distribution’s curve is very similar to that of the VM distribution’s,
especially for smaller angle spreads. As an ideal case, the uniform distribution which
represents rich scattering environments, is also given in Table 1 and Figure 2. The uniform
distribution U (−π, π) has the largest angle spread of 104◦ for azimuth angles.

Table 1. PDFs of different angle distributions.

Distribution PDF Domain

Wrapped Gaussian [34] Qg√
2πσg

e
−(φ−φ0)

2

2σ2
g −π ≤ φ− φ0 ≤ π

Von Mises [31] eκ cos(φ−φ0)

2π I0(κ)
−π ≤ φ− φ0 ≤ π

Truncated Laplacian [34] Ql√
2σl

e−
√

2|θ−θ0|
σl −π

2 ≤ θ − θ0 ≤ π
2

Uniform [21]
1

2π −π ≤ φ− φ0 ≤ π
2

1
π −π

2 ≤ θ − θ0 ≤ π

Notes: φ0, θ0, σg, σl are the mean azimuth AOA, mean elevation AOA, azimuth AOA spread, and elevation AOA
spread, respectively. κ is the concentration factor. Qg and Ql are the normalization factors, which make the
integral of PDFs on the domain equal to 1.

-200 -150 -100 -50 0 50 100 150 200

angle(degree)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

P
D

F

VM k=2

WG 
g
=55

°

TL 
l
=55

°

VM k=4

WG 
g
=30

°

TL 
l
=30

°

Uniform =104
°

Figure 2. PDFs of different angle distributions.

3.2.1. Von Mises and Truncated Laplacian Distributions

Assume azimuth AOAs φ follow VM(φi
0, κ) and elevation AOAs θ follow T L(θi

0, σl),
where φi

0 and θi
0 are the mean azimuth AOA and mean elevation AOA of the ith user,

respectively. Assume that users are uniformly distributed around the BS, i.e., φi
0 follows

U (−π, π). We are now deriving the expectation Evl(ξ) and variance Varvl(ξ) in (9) and (10).

EAOA(w∗ms) =

π
2∫

− π
2

π∫
−π

ej 2π
λ (sin θ cos φxm+sin θ sin φym+cos θzm) eκ cos(∆φ)

2π I0(κ)

Ql√
2σl

e−
√

2|∆θ|
σl d∆φd∆θ. (11)
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Firstly, EAOA(w∗m′p) in (9) and (10) can be expressed as (11), where ∆φ = φ−φ0 and
∆θ = θ−θ0 in Table 1. Then we utilize the product-to-sum transform, Bessel expansion
in (12), and Euler transform cos(n∆φ) = ejn∆φ+e−jn∆φ

2 and compute the integral according to
the integral representation of Bessel function in (13).

eκ cos(∆φ) = I0(κ) + 2
∞

∑
n=1

In(κ) cos(n∆φ). (12)

Jn(v) =
1

2π

π∫
−π

ej(nθ−v sin θ)dθ. (13)

Furtherly, using the similar process with Equation (18) to (29) in [17], (11) is finally
given as (14),

EAOA(w∗ms) = Cvl

(
χ0Γ0(−xm,−ym, zm) + 2

∞

∑
n=1

χn cos(n(φi
0 −Ωm)Γn(−xm,−ym, zm)

)
, (14)

where

• Cvl is the constant component associated with the distribution of AOA,

Cvl =
Ql√

2σl I0(κ)
. (15)

• {χn, n = 0, 1, 2, . . .} are given by

χn = (−j)n In(κ). (16)

• {Γn(x, y, z), n = 0, 1, 2, . . .} are the functions of antenna coordinates in (17). Ωm is

equal to arctan( ym
xm

). {al , l = 0, 1, 2, . . .} are the Fourier series coefficients of e−
√

2|θ− π
2 |

σl .

Finally, (18) and (19) are derived. The detailed proof is given in Appendix A.

Γn(x, y, z) =
∞

∑
l=0

al

∞

∑
β=−∞

(j)β Jβ(
2π

λ
zm)

π

2

{
cos(

lπ
2
)
[

cos(
l + β

2
π)J n−l−β

2
(

π

λ
sec Ωmxm)J n+l+β

2
(

π

λ
sec Ωmxm)

+ cos(
l − β

2
π)J n−l+β

2
(

π

λ
sec Ωmxm)J n+l−β

2
(

π

λ
sec Ωmxm)

]
+ sin(

lπ
2
)
[

sin(
l + β

2
π)J n−l−β

2
(

π

λ
sec Ωmxm)

× J n+l+β
2

(
π

λ
sec Ωmxm) + sin(

l − β

2
π)J n−l+β

2
(

π

λ
sec Ωmxm)J n+l−β

2
(

π

λ
sec Ωmxm)

]}
. (17)

Evl(ξ) =
Cvl

2

M

M

∑
m=1

χ0
2Γ0(xm, ym,−zm)Γ0(−xm,−ym, zm). (18)

Varvl(ξ) =
1

M2

M

∑
m=1

M

∑
m′=1

Cvl
2χ0

2Γ0(xm − xm′ , ym − ym′ , zm′ − zm)Γ0(xm′ − xm, ym′ − ym, zm − zm′)

− Cvl
4χ0

4Γ0(xm, ym,−zm)Γ0(−xm,−ym, zm)Γ0(xm′ , ym′ ,−zm′)Γ0(−xm′ ,−ym′ , zm′). (19)
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Γ0(x, y, z) ≈
L

∑
l=0

al

B

∑
β=−B

(j)β Jβ(
2π

λ
zm)

π

2
{cos(

lπ
2
)[cos(

l + β

2
π)J−l−β

2
(

π

λ
sec Ωmxm)J l+β

2
(

π

λ
sec Ωmxm)

+ cos(
l − β

2
π)J β−l

2
(

π

λ
sec Ωmxm)J l−β

2
(

π

λ
sec Ωmxm)] + sin(

lπ
2
)[sin(

l + β

2
π)J−l−β

2
(

π

λ
sec Ωmxm)

×J l+β
2
(

π

λ
sec Ωmxm) + sin(

l − β

2
π)J β−l

2
(

π

λ
sec Ωmxm)J l−β

2
(

π

λ
sec Ωmxm)]}. (20)

As observed in (18), the convergence property of Evl(ξ) is determined by Γ0 function
due to the constant values of Cgl

2 and Υ0
2. Hence, the convergence property of Γ0 function

is discussed. The coefficient al tends to zero with l increasing based on the property of
Fourier series coefficients. And |J|β||(|x|) is limited by 1 for any integer β and Jv(x)J−v(x)
is a finite value based on the properties of Bessel function [39], (9.1.5, 9.1.60 and 9.1.14).
Besides, as |x| or |β| increases, |J|β||(|x|) decays to zero. Furthermore, the functions of
sinusoidal, cosine and arc-cosine are all smaller than one. Therefore, it can be seen in (20)
that Γ0 function is summed by a number of finite values. When the antenna number
increases to infinity, i.e., M→ ∞, Γ0 function tends to zero and Evl(ξ)→ 0.

Similar with the above analysis, it can be inferred that the convergence property of
Varvl(ξ) in (19) is also determined by Γ0 function. As the antenna number M increases
to infinity, Γ0 function tends to zero and the variance Varvl(ξ) converges to zero, i.e.,
Varvl(ξ) → 0. It is concluded that the asymptotically FP condition is satisfied under the
VM-TL distribution based on the analysis of the convergence properties of Evl(ξ) and
Varvl(ξ).

3.2.2. Wrapped Gaussian and Truncated Laplacian Distributions

Assuming azimuth AOAs φ followWG(φi
0, σg) and elevation AOAs θ follow T L(θi

0, σl),
(9) and (10) are expressed as (21) and (22),

Egl(ξ) =
Cgl

2

M

M

∑
m=1

Υ0
2Γ0(xm, ym, zm)Γ0(−xm,−ym,−zm), (21)

Vargl(ξ) =
1

M2

M

∑
m=1

M

∑
m′=1

Cgl
2Υ0

2Γ0(xm − xm′ , ym − ym′ , zm − zm′)Γ0(xm′ − xm, ym′ − ym, zm′ − zm)

− Cgl
4Υ0

4Γ0(xm, ym, zm)Γ0(−xm,−ym,−zm)Γ0(xm′ , ym′ , zm′)Γ0(−xm′ ,−ym′ ,−zm′), (22)

where

• Cgl =
QgQl√

2σl
is the constant component associated with the AOAs’ distribution, and

Qg = 1
erf( π√

2σg
)
, Ql =

1

1−e
−
√

2π
2σl

.

• {Υn, n = 0, 1, 2, . . .} are given by

Υn =
1
2
(j)ne−

(nσg)2

2
[
erf(

π√
2σg
− j

nσg√
2
)

+ erf(
π√
2σg

+ j
nσg√

2
)
]
, (23)

and erf(a + jb) is the error function for complex argument [39].
• {Γn(x, y, z), n = 0, 1, 2, . . .} and Ωm are same with them in (11), (14) and (17).

The detailed proof is similar to the VM-TL distribution, which is given in our previous
work in [17]. When the antenna number m tends to infinity, the analysis of the convergence
properties of Egl(ξ) and Vargl(ξ) is similar with that of Evl(ξ) and Varvl(ξ), and we omit
the derivation process.
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3.2.3. Uniform Distributions

Assuming azimuth AOAs φ follow U (−π, π) and elevation AOAs θ follow U (−π
2 , π

2 ),
(9) and (10) are expressed similarly with (18), (19), (21) and (22). This result is proved in
(24)–(26) when we make κ in VM tend to zero, σg in WG and σl in TL tend to infinity.

• When we make κ in VM be zero, we have

eκ cos(φ−φ0)

2π I0(κ)

κ=0
=

e0 cos(φ−φ0)

2π I0(0)
=

1
2π

. (24)

• When we make σg in WG and σl in TL tend to infinity and utilize the L′ Hospital (LH)
rule, we have

lim
σg→∞

Qg√
2πσg

e
−(φ−φ0)

2

2σ2
g = lim

σg→∞

1√
2πσg

erf( π√
2σg

)

LH
=

1
2π

, (25)

lim
σl→∞

Ql√
2σl

e−
√

2|θ−θ0|
σl = lim

σl→∞

1√
2σl

1− e−
√

2π
2σl

LH
=

1
π

. (26)

In this case, WG, VM, and TL distributions converge to uniform distributions. There-
fore, WG, VM, and TL are the generalized expansions of uniform distributions, which are
more practical for the FP condition in the real scenario.

3.2.4. Azimuth Angle Distributions

Assuming the antenna elements are only deployed in the azimuth domain, i.e., ULA
in [16,18,21], rays can be distinguished only in the azimuth domain. We can set θ = π

2 , i.e.,
θ − θ0 = 0 in TL in Table 1, which indicates that the azimuth angle distribution is only a
particular case of our derivation.

4. Numerical Simulations

In order to analyze the FP condition under generalized angle distributions, we simulate
the performance utilizing the IMT-2020 5G channel simulation platform. This platform
is developed based on the 5G channel model standards 3GPP TR 38.901 [34] and ITU-R
M.2412 [35]. Three typical scenarios, i.e., UMa, UMi, and RMa, are selected, and different
types of antenna arrays are configured. Table 2 shows the detailed simulation parameters
(http://www.zjhlab.net/publications/imt-2020cmbupt/) (accessed on 30 May 2022).

Table 2. Simulation parameters [34,35].

Scenarios (NLOS) UMa UMi RMa

Center frequency 3.5 GHz
Number of clusters 20 19 10

Number of rays per cluster 20 20 20
Concentration factor κ 1 2 4

Inter-cluster azimuth angle spread σg 75◦ 55◦ 33◦

Inter-cluster elevation angle spread σl 18◦ 7.8◦ 3.8◦

Intra-cluster azimuth angle spread 15◦ 22◦ 3◦

Intra-cluster elevation angle spread 7◦ 7◦ 3◦

4.1. Statistical Property Analysis

This part analyzes the mathematical expressions of the expectations E(ξ) and variances
Var(ξ) in Section 3.2. If not specified, UPA with half-wavelength antenna spacing is
configured at BS. The configuration of the UPA element number is given in Table 3.

http://www.zjhlab.net/publications/imt-2020 cm bupt/
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Table 3. The configuration of UPA elements in the horizontal and vertical dimensions.

Type Element Number

Total 4 8 16 25 32 49 64 81 100 128 144 169 196 256 289 324 361 400

Horizontal 2 4 4 5 8 7 8 9 10 16 12 13 14 16 17 18 19 20

Vertical 2 2 4 5 4 7 8 9 10 8 12 13 14 16 17 18 19 20

Firstly, Figure 3 shows the simulation results of E(ξ) and Var(ξ) varying with the
antenna number M under different angle spreads σ in WG-TL and concentration factors κ
in VM-TL. It can be seen that the expectation and variance under WG-TL are very similar
to them under VM-TL due to the similarity of their PDF curves with similar angle spreads.
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Figure 3. Expectations and variances against the antenna number M, angle spread σ and concentration
factor κ under WG-TL and VM-TL.

Furthermore, as the antenna number increases, the expectation and variance decrease
to zero quickly. The values of E(ξ) and Var(ξ) decrease to 10−2, especially when the
antenna number is larger than 128. This result is consistent with the theoretical derivation
and analysis in Section 3.2. Therefore, the asymptotically FP condition can be satisfied in
a practical massive MIMO system. Besides, larger angle spreads make E(ξ) and Var(ξ)
become smaller. In this case, different spatial DoFs can be allocated to each user and
the channel vectors of different users become orthogonal. For example, to achieve the
expectation smaller than 10−1, the required number of antenna elements in σg = 78◦

and σl = 18◦, σg = 55◦ and σl = 7.8◦, σg = 33◦ and σl = 3.8◦ are about 25, 49 and 128,
respectively. Moreover, the expectation and variance under the ideal uniform distributions
decay to zero fastest due to its largest angle spread (104◦ for the azimuth angle and 52◦ for
the elevation angle).
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And then Figure 4 investigates the effects of elevation and azimuth angle spreads
on E(ξ) under WG-TL and VM-TL with the antenna number M=128. It can be seen that
the declines of E(ξ) caused by azimuth angle spreads are greater than those caused by
elevation angle spreads. For example, when σl increases from 20◦ to 50◦, E(ξ) reduces
about 0.037. However, when σg increases from 20◦ to 50◦, E(ξ) reduces about 0.047. The
same phenomenon can be seen under VM-TL. The different angle distributions’ shapes can
explain this. Compared with WG and VM, TL has the narrowest envelope, which makes
the elevation AOAs more concentrated. The result implies that more antenna elements
should be placed in the horizontal dimension to distinguish more azimuth angles.
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(b) E(ξ) under VM-TL

Figure 4. Expectations against angle spreads under WG-TL and VM-TL with the antenna number
M = 128.

Furtherly, Figure 5 shows the variations of E(ξ) against antenna spacing under WG-TL
and VM-TL with M=128, σg = 55◦, σl = 7.8◦, κ = 2. For UPA, dcol and drow represent
the inter-element distance in the column and row, respectively. It is observed that E(ξ)
decreases quickly with the increase of dcol and drow. It implies that a larger distance between
adjacent antenna elements can reduce inter-user interference. Besides, the values of E(ξ)
under the uniform distribution are the smallest due to the maximum angle spread, as
observed in Figure 2. It is noted that the values of expectations decrease quickly with the
increase of antenna spacing when the antenna spacing is smaller than 0.5λ. However, the
values of expectations hardly change when the Nyquist sampling rate in the spatial domain
is satisfied [40], i.e., the antenna spacing is larger than 0.5λ. This result is consistent with
the theoretical analysis of holographic MIMO systems’ DoFs in [41], which means that
the antenna aperture limits the holographic MIMO system performance. Larger antenna
spacing with the same antenna number leads to a larger antenna aperture, which takes more
DoFs. Therefore, setting the antenna spacing to about half-wavelength is a good choice
when the antenna size and radiofrequency chain number are limited in the traditional
engineering practice of MIMO systems.

Finally, Figure 6 investigates the effects of different antenna arrays on E(ξ), where
σg = 55◦, σl = 7.8◦, κ = 2, fc = 3.5 GHz. It can be observed that the values of E(ξ) under
ULA are smaller than those under UPA with same antenna numbers. This result is because
ULA has larger mean antenna spacing than UPA. However, the deployment of ULA in
massive MIMO systems is unrealistic due to its large antenna aperture. For example, when
the antenna number M is 128 and the antenna spacing is 0.5λ, the antenna aperture of ULA
is 10.88 m, which is about 7.5 times that of UPA. Besides, increasing the antenna number of
UPA can achieve the same E(ξ) as ULA but with smaller space. Thus, the deployment of
UPA is a good choice for massive MIMO systems due to its compact size.
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Figure 5. Expectations against the antenna spacing under WG-TL and VM-TL with the antenna
number M = 128.
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Figure 6. Expectations against the antenna number M under WG-TL and VM-TL with different
antenna arrays.

4.2. Measures of the Favorable Propagation

Theoretical analysis and simulation results indicate that the asymptotically FP holds
when the antenna number M tends to infinite. Nevertheless, the antenna number is always
finite in reality. Therefore, we introduce two common metrics, i.e., the condition number
(CN) and the distance from FP, to measure the proximity between the real channel and the
channel under the FP condition in this part.

We define CN as the ratio between the largest and the smallest eigenvalues of the
Gramian matrix GHG [5], i.e.,

CN =
max{Eigen(GHG)}
min{Eigen(GHG)} , (27)

where Eigen(GHG) represents the operation of calculating the eigenvalues of the matrix
GHG. Smaller CNs mean that the eigenvalues of GHG are more uniform, and they converge
to one under the FP condition with equal large-scale fading β for all users. In this case,
different users’ channel vectors become orthogonal. CN is easy to be obtained with the
utilization of G. However, it has two drawbacks: (i) it only has a sound operational
meaning with the same norm for all {gk} and (ii) it disregards all other eigenvalues except
for the maximum and minimum. Thus, we define the distance from FP, i.e.,

∆C =

K
∑

k=1
log2(1 + ρ‖gk‖2

2)− log2 det(IK + ρGHG)

log2 det(IK + ρGHG)
. (28)



Electronics 2022, 11, 2150 13 of 21

The distance from FP represents the capacity gap between the real channel and the
channel under the FP condition. When ∆C = 0, the channel satisfies the FP condition.

The system model in (1) is adopted to simulate the massive MIMO system capacity
performance. In the simulation, six independent users are simultaneously served by one
BS deployed with UPA. The transmit SNR is set to ρ = 0 dB, and the large-scale fading β is
normalized to unit power.

In Figure 7, we compare CNs’ cumulative distribution functions (CDFs) for two
specific scale antenna numbers in different scenarios. It can be seen that the 50% CDFs
of 256-antenna massive MIMO systems are 8.2, 8.6, and 9.1 dB lower than those of 16-
antenna MIMO systems in UMi, UMa, and RMa scenarios, respectively. Moreover, the
CN distributions of 256-antenna massive MIMO systems are much more stable than those
of 16-antenna MIMO systems. This result indicates that the channel vectors tend to be
orthogonal and become hardening as the antenna number increases.
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Figure 7. Condition numbers in UMi, UMa and RMa scenarios with different antenna configurations.

Besides, the CN values of UMi is the smallest, followed by UMa, and RMa is the largest
for both 16 and 256-antenna MIMO systems. This result is because UMi has the richest
scattering environment, which leads to the largest angle spread (although the inter-cluster
angle spread is not the largest, the intracluster angle spread is the largest). On the contrary,
RMa has the weakest scattering, which leads to the smallest angle spread. These results
are consistent with the field measurements in [6,42], which furtherly validate our analysis.
Also, it can be seen that uniform distributions have the smallest CN values compared with
these three scenarios. This result is due to the assumption of ideal uniform rich-scattering
propagation, and it overestimates the proximity between the real channel and the channel
under the FP condition.

Furthermore, the expectations of
∣∣∣ 1

M gH
i gj

∣∣∣ in UMi, UMa, and RMa with different

antenna configurations are given in Table 4. It is clearly that the values of E(
∣∣∣ 1

M gH
i gj

∣∣∣) in the
large-scale MIMO system are about 70% lower than those in the small-scale MIMO system.
It implies that inter-user interference can be mitigated by increasing the antenna number.
Moreover, we can find that larger angle spreads also decrease inter-user interference by
comparing the values in different scenarios.

Table 4. Values of E(
∣∣∣ 1

M gH
i gj

∣∣∣) in UMi, UMa and RMa with different antenna configurations.

Case UMi-16 UMa-16 RMa-16 UMi-256 UMa-256 RMa-256

E(
∣∣∣ 1

M gH
i gj

∣∣∣) 0.2606 0.3101 0.3794 0.0775 0.0966 0.1034

Finally, Figure 8 shows the variations of the distance from FP against the antenna
number M, angle spread σ and concentration factor κ. Obviously, the distance from FP
converges to zero quickly as the antenna number increases. This result implies that the
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capacity of massive MIMO systems can approach the maximum capacity obtained under
the FP condition if the antenna number is large enough. Besides, we can investigate the
capacity performance in different scattering environments by tuning the WG, TL, and VM
parameters, i.e., σg, and σl , and κ. It is observed that the FP condition is easier to be satisfied
in the rich scattering environment. Moreover, we plot the average capacity ratios between
the real channel under three scenarios and i.i.d. Rayleigh channels with the increase of
antenna numbers. It can be seen that the capacity achieved in real scenarios reaches more
than 90% of that of i.i.d. Rayleigh channels when the antenna number is ten times the
number of users, i.e., 64.
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Figure 8. The distance from FP against the antenna number M, angle spread σ and concentration
factor κ under WG-TL and VM-TL.

5. Measurement Validation
5.1. Measurement Description

To validate the experimental FP condition, we conducted channel measurements in an
urban micro scenario [6]. Elektrobit Propsound channel sounder was adopted to obtain
the 3D massive MIMO channel impulse response at the 3.5 GHz frequency band. A UPA
with 32 elements and an omnidirectional array (ODA) with 56 elements were used to
transmit and receive the channel-sounding signal. The UPA was vertically and horizontally
shifted in a specific mechanical metal shelf in Figure 9 to realize the 256 antenna elements’
massive MIMO channel measurement. In our analysis, we select 4, 8, 16, 32, 64, 128, and
256 Tx elements from the shifted composite UPA to analyze the FP condition with the
antenna number varying and choose one Rx element with the largest received power in the
ODA as the user’s received antenna. Other detailed measurement system configurations
and information are given in [6]. As shown in Figure 10, the transmitter was installed
on the top of a 12-meter building and towards the west. Six measurement positions are
selected and divided into three groups, which represent two users with 1.7 meter-short, 14
meter-medium and 41 meter-long distance between each other.

Figure 9. The antenna shelf and massive MIMO measurement principle diagram of 3D MIMO
antennas from 32 to 256 at Tx [6].
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Figure 10. The top view of a practical urban micro measurement scenario from Baidu satellite map.

5.2. Result Analysis

Firstly, Figures 11 and 12 show the results of channel correlations and CNs with
antenna numbers in the practical measurement scenario, respectively. They are calculated
by (3) and (27), respectively. The channel correlations and the CNs increase with the users
close to each other. As the antenna number increases from 4 to 256, the correlations decrease
by about 12.8%, 75.3%, and 85.9% in the short, medium, and long-distance, respectively.
When the users are far away from each other, the correlations tend to be zero, and the CNs
are nearly one in the 256-antenna case. These results are consistent with the theoretical
analysis and numerical simulations, which means different users’ channel vectors become
orthogonal in this case.
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Figure 11. Channel correlations in a practical measurement scenario with different antenna configurations.
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Figure 12. Condition numbers in a practical measurement scenario with different antenna configurations.

Moreover, Figure 13 shows the distance from the FP condition and the capacity ratio
of the real channels to i.i.d. Rayleigh channels against antenna numbers in the practical
scenario. The distance is calculated by (28). It can be seen that the distance from FP becomes
smaller, and the capacity ratio rises with the antenna number increasing. When the antenna
number is less than 32, the distances from FP are about 22.9%, 5.8%, and 1.1% in the short,
medium, and long-distance between users, respectively. The real channel capacity of two
long-distance users is very close to Rayleigh channels, especially in the 256-antenna case.
This result is due to the significant differences in propagation environment between the
two long-distance users. The FP condition is easy to realize as the antenna number tends to
infinity. The theoretical proof in Section 3 can well explain these phenomena and evaluate
the FP’s performance in any scenarios.
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Figure 13. The distance from FP in a practical measurement scenario with different antenna configurations.
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6. Conclusions

This paper investigates the asymptotically FP condition of a 3D MIMO channel under
the assumption of generalized angle distributions, i.e., WG-TL and VM-TL. Theoretical
analysis proves that the asymptotically FP is satisfied under these distributions, and the
FP condition is easier to be satisfied in rich scattering environments. Besides, the effect of
azimuth angle spreads on FP is more significant than that of elevation angle spreads due to
different angle distributions in the spatial horizontal and vertical domains. In addition, the
antenna aperture limits the system performance. Larger antenna spacing with the same
antenna number leads to smaller inter-user interference. Hence, using compact antenna
arrays, such as UPA, and setting antenna spacing as about half-wavelength are good choices
when the antenna size is limited in engineering practice. Moreover, we have proved that
the uniform distribution is a particular case of the generalized angle distributions. And
the capacity achieved in real scenarios can reach more than 90% of the i.i.d. Rayleigh
channel capacity when the antenna number is ten times the number of users. Finally, it has
been shown that the channel vectors of users in more diverse propagation environments
are easier to meet the FP condition. In the future, we will extend our research to more
generalized near-field cases when the antenna size is non-negligible compared with the
distance between BSs and users. In these cases, the spatial non-stationary will be considered
in our analysis.
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Appendix A. Proofs of E(ξ) and Var(ξ) under VM-TL Distributions

In this section, we derive the expectation E(ξ) and variance Var(ξ) under VM-TL
distributions. Assuming the rays of different users are mutually independent, we start
with (9) and (10) in Section 3.2.

Firstly, Equation (11) is expressed as Equation (A2) based on the product-to-sum
transform in (A1). Then let Cvl =

Ql√
2σl I0(κ)

, bm = 2π
λ sin θ sec Ωmxm and substitute eκ cos(∆φ)

as (12), we obtain Equation (A3). Furtherly, Equation (A4) is derived based on the integral
representation of Bessel function in (13).

sin θ cos φxm + sin θ sin φym = sin θ sec Ωmxm cos(φ−Ωm). (A1)
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EAOA(w∗ms) =
1

2π I0(κ)

Ql√
2σl

π
2∫

− π
2

π∫
−π

ej 2π
λ sin θ sec Ωmxm cos(φ−Ωm)eκ cos(∆φ)d∆φe−

√
2|∆θ|
σl ej 2π

λ cos θzm d∆θ. (A2)

EAOA(w∗ms) =
Cvl
2π

π
2∫

− π
2

π∫
−π

ej 2π
λ sin θ sec Ωmxm cos(φ−Ωm)(I0(κ) + 2

∞

∑
n=1

In(κ) cos(n∆φ))d∆φe−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ

=Cvl

π
2∫

− π
2

I0(κ)
1

2π

π∫
−π

ejbm cos(φ−Ωm)d∆φ

+

2
∞

∑
n=1

In(κ)
1

2π

π∫
−π

ejbm cos(φ−Ωm) cos(n∆φ)d∆φ

e−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ

=Cvl

π
2∫

− π
2

I0(κ)
1

2π

π∫
−π

ejbm sin( π
2 +φi

0+∆φ−Ωm)d∆φ

+ Cvl

π
2∫

− π
2

∞

∑
n=1

In(κ)

 1
2π

π∫
−π

ej(n∆φ+bm sin( π
2 +φi

0+∆φ−Ωm))d∆φ

+
1

2π

π∫
−π

ej(n∆φ+bm sin( π
2 −φi

0+∆φ+Ωm))d∆φ

e−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ. (A3)

EAOA(w∗ms) =Cvl

π
2∫

− π
2

{I0(κ)J0(−bm)}+ Cvl

π
2∫

− π
2

∞

∑
n=1

In(κ)Jn(−bm)
{

e−jn( π
2 +φi

0−Ωm) + Jn(−bm)e−jn( π
2 −φi

0+Ωm)
}

· e−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ. (A4)

And then, similar with Equations (18)–(20) in [17], we express e−
√

2|∆θ|
σl as the Fourier

series expansion in (A5) and express ej 2π
λ cos θzm as the Jacobi-Anger expansion in (A6).

Therefore substitute (A5) and (A6) into Equation (A4), Equation (A7) is obtained. Then
Equation (14) is obtained via the product-to-sum transform of cos(l∆θ) cos(βθ) and the
integral equation [43] (6.681.8, 6.681.9).

e−
√

2|∆θ|
σl =

∞

∑
l=0

al cos(l∆θ). (A5)

ej 2π
λ cos θzm =

∞

∑
β=−∞

Jβ(
2π

λ
zm) cos(βθ). (A6)

EAOA(w∗ms) =Cvl


π
2∫

− π
2

χ0 J0(−bm)e
−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ +

π
2∫

− π
2

2
∞

∑
n=1

χn cos(n(φi
0 −Ωm)Jn(−bm)e

−
√

2|∆θ|
σl ej 2π

λ cos θzm d∆θ


=Cvl

∞

∑
l=0

al

∞

∑
β=−∞

(j)β Jβ(
2π

λ
zm)

{
Υ0

π
2∫

− π
2

J0(−bm) cos(l∆θ) cos(βθ)d∆θ

+ 2
∞

∑
n=1

Υncos(n(φi
0 −Ωm))

π
2∫

− π
2

Jn(−bm) cos(l∆θ) cos(βθ)d∆θ

}
.

(
bm =

2π

λ
sin θ sec Ωmxm

)
. (A7)

Hence, based on the similar derivation process in (A2)–(A4) and (A7), EAOA(wmp),
EAOA(w∗mswmp) and EAOA(wm′sw∗m′p) are given in (A8) and (A9), respectively, where
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(xm, ym,−zm) is replaced as qm for convenience. And then we have (A12)–(A14) utiliz-
ing (A10) and (A11) with n ≥ 1, n′ ≥ 1.

EAOA(wmp) = Cvl(χ0Γ0(xm, ym,−zm) +2
∞

∑
n=1

χn cos(n(φj
0 −Ωm)Γn(xm, ym,−zm)

)
. (A8)

EAOA(w∗mswm′s) = Cvl(χ0Γ0(qm′ − qm) +2
∞

∑
n=1

χn cos(n(φj
0 −Ωm))Γn(qm′ − qm)

)
. (A9)

Eφ0{cos(n(φj −Ωm)) = Eφ0{cos(n(φi −Ωm)) = 0. (A10)

Eφ0

{
cos(n(φi −Ωm)) cos(n′(φj −Ωm))

}
=

1
2

(
Eφ0{cos(nφi + n′φj − (n + n′)Ωm)}+ Eφ0{cos(nφi − n′φj − (n− n′)Ωm}

)
= 0. (A11)

Finally, substitute (A12)–(A14) into (9) and (10), we obtain the final expression of
Evl(ξ) in (18) and Varvl(ξ) in (19), where Γ0(x, y, z) is given in (20).

Eφ0{EAOA(w∗ms)} = Cvlχ0Γ0(−qm) + 2Cvl

∞

∑
n=1

χnEφ0

{
cos(n(φj

0 −Ωm))
}

Γn(−qm) = Cvlχ0Γ0(−qm). (A12)

Eφ0{EAOA(wms)} = Cvlχ0Γ0(qm) + 2Cvl

∞

∑
n=1

χnEφ0

{
cos(n(φj

0 −Ωm))
}

Γn(qm) = Cvlχ0Γ0(qm). (A13)

Eφ0{EAOA(w∗mswm′s)} = Cvlχ0Γ0(qm′ − qm) + 2Cvl
∞
∑

n=1
χnEφ0

{
cos(n(φj

0 −Ωm))
}

Γn(qm′ − qm) = Cvlχ0Γ0(qm′ − qm). (A14)
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