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Abstract: In order to improve the efficiency of human-robot interaction (HRI), it is necessary to
carry out research on precise control of the manipulator. In this paper, an adaptive non-singular
fast terminal sliding mode control scheme is proposed for robot manipulators to solve the trajectory
tracking problem with model uncertainty and external disturbances. At first, a novel non-singular fast
terminal sliding mode surface is proposed, and by introducing an auxiliary function, the singularity
problem caused by the inverse of the error-related matrix could be avoided in the controller design
process. Then, the controller is developed by using Lyapunov synthesis. A robust adaptive strategy is
used to deal with lumped uncertainty, with an adaptive update law designed to compensate for the
upper bound of lumped uncertainty whose upper bound is prior unknown. Finally, a two-link robot
manipulators as a simulation example is given to illustrate the effectiveness of the proposed scheme.
Compared with other similar algorithms, the proposed adaptive non-singular fast terminal sliding
mode control scheme has higher efficiency and smaller computational complexity for the reason that
no piecewise continuous function is needed to be constructed during the controller design.

Keywords: robot manipulators; non-singular fast terminal sliding mode; adaptive control; finite-time
convergence

1. Introduction

Robot manipulators play an important role in human-robot interaction (HRI). So far,
they have been widely applied in the manufacturing industry, medical treatment, cargo han-
dling, space exploration and so on to improve automation and efficiency. In the dynamics of
robot manipulators, there exist complicated inherent characteristics, such as load variation,
hysteresis, friction and coupling, which make the control issues challenging and nontrivial.
In order to achieve the accurate control objective of positioning tracking, some feedback
control strategies have been proposed in the past decades, such as decentralized control [1],
feedback linearization [2], PID control [3], iterative learning control [4], Hw control [5],
robust control [6], neural network control [7] and sliding mode control (SMC) [8].

SMC has many advantages, e.g., fast response and strong robustness to the variety of
system parameters and external disturbances. Additionally, SMC is convenient in physical
implementation for free of online system identification. Based on the above merits, SMC
algorithms for robot manipulator have been reported in many works in the literature [8-12].
Specifically, Zhang et al. investigated the trajectory tracking control based on smooth
second-order sliding mode for robot manipulators [8]. Zhao et al. studied the sliding mode
control for a two-joint coupling nonlinear system based on extended state observer [9].
In [10], Baek et al. presented a new adaptive SMC scheme that uses the time-delay estima-
tion technique and applied the scheme to robot manipulators. In [11], Van et al. developed
an adaptive fuzzy fault tolerant SMC strategy for robot manipulators. In [12], Tran et al.
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investigated the backstepping adaptive sliding mode control for an electrohydraulic elastic
manipulator in the presence of the matched and unmatched uncertainties. The SMC algo-
rithms given in literature [8-12] can ensure that the tracking error asymptotically converges
to zero or its neighborhood.

Unlike these traditional SMC schemes, terminal SMC aims at converging to zero within
a finite time, which motivates people to research and develop terminal SMC schemes for
practical applications [13]. The potential singularity is an obstacle for applying terminal
SMC theoretical algorithms into industrial applications because the singularity means that
the value of the control input is infinite. In order to overcome the singularity problem,
some nonsingular terminal SMC strategies have been proposed in the literature [14-17].
In [14], a robust nonsingular terminal SMC method was proposed for rigid manipulator
systems with unmodeled dynamics and external disturbances. The further investigation
of [14] was reported in [15], where a novel terminal SMC approach was developed to
improve the convergence speed and tracking accuracy. In [16], an integral nonsingular
terminal sliding mode surface was constructed for the SMC design of manipulators with
unmodeled dynamics and unknown external disturbances. In [17], a second-order fast
nonsingular terminal SMC approach was proposed for robotic systems with external
disturbances and inertial uncertainties, which can make the tracking error quickly converge
to zero, with the chattering phenomena of control signal avoided. So far, the most popular
strategy to deal with singularity problems is to construct piecewise continuous sliding
mode surfaces [14-17]. However, this solution have two flaws. First, it is not an easy job to
construct a piecewise continuous sliding mode surface. Second, the online computation
load is very large while such a control system runs.

Based on the above analysis, we obtain the following consequent conclusions: (1) It
is worthwhile to investigate the terminal SMC scheme free of constructing piecewise
continuous sliding mode surface. (2) It is necessary to study how to lighten the online
calculation burden of closed-loop systems and reduce the analysis difficulty of finite-time
stability during controller design.

In this paper, an adaptive nonsingular fast terminal SMC (ANSFTSMC) approach
is proposed for a class of robot manipulators with internal uncertainties and external
disturbances such that the tracking error can converge to the neighborhood of the origin
during a finite time. The main contributions are as follows. First, a new terminal sliding
surface is designed to avoid the occurrence of singularity problem. Second, during control
law design, an auxiliary function method is developed to overcome the singular problem
caused by matrix inversion. Compared with the traditional piecewise continuous function
methods, the auxiliary function method can reduce the design difficulty and the burden
computation. Third, robust adaptive method is used to design feedback term to compensate
for the sum of uncertainties, whose upper bound need not be prior known.

The remainder of this paper is organized as follows. The problem formulation is
presented in Section 2. The construction of a nonsingular fast terminal sliding mode
surface, the detailed design process of controller and stability analysis are introduced in
Section 3. The simulation results are shown in Section 4. Finally, Section 5 concludes
this work.

2. Problem Formulation

Consider an n degrees-of-freedom rigid manipulator, whose dynamic equation is
expressed by [17]

M(q)§+C(4.9)9+G(q) =T+d 1

where g = [q1, 92, -+, qu]T € R" is the vector of joint angular position, M(g) € R"*"
is a symmetric positive definite inertia matrix, C(q,4) € R" represents the vector of cen-
tripetal and Coriolis torques, G(q) € R" is the gravitational force, T € R" is the input
torque, and d = [dy,dy, - - ,dn]T € R" represents the sum of external disturbances and
unmodeled dynamics.
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Due to modeling errors, physical parameter perturbations and other factors, there
exist some unmodeled dynamics in robot manipulator systems as follows:

M(q) = Mo(q) + AM(q)
C(4.9) = Co(q,9) +AC(q,9) 2
G(q) = Go(q) + AG(q)

where My(q), Co(q,9) and Go(g) are the nominal components of robot manipulator systems;
AM(q),AC(q,9), AG(q) are uncertainties.
Combining (2) with (1) leads to

Mo(9)4 +Co(q.9)4 + Go(q) = T +ds ®)

where ds, = d — AM(q)§ — AC(q,9)§ — AG(q). Let x; = g,x = 4. Then, (3) may be
rewritten as

{ 5(.‘1 = X7 (4)
%) = My ' (x1) [ds + T — Co(a1,2%2)x2 — Go(x1)]
Let us define e; and e, as follows:
{ ep = [eny,en, - ,eln}T =X1— Xy, ®)
_ T _ s
e = [ex, €0, -, 020 =% — X4,

where X;= G4 = (914,924, * ,Gna]’ is the reference trajectory. From (4) and (5), we can
obtain the error dynamic equation as

e = ey (6)
éo=F+D+ M (x1)7,

where F = —Mal(xl) (Co(xl,xz)xz + Go(.X1)) — X, D = Mal (xl)dz.
Based on the above system descriptions, the following lemmas and assumptions are
given in this article.

Lemma 1 ([18]). For a given system % = f(x), if there exists a continuous non-negative function
V(x) and scalarsa > 0, > 0,0 < v < land 0 < 5 < +oo such that V(x) < —aV — V7 + 7
holds, then the system X = f(x) is finite-time stable, that is, x converges to a small residual set

. . 1 . PP
{tlgn%x | V(x) < mln{((llz)a),((l%ﬁ)v}} in a finite time, where 0 < u < 1,

1 uaVi=7(ty) + B
T<max{t0+ W‘(l—’)’)ln 5 ,
1 paV1=7 (ko) + #ﬁ}
1 )
ot aa— ™ up @

Here, t( indicates the initial time of control system operation.

Lemma 2 ([19]). For ¢ € R, ¢ € R, and any constants p > 0,9 > 0,m > 0, the following
inequality holds:

Plold < P ipipta . 9 —5,p+a 3
1917l _p+qm|4’| +p+qm o] ®)
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Lemma 3 ([20]). For any positive number x;, i = 1,2, ..., n, there exists a constant r, which
satisfies

n

ixfz(le), 0<r<1. 9)
i=1

i=1
Assumption 1 ([14]). The sum of uncertainties D meets the following inequality:
ID]| < b1+ ba||x1 ][ + bs[ || |* = b7 @, (10)

whereb = [by, by, b3]T, ® = [1,||x1]|, ||%1]]T. Here, b; is a positive constant for i =1, 2, 3; the
operator || - || means taking the Euclidean norm for -.

The control objective of this paper is to design an adaptive nonsingular fast terminal
sliding mode controller T for the system (4) to make the joint position of the manipulator x4
track the reference trajectory x, in a finite time. In addition, by constructing a nonsingular
terminal sliding surface and auxiliary function, the singularity problem is avoided during
the controller design.

3. Main Results
3.1. Design of Nonsingular Fast Terminal Sliding Surface and Control Law

On the basis of (6), we construct a novel nonsingular fast terminal sliding surface as
koa . o1 )
Si=ey+ ——-sig-a(ey +kyey),i=1,..,n (11)
2a—1
where k1 > 0,k; > 0,a > 1 and sigz’%(ezl- + kiey;) = |ex + k161i|2_%sgn(ezi + kieqi),
with sgn(-) being a symbolic function operator.
When S; = 0, it follows from (11) that
é1i = —kiey; — kosighey, (12)

.

_ 2a—1
where ky = (2]‘(’2_‘11) ,@ = 5. Let us define

1 n
vV, = 5 Y el (13)
i=1

Taking the derivative of V; with respect to time yields

. n
Vi = Y eiéy
= o )
= kY -k Yy |t (14)
i=1 i=1

1+a

< 2k Vi —k2'PV, 2,

where 0 < % < 1. By Lemma 1, it follows from (13) that the tracking error ej; can
converge to 0 within a finite time T7.
LetS = [Sy,..., Sy|T. Differentiating S leads to

S=e+ h(ez + klél)- (15)

where h = diag(hy, ..., hn), hi = ka|ep; + kl€1i|1_% >0,i=1,2,---,n. Define an auxiliary
variable ¥ = [¥1,..., ¥,]T. Fori =1,2,--- ,n,
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1 .1 kia
Y= i, 58" (e2i +kyey;) + Zal— 7 (e2i +ken). (16)
According to (11) and the definition of & and ¥, we can deduce that
hY = ey + k1S. (17)
It follows from (15) and (17) that
S =h(F+D+ My (x1)T + kqez)
=h(F+D+Y + M, ' (x1)T +kie2) — kiS
=h(F+¥ +kiex + D+ My ' (x1)T) — K4S (18)

Remark 1. The singularity problem may happen while the following traditional sliding mode
surface (19) is used:

S; = é1i + ajey; + apsigler;, a1 > 0,40 > 0,0 < B < 1. (19)

Differentiating (11) leads to
. 1, .
Si = é1i +kalegi + kreqi| "7 (g + kréyy), (20)

in which 0 < 1— 1 < 1 holds such that the singularity problem can be directly avoided by
constructing the novel sliding mode surface (11).

Remark 2. If adopting the solution given in (21), then the singularity problem happens for per-
forming matrix inversion h™~'e. We adopt an auxiliary function method (18) to solve this problem,
rather than the traditional piecewise continuous function construction method. Compared to the
traditional piecewise continuous function method, the computational complexity and finite-time
stability analysis difficulty of the auxiliary function method can be reduced.

S=e,+h <F +D+ Mo’l(xl)'r + klez>
=h (F +h ey + D+ Myt (x)T + k1e2> ) (21)

Based on (18), we define the nonsingular fast terminal SMC law as
T = —My[F* + A1 + Apsig?$ + b ®sgn(8Th)] (22)
and the adaptive law as
b= (|[S]|® —mb), (23)

where F* = [F},.,F]T = F+Y¥ + kiey, sig?’S = [sig?Sy, ..., sig?Su]T, sgn(STh)
= [sg_n(Slhl),...,sgn(thn)]T, R

S=("TmT =hS,A, >0,A, >0,0<y<1,7>0m>0,b;0)>0,i=1,23. The
control diagram of the designed SMC scheme is shown in Figure 1.

3.2. Stability Analysis

The finite-time stability of the robot manipulator (6) in both the reaching phase and
the sliding phase is established by the following theorem.
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N Adaptive Law q d
g Eq.(23) a@
nsersme | S Auxiliary ¥ [ axseTsmc | -
i Robot
Surface > VAriable > Controller - Wiamiilot
Eq.(1D) Eq.(16) Eq.22) anipulator

f

Figure 1. Control diagram of the designed SMC scheme.

Theorem 1. Consider the robot manipulator (6) with nonsingular sliding mode surface (11),
auxiliary variable (14), finite-time controller (22) and update law (23). The system tracking error

can converge to the neighborhood of the origin in finite time.

Proof of Theorem 1. Let us define a Lyapunov function as

_lar 175
Vo = ES S+ Eb b,
whereb =b —b. Differentiating (24) leads to
%:s%—;fﬂ

Substituting (18) and (22) into (24) yields
w:§MP+D+M;ﬂ—h§§—%Vﬁ
=STh[ = M1S — Aysig?S — b ®sgn(STh) + D]
n 1
—k ; §? — ;

n n
-
<=k )OS A2 Y hilSiTT +|IS|b @ —

b'b

1
i=1 i=1 n

b'b

n n . _ 14
:—hZﬁ%thm@F”+fmﬂ@—gw
i=1 i=1

1

Substituting (23) into (26), we have

n n
Va=—k1 Y ST — Ao Y hi|Si|"TT + mbb
i=1

i=1

According to Young's inequality, the following inequality holds:

3ml[b|[* | m]lb||?
— + .

mbb < 4 4
Combining (28) with (27), we obtain
Vo <~k _fs? — A ihi|si|”7 - ’””25”2
_ ml:ifllz n m|\lb:|1\2
4 4

n mBZ
= kY5 a Y s e - MPIE
i=1

i=1 =

2 mlfb

(MBI () BT

(24)

(25)

(26)

(27)

(28)

(29)
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Let¢p =1, = m”fnz,p =1-%q9g=%w=1landy = HT'Y By Lemma 2, we obtain
m||b||%\ 5 . m||b|?
(LB 5 oz mIBIE. 40
2 2
where ©(y) =1— 7.
Substituting (30) into (29) leads to
. n n m B 2
Vs s—klzs%wzzhi|si|“h¥+
i=1 i=1
m||bl|2.5  m||b|? ~
2 4
By Lemma 3, it follows from (31) that
Vo <—mV—mpVi+4 (32)

where 6§ = %”Hz +0(7), i1 = min{ky, L}, po = min{27Azh;, (my)7}.
Then, by Lemma 1, the system (6) is finite-time stable with the convergence region

)
= i < i
A {}LHT‘,S | Vo < mm{((1 _K)Vl),
) 1
ey 33
NEEr Y )
where 0 < x < 1,
1-y
V. t
T, §max{t0+ ! — any1 2 (fo) +V2,
kp1(1—) 1z
v, (¢t
o+ —— Y (OHK”Z}. (34)
m(l—) Kp2
When §; converges to the region |S;| < A, i =1, ..., n, it follows from (11) that
koa . o1
Si =ey; + 72112— 7 -sig?a (eg; + kiex;)
=0;, ‘191| <A, (35)
which means both
. l9i 7. . d _
éiiteri| ki — = ) +kosigler; = 0 (36)
1i
and
. . a - Y;
é1i + kiey; +sigheyi| ko — —— =0 (37)
sig’eq;
hold.
From (36), we can see that ej; converges if k; — %i]_ > (. From (37), we can see that ey;
converges if k — l?{ > 0. Hence, e1; will converge to the region

sigheq

1
leqi] < min{kAl, (é) } (38)

within the finite time Ty + T,. O
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Remark 3. In order to avoid the chattering phenomenon, (22) may be modified by replacing the
sighum function with a hyperbolic tangent function as follows:

T = —M |F* + A8 + Aysig?S + b ®dtanh(STh) (39)

where tanh(STh) = [tanh(S1h1), ..., tanh(S,hy )]

Remark 4. Based on Assumption 1, the robust adaptive approach is used to deal with uncertainties
in this work. Additionally, these uncertainties may be approximated by adaptive neural networks
and adaptive fuzzy systems [21].

4. Simulation
Consider a two-joint rigid robot manipulator [17] shown in Figure 2.

q1 g

£ x

Figure 2. Configuration of a two-link robot manipulator.

The dynamic of robot manipulator in (1) and (2) by Lagrangian equation is repre-
sented as

M(q) = [ mi My },C(q,q‘) _ { i1 ‘12 ]’

Mp1 Moo 21 €22
Ga)=1[g, &1 (40)
where g = [q1,q2)T, mi1 = (my + my)I3 + myl3 4+ 2malyly cos(q2) + J1,m12 = mal3 +
malilp cos(qp), my1 = mal3 + malilycos(qa), my = mal2 + Jo, c11 = —molilysin(qa)da,

C1p = *mzlllz Sin(Qz)(ql + q'z),Cﬂ = mzlllz sin(qz)c'h, cn =0, 8= (m1 + mz)llg COS(Ql) +
malpg cos(q1 + q2) and go = mylpgcos(q1 + q2). Table 1 shows the physical attributes of
the manipulator used for the simulation analysis.

The reference position trajectories are q;; = 1.25 — 14e ! + 0.35e # rad and
Goqg = 1.25+e~f —0.25e# rad. dy(t) = 2sin(t) 4+ 0.5sin(2007tt) N - m, d(t) = cos(2t) +
0.5sin(2007tt) N-m. The initial states of the robot manipulator are set as follows:
g1(0) = 1rad, g2(0) = 0.5 rad, 41(0) = 0 rad and 4,(0) = 0 rad/s.
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Table 1. Physical parameters of the two-link robot manipulator.

Symbol Definition Value
Iy Length of link 1 1.0m
I Length of link 2 0.8m
m1g Nominal mass of joint 1 0.4 kg
my Nominal mass of joint 2 12 kg
mq Mass of joint 1 0.5 kg
my Mass of joint 2 1.5kg
I Moment of inertia of link 1 5 kg.m2
A Moment of inertia of link 2 5 kg.m2
g Gravitational constant 9.8 m/s?

The ANSFTSMC approach proposed in this paper (including nonsingular fast terminal
sliding surface (11), control law (22) and adaptive law (23)) is applied for simulation, where
the parameters are set as k1 = 2.5,k = 2,0 = %,)\1 =1L A=19= %,17 = 0.1, m = 0.001.
The angular positions of joints 1 and 2 in are illustrated in Figures 3 and 4, respectively.
The angular position error signals and angular velocity error signals of two joints are shown
in Figures 5 and 6, respectively. It is observed from Figures 3-6 that favorable trajectory
tracking responses are obtained by using the proposed control law. Figure 7 exhibits the
control torques, which shows that the input signals are continuous and chattering-free.
Figure 8 displays the parameter estimation. We can see that by, b, and b3 can converge to
corresponding constants over time, respectively, which indicates good compensation for
the uncertainties in robot manipulators.

Remark 5. In Section 3, the design parameters are theoretically required to meet ky > 0,k > 0,
a>1,A1 >0, >0,0<v<1,5>0,m>0. In the practical application, we recommend to
set their values as follows: 0.5 < k; <5,05 <ky; <511<a<205<2A; <505<7A, <5
01<9<090.02<7r<0.2,0.00005<m<0.1.

In order to verify the effectiveness of the proposed control approach, two comparisons
will be carried out.

16
ql
14F T Y
- i
8
i
o
E
0.6F / i
>I
,/
0.4} ! ,
1
»I
02 / 1 1 1 1
0 2 4 6 8 10

t/s

Figure 3. Trajectory tracking response of joint-1 (ANSFTSMC).
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Figure 4. Trajectory tracking response of joint-2 (ANSFTSMC).
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Figure 5. Position errors of joint-1 and joint-2 (ANSFTSMC).
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Figure 6. Velocity errors of joint-1 and joint-2 (ANSFTSMC).
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40

201

Tl/N

-20
0

ts
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Figure 7. Control torques of joint-1 and joint-2 (ANSFTSMC).

08 e e ————= —_—

0.7F /o o  _____o_o____

o .
w
= e = T
L

0 2 4 6 8 10
t/s

Figure 8. Parameter estimation (ANSFTSMC).

Comparison A: The following sliding surface and the nonsingular terminal SMC
(NSTSMC) law proposed in [14] are introduced for comparison as follows:

S; =eq +C1é1142/m
T =Tp +up+uy, (41)

where

70 =Co(q,4)9 + 80(q) + Mo(9)4 4,
H1 —1,2—H2/m
=—=-M C ,
ug i 0(9)Cy€)

. /1 —1 _
_ p [sTCadiag (@M T Mg ()7 W)
M2 ||sTCydiag(el> " )My (q)])

The design parameters of (41) and (42) are chosen as C; = diag[2.5,2.5], 43 = 3 and
u2 = 5, respectively. The simulation results are shown in Figures 9-12. From them, we can
see that the convergence speed of the proposed ANSFTSMC approach is faster than that of

the NSTSMC algorithm.
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12} e 1
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0.2 L L L
0 2 4 8 10

t/s

Figure 9. Trajectory tracking response of joint-1 (NSTSMC, ANSFTSMC).
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Figure 10. Trajectory tracking response of joint-2 (NSTSMC, ANSFTSMC).
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Figure 11. Position error of joint-1 (NSTSMC, ANSFTSMC).

10



Electronics 2022, 11, 3672

13 of 17

elzlrad

NSTSMC
—— - ANSFTSMC

! !

6 8 10

t/s
Figure 12. Position error of joint-2 (NSTSMC, ANSFTSMC).

Comparison B: The following sliding surface and nonsingular fast terminal SMC
(NSFTSMC) algorithm are designed in light of the literature [22] as

Sy =e; +sign'1(e;) + sign'?(e,),

T=—My[g2Ss + (p+¢1) +F+T, (b+

Sy
1Szl +9
I'1diag(|eq |1“1 _12))sig11212_r2 (e2)], (43)

where¢1 = 1,6, =2,6 =0.01,Sy = e + signr1 (eq) + Signr2 (e2), F = —Mal(q)(Co(q,q)q
+Go(4)) — 44

o0 =[|My Y[ (bo + b gl + b21141)), (44)
bo =2,b; = 0.5,b, = 0.3,

20 [3 0 [10
Fl—[o 2],F2—[0 2}12—{0 1}- (45)

As shown in Figures 13 and 14, the system angular position states track the desired
reference signals quickly in the cases of NSFTSMC and ANSFTSMC, respectively. However,
the ANSFTSMC system is better than NSFTSMC in convergence speed and stable precision,
which can also be verified by Figures 15 and 16. In the controller deign of NSFTSMC, by, by
and b, are assumed to be known (see (44)), which is required in the controller design of
ANSFTSMC. Note that if the design parameter 6 is set close to zero, then the chattering
phenomenon will happen. Figures 17 and 18 show the control input for the case of § = 0.01
and ¢ = 0, respectively.
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Figure 13. Trajectory tracking response of joint-1 (NSFTSMC, ANSFTSMC).
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Figure 14. Trajectory tracking response of joint-2 (NSFTSMC, ANSFTSMC).
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5. Conclusions

In this paper, an ANSFTSMC approach is proposed for robot manipulators with inter-
nal uncertainties and external disturbances to achieve a fast and high-precision trajectory
tracking. We design a novel nonsingular fast terminal sliding surface and auxiliary function
to avoid the singularity problem caused by the inverse matrix operation during the con-
troller design, where the traditional piecewise continuous function approach is replaced by
the auxiliary function approach to reduce the design difficulty and the burden computation.
By designing an adaptive updating law, the total uncertainties, whose upper bound are
unknown, in the system are compensated for. The system tracking error can converge to
the neighborhood of the origin in finite time, and all the signals of the closed-loop system
are guaranteed to be bounded. In future studies, we will attempt to develop an adaptive
fuzzy nonsingular terminal SMC approach for robot manipulators.
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