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Abstract

:

In this paper, a novel approach involving a fractional recurrent neural network (RNN) is proposed to achieve the observer-based synchronization of a cancer cell model. According to the properties of recurrent neural networks, our proposed framework serves as a predictive method for the behavior of fractional-order chaotic cancer systems with uncertain orders. Through a stability analysis of weight updating laws, we design a fractional-order Nonlinear Autoregressive with Exogenous Inputs (NARX) network, in which its learning algorithm demonstrates admissible and faster convergence. The main contribution of this paper lies in the development of a fractional neural observer for the fractional-order cancer systems, which is robust in the presence of uncertain orders. The proposed fractional-order model for cancer can capture complex and nonlinear behaviors more accurately than traditional integer-order models. This improved accuracy can provide a more realistic representation of cancer dynamics. Simulation results are presented to demonstrate the effectiveness of the proposed method, where mean square errors of synchronization by applying integer and fractional weight matrix laws are calculated. The density of tumor cell, density of healthy host cell and density of effector immune cell errors for the observer-based synchronization of fractional-order (OSFO) cancer system are less than 0.0.0048, 0.0062 and 0.0068, respectively. Comparative tables are provided to validate the improved accuracy achieved by the proposed framework.
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1. Introduction


Regarding the significant mortality rates associated with cancer, the accurate analysis and detection of tumor behaviors holds immense importance in the field of medicine. Primary investigations [1,2] have laid the foundation for understanding the proliferation of cancer cells. Subsequent to these initial studies, numerous methodologies have been proposed to illustrate the diverse behaviors exhibited by cancer cells under varying conditions [3,4]. Many studies have utilized mathematical frameworks to comprehensively model the dynamics of cancer cells, which have proven to be a valuable tool in formulating precise properties that capture the complexities inherent in cancer cell growth [5]. Cancer represents a complex phenomenon in which numerous factors interact across extensive spatial and temporal dimensions. Clinical data cannot always uncover the underlying mechanisms behind the observed occurrences. In [6], the importance of mathematical modeling as a powerful tool in interpreting these data is highlighted, and several case studies are presented for theoretical models of solid tumor growth. Extending this study, multi-scale models of solid tumor growth are provided in [7].



The chaotic nature of time series [8] has been applied to demonstrate that cancer cells exhibit chaotic behavioral patterns [9]. In addition, observer-based synchronization [10] stands as a conventional technique employed to elucidate the complex dynamics and is one of the most common methods of specifying the behavior of cancer cell growth. An emerging paradigm in this field involves the fractional modeling of chaotic systems, introducing a novel approach with distinct properties [11].



The properties of fractional calculations make the fractional-order modeling more accurate in numerous natural and practical systems. As a result, fractional-order modeling has found applications in various biological systems [12,13]. Examples of these applications include fractional-order biological population models [14], fractional models for epidemics [15] and fractional models used in control strategies during an outbreak of dengue fever [16]. There has been a significant increase in the exploration of fractional-order chaotic systems and their diverse applications [17].



Adaptive global synchronization within a predetermined time interval for two chaotic systems with fractional-order dynamics and time delays is proposed in [18]. In [19], a comprehensive examination of a novel fractional-order chaotic system driven by a chaos entanglement function is conducted through multiple analytical tools. Moreover, a novel finite-time terminal observer is designed in this study for the estimation of the state variables of the fractional-order system. Evolutionary algorithms have been utilized in [20] for the parameter and order estimation of fractional-order chaotic systems. A novel adaptation law is introduced in [21] to overcome the synchronization problem in a class of nonlinear fractional-order systems with chaotic behavior within the context of fractional-order sliding mode control. The key novelty in this study is the selection of a sliding surface characterized by two adaptable parameters.



One notable biological model of fractional-order chaotic systems is the cancer system model. Recent investigations have focused on the fractional version of the cancer model, achieving a commendable level of accuracy when compared to real-world data concerning cancer cells [22,23]. One of the most important applications of chaotic systems is chaos synchronization. We have previously developed mathematical models to achieve synchronization in fractional-order systems [24,25]. The observer-based synchronization of fractional-order (OSFO) chaotic systems has also been performed using various approaches [26]. All of these methods involve analytical techniques with complex calculations. While the results demonstrate successful synchronization, there are instances where refinement through modifications could lead to improved outcomes.



Artificial neural networks present a promising outcome for the modeling of complex systems or those with unknown specifications [27]. Recent emerging techniques such as the 3D mesh learning method [28] and perceptual metric-guided generative adversarial networks [29] have improved their efficacy further. The development of a neural network identifier is outlined in [30], which operates in the complex domain for uncertain nonlinear systems. This algorithm is derived from a specific class of controlled Lyapunov functions. Different types of artificial neural networks have been introduced for various applications. Neural networks used in predicting nonlinear systems operate in a nonparametric manner, eliminating the need for precise knowledge about the system specifications. Previous studies have explored the integration of artificial neural networks into observer design for nonlinear systems [31]. In [32], an adaptive neural network-based decentralized output feedback control system for interconnected nonlinear systems with strict feedback dynamics and uncertain parameters is designed. This system involves variable virtual and control gain functions, and neural networks are employed to approximate unknown nonlinearities. Moreover, an adaptive neural control with fixed-time convergence for a specific class of uncertain nonlinear systems is proposed in [33], which takes into account the hysteresis input and unobservable states. While artificial neural networks are widely used in cancer research for tasks like cancer classification, their application to model the behavior of cancer cells represents a novel and emerging focus [34,35]. One of the most common types of artificial neural networks used in time series predictions is the adaptive recurrent neural network (RNN) [36]. These networks, with a sufficient number of neurons, can be used for the realization of nonlinear systems [37]. Fractional-order forms of RNNs have been extended for the modeling of complex systems. They have the potential to make significant contributions to various biological fields due to their ability to model complex and non-integer order dynamics. These networks offer several benefits compared to simple artificial neural networks or recurrent neural networks when it comes to cancer modeling. They are better equipped to model the complex and non-integer-order dynamics present in cancer systems. They can model long-range dependencies, memory effects and fractional-order differential equations more accurately. Fractional-order neural networks can improve parameter estimation in cancer models. They can help to identify fractional-order parameters that may be overlooked by traditional integer-order models, leading to more accurate parameter values and more reliable model predictions. For instance, fractional neural networks can be used to analyze and process biological signals such as electroencephalograms (EEGs) [38]. Moreover, they can be utilized to model the interactions between drugs and biological systems. They can help in predicting the efficacy and side effects of drugs, optimizing drug dosages and identifying potential drug candidates [39]. These networks can improve image processing and analysis in medical imaging applications. They can enhance feature extraction and disease detection in modalities such as MRI, CT and ultrasound [40].



The primary purpose of predicting nonlinear systems is to create a model that can approximate the system. The chaotic behavior and fractional aspects of a system amplify its complexity. This complexity makes predicting system behavior a more challenging task for artificial neural networks.The Nonlinear Autoregressive with Exogenous Inputs (NARX) network is a type of neural network with unique properties [41]. These properties make this type of neural network a good choice to predict the behavior of fractional-order chaotic systems. Cancer is a complex and multifaceted disease that exhibits non-integer-order dynamics in several aspects of its progression. Traditional mathematical models based on integer-order differential equations cannot analyze the intricate behaviors of cancer systems accurately. Our research addresses this gap by introducing the use of fractional neural networks, which are capable of modeling and capturing the fractional-order dynamics in cancer. Utilizing the proposed method, we aim to improve our understanding of cancer’s complexity and develop more accurate models. The application of fractional-order neural networks is relatively novel in modeling biological systems. The flexibility of fractional-order calculations in the design of weight update laws helps us to achieve greater accuracy and robustness in neural network design. The main focus of this paper is to design a neural network with fractional-order weight updates for the fast and reliable detection of the behaviors of fractional-order cancer cells, even in cases with uncertain orders. Fractional-order models can capture the complex, non-integer-order dynamics that are often present in biological systems. They provide a more accurate representation of the intricate behaviors of cancer cells. In this study, utilizing the stability analysis of fractional-order systems, sufficient stability conditions are provided to achieve weight update laws for a fractional-order cancer system. Through the application of the proposed stability analysis, it is revealed that the connection weights within the NARX network converge towards their optimal values. This outcome demonstrates the effectiveness of the designed observer.



The main contributions of this paper are as follows:




	-

	
The proposed method for observer-based synchronization in incommensurate fractional-order systems is based on a fractional recurrent neural network;




	-

	
The proposed method is robust in the presence of uncertain orders;




	-

	
A novel stability analysis for the stability of fractional-order systems is introduced;




	-

	
The proposed stability analysis is applied to fractional-order systems with uncertain orders;




	-

	
Based on the case study, a fractional-order updating rule is proposed for the designed artificial neural networks, which enhances the network’s performance.









The rest of the paper is organized as follows. In Section 2, basic definitions related to fractional calculus and cancer cells are introduced, followed by the presentation of a fractional model for cancer. Section 3 introduces the observer design based on artificial neural networks and provides the mathematical relations of this network. Section 4 presents the stability analysis for the designed network, specifically focusing on the updating procedure of the connection weights within the neural network. Moving to Section 5, an illustrative example is provided to validate the method’s effectiveness, and then the discussion of these results is given in Section 6. Finally, in Section 7, the main conclusions of the study are provided.




2. Basic Definition


2.1. Mathematical Model of Cancer


The model of cancer cells is obtained by the progression and regression of a tumor. The effective parameters in this model are lymphocytes, macrophages and anticancer agent cells. Macrophages circulate around the body with the cardiovascular system, and all tissues of the body may contain macrophages [42,43]. The main idea of cancer modeling is obtained from a prey–predator-like system. The predator includes cytotoxic macrophages and T-lymphocytes. The predator attacks the tumor cells and destroys them. After this, macrophages release cytokines and activate T-lymphocytes. The predator contains two hunting and resting cells. The resting cells directly do not have ability to destroy tumor cells and usually are converted into T-lymphocytes.



Mathematically, the conversion of cells is depicted through a direct action. Additionally, employing the law of mass action, the obliteration of tumor cells can be quantified as the rate of their depletion. This comprehensive model captures the intricate dynamics of tumor interactions and transformations.



According to the mentioned description, a mathematical model as below can show the desired behavior.


       T ˙  =  c 1  T  ( 1 −  c 2  − 1   T )  −  c 3  N T −  c 4  T I        N ˙  =  c 5  N  ( 1 −  c 6  − 1   N )  −  c 7  T N        I ˙  = M +    c 8  I T    c 9  + T   −  c 9  I T −  c 10  I      



(1)




where   T ( t )   is the density of tumor cells,   N ( t )   is the density of healthy host cells and   I ( t )   is the density of effector immune cells.



The first equation of system (1) shows the changes in tumor cells with time. The first term of this equation shows the growth of tumor cells without any effect.   c 1   is the rate of growth and   c 2   is the maximum carrying capacity. The next term,    c 3  N T  , is the coefficient of competition between host and tumor cells. Moreover, the competition between immune cells and tumor cells is shown in term    c 4  T I  .



Like the first equation, the first term of the second equation shows the growth of healthy cells with rate   c 5   and maximum carrying capacity   c 6  . In general,    c 1  >  c 6   , which means that cancer cells grow faster than healthy cells. Here, again, the competition between healthy and tumor cells is shown with coefficient   c 7   in the second term. In the second equation, M shows the stimulation of immune cells. This stimulation occurs with tumor-specified antigens.   c 8   and   c 9   are positive constants that show the recognition process of tumor cells by the immune system. The interaction of immune cells and tumor cells is shown in the third term of the third equation, with the   c 9   coefficient. Moreover,   c 10   shows the natural rate of destruction of immune cells.



For   M = 0  , we can write the cancer model in Equation (1) as [43]


        x ˙  1  =  x 1   ( 1 −  x 1  )  −  k 1   x 1   x 2  −  k 2   x 1   x 3          x ˙  2  =  k 3   x 2   ( 1 −  x 2  )  −  k 4   x 1   x 2          x ˙  3  =    k 5   x 1   x 3     k 6  +  x 3    −  k 7   x 1   x 3  −  k 8   x 3       



(2)




where    k 1  =  c 3  /  c 1   ,    k 2  =  c 4  /  c 1   ,    k 3  =  c 5  /  c 6   ,    k 4  =  c 7  /  c 5   ,    k 5  =  c 8   ,    k 6  =  c 9   ,    k 7  =  c 9    and    k 8  =  c 10   .




2.2. Fractional-Order Systems


Fractional calculus is the general form of ordinary calculations. In this type of calculation, the orders of differential equations are fractional. To describe this type of differential equation, we must define fractional operators. There are several definitions of a fractional operator. One prevalent definition characterizes fractional operators as [44]


   D t q  F  ( t )  =  lim  h → 0    h  − q    ∑  k = 0   ( t − [ q ] − 1 ) / h     ( − 1 )  k    q k   F  ( t − k h )   



(3)




where     q k   =   q ( q − 1 ) … ( q − k + 1 )   k !    . This definition of a fractional operator is known as the Grunwald–Letnikov definition [44].




2.3. Numerical Method for Fractional-Order Systems


According to the absence of analytical solutions for fractional-order differential equations, it becomes necessary to employ approximation techniques in order to solve this category of differential equation. Several methods have been devised to tackle such equations. In the context of this paper, the Adams–Bashforth–Moulton method is adopted as the means to solve fractional-order differential equations [25]. To clarify this approach, we consider the following differential equation:


   D q  x  ( t )  = f  ( t , x  ( t )  )  ,  0 ≤ t ≤ T  



(4)




and


   x  (  k ′  )    ( 0 )  =  x 0  (  k ′  )   ,   k ′  = 0 , 1 , … , n − 1  



(5)







Here, q shows the fractional order, f represents the function and m is the first integer number larger than q. This differential equation is equivalent to the Volterra integral equation as [34]


  x  ( t )  =  ∑   k ′  = 0   m − 1    x 0  (  k ′  )     t  k ′     k ′  !   +  1  Γ ( q )    ∫  0  t    ( t − s )   q − 1   f  ( s , y  ( s )  )  d s  



(6)







We consider   h = T / N ,   t k  = k h    ( k = 0 , 1 , 2 , … , N )   , and Equation (6) can be discretized as follows:


      x h   (  t  k + 1   )  =  ∑   k ′  = 0   m − 1    x 0  (  k ′  )     t  k + 1   k ′     k ′  !   +   h q   Γ ( q + 2 )   f  (  t  n + 1   ,  x h P   (  t  n + 1   )  )                                +   h q   Γ ( q + 2 )    ∑  j = 0  n   a  j , n + 1   f  (  t j  ,  x h P   (  t j  )  )      



(7)




where the predicted value    x h   (  t  n + 1   )    is determined by


   x h P   (  t  n + 1   )  =  ∑  k = 0   m − 1    x 0  (  k ′  )     t  k + 1  k   k !   +  1  Γ ( q )    ∑  j = 0  k   b  j , k + 1   f  (  t j  ,  y h   (  t j  )  )   



(8)







in which


   a  j , k + 1   =       k  q + 1   −  ( k − q )    ( k + 1 )  q  ,              j = 0         ( k − j + 2 )   q + 1   +   ( k − j )   q + 1   −       2   ( k − j + 1 )   q + 1   ,                    1 ≤ j ≤ N       1 ,                              j = k + 1       



(9)






   b  j , k + 1   =   h q  q   (   ( k + 1 − j )  q    ( k − j )  q  )   



(10)







The description of the approximation error in this estimation is as follows:


  m a x  | x  (  t j  )  −  x h   (  t j  )  |  = o  (  h b  )   








where   b = m i n ( 2 , 1 + q )  .




2.4. Fractional Version of Cancer System


As mentioned in the previous section, the fractional modeling of many systems is more accurate than the integer version. The fractional version of system (2) can be written as [45]


        d   q 1  + δ  q 1     d t    x 1  =  x 1   ( 1 −  x 1  )  −  k 1   x 1   x 2  −  k 2   x 1   x 3          d   q 2  + δ  q 2     d t    x 2  =  k 3   x 2   ( 1 −  x 2  )  −  k 4   x 1   x 2          d   q 3  + δ  q 3     d t    x 3  =    k 5   x 1   x 3     k 6  +  x 3    −  k 7   x 1   x 3  −  k 8   x 3       



(11)







The parameters and states of system (2) are similar to those of system (11).   δ  q 1  , δ  q 2  , δ  q 3    are the uncertainty of orders. For certain incommensurate orders such as    (  q 1  ,  q 2  ,  q 3  )  =  ( 0.97 , 0.95 , 0.97 )   , the chaotic behavior of the system is as shown in Figure 1.





3. Observer Design with Neural Networks


In the previous section, the fundamental concepts of a fractional-order cancer cell model are defined. In this section, the relations and structure of the fractional-based neural network will be presented and the stability analysis will be described.



Neural networks have the ability to approximate a nonlinear function with a bounded error dynamic. A nonlinear function can be written as follows:


  g ( Y ) = X α ( Y ) + β ( Y )  



(12)







In this expression,   g ( Y )   signifies a nonlinear function, X denotes the constant ideal weight matrix and   α ( )   represents the basis function. Additionally,  β  stands for the bounded error. The estimation of the nonlinear function (12) through the utilization of artificial neural networks is articulated as


   g ^   (  Y ^  )  =  X ^  α  (  Y ^  )   



(13)




where   X ^   is obtained through the training of the neural network. The estimation error can be represented as


  E = X α  ( Y )  + β  ( Y )  −  X ^  α  (  Y ^  )   



(14)







In the following, we use this estimation error in a synchronization problem.



3.1. Observer-Based Synchronization


Here, we propose the observer-based synchronization in fractional-order chaotic systems. A fractional-order chaotic system in general form can be shown as


   D q  Y = A Y + g  ( Y )   



(15)




where Y shows the states of the system, A is the linear part and g is the nonlinear part, which is estimated by the neural network.



For the estimated system, we have the following system:


   D q   Y ^  = A  Y ^  +  g ^   (  Y ^  )  + u  



(16)




where   Y ^   represents the vector of estimated states,   g ^   signifies the estimation of the nonlinear component and u denotes an additional control signal incorporated into the estimated system to ensure the convergence of the estimation process. Then, the synchronization error of the designed observer is


   D q  E = A E +  g ^   (  Y ^  )  − g  ( Y )  + u  



(17)







Taking into consideration the estimation error associated with the nonlinear component as expressed in Equation (14), we can rephrase Equation (17) in the following manner:


   D q  E = A E + X α  ( Y )  + β  ( Y )  −  X ^  α  (  Y ^  )  + u  



(18)







By introducing the terms   X α (  Y ^  )   and performing both addition and subtraction to Equation (18), we obtain


   D q  E = A E +  X ¯  α  (  Y ^  )  +  X 1   ( t )  + β  ( Y )  + u  



(19)




where    X ¯  = X −  X ^    and


   X 1   ( t )  = X  ( α  ( Y )  − α  (  Y ^  )  )   











In the general context, and particularly in cases of chaos,    X 1   ( t )    is known to be bounded. By choosing an appropriate control signal u, in the designed neural network observer, the error of estimated weights converges to zero. The block diagram of the observer-based synchronization based on neural networks is shown in Figure 2. In this figure, the   N N   block represents the designed NARX neural network, which is a recurrent network, and the details of this network will be discussed in the next section. The   g ( y )   block is used to show the nonlinear vector of the fractional-order cancer model, which is formulated in Equation (11) as follows:


  g  ( y )  =      −  y 1 2  −  k 1   y 1   y 2  −  k 2   y 1   y 3        − k 3  y 2 2  −  k 4   y 1   y 2           k 5   y 1   y 3     k 6  +  y 3    −  k 7   y 1   y 3        



(20)







The   F O I   block denotes the fractional-order integrator, which uses the Grunwald–Letnikov definition of the fractional order operator.




3.2. Structure of Observer-Based Synchronization with Neural Network


In this arrangement, each state of the nonlinear system at the discrete time instant t is associated with previous time samples in the following manner:


  Y  ( t )  = g ( Y  ( t − 1 )  , … , Y  ( t −  n Y  )  )  



(21)




where Y signifies the model’s states at a discrete time step t. Additionally, within this model,    n Y  ≥ 1   denotes the number of memory delays for the states, while g represents a nonlinear function. Notably, this function is approximated through a multilayer perceptron (MLP). The NARX network comprises an embedded MLP network, which in turn has connections with independent inputs and past outputs for output computation. As depicted in Figure 3, this network defines system feedback by utilizing both the system output and independent input. Notably, there is no feedback loop involving the outputs of the hidden layer of the network. Nevertheless, the NARX network’s output exhibits greater accuracy compared to other forms of recurrent neural networks [46]. This model is illustrated in Figure 3. Within this architecture,   X 1   denotes the input weight matrix in the hidden layer,   X 2   represents the network output feedback weight matrix in the hidden layer and   X 3   corresponds to the weight matrix in the output layer. Importantly, it becomes evident that by selecting the requisite number of observers for each state, alongside a suitable number of samples (  n Y  ), the estimation of the nonlinear components within the system (15) can be achieved with an acceptable level of error.





4. Stability Analysis and Weight Update Rule


4.1. Fundamental Principles of Stability in Fractional-Order Systems


In the case of a generic fractional differential equation,


   D q  y  ( t )  = g  ( y )   



(22)




the Lyapunov stability theory applicable to the system (22) is as follows.



Theorem 1.

With fractional-order   q ∈ ( 0 , 1 ]  , for a positive definite   V ( y ( t ) )  , if there is a semi-negative definite    D q  V  ( y  ( t )  )   , then system (22) is Lyapunov stable [47].





The Leibniz rule [48] stands as a well-recognized concept in fractional calculus. It elucidates fractional differentiation for the product of two functions as the following:


   D q   ( f . g )  =  ∑  n = 0  ∞    q n    D  q − n   f .  D n  g  



(23)




where


    q n   =   Γ ( q + 1 )   Γ ( q − n + 1 ) Γ ( n + 1 )    



(24)







When aiming to multiply two similar functions, the Leibniz rule can be articulated as follows:


   D q   (  g 2  )  =  ∑  n = 0  ∞    q n    D  q − n   g .  D n  g  



(25)







An other form of Equation (25) is


   D q   (  g 2  )  =  ∑  n = 0  ∞    q n    D q  g .  D 0  g  



(26)







Regarding the subsequent relationships concerning the stability of fractional-order systems, it is pertinent to note that for a complex value of q and   | x | < 1  , the related binomial series is introduced as


    ( 1 + y )  q  =  ∑  n = 0  ∞    q n    y n   



(27)







The convergence of the series for   y = 1   is guaranteed when   R e ( q ) > − 1  . In this case, we have   q ∈ ( 0 , 1 )  , and


    ( 1 + 1 )  q  =  ∑  n = 0  ∞    q n    



(28)







Then, Equation (26) can be written as


   D q   (  g 2  )  =  2 α   D q  g . g  



(29)







By considering a Lyapanov candidate function for the estimation error (19) as


  V =  E 2   



(30)







for this positive defined function, by using Equation (29), we have


   D q  V =  2 q   D α  E E  



(31)







Now, by using Equation (19), and choosing an appropriate u, we obtain    D q  V ≤ 0  . This signifies the successful functioning of the designed observer, thereby accomplishing observer-based synchronization. An effective option for u can be set as   u = −  X 1   ( t )  − β  ( Y )  − K E  . This particular choice of u yields    D q  E E =  ( A − K )   E 2   , which indicates that, through a well-chosen K, the error converges to zero, ensuring the robust performance of the synchronization process.




4.2. Analysis of Updating Rules


To ensure the effective training of each neural network, it is crucial to develop a proper learning algorithm. The core concept of training neural networks relies on defining an appropriate update rule for the adjustment of connection weights. In this case, this update rule is essential to guarantee the proper functioning of the designed observer. Among the well-established algorithms, the back-propagation algorithm [46] stands out as a noteworthy choice for updating weights. Based on this algorithm, we can propose the following theorem to provide a stable neural observer.



Theorem 2.

Considering the model (11) alongside observer (16), and adopting a learning rate denoted by ρ, the fractional updating rule takes the form


    D q   X ^  = − ρ   (  E T   A p  − 1   )  T  σ   (  Y ^  )  T  −  ϵ | | E | |   X ^    



(32)







Here, ϵ represents a small positive constant,    A p  = A − K   retains the same definition as mentioned in the previous subsection, and   q ∈ ( 0 , 1 ]  . Consequently, the convergence of the estimation error (1) to zero can be successfully attained.





Proof. 

Following the stability criteria delineated in fractional differential Equation (31) for a quadratic function, it becomes evident that when the system order lies within the range of   ( 0 , 1 ]  , the stability observed in the integer version extends to the fractional variant. Consequently, fractional-order systems can accommodate uncertain orders provided that these orders remain below 1. The integer representation of Equation (32) is expressed as


    X ^  ˙  = − ρ   (  E T   A p  − 1   )  T  α   (  Y ^  )  T  −  γ | | E | |   X ^   



(33)







Expressing the weight error matrix as    X ¯  = X −  X ^   , we can derive simplified relationships as follows:


    X ¯  ˙  = − ρ   (  E T   A p  − 1   )  T  α   (  Y ^  )  T  +  γ | | E | |   X ^   



(34)







For a Lyapunov function as


  V =  E T   P s  E + t r  (   X ¯  T   γ  − 1    X ¯  )   



(35)




where   P s   is a positive definite matrix, the derivative of the Lyapunov function can be calculated as


   V ˙  =   E ˙  T   P s  E +  E T   P s   E ˙  + t r  (   X ¯  T   ϵ  − 1     X ¯  ˙  )   



(36)







The matrix   P s   fulfills the condition (37) in the presence of a positive definite matrix   Q s  .


   A p T   P s  +  P s   A p  = −  Q s   



(37)







Then, using Equation (19) and Equations (32) and (37), we have


   V ˙  = −   E ˙  T   Q s  E +  E T   P s   (  C ¯  α  (  Y ^  )  +  X 1   ( t )  + β  ( Y )  )   + t r (    X ¯  T  M E  α T  +  X ¯   | | E | |   ( X −  X ¯  )   )   



(38)




where   M = ρ ϵ  A p  − T    . Moreover, we have


  t r  (   X ¯  T   ( X −  X ¯  )  )  ≤  C 1   | |   X ¯   | |  −  | |   X ¯    | |  2   



(39)






  t r  (   X ¯  T  M E  α T  )  ≤  C 2   | |    X ¯  T   | |  | | M | |  | | E | |   



(40)







Here, the coefficients represent two important factors.   C 1   is the upper bound of X, and   C 2   is related to the active functions and shows its upper bound. Now, we rewrite Equation (36) as


   V ˙  ≤ −  λ  m i n    (  Q s  )    | | E | |  2  +  | | E | |  | |   P s   | | (   C 2   | |   X ¯   | |  +  X 1   ( t )  + β  ( Y )   ) +   C 2   | |   X ¯   | |  | | M | |  | | E | | + (   C 1   | |   X ¯   | |  −   | | X | |  2   ) | | E | |   



(41)




where


   | | E | | >  =  ( 2 | |   P s   | |   ( +  X 1   ( t )  + β  ( Y )  )  +  ( (   C 2   ( | |   P s   | |  +  | | M | | ) )  +  C 1    ) 2  / 2 )  /  λ  m i n    (  Q s  )   



(42)







This can be demonstrated in a more comprehensive manner. Under this circumstance,   V ˙   takes on a negative definite form, underscoring the convergence of E. Returning to the equation, we can once again rephrase Equation (34) as


    X ¯  ˙  = f  ( E )  +  ϵ | | E | |   X ^  = g  ( E )  + σ X − σ  X ¯   



(43)







Here, X remains fixed and   f = − ρ   (  E T   A p  − 1   )  T  α   (  Y ^  )  T    is bounded. Given the positive  σ , we can infer that the system exhibits stability, thus affirming the convergence of the estimated weights to their respective values.



The stability of observer errors can be demonstrated for the integer-order updating rule (33). Building on the insights from the previous subsection regarding fractional order in the range   ( 0 , 1 ]  , this establishes that the weight updating rule with fractional order (32) can be effectively employed as the update rule for NARX neural networks. This comprehensive proof substantiates the viability and effectiveness of the proposed approach. □







5. Simulation and Implementation


According to the general form of fractional-order system (15), the different parts of cancer system (11) can be written as


  Y =   [  y 1  ,  y 2  ,  y 3  ]  T  ,   q =   [  q 1  ,  q 2  ,  q 3  ]  T  ,   A =     1   0   0     0    k 3    0     0   0    −  k 7       ,   f =      −  y 1 2  −  k 1   y 1   y 2  −  k 2   y 1   y 3         k 3   y 2 2  −  k 4   y 1   y 2           k 4   y 1   y 3     k 5  +  y 3    −  k 6   y 1   y 3        











In this section, we consider fractional-order cancer system (15) with orders and parameters as mentioned in Table 1.



Order uncertainty is considered as   δ  q i  = 0.005 s i n  ( 10 t )    and   δ  q i  = 0.008 s i n  ( 10 t )    for   i = 1 , 2 , 3   in the two cases. Moreover, as mentioned in Section 4.1, the matrix K in the additional control signal is considered as   K = d i a g ( − 10 , − 10 , − 10 )  . With this K, the convergence of the observer to real states is guaranteed. For the nonlinear part’s estimation of this system, we use a neural network with two hidden layers, with each one having 5 neurons. Additionally, a time step of 0.0005 s is taken into account during the discretization process. The number of delayed feedbacks that are affected in each state output is selected as 200 samples. As shown in Figure 4, the convergence of estimation occurs in an acceptable time. We also simulated the problem for the case without uncertainty in the fractional orders. We calculated the mean square error of the proposed method for two systems. The results of these systems are shown in Table 2.



We simulate this example with a fractional-order RNN and ANN. In addition, we simulate it with an integer-order RNN. The results of these simulations are shown in Table 3. The observer-based synchronization errors when applying an integer weight matrix update law as in Equation (33) and a fractional weight matrix update law as in Equation (32) are illustrated in Figure 5. As shown in this figure, the fractional update law leads to better results. To make a comparison, we simulate this problem using the approach outlined in [43]. This paper uses a type 2 active control method to design the observer for synchronization. This network has a feedforward structure without any complexity. The errors of synchronization when applying this method to the considered case study are shown in Figure 6, which shows that it cannot achieve the observer-based synchronization of fractional-order systems.




6. Discussion


In the presence of uncertainty in system dynamics, detecting the behavior of the system is a challenging task, especially when this uncertainty is in the order of fractional-order dynamics. In this paper, we have designed an observer using recurrent neural networks to detect the behavior of a fractional-order mathematical cancer model with uncertain fractional orders.



Through stability analysis and the application of fractional rules for weight updates in the neural network, we have achieved a reliable network that exhibits behavior similar to the fractional-order model of cancer cells. The results demonstrate that a neural network can be a promising choice to achieve observer-based synchronization. In the case of a neural network with integer update laws, we achieve an average synchronization time of about 0.05 s. However, this time is reduced to less than 0.03 s when fractional update laws are employed, highlighting the advantages of using fractional-order update laws for neural network weights. Moreover, it is shown that a fractional RNN leads to a better result than a fractional ANN. Fractional artificial networks in cancer modeling offer several potential advantages compared to traditional cancer models, which can be stated as follows.



	*

	
Fractional-order models can capture complex and nonlinear behaviors more accurately than traditional integer-order models. This improved accuracy can provide a more realistic representation of cancer dynamics.




	*

	
Fractional-order models offer greater flexibility in representing a wide range of cancer-related phenomena, including tumor growth, metastasis and immune responses. They can adapt to changing conditions and parameters.




	*

	
Fractional derivatives capture long memory effects, which are essential in modeling phenomena where past events significantly influence the present state, such as tumor evolution and treatment responses.




	*

	
They can better simulate the multifaceted nature of cancer, accounting for factors like tumor heterogeneity, microenvironment interactions and varying cell behaviors.







Besides all the aforementioned benefits of fractional neural networks, there are some drawbacks and considerations that must be made when using them. A fractional neural network introduces additional complexity to the traditional neural network architecture. The inclusion of fractional-order derivatives and operators can make them more challenging to design and train. Moreover, unlike traditional neural networks, which have well-established architectures and training algorithms, fractional neural networks lack standardization. This can lead to difficulties in replicating results and sharing models among researchers.



To emphasize the performance and novelty of the method of this paper, we simulated another existing method for observer-based synchronization for an uncertain fractional-order cancer model. The compared method was based on type 2 fuzzy active control and the results showed that this method lost its performance in the presence of uncertainties. Moreover, the statistical results for the average synchronization error of the two methods are shown in Table 2. For comparison, we include further simulation results obtained using an integer-order RNN, fractional-order ANN and fractional-order RNN. As seen in Table 3, OSFO with a fractional-order RNN has the best performance in comparison with its similar counterparts.



Like traditional neural networks, fractional artificial networks can inherit biases from the data that they are trained on. Moreover, when dealing with sensitive data, such as medical records, there are ethical concerns about the privacy of individuals. Fractional artificial networks may need to access and process such data, raising issues related to data security and privacy protection. Fractional artificial networks, particularly complex ones, can be difficult to interpret, making it challenging to explain their decisions. This lack of transparency can be problematic, especially in critical domains like healthcare, where decision making should be explainable and justifiable.




7. Conclusions


In this paper, the observer-based synchronization of fractional-order chaotic systems with uncertain orders is discussed. The proposed method is based on a fractional recurrent neural network and is applied for chaotic cancer cells. Fractional and integer update laws are used for weight updates, and it is demonstrated that fractional update laws yield superior results. Additionally, we conducted a thorough comparative analysis by comparing our method with an alternative approach to observer-based synchronization using the type 2 fuzzy active control method. The results of this analysis highlighted the limitations of the previous studies, which could not achieve observer-based synchronization in the considered system. On the contrary, our proposed method demonstrated good performance with these challenging conditions. In summary, our research emphasizes the importance of fractional-order techniques in chaos synchronization, demonstrating the effectiveness of our approach even in uncertain situations in fractional-order cancel models.
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Figure 1. Chaotic behavior of fractional-order cancer system (a)   x 1  , (b)   x 2  , (c)   x 3  . 
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Figure 2. Schematic of the observer-based synchronization. NN: Neural Network; FOI: Fractional Order Integrator (K is the matrix of coefficient of control signals). 
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Figure 3. Structure of NARX neural network [46]. 






Figure 3. Structure of NARX neural network [46].



[image: Electronics 12 04245 g003]







[image: Electronics 12 04245 g004] 





Figure 4. OSFO cancer system (a)   x 1  , (b)   x 2  , (c)   x 3  . 
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Figure 5. Error of OSFO cancer system (a)   e 1  , (b)   e 2  , (c)   e 3  . 






Figure 5. Error of OSFO cancer system (a)   e 1  , (b)   e 2  , (c)   e 3  .



[image: Electronics 12 04245 g005]







[image: Electronics 12 04245 g006] 





Figure 6. Observer-based synchronization error using Ref. [43] method (a)   e 1  , (b)   e 2  , (c)   e 3  . 






Figure 6. Observer-based synchronization error using Ref. [43] method (a)   e 1  , (b)   e 2  , (c)   e 3  .



[image: Electronics 12 04245 g006]







 





Table 1. Order and parameter values.
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	    q 1    
	    q 2    
	    q 3    
	    k 1    
	    k 2    
	    k 3    
	    k 4    
	    k 5    
	    k 6    
	    k 7    
	    k 8    





	0.97
	0.95
	0.97
	1
	2.5
	0.6
	1.5
	4.5
	1
	0.2
	0.5










 





Table 2. Comparison of mean square error for OSFO cancer systems with diffrent order uncertanity.
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	    e 1    
	    e 2    
	    e 3    





	OSFO without order uncertainty
	0.0016
	0.0024
	0.0035



	OSFO with order uncertainty (  δ  q i  = 0.005 s i n  ( 10 t )   )
	0.0048
	0.0062
	0.0068



	OSFO with order uncertainty (  δ  q i  = 0.008 s i n  ( 10 t )   )
	0.0125
	0.0162
	0.0174










 





Table 3. Comparison of mean square error for OSFO cancer systems.
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	Method
	    e 1    
	    e 2    
	    e 3    





	OSFO with integer-order RNN
	0.0064
	0.0073
	0.0088



	OSFO with fractional-order ANN
	0.0066
	0.0084
	0.0105



	OSFO with fractional-order RNN
	0.0048
	0.0062
	0.0068



	OSFO cancer system with Ref. [43] method
	1.2251
	4.0245
	2.3245
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