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Abstract: In this study, the contouring control problem of a five-axis machine tool was examined.
Due to the rotation axes, there are two coordinate systems involved in the five-axis machine tool,
namely the workpiece coordinate system and machine coordinate system. The five-axis machine tool
is required to follow a given desired path with tool orientation specified in the workpiece coordinate
system. However, the system dynamics of the machine tool is described in the machine coordinates.
Kinematic transformations exist between the two coordinate systems. One challenge of the problem
is to design a controller in the machine coordinate system that will meet the requirements in the
workpiece coordinate system. Another challenge is to minimize both the position contour error and
tool orientation error. The method of equivalent errors is adopted to design the contouring controller.
The desired path and tool orientation in the workpiece coordinate system are transformed into a five-
dimensional hyper-curve in the machine coordinate system. A contouring controller was designed to
follow the five-dimensional hyper-curve using the method of equivalent errors. Both numerical and
experimental results validate the effectiveness of the proposed contouring control method.

Keywords: contouring control; five-axis machine tool; equivalent contour error

1. Introduction

In recent decades, computer numerical controlled (CNC) manufacturing has devel-
oped dramatically and is aiming to develop more functionalities, adaptability, intelligence,
etc. [1]. Contouring control is a special type of motion control that is important for multi-
axis motion systems such as the CNC manufacturing system. Given a desired path, it is
required that the motion system follow the path precisely. In other words, the objective
of contouring control is to reduce, by as much as possible, the contour error, which is
defined as the distance from the actual position of the motion system to the command
path. This problem is fundamentally different from the common tracking control problem,
which relates to reducing the tracking error, defined by the distance between the actual and
command positions. It is well known that the contouring performance may not be achieved
by simply reducing the tracking error. The contouring control problem can be found in a
wide variety of applications, including the machining task in a multi-axis machine tool,
where the machining accuracy depends solely on the contour error.

Many contouring control methods have been proposed for the multi-axis motion
system. The contouring control of two- or three-axis machine tools has been well devel-
oped [2–7]. The first notable method is the cross-coupled controller (CCC) [8–10]. This
directly compensates for the contour errors by estimating the contour error with the track-
ing errors of each axis. However, CCC has some limitations. First, it is limited to two- or
three-axis systems. Second, linear and circular paths are preferred. Complicated free-form
paths need to be approximated by linear segments and/or circular arcs, which possess
larger errors, leading to poor contouring performance. To overcome this difficulty, coor-
dinate transformation methods have been proposed, such as the task coordinate frame
method [7,11].
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The rapid development of modern industry has led to the high demand for manu-
facturing system’s having high efficiency and high accuracy. To meet this demand, the
five-axis machine tool is widely used in the manufacture of complicated parts for the
automotive industry, shipbuilding, the space industry, etc. For the five-axis machine tool,
the contouring control problem is more complicated, and involves not only the position
contour error, but also the tool orientation error. The position contour error is the normal
deviation in the tool tip and the orientation error is the normal deviation in the tool axis
orientation. In general, the conventional approach treats the position contour error and tool
orientation error separately [12,13]. In [13], two independent controllers were designed for
reducing the two different errors: one is the tool tip sliding mode contour controller and
the other is the tool orientation contour controller.

However, the position contouring dynamics and orientation dynamics are coupled.
To achieve better performance, the two controllers should be designed together in an
integrated way. A five-axis machine tool involves the workpiece coordinate system and
machine coordinate system. It is required to follow a given desired path, with the tool
orientation specified in the workpiece coordinate system. However, the system dynamics
of the machine tool is described in the machine coordinates. Kinematic transformations
exist between the two coordinate systems. The desired path with tool orientation in the
workpiece coordinate system are transformed into a five-dimensional (5-D) hyper-curve
in the machine coordinate system; that is, the five-axis machine tool needs to follow a
5-D command path in the machine coordinate frame. In this paper, an integrated contour-
ing controller for the five-axis machine tool is proposed with the method of equivalent
errors [14,15]. For an n-axis motion system, one can define n equivalent errors, where
there are (n − 1) equivalent contour errors and one tangential error. The definition of
equivalent contour errors utilizes the algebraic equations representing the command path.
The present system comprises four equivalent contour errors and one tangential error. The
5-DOF system dynamics are transformed into the dynamics of equivalent errors. Then, a
controller was designed to stabilize the error dynamics; that is, one can transform the con-
touring control problem into the stabilization problem for easier design of the complicated
contouring controller.

This paper is organized as follows. The problem formulation and system modeling are
presented in Section 2. Section 3 introduces the method of equivalent errors and the design
of the contouring controller. Simulation results are shown in Section 4 and experimental
results are presented in Section 5. Finally, conclusions are drawn in Section 6.

2. Kinematics and Dynamic Modeling of the Machine Tool

This section is concerned with the dynamic model establishment in the Yeong-Chin
Machinery (YCM) Five-Axis Vertical Machining Center machine tool (NXV560A). It is a
rotary type with parallel axes x, y, and z and rotation axes A and C. Figure 1 shows the
exploded view of the system with each component. The mass of each component includes
the parts of the leadscrew and the motor.

2.1. Five-Axis Machine Analysis and the Inverse/Forward Kinematics

As shown in Figure 1, it is assumed that the motor and the leadscrew of the motor
have no relative movement (translational motion). According to Figure 1, we define the
five-axis links, where link 0 is the ground link; link 1 is the y-axis slider-bar component; link
2 is the x-axis slider-bar component; link 3 is the A-axis rotating component; link 4 is the
C-axis rotating component; and link 5 is the z-axis slider-bar. Therefore, this mechanism is
combined into a set of a four-joint robot (link 1–4) and a spindle slider (link 5). The length
between the joints can be clearly defined by each component as shown in Figure 1, denoted
by d1 ∼ d5. The location of the mass center of each component is dc1 ∼ dc4. For the spindle
and tool, dz is the distance between from link 0 (ground link) to link 5 (spindle), and dtool
is the total length of the tool and tool holder. The mass of each component is m1 ∼ m5,
with m1 = my + mmotorx , m2 = mx + mmotorA , m3 = mA + mmotorC , m4 = mC + m f ixture,
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m5 = mz, where mx, my, mA, mC is the mass of the part body of the x ∼ C axis, respectively;
mz is the mass of the spindle; mmotorx , mmotorA , mmotorC are the masses of the leadscrew and
the motor; m f ixture is the mass of the fixture. The five-axis machine can be represented as a
schematic diagram of a mechanism, and the coordinates are defined on each link, as shown
in Figure 2.

Figure 1. Exploded view of the five-axis machine (Model: NXV560A).

Figure 2. Schematic diagram of the mechanism.

According to the definition of the coordinates in Figure 2 and parameters in Figure 1,
each joint’s coordinate transformation matrix can be obtained as:

T1
0 =


1 0 0 0
0 1 0 −ym
0 0 1 0
0 0 0 1

; T2
1 =


1 0 0 −xm
0 1 0 0
0 0 1 −d1
0 0 0 1



T3
2 =


−1 0 0 0
0 −cos θAm −sin θAm d2sin θAm
0 −sin θAm cos θAm −d2cos θAm
0 0 0 1

;

T4
3 =


cos θCm −sin θCm 0 0
sin θCm cos θCm 0 0

0 0 1 −d4
0 0 0 1

;

T0
z =


−1 0 0 0
0 −1 0 0
0 0 1 d5 − dtool + zm
0 0 0 1

;
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where xm, ym, zm, θAm, θCm are the machine coordinates. Here and subsequently, the sub-
script m is used to denote the machine coordinates and w is used to denote the workpiece
coordinates. Here, Ti

j represents the homogeneous transformation matrix from link i to

link j [16]. Hence, T1
0 involves only the translation of the y-axis and T2

1 involves only the
translation of the x-axis. T3

2 involves the rotation of the A-axis, which will also induce some
translation of the coordinate. T4

3 involves the rotation of the C-axis. Finally, T0
z involves only

the translation of the z-axis. Thus, the forward and inverse kinematics can be obtained by:

T4
z =

(
T0

1 T1
2 T2

3 T3
4
)−1T0

z

where T4
z is the coordinate transformation from the workpiece (link 4) to tool center point.

Now, the forward kinematics can be written as:

xw = xmcCm − ymcAmsCm + zmsAmsCm + DallsAmsCm;

yw = xmsCm + ymcAmcCm − zmsAmcCm − DallsAmcCm;

zw = ymsAm + zmcAm + DallcAm − d4; (1)

Owx = sAmsCm; Owy = −sAmcCm; Owz = CAm;

where sim = sin(θim), cim = cos(θim), i = A, C; α = (d1 + d2 + dtool − dz); Dall = (dz − d1 − d2

− dtool); ξw =
[
xw, yw, zw, Owx, Owy, Owz

]T are workpiece coordinates. From Equation (1),
the inverse kinematics can be obtained as:

θAm = cos−1(Owz); θCm = −tan−1(
Owx

Owy
); xm= xwcCm + ywsCm;

ym= xwOwzsCm − ywOwzcCm + zwsAm + d4sAm;

zm= xwsAmsCm − yWsAmcCm + zwcAm − d4Owz − Dall ; (2)

Suppose that the tool vector in workpiece coordinate system (Owx, Owy, Owz) is defined
to be pointed at a fixed point (xc, yc, zc). Then, the tool vector can be represented as:

(
Owx, Owy, Owz

)
=

(xw−xc , yw−yc , zw−zc)√
(xw−xc)

2+( yw−yc)
2+( zw−zc)

2 (3)

2.2. Dynamic Equation

The dynamic equation of this system can be obtained using the Euler-Lagrange ap-
proach and can be written as [17,18]

M(ξm)
..
ξm + C

(
ξm,

.
ξm

) .
ξm + g(ξm) = τ, (4)

where ξm = [xm, ym, zm, θAm, θCm]
T ; M(ξm) ∈ R5×5 is the inertia matrix, C

(
ξm,

.
ξm

)
∈ R5×5

is the Coriolis and centrifugal forces matrix; g(ξm) is the gravity force. Equation (4) can be
rewritten as ..

ξm = f + Gu (5)

where f = −M−1
(

C
.
ξm + g

)
; G = M−1; u is the control input.

3. Equivalent Contour Error Model and Contouring Controller Design
3.1. Equivalent Contour Error for Five-Axis Machine

From Equation (4), one can see that the dynamics of the five-axis machine tool are
represented in the five-dimensional generalized coordinates ξm. As discussed in the
previous section, the desired commands for the five-axis system are described in the
workpiece coordinates, which include the desired path and desired orientation. The
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contouring control problem of the five-axis system requires: (i) the output position (xw,
yw, zw) (the tool center point, TCP) follows the desired path; and (ii) the output tool vector
(Owx, Owy, Owz) to be the desired orientation. Thus, it is required not only to reduce the
position contour error defined by the distance from the output position to the command
path, but also to reduce the orientation error defined by the angle difference between the
output tool vector and the desired vector. The conventional approach to this problem is to
regard the position contouring and orientation contouring problems as separate problems;
thus, their controllers have been designed independently (see, e.g., [13]). However, the
dynamics of orientation contouring is in fact coupled with that of position contouring. For
better performance, the controller should be designed in an integrated way. To this aim, we
reconsider the contouring control problem in the machine coordinates.

In general, a desired path with a desired orientation vector in the workpiece coordi-
nates can be represented by a five-dimensional hyper-curve in the machine coordinates,
denoted as S. The contouring control problem of the five-axis system can be restated as:
requiring the output position ξm to follow the hyper-curve S (the desired path in machine
coordinates). The objective is to minimize the real contour error εr which is the distance
between the actual position and the curve S. With this point of view, we integrated the
problem of position contouring and orientation contouring, enabling the design of one
integrated contouring controller. In this study, the method of equivalent errors was taken
for the design of the contouring controller [14]. The key feature of the method is the concept
of equivalent contour error defined in the machine coordinates. In general, the desired
path S can be represented by a set of four algebraic equations p(ξd) = 0, where p ∈ R4. If
the actual output ξm is not on S, it will not satisfy the path equation and a nonzero vector
p(ξm) = ε will be generated, as shown in Figure 3. This nonzero vector ε is called the
equivalent contour error.

Figure 3. Actual contour error and equivalent contour error.

Obviously, εr = 0 implies that the actual position is on the desired path and hence
ε = 0. Conversely, if ε = 0, the actual position should be on the path and hence εr = 0.
Moreover, it is shown in [14] that εr can be represented by a positive definite quadratic
form of ε; that is:

εr = εTQε

for some QT = Q > 0. Hence, reducing ε is equivalent to reducing εr. The proposed
method was used to design a controller to minimize the equivalent contour error.

In order to generate the equivalent contour error for the five-axis machine tool, the
forward kinematic transformation is needed. Recall that the desired path for TCP and the
desired tool orientation vector are described in the workpiece coordinates, as shown in
Figure 4. The desired path in the task space can be represented by two equations denoted
as p̂1(ξw) = 0 and p̂2(ξw) = 0. The tool vector is dependent on the TCP position, such as
that given in Equation (3). Since it is a unit vector, we can take two of the three equations to
form the path equations denoted as p̂3(ξw) = 0 and p̂4(ξw) = 0. The forward kinematics
can relate the workpiece coordinates to the machine coordinates as ξw = T(ξm), where T is
the forward kinematics given by Equation (1). Therefore, one can obtain the path equation
in the machine coordinates as:

p(ξm) = p̂(T(ξm)) = 0
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Figure 4. Coordinate transformation and equivalent error: (a) workpiece coordinate; (b) machine
coordinate and equivalent error.

Thus, the equivalent contour error can be defined by ε = p(ξm).

3.2. Controller Design

In addition to the equivalent contour error, the equivalent errors also include one
tangential error for contouring along the trajectory. The tangential error is defined as the
projection of the tracking error ξm − ξd onto the tangential vector at the command point,

i.e., e =
.
ξ

T
d (ξm − ξd). As a result, the machine coordinates can be transformed into the

equivalent errors η = [ε1, ε2, ε3, ε4, e]T as

η =

[
ε
e

]
=

[
p(ξm)

.
ξ

T
d (ξm − ξd)

]
(6)

With this transformation Equation (6), the system dynamics, Equation (5), can be
transformed into the dynamics of equivalent errors as:

[..
ε
..
e

]
=

[
h + ∂p

∂ξm
f

Ωe

]
+

[ ∂p
∂ξm
.
ξ

T
d

]
Gu = Ω

(
ξm,

.
ξm

)
+ Γ

(
ξm,

.
ξm

)
u (7)

where h = [h1, h2, h3, h4]
T is given by

hk =
5

∑
i=1

5

∑
j=1

∂2 pk
∂ξmiξmj

.
ξmi

.
ξmj

and
Ωe =

.
ξ

T
d f +

..
ξ

T
d

(
2

.
ξm − 3

.
ξd

)
+

...
ξ

T
d (ξm − ξd)

For the error dynamics, Equation(7), one can design a stabilizing controller so that
the equivalent errors can be asymptotically stable, which implies that the contour error ap-
proaches zero asymptotically. Thus, the contouring control problem becomes a stabilization
problem. The configuration of the method of equivalent errors is shown in Figure 5. First,
the motion planning for the command path and orientation vector was designed in the
workpiece coordinates. Here, the S-type velocity profile is adopted to design the velocity
along the desired path [16,19,20]. Then, for the machine coordinates, the commands ξd
can be obtained by inverse kinematics, and the path functions can be obtained by forward
kinematics. Together with the output position ξm, one can establish the equivalent errors.

Next, the contouring controller can be obtained by designing a stabilizing controller for
the error dynamics, Equation(7). Here, the approach of feedback linearization followed by
integral sliding mode control (ISMC) is used to design the controller [21–23]. Thus, for the
dynamics of equivalent errors, Equation (7), we can first design the feedback linearization
control as:

u = Γ−1(−Ω + v)
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where Γ ∈ R5×5 is a non-singular matrix and v is the new control input to be designed.
Then, the closed-loop system becomes

..
η = v + ∆ (8)

where η = [ε e]T denotes the equivalent error and ∆ denotes the uncertainty that cannot
be cancelled by the feedback linearization control. Next, an integral sliding manifold is
taken as:

σ =
.
η + b1η + b2

∫
ηdt = 0 (9)

Figure 5. Configuration of the method of equivalent errors.

The new control input v will contain two parts: equivalent control veq and switching
control vs, i.e., v = veq + vs. The equivalent control ensures the system stays on the sliding
manifold once it is there, when disregarding the uncertainty. That is, veq will make

.
σ = 0.

By Equations (8) and (9), we have:

.
σ =

..
η + b1

.
η ++b2 η = veq + b1

.
η + b2η = 0

which yields:
veq = −b1

.
η − b2η (10)

With the equivalent control, the dynamics of sliding variable with uncertainty become:

.
σ = vs + ∆

Consider a Lyapunov function for a single (the i-th) sliding variable Vi =
1
2σ

2
i . Here

and subsequently, the subscript i indicates the i-th component of a vector. Then, we
can obtain: .

Vi = σi
.
σi= σi(vsi + ∆i)

Assume that ‖∆‖∞ ≤ β (‖.‖∞ is the Euclidean ∞-norm), which also implies |∆i| ≤ β.
The i-th switching control vsi can be designed as:

vsi = −ρsgn(σi) (11)

where sgn() is the sign function and ρ > β > 0 is a positive constant. Hence, we have:

.
Vi ≤ −ρ|σi|+ |σi||∆i| ≤ −(ρ− β)|σi| < 0
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which implies that σi will reach the sliding manifold σi = 0 in finite time. Once it is on the
sliding manifold σ = 0 (σi = 0 for all i), Equation (9) implies that

η → 0 as t→ ∞

From Equation (11), the overall switching control can be written as

vs = −ρsgn(σ) (12)

Finally, combining Equations (10) and (12), the overall ISMC control law is given as

v = −b1
.
η − b2η − ρsgn(σ)

In practical applications, the discontinuous sign function is in general replaced by a
smooth function, such as tanh(), to avoid the problem of chattering. Please refer to [24] for
more detailed analysis. Finally, the ISMC control law for the present system is given as

v = −b1
.
η − b2η − ρtan h

(
σ

µ

)
where µ is a boundary layer for the sliding mode. Thus, the overall controller can be
obtained as:

u = Γ−1
(
−Ω− b1

.
η − b2η − ρtan h

(
σ

µ

))
where b1, b2, ρ, µ are positive control gains. Finally, from the forward kinematics, the output
position in the machine coordinates can be used to obtain the TCP and tool vector in the
workpiece coordinates. One can then obtain the contour error and orientation error for
performance evaluation.

4. Simulation Results and Discussions

The contouring controller of two different paths were numerically investigated. One
is a straight line and the other is a circular path. In addition to the method of equivalent
errors, the results by the conventional proportional and derivative (PD) controller are also
presented for comparison. Thus, there are four cases for the simulation, as listed in Table 1.

Table 1. The list of simulation cases.

PD-Controller Equivalent Error Controller

Straight Line Case 1 Case 2
Circle Path Case 3 Case 4

The straight-line path is from X1 = [0.08, 0.03, 0.02] m to X2 = [0.01, 0.05, 0.07] m in
the workpiece coordinate frame. The tool’s vector is set as pointing to the fixed point
Xc = [0, −0.05, −0.5] m. As mentioned preciously, the S-type velocity profile along the
straight line was designed. The total motion time was 2.35 s. For this path, the equivalent
errors can be formed as:

ε1
ε2
ε3
ε4
e

=


2
7 xw + yw − 37

700
yw − 2

5 zw − 11
500

(xw − xc) cos θCm + (yw − yc) sin θCm

(xw − xc)
2 − L cos2 θAm

.
ξ

T
d (ξm − ξd)

 (13)

where L = (xw − xc)2 + (yw − yc)2 + (zw − zc)2 and (xw, yw, zw) can be expressed as
functions of the machine coordinates ξm using the forward kinematics, Equation(1). In
Equation (13), the functions of ε1 and ε2 represent two planes parallel to the zw-axis and
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xw-axis, respectively. Their intersection in 3-D space is the straight line passing through X1
and X2. From Equation (3), we have

Owx

Owy
=

xw − xc

yw − yc

From the forward kinematics (1), we have

Owx

Owy
= − sin θCm

cos θCm

Therefore, we can get

(xw − xc) cos θCm + (yw − yc) sin θCm = 0

which is used to define the third equivalent contour error ε3. Again, from Equations (1) and (3),
one can also obtain:

Owx =
xw − xc√

L
= cos θAm → (xw − xc)

2 − L cos2 θAm = 0

which is used to define the fourth equivalent contour error ε4.
For the circular path in the workpiece coordinate frame, the center is at the origin with

the radius of 0.1 m. The circle is inclined 45◦ to the yw-axis. The tool’s orientation vector is
pointed to the fixed point Xc = [0, 0.8, −0.8] m from the current position. Again, the S-type
velocity profile along the circle was designed. The total motion time was also planned to be
2.35 s. For this path, the equivalent errors can be formed as


ε1
ε2
ε3
ε4
e

 =


x2

w + 2y2
w − r2

yw − zw
(xw − xc) cos θCm + (yw − yc) sin θCm

(xw − xc)
2 − L cos2 θAm

.
ξ

T
d (ξm − ξd)


where r = 0.1 m is the radius of the circle, and (xw, yw, zw) can be expressed as functions of
the machine coordinates ξm using the forward kinematics, Equation (1). The first equivalent
contour error represents an elliptical cylinder parallel to the zw-axis. The second equivalent
contour error represents a plane parallel to the xw- axis. The second equivalent contour
error represents a plane parallel to the xw-axis with a tilted angle of 45◦. Their intersection
in 3-D space is the circle of the desired path. The third and fourth equivalent contour errors
can be obtained exactly as in the case of a straight line.

In the numerical simulations, the PD-controller gains (Kp, Kd) and the and the ISMC
control gains (b1, b2, ρ, µ) for the linear and circular paths are listed in the Table 2. The
sampling time for the simulations is set to 1 ms. The simulation results are shown in
Figures 6 and 7, where the position contour errors for all cases are shown in Figure 6
and the orientation errors are presented in Figure 7. For case 1, which is the straight-line
path with the PD controller, the root of the mean squared (RMS) position contour error is
330.7 µm, and the orientation error is 145.3”. For case 2, which is the straight-line path with
the equivalent-error controller, the RMS position contour error is 2.9 µm, and orientation
error is 4.8”. For case 3, which is the circular path with the PD controller, the RMS position
contour error is 668.4 µm, and orientation error is 649.5”. For case 4, which is the circular
path with the equivalent-error controller, the RMS position contour error is 17.9 µm, and the
orientation error is 2.8”. It is clear that the results of the equivalent errors are significantly
better than those of the PD-controller for both linear and circular paths, verifying the
effectiveness of the proposed method.
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Table 2. The control parameters of simulation cases.

PD-Controller Equivalent Error Controller

Linear path Kp = 800, Kd = 60 b1 = 57, b2 = 800
ρ = 50, µ = 0.05

Circular path Kp = 800, Kd = 310 b1 = 283, b2 = 800
ρ = 150, µ = 0.8

Figure 6. The position contour errors for the 4 simulation cases.

Figure 7. The orientation errors for the 4 simulation cases.

5. Experimental Results

The proposed contouring controller was also employed in the YCM NXV560A five-
axis machine tool to experimentally validate its effectiveness. For the experiment, a conical
workpiece was machined by side milling, as shown in Figure 8, where the sizes of the
workpiece are indicated. Figure 9 shows a snapshot during the machining and Figure 10 is
the finished product. For this experiment, the tool center point needs to follow a circular
path having a diameter of 80 mm. The circular path can be described by the intersection
of a sphere and a plane, which forms the first two equivalent contour errors. The tool
orientation vector is again pointed to a fixed point denoted by (xc, yc, zc), similar to the
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simulation cases. Thus, the third and fourth equivalent contour errors are the same as in
Equation (8). Therefore, the equivalent errors for this path are given by:


ε1
ε2
ε3
ε4
e

 =


(xw − cb1)

2 + (yw − cb2)
2 + (zw − cb3)

2 − r2

cl1xw + cl2yw + cl3zw + c14
(xw − xc) cos θCm + (yw − yc) sin θCm

(xw − xc)
2 − L cos2 θAm

.
ξ

T
d (ξm − ξd)


where r = 80 mm and cbi and cli are constant coefficients. Again, (xw, yw, zw) can be
expressed as functions of the machine coordinates ξm using the forward kinematics,
Equation (1). For the desired commands, the S-type velocity profile along the circle was
designed. The total motion time was planned to be 28 s.

Figure 8. The conical workpiece for machining.

Figure 9. A snapshot during the five-axis machining.

Figure 10. The finished product.

The ISMC controller was used for the experiment with control gains (b1, b2, ρ, µ) =
(350, 114,000, 0.1, 0.05). The controller was implemented using dSPACE’s DS1103 motion
control card for real-time control. The sampling time was set to 1 ms. The experimental
results are shown in Figures 11 and 12, where the position contour errors are shown in
Figure 11 and the orientation errors are presented in Figure 12. The RMS position contour
error is 45.2 µm, and orientation error is 277.5”. The results clearly verify the effectiveness
of the proposed method.
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Figure 11. Experimental results: the position contour errors.

Figure 12. Experimental results: the orientation errors.

6. Conclusions

The contouring control problem of five-axis machine tools was investigated in this
study. The purpose was for the system to follow a given trajectory in the workpiece
coordinate system with a specified tool orientation vector. Conventionally, to reduce both
the position contour and orientation errors, the controller has been designed separately.
However, the contour error and orientation error possess coupled dynamics. For better
performance, the method of equivalent errors was applied in this study to design an
integrated contouring controller. The trajectory with the tool vector in the workpiece
coordinate frame was regarded as a 5-D hyper-curve in the machine coordinate frame.
A contouring controller was designed to follow the 5-D hyper-curve by the method of
equivalent errors. The proposed controller can simultaneously reduce both position contour
error and orientation error. Numerical simulations for the contouring control of linear and
circular paths were conducted. For comparison, the simulations with the conventional
PD controller were also carried out for both linear and circular paths. It was found that
the proposed controller can result in much better performance in either position contour
error or orientation error, for both linear and circular paths. An experiment for a conical
workpiece was also carried out. The experimental results clearly verify the effectiveness of
the proposed method.
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