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Abstract: This paper investigates the control problem of a spacecraft attitude manoeuvrer with
external disturbances. Firstly, the spacecraft attitude dynamical model is introduced; then, the tube-
based framework is constructed, which includes a nominal system and an error system. Based on
that, the control law design would be a two-step process. To start with, the nominal control law is
developed via an adaptive dynamic programming technique and a neural network approximation in
order to provide a nominal trajectory to the desired attitude. Moreover, based on the nonsingular
terminal sliding mode control scheme, the error controller is derived to lead the actual system to
track the nominal trajectory and suppress disturbances. The stability of the closed-loop system is
analyzed via the Lyapunov approach and the simulation results could verify the effectiveness of the
proposed control scheme.

Keywords: spacecraft attitude control; tube-based framework; adaptive dynamic programming;

nonsingular terminal sliding mode

1. Introduction

Recent years have witnessed prosperous developments in the field of aerospace engi-
neering, especially in terms of the attitude control of spacecrafts, contributing to the success
of a wide range of space missions, such as on-orbit monitoring [1], on-orbit inspection [2],
and formation flights [3]. Among previous works in this area, many control schemes have
been proven to be effective in reaching the goal of precise spacecraft attitude control, such
as the back stepping method [4,5], sliding mode control [6,7], adaptive control [8,9], and
observer-based control [10,11]. However, in most practical scenarios, electrical power is
considered as the major energy for small spacecrafts, which can only carry very limited
energy storage systems [12]. Considering the energy consumption utilized during attitude
manoeuvrers of the spacecraft, only applying the above methods can guarantee optimal
control performance and the minimizing of energy consumption; therefore, the optimal
control theory plays an important role in many practical cases.

Various kinds of methods are included in the optimal control theory, such as inverse
optimal control [13,14], Heo optimal tracking control [15,16], and the online-learning tech-
nique [17,18]. Among these methodologies, adaptive dynamic programming (ADP) [19]
has been proven to be a powerful data-driven method that is capable of ensuring optimal
control performance through iteratively solving the Hamilton—Jacobi-Bellman (HJB) equa-
tion. This optimal control scheme has been widely adopted by many scholars to solve
optimal control problems regarding spacecraft [20,21] and other objectives [22,23]. For the
attitude dynamics of spacecraft with high nonlinearity and complexity, the corresponding
HJB equation, subject to the pre-defined cost function, would be a complicated differen-
tial equation; thus, it is difficult to obtain its analytical solution. To address this obstacle
efficiently, an adaptive neural network (ANN) can be adopted to actively approximate the
HJB function. Through the ANN learning technique, the optimal control policy could be
easily obtained.
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Additionally, the on-orbit spacecraft would also suffer external disturbances caused
by atmospheric drag, the Earth’s geomagnetic and solar radiation pressure, etc. A wide
range of methods have been studied to deal with such a problem, among which the sliding
mode control scheme is a major choice for spacecraft attitude control and suppressing dis-
turbances. In [24], an adaptive nonsingular terminal sliding mode (NTSM) control scheme
is proposed for spacecraft attitude tracking with actuator faults. Qiao et al. proposed a
novel spacecraft composite attitude stabilization scheme in [25] using a nonsingular sliding
mode technique, which could compensate for the estimated disturbances and attenuate the
influence of estimated errors, showing the effectiveness of the NTSM. Furthermore, a tube-
based control framework is also an effective method for improving the control performance
for spacecraft attitude manoeuvring, and it includes a nominal system and an error system.
In the nominal system, where the external disturbance is not considered, a nominal con-
troller would be designed to draw the nominal states to the desired point, which provides
a nominal trajectory. Additionally, the error controller for the error system would lead the
actual system to the nominal trajectory and suppress unknown disturbances. In [26], a new
tube-based framework is developed to design a guaranteed cost control law for spacecraft
attitude reorientation, indicating the effectiveness of the tube-based framework.

Inspired by all the above methodologies, this article would consider the attitude
reorientation control problem of a rigid spacecraft under external disturbances, with three
reaction wheels being the actuators, and focus on the design of a tube-based control
scheme via ADP and the NTSM technique. To be specific, the nominal system and the
error system would be firstly constructed based on the attitude dynamical model of a
spacecraft, which would be in the next section. Then, the tube-based control laws would
be designed in Section 3, which would include an ADP-based nominal control law that
ensures optimal control performance and convergence of the nominal system and a NTSM-
based error control law that serves to stabilize the error system and deal with unknown
disturbances. The stability of the closed-loop control system would be analyzed via the
Lyapunov approach. The effectiveness of the proposed method would be verified through
a numerical simulation conducted in Section 4. Section 5 would present the conclusion of
this paper. The main contributions of this paper are concluded as follows:

(1) A tube-based framework that includes a nominal system and an error system is
constructed for spacecraft attitude control, allowing for “two degrees of freedom”
for controller design. Moreover, with the generated nominal trajectory and a small
error set, the knowledge of the actual states can be determined prior to control
being applied.

(2) The adaptive dynamic programming technique is adopted for the design of nominal
control law, aiming to optimize the control performance and minimize energy costs
while ensuring the convergence of the nominal system.

(3) The nonsingular terminal sliding mode control scheme is used to derive the error
control law, which serves to suppress external disturbances and lead the actual system
to track the nominal system.

Notations: We denote by I, the identity matrix of n X n. | - | stands for the absolute value

of a scalar, and || - || is the standard Euclidean norm of a vector; sign(-) represents the stan-
dard sign function; for any x = [x1,...,x,|T € R", we define diag(x) = diag(xy,...,x,) as
a diagonal matrix, and sig"(x) = [l |Msign(xy), - -, |xa|™sign(x,)]T,

0 < m < 1. Additionally, Va € R3, a* is the cross-product operating element that
transforms vector a = [ay, ay, a3]T into a skew-symmetric matrix:
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2. Problem Formulation and Preliminaries

In this section, we start with analyzing the attitude kinematics and dynamics of rigid
spacecraft and then construct an error attitude dynamical model. Additionally, the tube-
based control framework is also introduced to construct a nominal system and an error
system. The control objective is to design a nominal controller and an error controller,
respectively, for each system and ensure that the nominal system would be stabilized while
the actual system could track the optimized nominal trajectory while all system state errors
are guaranteed to be bounded.

2.1. Error Attitude Dynamical Model of Rigid Spacecraft

To begin, we introduce the Modified Rodriguez Parameters (MRPs) to describe the
attitude kinematics and dynamics as follows [27]

o= %M(U’)Q (1a)
JO=-O0%]Q+u+d (1b)

with
M(o) = (1—clo)l3 420 + 2007, (1c)

where ¢ € R? denotes the MRPs describing the attitude orientation with respect to the
inertia frame Z; () € R? represents the angular velocity and | € R3*3 is the inertia matrix
of the spacecraft; and d € R3 is the external disturbance torque and the control input is
denoted by u € R3. Before proceeding further, we shall make the following assumption:

Assumption 1. The disturbance d is unknown but bounded by a unknown constant d,, > 0,
ie, ||d| < d.

Remark 1. According to [28], the matrix M(c) is invertible as it satisfies M(c') ™! = (1+167 7 M(o)T.
oo

By defining 0; € R® as the desired attitude trajectory, the relative attitude described
by the error MRPs could be written as

o _ (= lel?)o = (1 [jo]?)oq +20 x 04 -
‘ 1+ [[o]2]|oq|? + 2070 '

then, the error kinematics and dynamics of the spacecraft could be represented in the
following form
e = =M(0p)w (3a)
Joio = —(w+ CQY) " J(w + CQy) + J(w*CQy — COY) +u+d (3b)
with

4(1 B O';FO'e) X 8(0'e><)2
(1+0lo)2 ¢ (1+0lo)?

C=IL— (3c)

where w € R3 is the relative angular velocity satisfying w = Q — CQy; QO and Q) are the
desired angular velocity and its derivative, respectively.

Remark 2. Based on the error attitude dynamical model above, the primary objective of control
in this paper is to find the input signal for the spacecraft model (1) in order to transition the state
a(0),Q(0) to o (ts), Q(ts), where o(ty) and O(ty) are equal to the desired values and tf > 0 is
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the task completion time. Additionally, the error MRPs and the relative angular velocity could
converge to 0.

2.2. Tube-Based Control Framework

In what follows, by introducing a tube-based control framework, the original attitude
model (3) would be split into a nominal system and an error system, where the external
disturbance is only considered in the error system.

To start with, the spacecraft error attitude dynamical model (3) can be rewritten as

m = g(0e,w) + [ jolu] + []01 d} @)
with

1
iM(o)w
p— 4 ¢ .
§(0e ) {]—1 (@ + COY)*J(w + COY) + w* COY — CQ,J ' ©)
Then, we could define a nominal system in the following form where the external
disturbance is not considered

[‘;] — 9(0,@) + Lolﬁ} ©)

where 17 is the nominal control law to be designed. Additionally, the error system that
includes the external disturbance is defined as follows

. ler| e 0 0
e= 2] = stewe) @+ |, ] + [, %] ®
where ey = 0, — 0¢, e = w — @, and v is the error control law to be designed.

Combining the above two systems, the actual control input could be written as

u=14+vo. (8)

Remark 3. It should be noticed that the tube-based control framework mainly includes the nominal
system (6) to be optimized and the error system (7) that serves to suppress the external disturbances.
In this control scheme, the nominal control law is designed to optimize the nominal system without
considering the external disturbances and the error controller is designed to lead the actual system,
where the disturbances exist, to track the nominal system. In order to ensure that the actual system
would track the optimized trajectory given by the nominal system with relatively small errors,
the initial states of the nominal system should be set as the same as the actual states, which means
that e = 0.

3. Main Results

In this section, the nominal control law would be developed based on the adaptive
dynamic programming technique, where the HJB equation would be solved via an ANN
approximation in order to further derive the optimal control policy that is capable of
optimizing the control performance for the convergence and stabilization of the nominal
system. Moreover, the terminal sliding mode control technique would be used to derive
the error control law, which guarantees that the actual system can accurately track the
optimized nominal trajectory.

3.1. ADP-Based Control Law for Nominal System

Consider the nominal system (6); to ensure that the original point is the only equilib-
rium, we define
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dpr

W= —"F—0,, 9
Gel|2+1°¢ ©)

where p; is a positive constant to be designed and the derivative of w can be easily calcu-
lated as

M(7,) — 20,5

T+ 1] (—w+w), (10)

w = pP1
then the coordinate transformation system could be written as

o R R IR A PR v

where i, = @ + w and y € R® are the nominal states. Additionally, (11) could be further
written as

y=G+Kiu (12)
with
M) (y2 — w) } [ 0 } 6x3
= 4 —
G [—]1(y2—w)xj(y2—w)+w , K = e R°*, (13)

Consider the following performance function:
ty
T— / (yTy + aTAq) dt, (14)
0
where ¢ is the convergence time of the system and A = 4] T]~! € R

To derive the optimal nominal control law that can stabilize the nominal system and
minimize the performance function, we define the optimal function as follows

T* = min ( /O v (y'y +a" An) dt). (15)

Based on the optimal control theory, the Hamilton—Jacobi-Bellman (HJB) equation and
the optimal control policy can be given as follows

1/9T*\ ! oT* oT*\ !
_ ., - 1T Y2 —
Bu=yy 4<ay>KAK(ay)+<8y>G 0 (16)
e 1T
= —ZATK 3 (17)

To further derive the optimal control law, solving of the HJB equation is required to
obtain the analytical form of T/ = %. However, due to the fact that the HJB equation is a
complex nonlinear differential equation, it is difficult to directly obtain its solution. Thus,
an adaptive neural network is introduced to approximate the solution of the HJB equation.
According to the universal approximation property of the neural network, we have

T* = D*Th(y) + 9, (18)

where D* € R'8*1 is the optimal weight and h(y) € R'®*! is the activation function. Taking
the derivative with respect to the nominal state y yields

Ty = VA'D* + V¢, (19)
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where Vh = % € R18%6 and V¢ = g—i. Substituting (19) into (17) and (16) gives
1
it = —EA‘lKT(VhTD* + V9) (20)
By=yly— }LD*TVhKA_lKTVhD* +D*'VhG + 6, =0, (1)

where §; = V6TG — §VSTKAIKTVITD* — JVSTKATIKTVS.
Then, the ANN can be implemented to approximate the performance function T*:

T =DTh, (22)

where D is the estimation of D*. Additionally, by taking the derivative with respect to the
nominal state, it can obtain

T, = Vi'D, (23)
the approximated optimal control law can be given as
i = —%A*lKTVhTD (24)
with the approximated Bellman function being
By =y'y— %DTWKA*KTWD + DTVhG. (25)
and the Hamiltonian error could be derived as
e =By — By = By. (26)

To minimize the above error, the update law for the weight of the ANN is designed
as follows:

R E Y%
D= ~ 4 TR + ByVhKA KT <8y1> 27)

E=Vh(G—-KA'K'VK'D/2), (28)

where & > 0 and B > 0 are constant parameters to be designed and V; and <y are defined as

1
V= EyTy (29)
. 1, V1 >0
_{0, M<o - (30)

If we define the estimation error of the ANN weight as

D=D*-D, (31)

e could be rewritten as
e= —EDTKJ) —D'VHR — 4 (32)
K; = VEKAT'KTVALT (33)

R =G+ Kia* + %KA‘lKTV(S, (34)
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and we could also obtain the derivative of D as follows

D= —%(VhR + %Klf))(DTVhR + %DTKJ) +61) — ,B'yVhKA_lKTaa‘;l (35)
1

Ey =ETE+1. (36)
Assumption 2. It is assumed that | Vh| < My, ||[KATXKT|| < jimax, [| VS]] < Kimax-
Theorem 1. Consider the nominal system of the spacecraft (6) and the performance function
selected as (14); if the approximative optimal control law is designed as (24) and the update law
of the ANN weight is designed as (27), then the nominal state y and the estimation error D are
guaranteed to be uniformly ultimately bounded.
Proof. Select a Lyapunov function as follows

1 -7~
Vo =2BV; + ED D, (37)
Taking the time derivative of (37), it gives

~ i\ Ars

with the last term X satisfying

X=- % ((DTVhR)2 + ZDTWRDTKlD + %(DTKlD)Z + DTVhRé; + ;DTKlDél)
1

4o | ~ S5
<— ——|ID"K\D|* + = |DTVHR|]? + —25%
16E E2
20 a2 Sua 2ua?
< 22 22 5 |l D'Vh|* + 25% 21 IR*. (39)
202 16E2A3 2E2 E2

where A; is the maximum eigenvalue of A and Ay = 12, 11 < ||K|| < r. a1 is a parameter to
be designed, satisfying that

2
2 aA;

5 — 5 <0. 40
E2a2  16E2A2 “0)

Thus, V, satisfies that

. 2u a2 . 5a 20a? T
Vo =(—=— — "2 \IDTwh|4 22524 1R4 2( )
(o~ e 10TV + St + b IR+ 25 )
A%

T —1gT
prDIVHKAT KT

(41)

Let K, = ,B’yDTVhKA 1KTeA avl , while V; > 0, ¥ = 1; then, K, would function to
stabilize the nominal state y. Then 1t can obtain

IR < ¢+ 71 (42)
where
oV,
__ 4 1
=1/m2 En (43)
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And there exists a positive-definite matrix Kj, such that

y y

CAAY I
Iy

5a 16aa?
Vo < LMED)t + 2% 62 4 1(72

T
_ oV;
1\ . T 14T"1
E2 1 E% )+ ﬁ(—a ) y—pByD VEKA™'K —ay , (45)

where

2u wA3

= (46)
E2a2  16E2)2

1=

By adding and subtracting the term (avl ) KA~1KT(Vé+ VhTD*) on the right hand
side of (45), it gives

Vo = LMD + 1 Haw

vy vy Vi\' i1
2<8y> K2<ay)+,8<ay> KAT'KIVS + K3, (47)

where

50, léaaly]

Kz = —¢ 48
3 2 E% 1 + E% ( )
16aa3vy,
I = 1= 49
2 £ (49)
Moreover, it can be derived that
. - 28 B A2 (K)||ovy | oV
< 4 4 min b _
Va <hMi|[DI" + Amin (K2) (:Bz " 4 dy 2P min(K2) ay
d Vl (jmakaax ) 2
+ BAmin (K + I | +K
ﬁ mn( 2)<2Hay Z)Lfmn( ) 3
41754 vy |?
<I;M7||D||* = BAmin(K2) e + K3 + Ky, (50)
where
K4 _ 21% ,B(jmakaax)z. (51)
,B/\min (KZ) 2Amin (KZ)
Then, it could be concluded that, when the following inequality is satisfied
A% K3+ K4
— - = . 52
‘ ‘ oy BAmin(K2) — 2
it can be ensured that V, < 0, y and D are ultimately uniformly bounded.
Additionally, while V; < 0, ¢ = 0, then V; satisfies that
16aa? . oV,
Vo < hM{(|D|* + ( L —Zﬁllyllmin> Hl +Ks. (53)
1
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When the following inequality is satistied
oV, K
’ ’al 2 : 160a3y = 2. (54)
Y11 2 — 22222

it can be ensured that V, < 0, y and D are ultimately uniformly bounded. This completes
the proof. O

3.2. Sliding Mode Control Law for Error System

Consider the error system as follows

. > _ 0 0
é= [Zj = g(0e, w) — (G, @) + le] + [Ild}’ (55)
where we let
=g+ v+d (56)
g =] 'ww+T o"w. (57)

Select the nonsingular terminal sliding mode surface as follows
s =ex+kn(ep), (58)
where k is a positive parameter to be designed and n(e;) is defined as

sigh(e1;), if $; = 0o0r §; #0,|esj|> ©
N ’ TS , 59
n(elz) { qlell + qulgz(eli)/ lf Sl ;A 0/ |ell|§ @ ( )

where
Si=ey+ kle1|Tsign(e1;) (€0)
g =(2-q0"" )
72 =(-1)07> ©2

and 0 < g < 1is a constant parameter to be designed. ® is a small positive constant.
Taking the derivative of s yields

s=kner) +g1+J o+, (63)
where
e = o, 75 426 .
Additionally, it could further obtain
Js =kJn(er) +Jg1 +v+d. (65)
Then, the error control law could be designed as follows
v = —kJn(e;) — Jg1 — mys — mypsigi(s) — % (66)

R 2
d=k (”S| — kzaf), (67)

K
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where m1, my, k1 and k; are positive constant parameters to be designed. d is the esti-
mation of the upper bound of the external disturbance d and d = d — d is defined as the
estimation error.

Theorem 2. Consider the error system (7) with external disturbances; the designed error control
law (66) with the adaptive law is capable of guaranteeing the finite-time convergence of ey and ey to
a small region around the equilibrium.

Proof. Select a Lyapunov function as follows

_ eyl
V3 = 2k1d S Js, (68)

Regarding the time derivative, it presents

Vs = Y +51Js
kq
) A
< — (| 5| —k d> (—mls — mypsigT(s) — ds +d>
K K
< _ st” k dd 2 _ q+1 d
< + my ||s|| MzZ si| 1T+ sl 4]
m1||s||2—m22 si|1t = +k2d”
i=1
< —my|s||® + Z + k2d_2 kqu
where
. 2mq
— M ek 70
X rnm{ T () 1 2} (70)
o K k2 =

Then, it can be concluded that s and d are ensured to be ultimately uniformly bounded,
and there exists a positive constant dg such that d < dj.
Select another Lyapunov function as follows

Vy = ; T7s, (72)
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Taking the derivative of it presents
- : dlls||*
V= —ms]2 = ma Y [si[74 -+ s - T
i=1
s dls|>  dlisl* | «
< — 2 ,‘q+1 _ _
< —my|s|| mZI; Si P
+1
dols|?  «  mp2'T
2 0 2
< —mfsf = =V
Amax(J)
3
941 —
do [y a1
:(K—m1>|s||2— 2|7 (73)
)\mzax(]) 2V42

If it is satisfied that (% —mq) < 0, the system is ensured to reach the sliding mode
surface within finite time and e; and e; are guaranteed to converge to a small region around
the equilibrium. O

4. Simulation Results

In this section, a numerical simulation regarding the problem of spacecraft reorien-
tation control is carried out to verify the effectiveness of the proposed tube-based control
scheme. The simulation parameters are selected as follows. To start with, the inertia matrix
of the spacecraft is chosen as

350 3 4
J=13 280 10 |(kg -m?).
4 10 190

Additionally, we set the initial value of the error MRPs and the angular velocity as
0.2, —0.1,0.1]" and [—1,2, —3]"(°/s), respectively. The desired angular velocity is 0. The
control torque is bounded by |u;|< 0.5(N-m),i = 1,2,3 and the external disturbance is
selected as

5+ 2.5sin(0.1¢)
d=10"%x | —442cos(0.05¢) | (N -m).
3 — 8sin(0.3t)

Moreover, the parameters for the tube-based controller are selected as follows. & = 800,
B =600,p; =01,k =0.1,m; =500, my =0.1, k; =10, kp = 0.01 and « = 0.5. The initial
value of the adaptive parameter d is set as 0 and the activation function for the adaptive
neural network is selected as

h = (Y31, Y1112, Y1113, Y11Y21, Y11Y22, Y1923, Yo,
Y12Y13, Y1221, Y12Y22, Y124 23, y%, Y13Y21, Y13Y22,Y13Y23,
1021 arctan(10ys1) — 0.5In(1 + 1002,
10y arctan(10y5) — 0.51n(1 + 100y3,),
1023 arctan(10y3) — 0.5In(1 + 1002;)].

The simulation results have been shown in Figures 1-6. Figures 1 and 2 indicate the
convergence of the error MRPs ¢, and the relative angular velocity of the spacecraft with
the subplot showing that the steady-state errors are at the level of 10~°. Additionally,
the nominal error MRP &, is plotted in Figure 3, where its convergence is clearly indicated.
The control torque that is bounded by 0.5N - m is shown in Figure 4 and the adaptive
parameter is plotted in Figure 5. Figure 6 indicates the estimation of the ANN weight.
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The MRPs error o,(t)
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Figure 1. Time responses of the error MRPs o, (f).
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Figure 2. Time responses of the relative angular velocity w(t) (rad/s).
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Figure 3. Time responses of the nominal error MRPs 7 (t).
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Figure 4. The control torque u(t) (N-m).
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Figure 5. Time responses of the adaptive parameter d(t).
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Figure 6. The estimation of the ANN weight D(t).
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5. Conclusions

This article has proposed a novel control method for spacecraft attitude reorientation
with external unknown disturbances. Based on the tube-based framework formed by a
nominal system and an error system, the design of the final control law has been divided
into two parts: the nominal control law and the error control law. The adaptive dynamic
programming technique is applied to the design of the nominal controller, which serves to
provide a nominal trajectory to the desired attitude, and the nonsingular terminal sliding
mode scheme is adopted when developing the error controller, which could lead the actual
states to track the nominal trajectory. Through the Lyapunov approach, we have analyzed
the control system stability and then verified its effectiveness via a numerical simulation.
Compared to other methodologies, such as adaptive control, back stepping control, etc.,
which might cause overshooting of the system states during manoeuvrer control, the pro-
posed ADP-based approach for spacecraft attitude reorientation is conducive to improving
the optimal control performance and thus minimizing the energy consumption, while the
tube-based framework and the NTSM scheme contribute to enhancing system stability and
suppressing disturbances at the same time.
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