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Abstract: We investigate the implications of different quantization approaches in Loop Quantum
Cosmology for the primordial power spectrum of tensor modes. Specifically, we consider the hybrid
and dressed metric approaches to derive the effective mass that governs the evolution of the tensor
modes. Our study comprehensively examines the two resulting effective masses and how to estimate
them in order to obtain approximated analytic solutions to the tensor perturbation equations. Since
Loop Quantum Cosmology incorporates preinflationary effects in the dynamics of the perturbations,
we do not have at our disposal a standard choice of privileged vacuum, like the Bunch-Davies state
in quasi-de Sitter inflation. We then select the vacuum state by a recently proposed criterion which
removes unwanted oscillations in the power spectrum and guarantees an asymptotic diagonalization
of the Hamiltonian in the ultraviolet. This vacuum is usually called the NO-AHD (from the initials
of Non-Oscillating with Asymptotic Hamiltonian Diagonalization) vacuum. Consequently, we
compute the power spectrum by using our analytic approximations and by introducing a suitable
numerical procedure, adopting in both cases an NO-AHD vacuum. With this information, we
compare the different spectra obtained from the hybrid and the dressed metric approaches, as well as
from the analytic and numerical procedures. In particular, this proves the remarkable accuracy of
our approximations.

Keywords: loop quantum cosmology; quantum cosmology; cosmological perturbations; quantum
fields in curved spacetimes

PACS: 04.60.Pp; 98.80.Qc; 04.62.+v

1. Introduction

A challenge of Modern Physics is the construction of a complete and satisfactory
quantization of General Relativity (GR). A candidate that has received considerable at-
tention is Loop Quantum Gravity (LQG) [1,2]. LQG is a nonperturbative quantization
program for GR originally based on a canonical formulation of Einstein gravity in terms of
the Ashtekar-Barbero variables. These real variables consist of a gauge connection and a
densitized triad, which capture the physical information about the spatial geometry and its
extrinsic curvature. The application of LQG techniques to symmetry-reduced models, for
considering quantum gravitational phenomena in the Early Universe or in Astrophysics,
has led to a discipline called Loop Quantum Cosmology (LQC) [3]. A major achievement
of LQC is the resolution of the cosmic singularity problem (at least for certain families
of quantum states) [4,5]. LQC replaces the conventional concept of the Big Bang with a
cosmic bounce, commonly referred to as the Big Bounce. This bounce signifies a quantum
transition, enabling a passage from a contracting phase of the universe to an expanding one.
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In order to falsify any theory of quantum gravity, ultimately it is necessary to confront
its predictions with observational data. In cosmology, the Very Early Universe provides
a potential arena where various theories can be tested. In particular, tensor cosmological
perturbations may contain information about these stages of the universe. Two observables
related to tensor perturbations are the B-mode polarization power spectrum extracted
from the Cosmic Microwave Background (CMB) [6] and the Cosmological Background of
Gravitational Waves (CBGW), seeded by primordial perturbations originated in the early
periods of the universe, and which has yet to be observed [7,8] (although a CBGW has been
detected by the NANOGrav Collaboration, of which the origin remains unclear [9,10]).
In other observables associated with the CMB, such as the distribution of temperatures
which gives rise to the angular power spectrum, the polarization of E-modes, or the TE
cross-correlation spectrum, the main contribution is due to scalar (rather than tensor)
cosmological perturbations. Some of these observables have not yet been measured with
sufficient precision, and others, such as the angular power spectrum, exhibit anomalies
which may need an explanation from Physics that departs from standard inflationary
scenarios [11-14].

In this paper, we focus our attention on tensor perturbations, which are simple to
analyze, with manageable propagation equations. Scalar perturbations have already been
addressed in Ref. [15], reflecting their different dynamical behavior and their potentiality
for a more direct contact with available observational data.

In standard inflationary scenarios, primordial tensor perturbations originate in a vac-
uum state adapted to the background dynamics and evolve with the expansion [16]. It is
common to consider quasi-de Sitter expansion and therefore adopt a slow-roll approxima-
tion to inflation. Then, a preferred vacuum state emerges for the perturbations, namely
the Bunch-Davies state [16,17]. It is the unique Hadamard state that is invariant under
the de Sitter isometry group. In this setting, perturbations can be quantized treating their
modes as generalized quantum harmonic oscillators [18,19]. However, this scenario fails to
incorporate the effects of preinflationary periods departing from quasi-de Sitter expansion,
at least for modes with wavelengths in these periods of the order of the characteristic
scale of such effects. In fact, this happens in LQC, with preinflationary dynamics which
differ radically from a de Sitter evolution. Therefore, cosmological perturbations cannot
be treated quantum mechanically as in slow-roll models. Several approaches have been
proposed for the quantization of these primordial perturbations within LQC [20-26]. In
this work, we will concentrate our attention on two specific approaches that exhibit a good
ultraviolet behavior, similar to that found in standard inflationary scenarios. These are the
hybrid [20,27,28] and the dressed metric approaches [21,22,29,30].

While there are notable similarities between these two methods, their disparities be-
come crucial during periods with relevant quantum corrections, when the background
evolution deviates from standard relativistic dynamics. This discrepancy arises from the
distinct strategies employed in the two approaches to the quantization of the perturbations.
The hybrid approach rests on a canonical quantization of the entire system, formed by the
homogeneous geometry and its perturbations. In contrast, the dressed metric approach
incorporates the most important quantum gravitational effects on the homogeneous back-
ground by means of a dressed metric, then describing the evolution of the perturbations as
test fields which propagate in this dressed background. In the regime of effective LQC for
the homogeneous geometry, and disregarding any backreaction, these two strategies yield
different time-dependent masses for the equations of motion of the perturbations when
they are written in a generalized harmonic oscillator form [31].

To fix the initial conditions for the perturbations, we must specify their quantum
state, normally interpreted as a vacuum. As we have commented, the identification of this
vacuum with the Bunch-Davies state loses significance when we consider preinflation-
ary periods with typical scales that can evolve into those observed today in the CMB. In
these situations, we need alternative criteria to determine an appropriate vacuum state.
Different criteria yield different solutions, resulting in general discrepant observational



Universe 2024, 10, 365

30f28

predictions [32]. To address this issue, various criteria have been proposed in the literature
for selecting viable vacuum candidates. One commonly used prescription is the adoption
of adiabatic states [33]. Other proposals have explored strategies such as minimizing quan-
tities associated with the renormalized stress—energy tensor [30,34,35], ensuring minimal
quantum uncertainty around the bounce while maintaining classical properties at the end
of inflation [36,37], or minimizing power oscillations, either during a period that extends
from a kinetically dominated epoch until the beginning of inflation [38], or by means of
an asymptotic diagonalization of the Hamiltonian of the perturbations in the ultraviolet
sector [39]. In this work, we are going to adhere to this last proposal to determine the
vacuum state of the perturbations. Indeed, it has been demonstrated that when requiring
an asymptotic Hamiltonian diagonalization, one can obtain spectra with non-oscillating
behavior, eliminating spurious contributions to the predicted power. Moreover, the asymp-
totic diagonalization allows for a natural choice of positive frequencies in the ultraviolet,
ensuring the good properties that one typically expects of adiabatic states when these are
well defined [39]. In particular, the vacuum selected with this criterion reproduces the stan-
dard Poincaré vacuum in Minkowski spacetime, and the Bunch-Davies state for de Sitter
cosmologies [39]. Herein, we focus our investigation on these types of vacuum states that
are well adapted to quantum effects, and we will refer to a non-oscillating (NO) vacuum
determined by asymptotic Hamiltonian diagonalization (AHD) as an NO-AHD vacuum.

Our aim in this work is to compute the primordial power spectrum (PPS) of tensor
cosmological perturbations using two different quantization approaches within the frame-
work of LQC, namely the hybrid and the dressed metric approaches. We will conduct this
computation in two different ways. Firstly, by analytic approximations, which will allow
us to derive and handle explicit expressions containing the parameters of our model, and
secondly by numerical integration, something that has never been done before for tensor
modes in this vacuum state. The goal is to complete both computations in order to compare
them and thus verify whether our analytic approximations adjust well with the exact
numerical solution. We will show that the agreement is remarkably good. Our analytic
approximations are based on some recently published developments in LQC [40], which we
here extend and improve by various means, such as the inclusion of slow-roll corrections
in the purely inflationary era. Our intention is to present a comprehensive discussion of
the treatment of tensor perturbations in LQC, including a succinct explanation of the main
features of the two discussed quantization approaches. Our analysis is a cornerstone for the
parametrization of the PPS in terms of the background initial conditions and the constants
of the model that affect its dynamics, taking as a starting point our approximations once
they are validated by numerical studies.

The structure of this paper is as follows. In Section 2, we briefly review and nu-
merically compute the dynamical equations of the background, described by effective
LQC [3,41]. In Section 3, we introduce the effective masses of the tensor perturbations
for the hybrid and dressed metric approaches [31]. In doing so, we summarize the main
points of the derivation of the propagation equations for the tensor modes in the two
considered quantization approaches. We then define NO-AHD vacua in Section 4 and
employ this definition to determine the initial state of the tensor perturbations. Since the
mode equations cannot be solved exactly, in Section 5 we approximate the effective mass in
a convenient form that allows us to reach the desired analytic resolution. Then, in Section 6
we calculate analytically the PPS. We also present the numerical integration procedure that
we follow to compute the exact power spectrum. Additionally, in Section 6 we compare the
different power spectra, discussing the differences between them and their robust features.
This comparison is made both between the spectra corresponding to the two approaches
within LQC and between the analytic and numerical results. Finally, Section 7 contains the
conclusions. In the following, we use Planck units, setting G, ¢, and / equal to one.
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2. Background Dynamics

We consider a homogeneous and isotropic Friedmann—Lemaitre-Robertson-Walker
(FLRW) spacetime with a homogenous scalar field ¢(t), which plays the role of the inflaton.
This field is subjected to a potential V(¢). For concreteness, we will focus our attention
on a quadratic potential V(¢) = m?¢? /2, where m is a constant mass. However, it is easy
to see that our analysis can be generalized to other potentials without major obstructions.
The quadratic potential has been studied in detail in LQC and allows for an easier im-
plementation and a direct interpretation of the results. Even though this potential has
been disfavoured by observations in a standard cosmological model within GR [42], these
considerations are not straightforwardly applicable to LQC, where a best fit of cosmological
parameters including the inflaton potential has not been carried out yet in full detail. In
addition, for simplicity, we assume a flat spatial topology with compact spatial sections iso-
morphic to the three-torus T?, possessing a compactification length of I; (the non-compact
case can be attained in a convenient limit in which /j is removed). The FLRW spacetime
metric depends on the scale factor a(t) and the homogeneous lapse Ny(t). This metric is
given by

ds? = —N3(t)dr + a*(t) Ohydx'dx/, 1)

where i, j = 1,2, 3 denote spatial indices, Ohij is the Euclidean three-metric on the compact
spatial section, and x' are periodic Euclidean coordinates, with a period equal to 27t/ lo.
The quantization of this homogeneous and isotropic model, without potential, has been
thoroughly studied in LQC [5,43]. In particular, it is possible to construct a well-defined
operator for its Hamiltonian constraint [5,20]. Although this construction is not free of
regularization ambiguities [44—46], it has been proven that this quantum Hamiltonian is
essentially unique under certain requirements of possessing a minimal number of terms [47].
Among the solutions to this quantum constraint, there exist states that are highly peaked
on trajectories that are generated by a specific effective Hamiltonian, differing from the
classical one by the incorporation of quantum corrections. These trajectories avoid the
classical cosmological singularity and instead bounce [3,5,41], connecting a contracting
branch to an expanding branch of the universe. In the presence of a nonvanishing potential,
it has been shown numerically that the effective behavior is not qualitatively modified,
also displaying peaked states with a quantum bounce [48,49]. Moreover, even other
Hamiltonian regularizations have been seen to lead to similar background dynamics in the
expanding cosmological branch after the bounce [50,51]. The effective Hamiltonian is

6,6
eff  No 2 3lga® . 5 4ty Am, 616
N0H|0 = 721(3)”3 ln(p TA sin 3B +2a°I5V ()

, ()

where 715 and 7, are, respectively, the canonically conjugate momenta of 2 and ¢. In
addition, v is the so-called Immirzi parameter [52] and A = 41/37ry is the area gap al-
lowed by the spectrum of the area operator in LQG [1,2]. As is usual in LQG, we set
7 = 0.2375, a value supported by black hole entropy calculations [53,54]. The above effec-
tive LQC Hamiltonian yields the dynamical equations that govern the background (see,
e.g., Refs. [29,32]),

’1/2_8”2 P a’ 4w, P 2 P
(a) _3ap<1—pc), a_3ap<1+2pc>—4mz P<1—2pc>. 3)

Here, the prime denotes the derivative with respect to the conformal time while, in the
following, we will use a dot to denote the proper-time derivative. The energy density p
and the pressure P of the scalar field are

N\ 2
p=3(%) +ver P=p-2vio) @
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In addition, p. = 3/(87y?A) is the maximum that the energy density p can reach. It is
attained at the bounce, and it is usually called the critical density.

To simplify the comparison between the analytic and numerical studies that we want
to carry out, without the need for large numerical resources and computation times, in the
following we fix the mass parameter of the quadratic inflaton potential to a convenient
value, m = 1.2 x 107°. This value lies well within an interval of parameters m that are
phenomenologically favored in order to have a sufficient number of e-folds and attain
predictions that are compatible with the observations of the CMB, while still allowing for
non-negligible quantum modifications with respect to standard slow-roll inflation [29].
Such predictions do not vary much if m is slightly changed. On the other hand, it is worth
noticing that, in our analytic investigations, we might leave m as a free parameter of the
model, running in the commented interval, and derive formulas for the primordial spectra
that would explicitly depend on it. We assume that, if our analytic fitting to the numerical
power spectrum is satisfactory for the chosen value of m, this will continue to be so for
values around it.

Let us numerically study the dynamical equations of the background. For this purpose,
we will use the Friedmann Equation (3) and the local conservation law

¢+3Hp+Vy =0, )

where H = a’/a? is the Hubble parameter. We have integrated this system of (two) dif-
ferential equations using a fourth-order Runge-Kutta algorithm. We have adopted initial
conditions which have frequently been chosen in the LQC literature (for phenomenological
reasons similar to those explained above when we fixed m) [29,32,40]. Selecting these
initial conditions makes it possible to compare our study with previous results in LQC. We
impose these conditions at the bounce time ¢ = tp, where the Hubble parameter identically
vanishes according to effective LQC, namely H(tg) = 0. Moreover, we take a(tgp) =lasa
reference scale. Then, the only initial value that we have to fix is that of the inflaton, for
which we choose ¢(tp) = 0.97. With these data, and using the Hamiltonian constraint,
it is easy to compute the time derivative of the inflaton at the bounce. After numerical
integration, we obtain the background evolution displayed in Figure 1.

We have split this numerical integration into two different time intervals. First, from
tp (considered as the origin of time) to an intermediate instant at 102, and second from this
instant to a time when inflation has already ended, t;, = 108. For each of these intervals,
we have used 108 points with a uniform point distribution. Our procedure is motivated by
the technical requirements necessary for a satisfactory precision both during the period
where the quantum effects are non-negligible and during the fast evolution experienced
in the inflationary period. Our numerical results coincide, e.g., with those obtained in
Ref. [32].

We can see in Figure 1 that the co-moving Hubble radius decreases rapidly during
inflation (i.e., its inverse increases). In addition, note that the expansion reaches around
70 e-folds, indicating a short-lived inflation that still satisfies the observational bounds
necessary to solve the horizon and flatness problems [55]. This total number of e-folds from
the bounce until the end of inflation is in agreement with other numerical computations
performed with similar values of the mass parameter and the initial condition on the
inflaton, for instance in Ref. [36]. As the co-moving radius decreases, all visible modes
would cross the horizon, when k = aH [18,19], and become frozen [32]. Nonetheless,
we see that modes with wavenumbers approximately in the interval 10~! < k < 1 enter
and exit the horizon even before inflation. These modes are the first that freeze and their
propagation inside the horizon takes shorter times. We will pay special attention to these
modes in our later study of the PPS, although we will analyze a much wider window of
modes to include a much richer variety of physical phenomena.
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Figure 1. From top to bottom, evolution of the inverse of the co-moving Hubble radius, the scalar
field, and the kinetic, potential, and total energy densities. This evolution is displayed in terms of the
number of e-folds (rather than conformal time).

On the other hand, the numerical computation suggests that all observable modes
cross the horizon and freeze after approximately 30 e-folds [40]. This implies that the
PPS can be evaluated at these stages of the evolution, when the relevant modes have
frozen, instead of unnecessarily extending the numerical calculations to integrate the mode
dynamics up to later times.

3. Effective Mass in the Hybrid and Dressed Metric Approaches

Let us briefly overview the quantization procedures followed in the hybrid and dressed
metric approaches. While this section is not essential for the understanding of the article, it
contributes to a self-contained discussion. Readers unfamiliar with LQC techniques can
opt to skip it. We do not attempt to repeat here the specific details of the two considered
quantization approaches, which can be found, e.g., in Refs. [20,31], but rather provide a
succinct explanation of the distinct strategies followed in each case and clarify the origin of
the differences between the two expressions of the effective mass.

3.1. Hybrid Quantization Approach

The hybrid approach [20,27] entails a simultaneous quantization of the background
and the perturbations as a constrained canonical system, starting from the gravitational
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action in Hamiltonian form and truncated at the second perturbative order. Focusing
exclusively on tensor perturbations, the corresponding total Hamiltonian is given by the
sum of the background Hamiltonian, which would be constrained to vanish in the absence
of perturbations, and a quadratic contribution of the tensor perturbations [20]. In this
tensor case, there are no perturbative diffeomorphism constraints, and the perturbations
are directly gauge invariants. We choose canonical variables for the tensor perturbations
that render the associated (Fourier) mode equation into a generalized harmonic oscillator

equation, without a friction term [20]. We call dlgf) the configuration coefficients of the

tensor gauge invariants in the mode expansion, where k is the wavevector and e represents
the polarization. The canonical momenta of these variables are also gauge-invariant. The
ambiguity in adding to them a linear term in the configuration variables can be fixed by
requiring a Hamiltonian without mixed configuration-momenta terms, or equivalently by
demanding that the time derivative of the momenta be proportional to the corresponding
configuration variables.

The obtained canonical system is only subjected to the constraint that the total Hamil-
tonian must vanish. One can then quantize it by adopting a loop representation for the
(square) scale factor, a standard quantum mechanical representation for the inflaton, and
a Fock representation for the tensor perturbations (see Ref. [20] for further details). The
quantization of the contribution of the perturbations to the total Hamiltonian is achieved by
adopting the same operator representation for the square scale factor and its momentum as
in the background term, while the quadratic factors in the perturbations are represented in
terms of annihilation and creation operators [20], using normal ordering. Products of (posi-
tive) functions of the square scale factor and its momentum are symmetrized algebraically.
The most important feature of this hybrid quantization as far as the effects on the perturba-
tions are concerned is the fact that the extrinsic curvature of the geometry is encoded in
terms of a canonical (momentum) variable, instead of defining it dynamically. If one then
considers quantum states with a separated dependence on the (square) scale factor, on the
one hand, and the perturbations, on the other hand, and assuming that the perturbations
do not mediate changes in the FLRW geometry, one can arrive at a master constraint for the
tensor perturbations by a kind of mean-field approximation. This approximation identifies
as the most relevant part of the constraint for the perturbations just the expectation value
over the geometric dependence, evaluated on the part of the quantum state that varies
with the scale factor [20]. Note that this expectation value must be computed using the
inner product of LQC. For quantum states that are peaked, the expectation values should
coincide with the evaluation of the canonical geometric variables on the peak trajectories.
In particular, there exist states for which the backreaction is negligible, even compared to
the quantum corrections of the background around the bounce, and their peaks follow the
dynamics of effective LQC, on which we focus the rest of our discussion. For them, the
expectation values of the geometry should reproduce the evaluation of the (square) scale
factor and its momentum in effective LQC. Then, the propagation equations of the tensor
modes adopt the expression

4" e = Y20 _apy[ale) —o. 6)

k 3 k
Here, k is the wavenumber, equal to the (Euclidean) norm of the wavevector k. We call
the term in square brackets the effective mass with the mode-dependent contribution k?
removed. It is worth emphasizing that this effective mass differs from its counterpart in
GR, namely —a" /a. Nonetheless, a rapid inspection of Equation (6) and the second identity
in Equation (3) shows that one indeed recovers the GR dynamics for the perturbations in
the limit p. — oo or, equivalently, when the energy density becomes much smaller than the
critical one.
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3.2. Dressed Metric Approach

The dressed metric approach [21,22,29,30] also combines a quantization of the back-
ground utilizing LQC techniques and of the perturbations employing a Fock representation.
However, in contrast to the hybrid approach, the system is not treated canonically as a
whole. The background geometry is quantized first following the standard rules of LQC,
completely neglecting backreaction. Once the background metric is dressed with quantum
corrections, it is lifted to the phase space of the perturbations, where the dynamics is gov-
erned by a quadratic Hamiltonian which is not constrained to vanish, since backreaction is
fully disregarded at this level [22,29]. As a consequence of this procedure, the evolution
of the dressed metric for peaked states of the background geometry is governed by the
effective dynamics of homogeneous and isotropic LQC. Therefore, the time derivatives
of this dressed metric do not satisfy the Hamiltonian equations of GR that relate them
with the canonical momentum of the square scale factor. This immediately implies that
the expression of the extrinsic curvature in terms of the time derivatives of the dressed
metric differs from its counterpart in terms of the canonical momentum of the geometry,
evaluated on effective trajectories. Owing to this discrepancy, we can already anticipate
that the effective mass of the tensor perturbations is not the same in the dressed metric and
the hybrid approaches.

In more detail, in the dressed metric approach the reduced phase space of the pertur-
bations is usually described with a specific choice of tensor variables (which are gauge-
invariant, as explained in the hybrid case). The perturbations are seen as test fields propa-
gating on a dressed metric, which can be described by a number of expectation values that
encapsulate the quantum geometry effects on the background. Again, for highly peaked
states, these expectation values can be obtained by evaluating the geometry on effective
trajectories for LQC. Nonetheless, opposite to the situation described for the hybrid ap-
proach, the geometric quantities that are evaluated are, in principle, the scale factor and its
conformal time derivatives, rather than functions of the square scale factor and its canonical
momentum. Since the relation between this momentum and the derivative of the scale
factor is not the same before quantization than in effective LQC, as we have pointed out,
the outcome of the evaluation on effective trajectories differs in the two approaches [32].

The mode equation governing the evolution of the tensor perturbations in the dressed
metric approach is [22,29]

T 22T T =0, 7)

We adopt the notation of Ref. [22], with Tﬁ(e) denoting the configuration coefficient of the

tensor mode (apart from a factor of I %), where € is again the polarization label. The above
expression coincides formally with the classical result obtained in GR for an expanding
universe, except that the time derivative of the scale factor must be evaluated using effective
LQC. To enable a comparison between the dressed metric and the hybrid mode equations,
we can perform the change of variables

I < O 8)

k \/327l3 K

where a corresponds to the effectively dressed scale factor. This change leads to the
counterpart of Equation (6):

{e)" 2 4m o, P 2 P\ e _
dE —|—{k 3ap<1—0—2pc)+47mP<1 ZPC)]d% =0. )

with d_l(;) playing the same role in the dressed metric approach as dée) in the hybrid for-
malism. In the regime in which the background effective dynamics coincide in practice
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Relative error

with the classical dynamics of GR, this equation reproduces the relativistic equation for
the propagation of tensor perturbations. This can be seen by noticing that, in the limit
where p, becomes large (or the energy density becomes much smaller than it), we recover
Equation (6), which in this limit converges to the GR dynamics.

The difference between the effective mass in the hybrid and dressed metric approaches
is evident at the bounce, where the mass is positive in the hybrid case (at least for phe-
nomenologically interesting backgrounds with small contribution of the inflaton potential),
while it is always negative for the dressed metric case, because the effective trajectories
have a minimum in the scale factor (so that —a”’ /a < 0). For our initial data and potential,
we also see in Figure 2 that the effective mass in the dressed metric approach changes its
sign and then remains positive until the onset of inflation, whereas the mass of the hybrid
approach is strictly positive during the whole evolution until inflation. Note also that,
in the inflationary period, where the quantum geometry effects are negligible, the two
effective masses become indistinguishable.

—-10 4

—— Tensor mass for the dressed metric approach
Tensor mass for the hybrid approach

-12

100

103 |

106

2 4 6 8 10 12
Ina

Figure 2. Top: Numerical computation of the tensor background-dependent mass s(!) in the dressed
metric approach (blue solid line) and the hybrid approach (dashed orange line). These background-
dependent masses are defined in Equations (6) and (9), respectively. Bottom: Relative error between
the value of the tensor mass in the dressed metric approach and the hybrid approach. We see that
both masses become indistinguishable in the inflationary period. We have taken y = 0.2375 and
¢o = 0.97 for the Immirzi parameter and the value of the inflaton at the bounce, respectively, and
considered a quadratic inflaton potential with mass m = 1.2 x 107°.

4. Initial Conditions and Vacuum State

In order to solve the propagation equation of the tensor modes and compute them at
the end of inflation, either analytically or numerically, it is essential to know their initial
conditions. These conditions fix the initial state of the perturbations, and vice versa. It is
most reasonable to identify this state with a vacuum for the perturbations. Nonetheless,
the question arises of what a vacuum state is in curved, nonstationary spacetimes, like
those considered in this work. In the slow-roll regime of standard inflationary cosmology,
the Bunch-Davies state is the most natural vacuum, since it is the unique Hadamard
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state that is invariant under the de Sitter isometry group, leading to a non-oscillatory and
quasi-invariant PPS [16,17]. But, in our case, where preinflationary epochs are involved,
the Bunch-Davies state is not a privileged choice, because it is not well adapted to the
background dynamics, at least for perturbation modes able to feel the quantum geometry
effects around the bounce. In these scenarios, it is necessary to specify and select a different
preferred quantum state as a vacuum for the gauge-invariant modes. With this aim, several
proposals have been put forward in the context of LQC [30,34-39].

A frequent choice of vacuum state is given by the so-called adiabatic states [33,34].
These states were originally introduced as approximated solutions in cosmological space-
times with slow variation regimes and have a particularly good ultraviolet behavior similar
to that of plane waves in Minkowski spacetime. They also possess good regularization
properties, at least for adiabatic states of a sufficiently high order [56,57]. However, their
definition depends on the order of adiabatic iteration in their construction and, perhaps
more importantly, also on the initial time when they are determined. The authors of
Ref. [30], for instance, proposed to select the unique state that provides a vanishing regu-
larized stress—energy tensor (mode by mode) at the given initial time, but the dependence
on this time remains. Moreover, adiabatic choices in the cosmological branch previous to
the bounce are affected by regularization ambiguities (because the background dynamics
changes considerably for this branch, see Ref. [50]), whereas the adiabatic approximation
breaks down around the bounce for small wavenumbers if the effective mass is negative
there, as happens in the dressed metric approach [31].

Ashtekar and Gupt [36,37] proposed to fix the vacuum by requiring a subtle interplay
between the behavior in the region with important LQC effects (with an energy density
of only a few orders below Planck scale) and the behavior at the end of inflation. In
the quantum region, the Weyl curvature of the state must remain below a certain bound,
compatible with the uncertainty principle. At the end of inflation, the state should display
a classical behavior with certain properties (in the case of the scalar perturbations discussed
in Ref. [36], it must minimize the square of the Ricci tensor of the spatial metric). Another
proposal for a vacuum state is the so-called non-oscillating vacuum introduced in Ref. [38].
This vacuum is characterized by minimizing the oscillations in the square norm of the
perturbations when integrated over certain evolution interval. In this work, the suggested
interval covered the period from the bounce to the beginning of inflation. An independent
proposal which may be related to this previous one consists of choosing a state of low
energy that minimizes the regularized energy density distributed along the time-like curve
of an isotropic observer [58]. Finally, another proposal that selects a vacuum state without
large oscillations in (the norm of) their amplitude is the NO-AHD proposal [39,40], which
we will describe in full detail later in this section.

Based on the study of all these proposals, during recent years it has become evident
that the choice of vacuum state has a great impact on the PPS. In particular, as we have
partly commented, the spectrum displays an oscillatory behavior for generic choices of
this vacuum, at least for modes with a small wavenumber. This is because the chosen
state is not optimally adapted to the evolution of the modes, with rapid variations of
phase. These oscillations, when binned, usually result in an average power enhancement,
which can be considered artificial since we can eliminate it with a judicious change of
state. The corresponding non-oscillatory power spectrum will still differ from the spectrum
obtained in standard relativistic inflation by quantum effects introduced by LQC during
the preinflationary epoch (see, e.g., the discussion in Ref. [40]).

On the other hand, we note that most of the proposals for the choice of a vacuum for
the perturbations within LQC depend strongly on the time at which initial conditions are
set and/or need numerical computations, either to minimize a quantity associated with
the stress—energy tensor [30,34,35,58], to ensure classical properties at the end of inflation
among a family of states with minimal quantum uncertainty around the bounce [36,37], or
to minimize power oscillations during a period that covers a kinetically dominated epoch
extending until the beginning of inflation [38]. A choice of vacuum state that avoids these
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extra complications, and in principle can be determined without resorting to numerics, is
given by the NO-AHD proposal [39]. This is the proposal that we will follow in this work.
NO-AHD states are picked out by the criterion of the (ultraviolet) asymptotic diagonaliza-
tion of the Hamiltonian of the perturbations, guaranteeing a satisfactory adaptation to the
background dynamics, as implied by the fact that the mode evolution reduces asymptoti-
cally to a rotating phase. Furthermore, beyond the asymptotic region, this vacuum state
ultimately provides us with a non-oscillatory behavior in the PPS, avoiding any spurious
increase in power. Actually, it has been observed that this vacuum leads to power sup-
pression at a physical scale corresponding at the bounce to the curvature scale there [40].
This suppression could be a favorable option to minimize the tensions observed for low
multipoles in the angular spectrum of the CMB with respect to the standard inflationary
predictions, in the case of scalar perturbations.

As we have commented, the NO-AHD proposal selects a vacuum state that can
be determined analytically, at least in cosmological situations like those studied in this
work [40]. Indeed, we can fix this vacuum state at the bounce where the effective mass
adjusts very well with a Péschl-Teller (PT) potential, as will be seen in the next section.
Evolving it, we can then specify the desired state at any other time. In more detail, any
(normalized) solution to the mode equation can be expressed in the form

_ i agtm () (7)
M=\ " 2m () " ’ (10)

where 7 is the conformal time and / is a time-dependent function satisfying the Riccati equation

fie = K2 + s 4 12, (11)

Here, s(t) denotes the effective mass of the tensor perturbations. The sought NO-AHD
vacuum is specified by a function /i with the following asymptotic expansion for a large k:

1 i 1 & /—i\"

The coefficients v, independent of the wavenumber, are determined by the recurrence relation

n—3 n—1
Y0 =5, Yn+1 = —Tn +45|Tn-1 2 'Ym7n—(m+3)] - Z YmYn—(m+1)- (13)
m=0 m=0

It is possible to show that the resulting i, must have a negative imaginary part (at least
asymptotically), so that Equation (10) provides positive-frequency modes [39]. Moreover,
the asymptotic expansion determines a unique solution for all k in regimes where the
inflaton potential is negligible or sufficiently small [40,59]. This solution will provide the
desired initial conditions for our analytic integration.

5. Approximate Effective Mass and Mode Solutions for the Hybrid and Dressed
Metric Approaches

In this section, we will compute analytically the mode solutions of the tensor perturba-
tions at the end of inflation, both for the hybrid and the dressed metric approaches. Rather
than exact, we will obtain approximate solutions, derived by describing the effective mass
with some approximations [40,59,60].

5.1. Hybrid Quantization

For convenience (for readers who skipped Sec. III), we recall that the effective mass of
the tensor perturbations s(*) is given in the hybrid approach by Equation (6),
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s(t) = —47;6 a2(p — 3P). (14)

The mode equation with this effective mass cannot be solved analytically. To obtain analytic
expressions, we will introduce a series of approximations. We distinguish three different
regimes during the evolution of the perturbations. In each of them, we will approximate
the effective mass in such a way that the we can proceed analytically.

During the bounce epoch, we can describe the effective mass with a PT potential. The
quantum effects become negligible as soon as we leave the bounce, but we still remain in
a kinetically dominated regime, so that the effective mass coincides in practice with that
found in GR with kinetic domination. As time increases, the potential contribution grows
and the kinetic term diminishes, until the former dominates and a standard inflationary
epoch begins. In this last epoch (or at least for most of it), the effective mass is well described
by an inflationary slow-roll approximation.

5.1.1. Poschl-Teller Approximation

This first epoch takes place around the bounce. During this part of the cosmological
evolution, the quantum effects are important. Moreover, in the effective LQC backgrounds
of phenomenological interest, the inflaton potential is totally negligible in this period
compared with the kinetic contribution. This fact allows us to solve analytically the
background effective dynamics, governed by Equation (3), obtaining

6 _ 6
a’ = ag

1+ 247p, (t - t3>2], (15)

where we recall that p is the bounce time (which in practice can be set to zero by choosing
it as the time origin). Using this expression, one can compute the effective mass of the
perturbations in proper time, as explained in Ref. [40]. However, the relation between this
time and the conformal one used in the mode equation, which is given by the formula
n=ng+ | t; dt/a(t), cannot be inverted in an analytic form. Hence, an exact analytic
solution of the mode equation is not possible. Nonetheless, the effective mass can be well
approximated by a PT potential,

U
cosh?[a(y7 —118)]

)=

(16)
This approximation was first suggested in Refs. [61,62] and later improved in Ref. [40]
by modifying the procedure used to fix the potential parameters. According to this new
procedure, the constants Uy and « are such that the PT mass has the same value as the exact
one at the bounce and at the end of the considered interval, 7. Calling ag the value of the
scale factor at this end, we obtain

_ 87mp. ‘o arcosh(a3) 17)

U , .
773 (110 — 118)?

There is a certain freedom in fixing 779 and hence the duration of this bounce period. In
Ref. [40], it was proposed to fix this freedom by optimizing the relative error in the effective
mass (both in this interval and in the subsequent kinetically dominated regime). The best
compromise is reached when ty = 0.4 in proper time. In the following, we take this value
as the end of the period. We have computed numerically the relative error introduced with
our approximation. As shown in Figure 3, it is always below 25%.
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Figure 3. Top: Numerical computation of the tensor mass (14) in kinetic domination in the hybrid
approach and the approximated mass (16) using the Péschl-Teller approximation, taking ¢ty = 0.4.
Bottom: Relative error between the numerical and the approximated values of the mass for tensor
perturbations in the hybrid approach. We have taken ¢ = 0.2375 and ¢y = 0.97 for the Immirzi
parameter and the value of the inflaton at the bounce, respectively, and considered a quadratic
inflaton potential with mass m = 1.2 x 107°.
With this PT effective mass, the general mode solution is [40]
—ik
bl = Mix(1—x)] 2,k (b’l‘, bs, bt; x)
ik ik
+ Nk (1 x) 3o (0 = 05 + 1,05 — 0§ +1,2 - b %), (18)
where x = {1 + 8_20((’7_773)} - , and My and N are integration constants, which can be
determined with a choice of vacuum state. The time-independent parameters appearing in
the hypergeometric functions » F; are
k ik k ik k ik 1 327TPC
=cy——, b5 =c_ — —, bs=1——, c+ =—=|1+4/1+ . 19
1Ty 2 ® 3 ® =72 302 19)

On the other hand, choosing the NO-AHD vacuum state defined in the previous
section and calling k = k/«, one finds the following solution for the function #j [40]:

cyc— 2h (C+ +1,c_ +1,2+ik; x)

h, = —iak — 2ax(1 — x = =
k ( )1 +ik  oF(cq,c—, 14 ik x)

(20)

This function corresponds to the choice M =1/ V2k and N; = 0in Equation (18). Using
these values and Equation (10), we can evaluate the modes and their derivatives at the end
of the bounce period. Then, requiring continuity up to the first time derivative, we obtain
initial values for the modes at the beginning of the kinetically dominated epoch.
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Relative error

5.1.2. Kinetic Domination

This second period can be described using classical relativistic dynamics, because
quantum effects are negligible at this stage. The contribution of the inflaton potential is
(much) smaller than the kinetic contribution throughout this period, and in this work we
will neglect it, as in the previous PT epoch. We show in Figure 4 how well the effective
mass is estimated by this approximation. If, according to our discussion, we ignore the
inflaton potential and solve the background evolution for the free case, we obtain [40]

6
a(y) = ay/1+ 2a0Ho (1 — o), p<n>=po<a?,°7)), Ho= /72, e

and pg = p(7p). Since quantum effects and potential contributions are irrelevant, the
effective mass is in practice the same as in GR for the above scale factor, namely

sex(n) = 411 {(17 —10) + (ZaolHo)] _2- (22)
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Figure 4. Top: Numerical computation of the tensor mass (14) in kinetic domination in the hybrid
approach (solid blue line) and the approximated mass (22) for kinetic domination (dashed red line),
both in conformal time. Bottom: Relative error between the numerical and the approximated values of
the mass for tensor perturbations in the hybrid approach. We have taken v = 0.2375 and ¢y = 0.97 for
the Immirzi parameter and the value of the inflaton at the bounce, respectively, and considered a
quadratic inflaton potential with mass m = 1.2 x 107°.

The general solution to the mode equation with this effective mass is [40]

ufP(p) = /2L [ (k) + D (k) |, 23)

where j = 1 — 1o + 1/(2a9Hp) and H(()l) and Héz) are the Hankel functions of the zeroth
order and the first and second kinds, respectively. The integration constants Cy and Dy
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NE

N

are fixed by continuity of the modes up to first derivatives, taking as initial conditions the
values obtained from the PT solutions at the end of the bounce period (recall that these are
in turn determined by the choice of vacuum state). In this manner, we obtain [40]

_ 1 ko pr _ ) g

Ce = HO (k) [2\/ —Hi (110) — DiHy™ (k) |, (24)
i [m A k A A

Dy = 2\/%{@1)(@#?(%);Hél)(k)ﬂfT(ﬂo)+H(§l)(k)ﬂfT(ﬂo), 25)

where k = k/kg and ko = 2aoHo.

5.1.3. Slow Roll

The last period considered in our analytic study is the inflationary stage. As the
background evolves, the inflaton potential increases and gains relevance in the dynamics
(see Figure 1). Then, standard slow-roll formulas provide a good approximation, which
improves as the potential energy density becomes more and more dominant. We choose the
beginning of this period, in the transition from kinetic to potential domination, so that the
relative error between the numerical and the approximate effective masses is minimized.
This happens at the conformal time #; = 600, or #; ~ 1.88 x 10* in proper time (see Figure 5).

The slow-roll approximation is based on an expansion of the background equations in
terms, e.g., of the parameters [18,19]

_ 1 Vi(9) _ 1 V(o)
~ 16w V2(¢)’ V78 V()

137 (26)

Here, the prime followed by ¢ denotes the derivative with respect to the inflaton. During
slow-roll inflation, these parameters are approximately constant and much smaller than
one, so that a truncation of the expansions at the linear order is sufficient. This leads to

the approximation
d (a(y)
— =—(1—ey). 27
i () =0 @

We can use Equations (26) and (27) to derive the expression of the effective mass in

slow-roll inflation,
2 1
H__vV—3 _ /9
Sep = — 757 v=1/-+3ey, (28)
R (e —n)? 4

where 7. signals the end of inflation. Using this formula, we can obtain analytically the
general solution to the mode equation in the slow-roll period [18,19],

7T 1 2
! () = 1/ 5 O = ) [AcH k(e = )] + BeHP [k(re = )] 29)
The Hankel functions are here of the order v, and the integration constants Ay and By can

be determined by imposing continuity of the modes up to their first derivative, matching
them to their values at the end of the previous, kinetically dominated era. We obtain [59]

@i
(e — 1) {khrﬁ)1 k(e — ;)] — kH®, k(e — 1:)] — W }u;’fD(ni)

(e — i) HP) k(e — )] 1k (1), (30)
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With these expressions for the tensor modes, it is straightforward to obtain analytically

the PPS.
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Figure 5. Top: Numerical computation of the tensor mass (14) in the hybrid approach (solid blue line),
the approximated mass (22) for kinetic domination (dashed red line), and the approximated mass (26)
for slow roll (dash-dotted orange line), all in conformal time. Bottom: Relative error between the
numerical tensor mass and the approximated tensor mass for slow roll in the hybrid approach. We
have taken 7y = 0.2375 and ¢y = 0.97 for the Immirzi parameter and the value of the inflaton at the
bounce, respectively, and considered a quadratic inflaton potential with mass m = 1.2 x 107°.

5.2. Dressed Metric Approach

We recall that the effective mass of the tensor perturbations in the dressed metric
approach, given in Equation (9), is

s = 472 <1+2p) tan 2P<1—2p). 32
8 3 4P o a o (32)

The mode equation cannot be solved analytically for this effective mass. To reach an analytic
solution, we divide the background evolution into four different periods, in each of which
the effective mass can be suitably approximated. First, like in the hybrid approach, we
adopt a PT approximation around the bounce. Secondly, and in contrast to the hybrid
case, we introduce a matching period with constant effective mass where the quantum
effects are already ignorable. From there on, we can estimate the effective mass by its
corresponding expression in GR, with two more differentiated relativistic stages like in
the hybrid approach, namely, a period of kinetic domination followed by a final period of
(slow-roll) inflation.
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5.2.1. Poschl-Teller Approximation

In this period, the contribution of the potential to the effective mass is entirely negligi-
ble for the type of background solution that we are analyzing. Recall that the background
scale factor takes the form (15). Using this equation, we can compute exactly the effective
mass in proper time,

8mpc(t —tg)* — 1

(247t (t — tg)2 —1)5/3° (33)

st) = Sm%pC

However, the relation between the proper time and the conformal time in which the
mode equation is expressed is not known analytically, as we saw in the hybrid approach.
To circumvent this obstruction, we again use a PT approximation, although with some
modifications with respect to the hybrid case. Specifically, we add a constant to the PT
potential. This addition allows the effective mass to change its sign, as happens with the
exact mass in the evolution. In fact, this last mass is negative at the bounce and becomes
positive before the quantum effects dilute, in contrast to the situation found for the hybrid
approach, where it is always positive before the onset of inflation. Concretely, we take
s = — 0=y, (34)
cosh? (04(17 — 173))

The value of the parameters Uy, vy, and « can be fixed using the behavior of the
exact effective mass. We determine them by imposing that the exact and the approximate
effective masses coincide at the bounce, when the exact mass vanishes (which in proper
time corresponds to t, = /1/(87p.) + tg), and when this exact mass reaches a maxi-
mum (which happens at ty = \/3/(87p.) + tp). This leads to the values Uy = —87m%pc,
vg = 0.4786, and &« = 7.915, the last two of them computed numerically. A numerical
analysis also shows that our PT approximation is very satisfactory, with a relative error
with respect to the exact effective mass that never exceeds 20% in the whole considered
period [60], choosing its final end at .

With this approximation, the general solution to the mode equation has the same
expression (18) as in the hybrid case, but replacing k with k = /k% + vy and taking
different definitions of the variable x and the time-dependent parameters c., which are
now given by [60]

1 —
x= [1 +e*2“('7*'78>} oy = ;<1 +4/1+ ‘W) (35)

With these changes, the expression (20), derived for the function ki corresponding to the
NO-AHD vacuum in the hybrid approach, continues to be valid in the dressed metric
case. Via Equation (10), this function hj determines the mode solution obtained from

Equation (18) by setting My =1/ V2kand N =0, formally as in the hybrid approach.

5.2.2. Constant Effective Mass

In order to better approximate the behavior of the effective mass, it was shown in
Ref. [60] that it is convenient to introduce a transition period between the bounce and the
kinetic regime. In this period, the effective mass can be considered to be constant and equal
to its value my at the end of the bounce period,
s(()t)(n) =my = to = v + v, (36)
cosh? (uc(iyo — 173)>

where 79 is the conformal time corresponding to .
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The LQC corrections to the background are already ignorable and the background
evolves as in standard relativistic cosmology during a kinetically dominated era, as one
can see in Figure 6. The general solution to the mode equation is

u(n) = age™ + Bre~", (37)

where x = /k? + my. To fix the constants ay and py, we use the continuity of the mode up
to its first derivative in the matching with the PT epoch. In this way, we obtain

3.0
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Figure 6. Top: Numerical computation in effective LQC (solid blue line) and in GR (dashed red
line) of the background scale factor (left) and the Hubble parameter (right) in kinetic domination,
given by Equations (15) and (21). Here, ty = \/W + tp. Bottom: Relative error between the
two scale factors and the two Hubble parameters. We have taken v = 0.2375 and ¢9 = 0.97 for
the Immirzi parameter and the value of the inflaton at the bounce, respectively, and considered a
quadratic inflaton potential with mass m = 1.2 x 107°.

5.2.3. Kinetic Domination

In this period, quantum effects are also irrelevant, and the contribution of the potential
to the inflaton energy density can be ignored. Then, the effective mass again takes the
form (22). We compare this approximation with the exact effective mass in Figure 7. We fix

the beginning of this period at the moment when Sgl)—{(i’]é) = mp, which is

=10 i~ ()
= — . 39
o 770_'_ 41’]10 2ﬂ0H0 ( )

The general solution to the mode equation with our approximation is the same as in
Equation (23). However, the constants C and Dy now take different values. To determine
them, we use the continuity of the perturbations up to the first time derivative at the
matching point with the period of constant effective mass. This condition leads to
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5(t)

Relative error

G = ;[akefwé(\/j(l—21'@6)113”(@6)—z S C)
0
N ‘Bkeim]é( \/j(lJrziKy())HéZ)(k%)—z ny6k2H§2)(ky6)>], (40)
0

Dy = 3 [akel‘% (\/y7 (1 2ixg) 1Y k) — 2 et )

0
+ ﬁke”‘”6(\/;(1+2i1<%)Hé”(k%>—2 n%szfl)(k%))], (41)
0

where i), =}, — 0 + 1/(2a9Hy), and «, ay, and B were given in the previous subsection.
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Figure 7. Top: Numerical computation of the tensor mass (32) in the dressed metric approach
(solid blue line) and the approximated mass (22) for kinetic domination (dashed red line), both in
conformal time. Bottom: Relative error between the numerical and the approximated values of the
mass for tensor perturbations in the dressed approach. We have taken y = 0.2375 and ¢y = 0.97 for
the Immirzi parameter and the value of the inflaton at the bounce, respectively, and considered a
quadratic inflaton potential with mass m = 1.2 x 107°.

5.2.4. Slow Roll

In this last period, we finally reach an inflationary regime, which (at least during most
of it) admits a slow-roll description. The effective masses of the hybrid and dressed metric
approaches become almost identical, as is realized in Figure 2. Therefore, we use the same
type of approximation employed in the hybrid case.

6. Primordial Power Spectrum

We can now proceed to compute the PPS, both by analytic means, using the different
approximations to the mode solutions that we have presented, and by numerical methods,
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employing the exact expression of the effective mass and integrating the mode equation.
We do so for the two quantization approaches within LQC studied in this paper.

The approximations that we have introduced and justified provide the necessary
ingredients to calculate the PPS of the tensor perturbations analytically. In doing so, we do
not need to evaluate the modes at the end of inflation, but rather when they are all frozen
(at a time 775,). In the case of our numerical computations, this significantly reduces the
calculation time. Moreover, it supports the use of slow-roll approximation during inflation
if it is valid until 7¢,. Then, the PPS is defined by the expression [18,19]

3288 [l

N (T

(42)

For all wavenumbers k in the relevant window for observations, the argument of the
Hankel functions in our analytic formula (29) for the solutions during slow-roll inflation
turns out to be much smaller than one. Hence, we can use the properties of these Hankel
functions to approximate them [63], writing the solution 1] as

—2v
k e Ifr
K1 —1gr) |Ax — By, (43)

ST| ~u 1 2
7] = (e = 1) IT(V)] [ .

where I' is the gamma function. The corresponding expression of the PPS reads

2 _ 1-2v
Pr(k) = Ck3 2| Ap — B2, where C, = 16“;(‘;” (’76 i ’) : (44)
T a, 2

Here, ay, is the value of the scale factor at 77,

Note that the PPS critically depends on the integration constants Ay and By, which de-
termine the mode solutions for the perturbations. Normalization of these solutions only im-
poses the condition uyu;’ — ujuj = 1, which amounts to the restriction |Bi|* — |A¢|* = 1 on
the norms of Ay and By. The symbol * stands for complex conjugation. We therefore see
that the PPS depends on the choice of mode solutions specified by the vacuum state, and
different choices yield different spectra. The form of the spectrum in the above expression
leads to fast oscillations in k because, even if the norms of Ay and By vary slowly, their
phases 6{! and 62 often give rise to a rapidly oscillating interference. Concretely,

Pr(k) = Cok® =2 [| Ax[2 + |Bil? — 2| Al By cos (61 — 6F)] (45)

Nonetheless, it is possible to remove these undesired oscillations in k, which could artifi-
cially pump power into the spectrum on average. Indeed, as was argued and supported
in Ref. [40], we can adjust the choice of mode solutions using the following Bogoliubov
transformation that leads to a state really free of spurious oscillations in the PPS:

Ay = Ay =|Axl, By — By = |Byl. (46)
The corresponding PPS is just
Pr(k) = Gk (| Ax| = [Be])* (47)

We notice that the spectrum obtained with this Bogoliubov transformation is the envelope
of the minima of the previous one in Equation (45). This new PPS is free from rapid
oscillations, but retains all other relevant information about the scale dependence of the
original spectrum.

On the other hand, we also want to compute the PPS of the NO-AHD vacuum state in
a numerical way, a computation that has not been performed before in the literature. This
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will allow us to test the goodness of our analytic approach, checking its agreement with the
exact numerical result. In order to numerically solve the dynamics of the perturbations,
we impose initial conditions at the time #y that marks the end of the bounce period and
integrate from there until the instant when the mode freezes during inflation. We perform
the numerical integration with an Adams—-Bashforth-Moulton method and a Runge-Kutta
method of the eighth order, obtaining the same result in both cases. Since the PT potential
approximates well the effective mass during the bounce period and allows us to determine
an NO-AHD state for the tensor modes, we use as our initial conditions the values of the
modes and their time derivatives at 7 obtained with this choice of state and with that
approximation. In particular, using Equations (10) and (11), we find that the time derivative
is given by

g (110) = —hi(10) L;k((joo)) : (48)

After numerical integration of the modes, the PPS is calculated using definition (42).
For a normalized spectrum, we divide this expression by C,, defined in Equation (44). In
Figure 8, we display our analytic approximation to the PPS for the hybrid approach, with
and without the final Bogoliubov transformation that leads to the desired non-oscillating
state. We also plot the PPS of the hybrid case calculated by means of our numerical
integration, without the final Bogoliubov transformation. We see that the oscillatory
analytic spectrum reproduces very well its numerical counterpart. Moreover, the non-
oscillatory PPS corresponds extremely well to the envelope of the minima of the oscillatory
ones, not only of the analytic computation but also of the numerical spectrum. This
important result, which strongly supports our analytic description of the non-oscillating
PPS, is also reached in the case of the dressed metric approach, as we can check from the
plot of the corresponding spectra shown in Figure 9. In this last case, nonetheless, our
graphics seem to indicate a possible slight difference in the frequency of the oscillations
between the analytic and the numerical spectra.

We can also compare the difference between the spectra of the two considered quan-
tization approaches. Possibly, the most remarkable fact is that the power suppression
in infrared scales is clearly greater for the hybrid approach, as we can see in Figure 10.
Furthermore, the decrease in power around the k-cutoff where the suppression begins is
more pronounced in the PPS of the hybrid approach. This cutoff, although similar, is not
exactly the same for the two approaches. It seems a bit larger in the dressed metric case.
Nevertheless, the spectra of both approaches become almost identical in the quasi-invariant
region, corresponding to modes beyond the cutoffs. In this region, we observe the tilt
introduced by slow-roll inflation.

To conclude this section, let us comment that the window of observable modes corre-
sponds, approximately, to the interval 2 x 10~*Mpc ! < k/ Atoday < 6 X 10~ "Mpc !, which
therefore depends on the background cosmology via the present value of the scale factor,
ft0day [6]- Since an inverse megaparsec is approximately 5 x 1078 inverse Planck lengths,
and a54, = €"T with our convention that ag = 1, where nr denotes the number of e-folds
from the bounce until nowadays, it is easy to conclude that the observable window is
approximately [1,3 x 10%] x 10~%1¢"7. In particular, this whole window includes wavenum-
bers in the interval [10~!,10] around the cutoff if, roughly speaking, 130 < n < 143. We
note that a number of total e-folds of this order has been obtained in numerical calculations
for the background carried out in previous works, for instance in Refs. [36,64].
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Figure 8. Normalized primordial power spectrum (PPS) for the hybrid approach. We show the
numerical computation of the oscillating PPS (solid red line), the analytic approximation to this
PPS (dotted cyan line), and the analytic approximation to the PPS of the NO-AHD vacuum (dashed
green line), obtained with a Bogoliubov transformation. We include an inset enlarging the region
1 <k <10 (framed in the PPS) to see the details when power suppression appears. We have taken
¥ = 0.2375 and ¢y = 0.97 for the Immirzi parameter and the value of the inflaton at the bounce,
respectively, and considered a quadratic inflaton potential with mass m = 1.2 x 107°.
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Figure 9. Normalized primordial power spectrum (PPS) for the dressed metric approach. We show
the numerical computation of the oscillating PPS (solid blue line), the analytic approximation to this
PPS (dotted orange line), and the analytic approximation to the PPS of the NO-AHD vacuum (dashed
violet line), obtained with a Bogoliubov transformation. We include an inset enlarging the region
3 < k < 30 (framed in the PPS) to see the details when power suppression appears. We have taken
¥ = 0.2375 and ¢y = 0.97 for the Immirzi parameter and the value of the inflaton at the bounce,
respectively, and considered a quadratic inflaton potential with mass m = 1.2 x 107°.
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Figure 10. Comparison of the normalized primordial power spectra (PPS) for the hybrid and the
dressed metric approaches. We show the numerical computation of the oscillating PPS for the hybrid
approach (dotted red line) and for the dressed metric approach (solid blue line), as well as the analytic
approximations to the PPS of the NO-AHD vacuum for the hybrid approach (dashed green line)
and the dressed metric approach (dash-dotted violet line). We include an inset enlarging the region
1 <k < 30 (framed in the PPS) to see the details when power suppression appears. We have taken
v = 0.2375 and ¢y = 0.97 for the Immirzi parameter and the value of the inflaton at the bounce,
respectively, and considered a quadratic inflaton potential with mass m = 1.2 x 107°.

7. Discussion

We have investigated the implications of two different approaches to the quantiza-
tion of cosmological tensor perturbations within LQC, focusing our discussion on their
PPS. More specifically, we have considered the hybrid and the dressed metric approaches.
Among the various approaches developed in LQC, these two have the nice property that
they do not affect the hyperbolicity of the field equations for the perturbations in the
ultraviolet, nor do they modify the dispersion relations for the perturbation modes in this
sector. For completeness in our discussion, we have presented a brief overview of these
approaches, pointing out their similitudes and differences. The hybrid approach rests
on a canonical quantization of the entire constrained system formed by the background
geometry and its perturbations, described by the action truncated at the quadratic per-
turbative order. In contrast, the dressed metric approach first quantizes the background
geometry, incorporates the most important quantum effects resulting in a background
with a dressed metric, and then lifts its effective trajectories to the unconstrained phase
space of the perturbations, treating such perturbations as test fields propagating on the
dressed background. The fact that the classical relation between canonical momenta and
time derivatives of the background metric is not respected in effective LQC implies that the
outcome of the two approaches differs when one considers quantum background states
peaked on effective trajectories.

In both approaches, the field equations of the perturbations can be expressed as
generalized wave equations, with a background-dependent effective mass. We have
provided the expression of this effective mass in both approaches for perturbations of the
tensor type. The corresponding effective masses are almost equal soon after the bounce
experienced in (effective) LQC, around a fraction of a Planck second after it. In fact, from
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this moment on, the quantum effects on the background and on the effective mass of the
perturbations are negligible. However, around the bounce, the two considered effective
masses are very different, leading to distinct behaviors both in the evolution of tensor modes
and in the vacuum state that is optimally adapted to the background. These differences
are transmitted to the PPS. Actually, the effective mass for the dressed metric approach is
negative at the bounce and flips its sign later in the evolution, while the effective mass of
the hybrid approach turns out to be positive in the whole interval from the bounce until
the onset of inflation for the effective background solutions that we have studied in LQC.

The propagation of the (Fourier) tensor modes cannot be resolved analytically in any
of the two approaches. To circumvent this problem, we have divided the evolution into
several eras where the effective mass can be approximated conveniently so as to render the
dynamics of the tensor perturbations solvable. In the hybrid approach, we have considered
three different evolution periods, whereas for the dressed metric we have included an
additional period to improve the approximation in the transition from the quantum to
the classical regime, around the time when the effective mass displays a maximum (soon
after it vanishes). In the last period describing the inflationary expansion, we have used
a slow-roll approximation to consider the influence of the (not exactly constant) inflaton
potential. We have motivated all these approximations and checked numerically that the
relative error that they introduce in the effective mass is acceptable.

Since the considered background includes a preinflationary epoch in which the back-
ground is nonstationary and which can significantly affect modes contained in the observ-
able window, in principle there is no preferred state that can serve as a natural vacuum
to construct a quantum field theory for (these modes of) the perturbations. Nevertheless,
several proposals have been put forward for a preferred choice of vacuum in this scenario.
In this work, we have adhered to the NO-AHD proposal. This proposal selects a state opti-
mally adapted to the background (at least in the asymptotic ultraviolet sector), inasmuch
as it can be specified by an asymptotic diagonalization of the Hamiltonian that governs the
dynamics of the tensor perturbations, and leads to slowly varying mode amplitudes that
provide a non-oscillating PPS [39,40]. In general, rapid variations can be interpreted as a
poor adaptation to the background, resulting in a transfer from the background evolution
to changes in the mode amplitudes. Associated high-frequency oscillations typically pump
spurious power to the PPS. Actually, the choice of an NO-AHD vacuum state has already
been studied in the literature for the two analyzed quantization approaches [40,59,60].
Although the exact determination of such a state by analytic means is not completely
possible, a suitable approximation of the effective mass in the quantum region around the
bounce allows us to obtain its expression. This expression is different in the two approaches,
reflecting the differences in the corresponding effective masses at the bounce. We have
used the corresponding values of the tensor modes and their time derivatives at the end
of the bounce period as our initial conditions for the integration of the propagation of the
perturbations in the rest of the time interval until the end of inflation. The approximation
used in this procedure (together with numerical errors or further analytic approximations)
still introduces a fast-oscillating phase in the integration of the modes, but this phase is
harmless for our purposes, because it can be absorbed by a suitable adjustment of our state,
implemented as a Bogolibouv transformation. As we have shown, this transformation
finally provides us with the desired non-oscillating PPS for the tensor perturbations.

With all these ingredients, we have calculated the PPS for both quantization ap-
proaches. In addition to our approximate analytic derivation, we have presented a proce-
dure to numerically compute this tensor sprectrum for the two approaches for the first time
in the literature. The main result of our study is that the analytic approximation fits remark-
ably well the exact PPS, obtained with numerical methods. This exact non-oscillating PPS is
the envelope of the minima of the non-adjusted oscillating spectrum. This result is equally
valid for the hybrid and the dressed metric approaches. In addition, comparing the spectra
of the two quantization approaches, we have seen that the hybrid proposal leads to a larger
power suppression in infrared scales. Moreover, there is a cutoff scale in both approaches
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of the order of the physical scale corresponding, roughly speaking, to the Planck curvature
scale at the bounce. This cutoff scale is similar in both cases, although it is a little bigger in
the dressed metric approach. In addition, the decrease in power around the corresponding
cutoff scale is steeper in the hybrid spectrum. Our results are robust, both in the sense that
we obtain the same spectra using analytic approximations and numerical techniques, and
inasmuch as the cutoff scales are of comparable order in the two studied approaches.

These results are extremely helpful to simplify the computations for a future parametriza-
tion of the PPS in LQC. They strongly support the validity of our approximations, justifying
the use of analytic expressions in which the dependence on the parameters of the model
can be handled explicitly without the need for highly demanding numerical computations.
It would be enlightening to consider distinct approximations in the bounce region that im-
prove the effective mass below our maximum relative error during this epoch preceding the
time interval of our numerical calculations (we recall that this maximum is approximately
25% or 20%, respectively, in the hybrid and dressed metric approaches). Nevertheless, we
do not anticipate radical changes in the PPS of the NO-AHD vacuum, given that the bounce
epoch lasts for a fraction of a Planck second and our numerical computations already
show that this PPS is not extremely sensitive to variations in the effective mass in this
period. In this respect, note that the effective mass differs considerably in the hybrid and
dressed metric approaches close to the bounce, as shown in the top part of Figure 2, but the
respective PPS for these approaches have comparable cutoff scales and power suppression
near them.

Other possible questions for further research concern the numerical computation of
the B-mode polarization power spectrum and a detailed study of the quantum geometry
effects on the CBGW. A parametrization of the PPS based on our results will facilitate
Bayesian analyses to discuss the dependence of the spectra not only on the parameters of
our approximated description, including the part characterizing the inflaton potential, but
also on the standard cosmological parameters that affect the evolution of the perturbations
after the end of inflation. For instance, extrapolating observational data from scalar to the
tensor perturbations here discussed, we have argued that the observable window of modes
can overlap with the scale of power suppression that we have found, provided that the total
number of e-folds is, roughly speaking, between 130 and 143. Accepting some 70 e-folds
from the bounce until the end of inflation, an estimation compatible with our calculations
(see Figure 1), we conclude that the background should experience approximately 60 to
73 e-folds after inflation, with the upper end of this interval favoring scales of power
suppression in the lower end of the observable window, and therefore corresponding to
the optimal case for a lack of power at low multipoles in the angular power spectrum of
the CMB. It would be very interesting to explore the regions of the parameter space where
this happens. These studies would provide an important input for understanding the Very
Early Universe.
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