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Abstract: Utilizing the databases from the European Pulsar Network (EPN), the Australia
Telescope National Facility (ATNF), and published literature data, a geometric method was
used to investigate the multifrequency emission altitude of 104 pulsars. We found that
the evolution of emission altitudes with frequency for the majority of pulsars can be fitted
using a power-law function with a normalization constant. In this work, it is found that the
frequency evolution of pulsar emission altitude can be divided into three groups according
to their different frequency dependencies of emission altitude (emission altitude decreases
with frequency (Group A, 1 < —0.1), keeps relatively constant with frequency (Group B,
—0.1 < 5 <0.1), and increases with frequency (Group C, 7 > 0.1)), where 7 is the emission
altitude variation rate. We also computed the emission altitudes across multiple frequency
bands for these pulsars, thereby estimating the approximate range of the pulsar emission
regions. We found that most pulsar emissions occur at altitudes of tens to hundreds of
kilometers above the polar cap, with differences in emission altitude between the three
groups becoming more clear at lower frequencies.

Keywords: methods; statistical pulsars; pulsars; general pulsars

1. Introduction

Since the discovery of the first pulsar [1], about 3700 pulsars have been discovered.
(according to version 2.5.1 of the ATNF Catalog [2], available here: www.atnf.csiro.au/
people/pulsar/psrcat/, accessed on 1 November 2024) Various models have been put
forward to interpret the different observational phenomenology and physical mechanisms
of pulsars [3-6]. Goldreich and Julian [7] were the first to propose that a charge-separated
magnetosphere surrounds a neutron star. Ruderman and Sutherland ([4], hereafter referred
to as the RS model) proposed the existence of an acceleration region above the pulsar’s
polar cap (an area enclosed by critical magnetic field lines), where high-energy particles are
accelerated and then flow outward along the magnetic field lines, producing observable
radio emissions through the process of curvature emissions. In the curvature emission (CR)
model, the emission beam is generally considered to be a single conical component. There-
fore, the pulse profile should consist of either a single peak or a double peak [4,8]. In some
studies, core emissions in the CR model have also been discussed [9,10]. This can explain the
pulse profiles of some pulsars, but the RS model also has limitations in interpreting multi-
component pulse profiles. To comprehend the diversity of pulse profiles, previous research
has proposed several geometric models, such as the “core—cone” beam, the “core-double
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cone” beam, the fan beam, and the microbeam [4,6,11-13]. The Inverse Compton Scat-
tering (ICS) model possesses unique advantages in explaining multi-component profiles.
In the ICS model, the radio emission from pulsars results from the scattering of secondary
particles from “low-frequency” waves. The emission beam comprises a core and two
conical components; thus, the number of pulse peaks can range from 1 to 5 [5,14]. These
models have their own advantages in explaining some observed characteristics. However,
a complete consensus on the emissions mechanism of pulsars has not yet been reached.

Multi-band observations are very important for understanding the physical proper-
ties of pulsars. Radio emissions at different frequencies are believed to originate from
varying emission altitudes [15], and the study of multi-band data can reveal the range of
variations in the pulsar’s emission regions [16], which aids in constraining the geometry
of the emission beam. To pinpoint the location of pulsar radio emission sources within
the magnetosphere, previous studies have proposed various methods for estimating the
altitude of radio emissions [17-22]. Currently, there are three main methods used for
calculating emission altitude: (1) a relativistic rotating vector model ([22], BLW); (2) the
relativistic phase shift method ([18,23], GRT); (3) the geometric method ([20,24], KG). The
first method takes into account aberration and retardation (A /R) effects. The relativistic
motion of the emission region relative to the observer as the region co-rotates with the
pulsar causes aberration and retardation [25]. This effect causes a delay in the pulse phase
of the inflection point of the PA curve predicted by RVM relative to the location of the
fiducial plane inferred from the intensity profile. This means we need to make polarization
observations. The second method also considers the influence of the A/R effect, assuming
that if the core originates from a lower height than the cone and the cone is axially symmet-
ric around the core in a reference frame co-rotating with the star, then the core component
will experience a phase lag at the midpoint between the maximum cone components. The
third method assumes that the emission originates from the outermost open field line and
involves comparing the measured pulse width with the geometric predictions derived from
a dipole model.

Each of these three methods has its own advantages and disadvantages. The first
method requires fewer assumptions and involves simpler calculations. The second method
allows for the separate calculation of the emission altitude of the core and cone components.
Both methods necessitate high-quality polarization data. However, it has been established
that depolarization emitted by pulsars occurs at high frequencies [26]. The low signal-to-
noise ratios imposed by this depolarization at high frequencies leads to a broad scatter
in the values of the polarization position angle curve, thus making the fitting procedure
difficult. Furthermore, the second method relies on clear identification of the core-cone
structure, with the average profile necessitating a certain degree of asymmetry. For such
analyses, a three-component or double-cone profile is most ideal. Therefore, if there is no
clear core-cone structure present, the method cannot be applied. The advantage of the
third method lies in its capability of calculating the emission altitude at corresponding
frequencies using pulse widths of different wavebands, after determining the geometric
parameters (such as inclination angle & and impact angle B.) of the pulsar. Therefore,
it is often used in studies of pulsar emission—frequency relationships [16,24]. However,
it is noteworthy that the actual emission might not come from the final open field line.
Therefore, assigning the edge of the intensity contour to the final open magnetic field line
could lead to misinterpretation, causing the calculated emission height to be lower than
the actual one. Additionally, since & and j are unobservable quantities and contain errors
in the calculation process, using the KG method does not give us the absolute emission
height; it only represents the lower limit of the emission height for that frequency band.
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Previous studies have attributed the decreasing trend of emission altitude with fre-
quency to the scenario of narrowband emissions, specifically through radius-to-frequency
mapping ([15], REM) based on the RS model. This power-law dependence typically as-
sumes that high-frequency radio emissions originate from regions closer to the surface of
the neutron star, whereas the opposite is true for lower frequencies. Kijak and Gil ([16],
KG98) use a geometric method to calculate the emission altitude across multiple wavebands
for multiple pulsars. They believe that the emission frequency follows an RFM relationship,
which can be expressed as a power-law function in the form of r¢ = Av*. The calculation
using the geometric method is conducted by assuming that the edges of the average profile
originate from the last open field line. The frequency dependence is highly correlated
with the frequency dependence of pulse width. Current research suggests that the evolu-
tionary relationship between pulse width and frequency cannot be fully described by a
single power-law function alone. Rather, it should be characterized by multiple power-law
functions [27] or by the relationship A8 = Av™* + Ab,,;, [28,29]. Furthermore, in addi-
tion to conforming to the RFM model, the evolution of emission altitude with frequency
also exhibits a pattern where the emission altitude increases as the frequency rises [30].
Therefore, there is a necessity for new research into the frequency-altitude relationship in
pulsar emissions.

In recent years, several studies have presented the observational results of pulsar
emissions at lower and higher frequencies [31-33], and geometric parameters of the beams
emitted by pulsars [34,35]. This makes it possible to study the multi-band evolution of
the emission altitude of pulsars using geometric methods. In this work, utilizing datasets
from the European Pulsar Network (EPN) and the Australian Telescope National Facil-
ity (ATNF), supplemented by data from the published literature, a comprehensive sur-
vey was conducted on the emission altitudes of 104 normal pulsars with multifrequency
(40 MHz-10.55 GHz) observational data. We attempted to uncover the frequency evolu-
tion behavior of the emission altitude of these pulsars. The structure of this paper is as
follows: In Section 2, we present information on the data used in this paper. In Section 3,
the methodology used for calculating the emission altitude and pulse width is elaborated
upon in detail. In Section 4, the research results are presented. Finally, a discussion and our
conclusions are presented in Section 5.

2. Information on the Data

From the EPN and ATNF databases, as well as some recently published datasets,
we obtained high signal-to-noise ratio multifrequency observational data for 104 pulsars.
The data sources for all pulsars are listed in Table 1. To select the required multifrequency
observational data, we followed these steps:

(1) Firstly, pulsar data with multifrequency observations and an observation frequency
range greater than 1 GHz were selected from the EPN and ATNF databases to form the
initial sample. The pulsar periods (P) from the initial sample were obtained from the
ATNF database, and the geometric parameters (such as « and p) for the pulsars in the
initial sample were collected by searching the published literature. Pulsars without
relevant parameters were discarded.

(2) Subsequently, multifrequency average profiles were plotted for the data selected from
EPN and ATNF. Gaussian fitting was applied to these average profiles to calculate
the Wy values for each frequency band. Data from frequency bands with excessively
low signal-to-noise ratios (S/N < 15) that made W determination difficult were
discarded, as were data showing significant scattering phenomena [36].

(3) In addition to this, we collected information on the pulse widths of these pulsars
from the reference dataset, which was used to extend the frequency range to make
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the results more accurate. It is worth noting that in many cases, there are different
observations at the same frequency. For this, we chose the one with the better signal-
to-noise ratio as well as the one with the closer observation time. In the case of the
results in Refs. The errors come from the corresponding reported articles.

(4) Pulsars with more than four multifrequency data points and observation frequencies
spanning 1 GHz were retained after the above screening steps. And the maximum
observation frequency was as many times larger than the minimum observation
frequency as possible.

Based on the selection criteria outlined above, we screened a total of 104 pulsars. We
applied the least-squares fitting method to the radiation—frequency relationship of these
sample pulsars using Equation (4) (detailed calculations are provided in Section 3). It is
noteworthy that between different modes, variations in the average profile shapes can lead
to changes in the emission altitude calculated using KG. This paper only considers the
average profiles in the normal mode as the baseline for calculating the emission altitude.

Table 1. References for the pulse width data used in this paper. The first column gives the names of the
pulsars, and the numbers in the second column represent their observation frequency. The superscript

uer uqr

indicates the origin of the data, where “*” represents the data is from EPN and represents the

data is from ATNF.
PSR B Frequency (MHz)
B0031—07 38346012 64.533 79233 102.5 11 150 26 185 14 230 7 333 22 350 26 400 7 607 14 800 16 950 35 1284 32 1412 12 1500 26 3094 * 4850 ¢
B0052+51 129168 ¢ 400 7 600 7 1408 © 1642 © 4850 ¢
B0105+65 129 ¢ 168 € 408 ¢ 610 ¢ 1400 13 1642 ¢
B0136+57 23074007 610 € 9207 1250 18 1400 7 1600 7 4750 ©
B0138+59 4026 103 ¢ 150 26 350 20 600 7 925 ¢ 1400 7 1500 26 1642 ¢ 4850 28
B0149—16 35.1%349.8 33 64.5 3 2307 333 22 400 7 618 22 720 * 950 3> 1284 32 1400 7 2368 * 3100 *
B0254—53 434 ¢ 636 21 950 3> 1284 32 1560 €
B0301+19 129 € 150 26 327 24 400 7 618 22 920 7 1284 32 1500 260 4600 24
B0331+45 150 26 350 26 408 ¢ 600 7 1250 18 1400 7 1500 2
B04024-61 150 26 230 7 350 26 400 7 600 7 1400 7 1500 26 1600 7 4850 28
B0410+69 150 26 350 26 400 7 600 7 925 ¢ 1400 7 1500 26
B0450+55 4026 65 ¢ 129 ¢ 400 7 920 7 1250 18 4820 ¥
B0450—18 408 ¢ 60079207 1250 18 14007 1600 7 4850 ©
B0458+46 333 22 408 ¢ 631 21 950 35 1284 32 1642 ¢ 4850 28
B0523+11 327 24 350 26 400 7 600 7 800 ¢ 920 7 1400 2* 1500 26 1600 7 4600 24
B0525+21 4026 150 26 230 7 327 24 333 22 350 26 400 7 600 7 920 7 1400 2* 1500 26 1600 7 1710 € 3100 @ 4600 2* 4820 ¥
B0540+23 2307 327 24 4007 618 22 732 % 900 7 1250 183094 7 4820 3° 8500 ¢ 10550 16
B0559—05 4007 6007 7327 800 € 920 7 1284 32 1400 7 1600 7 3094 4850 28
B0609+37 150 26 350 26 400 7 600 7 920 7 1400 7 1500 26 1600 7 4600 2* 4850 28
B0611+22 333224007 610 ¢ 9007 1250 2 1600 7 4850 ¢
B0626+24 129¢ 2307 327 24 400 7 618 22 925 ¢ 1284 32 1400 7 1600 7 4600 2* 4850 28
B0628—28 351334983 64,53 79233 102.5 11 2307 400 7 649 21 719 @ 800 3 950 35 1284 32 1400 7 1600 7 3094 @ 4850 28 10550 ¢
B0656+14 149 € 327 22 4007 6007 610 ¢ 732 * 1250 18 1284 32 1400 2* 1600 7 3094 * 4600 2* 4850 ¢ 6200 *
B0727—18 333224007 618 22900 7 1284 32 1400 7 1600 7
B0736—40 63121 674 ¢ 728 7 950 35 1284 32 1465 @ 3100 ¢ 4543 ¢ 4820 3° 8600 38
B0740—28 333224007 631 21 7322 950 35 1284 32 1400 7 1526 * 1600 7 3100 € 4820 % 6200 * 10550 ¢
B0751+32 102.5 11 149 ¢ 327 24 400 7 600 7.910 ¢ 1400 2* 4600 2* 4850 28
B0809+74 6410241103 150 17 230 7 350 26 606 ¢ 920 7133016 1400, 7 1500 26 1600 7 4850 28 10550 28
B0818—13 58.6 53 149 €150 26 333 2 618 2295035 1600 7 3094 * 4820 %
B0820-+02 135 ¢ 230 7 350 20 400 7 600 7 920 7 1284 32 1382 % 1500 2° 1600 7
B0823+26 384020 64.533 79,233 102 ¢ 150 20 327 24 408 ¢ 610 ¢ 925 ¢ 1420 16 1500 26 4600 2* 4820 3° 10550 10
B08344-06 35.133 4026 49.8 33 64.5 33 79.2 33 102,511 327 24 400 7 618 22 728 * 950 35 1284 32 1400 2* 1500 26 4600 2*
B0844—35 31530 333 22 433 30 600 7 950 35 1284 32 1440 ¢
B0906—17 78.2 33 150 26 230 7 400 7 600.7 1400 7 1500 26 1600 7 4850 28
B0917+63 4026 150 26 230 7 350 26 400 7 600 7 1400 7 1500 20
B0919-+06 103 € 150 26 350 26 600 7 950 35 1284 32 1400 2* 1500 26 1600 7 1710 € 3100 # 4600 2* 4750 16 6200 * 8356 ¢ 10550 16
B0940—55 631211284 32 1383 € 3100 *
B0942—13 23079007 1560 ¢ 4850 28
B0943+10 40 26 65 ¢ 150 26 350 26 400 20 728 7 1500 26
B0950-+08 38°¢ 151 ¢ 327 2% 618 22 950 %5 1284 32 1400 24 1500 26 3100 4600 2* 4750 16 4820 3° 6200 * 8600 38 10550 16
B1039—19 4007 6007 800 ¢ 920 7 1284 32 1600 7 4850 28
B1112+50 40 26 150 26 350 26 600 7 920 7 1500 26 1642 ¢
B1133+16 35.1 33 49.8 33 64.5 3 79.2 3 150 26 327 24 600 7 950 35 1284 32 1710 ¢ 2250 ¢ 3100 * 4750 16 8600 38 10550 16
B1237+25 4026 103 ¢ 150 20 333 22 638 21 920 7 1284 32 1500 26 3100 # 4600 2* 4820 ¥
B1325—43 435°¢ 618 22 1284 52 1369 ¢ 1560 ¢
B1451—68 450 € 649 21 950 35 1284 32 1369 ¢ 1520 € 8356 ¢
B1508+55 58.6 %3 78.2 33 102.5 11 159 € 350 26 600 7 920 7 1500 20 1642 € 4820 ¥
B1530+27 103 € 150 26 230 7 327 24 400 7 600 7 920 7 1400 2* 1500 26 1642 ¢ 4600 2*

B1540—06

4026 64,533 150 26

35026 732 7 920 7 1284 32 1500 26 4750 ¢
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Table 1. Cont.

PSR B Frequency (MHz)

B1556—44 333 22 631 21 950 35 1284 32 1560 ¢ 3200 * 4820 ¥

B1604—00 35.13349.833 64,533 79.2 33 103 ¢ 230 7 350 26 631 21 950 35 1284 32 1600 7 4850 28
B1612+07 35.133 64,533 102.5 11 150 15 327 24 600 7 1284 32 1500 26 4600 2*

B1633+24 4026 168 ¢ 327 24 600 7 1400 24

B1642—03 49.833 64,533 79.23 103 ¢ 324 2 631 21 920 7 1420 16 3094 * 4820 3° 8600 38 10550 1¢
B1649—23 4007 6007 9207 1400 7 1640 7 4850 ¢

B1700—32 49.8 %3 64.5 3 79235 333 22 618 22 950 35 1284 32 1369 ¢

B1706—16 49.833 64,533 79,233 102.5 11 270 21 400 7 618 22 920 7 1284 32 1420 16 1600 7 2650 22 3094 * 4750 16 8600 38 10550 1¢
B1706—44 450 € 1280 32 1440 ¢ 5124 % 8600 38

B1717—-29 33322400 7 600 7 618 22 1284 32 1600 7 4850 28

B1718—32 4007 638 21 950 35 1284 32 1369 2 1642 ¢

B1737-30 9207 14007 1600 7 4850 ¢ 5124 3 8356 ¢

B1738—08 4007 6007 9207 1284 32 1600 7 4850 °

B1749—-28 149 ¢ 350 26 618 22 925 ¢ 1284 32 1600 7 2878 * 4820 3° 8600 38

B1804—08 4007 618 22 950 35 1284 32 1500 26 3100 ¢ 4820 % 8600 38

B1819—22 333226007 9207 1400 7 1600 7 4850 28

B1826—17 660 € 950 3> 1284 32 1400 7 5124 % 8600 38

B1831—04 103 € 333 22 400 7 618 22920 7 1284 32 1500 26 1600 7 4850 28

B18394-09 129 € 327 2* 618 22920 7 1250 18 1284 32 1400 2* 1500 26 1642 ¢ 4600 2* 4850 28
B1839+56 65103408 ¢ 6007 9207 1400 7 1600 7 4850 ¢

B1845—01 618 2295035 1250 18 1400 7 1642 ¢ 3100 @ 4750 16 5124 3 8600 38 10550 16

B1848+12 129 ¢ 327 24 600 7 1250 18 1418 ¢ 4600 24

B1905-+39 102.5 11 150 26 350 26 600 7 920 7 1410 ¢ 1500 26 4850 28

B1911—04 33322 618 22 950 %5 1600 7 3100 @ 4850 ¢

B1913+167 4007 600 7 1284 32 1400 7

B1914+09 143 € 400 ¢ 653 * 925 ¢ 1250 18 1500 26 1642 ¢ 4850 28

B1916+14 327 24 600 7 1250 18 1400 2* 1600 7 4600 24

B1918+19 400°¢€ 610°€9207 14007 1642 ¢

B1919+21 38°¢49.833 64,533 79233 150 26 327 24 618 22 920 7 1250 18 1600 7 4600 2*

B1920+21 35026 400 7 600 7 1250 18 1642 ¢

B1923+04 135 € 350 26 600 7 920 7 1250 18 1500 26 1600 7 4850 28

B1924+16 327 24 610 € 925 € 1250 18 1400 2 1642 € 4600 2*

B1929+10 150 26 333 22 400 7 618 22 950 %> 1250 18 1450 16 1600 7 2955 # 3094 ? 4600 24 4820 3° 6000 27 8600 38 10550 16
B1935+25 327 24 6007 920 7 1250 18 1400 2* 1600 7 4600 2* 4920 3°

B1952+29 102.5 114007 920 7 1400 2* 1600 7 4600 2* 4920 3°

B1953+50 4026150 20 400 7 600 7 920 7 1400 7 1600 7 4920 3°

B2003—08 4007 6007 9207 14007

B2016+28 64.533 102122307 327 24 400 7 610 12 920 7 1250 18 1412 12 1600 7 4600 2* 4820 3 10550 ¢
B2020+28 58.6 33 120 ¢ 230 7 327 24 600 7 920 7 1250 18 1400 2* 1600 7 4600 2* 4850 ¢ 10450 ©
B2021+51 120 € 2307 400 7 600 7 925 € 1250 18 1400 24 1500 26 1710 © 4820 3 8500 ¢ 8600 38 10550 16
B2044+15 129 ¢ 2307 350 26 610 © 925 ¢ 1284 32 1500 26

B2045—16 102.5 11 333 22 618 22 920 7 1284 32 1420 16 1600 7 2955 * 4750 16 4850 28 6200 # 8600 38 10550 16
B2106+44 35026 6007 9207 1400 7 1600 7 4750 ¢

B2110+27 35.1 334983 64.5% 102.5 11 150 26 230 7 400 7 600 7 920 7 1400 7 1500 26 1600 7 4850 28
B2111+46 151 ¢ 4007 6007 9207 1225 9 1642 ¢ 4850 28

B2148+-63 350 26 6007 920 7 1400 7 1600 7 4850 28

B2152—31 2307 6007 9207 1284 32 1560 ¢

B2154+40 102.5 11 150 26 230 7 350 26 600 7 925 ¢ 1400 7 1500 26 4850 28

B2306+55 1292307 4007 600 7 920 7 1400 7 1500 26 4850 ©

B2310+4-42 102.511 2307 333 22 600 7 920 7 1400 7 1510 16 4750 16 4850 28 10550 1¢

B2315+21 129 € 2307 333 22 600 7 920 7 1250 32 1400 7 4850 28

B2319+60 2307 4007 6007 800 ¢ 920 7 1460 16 4750 16 4820 3 10550 16

B2323+63 4007 6007 9207 1408 ¢ 1600 7

B23244-60 408°¢ 6007 9207 1400 7 1600 7

B2327-20 64.55%79.2 332307 333 22 648 21 920 7 1284 32 3094 * 4920 ¥

B23514-61 23074007 6007 9207 1400 7 1600 7 4750 1© 10550 16

Notes: (1) Arzoumanian, Z [37]; (%) Sun, S.N [38]; (%) Catiellas, A [39]; (*) Davies, J.G [40]; (°) Dike, V [41]; (°) Gancio,
G [42]; (") Gould, D.M [43]; (3) Hamilton, P.A [44]; (°) Zhi, Q.J [45]; (1) Izvekova, V.A [46]; (1) Izvekova, V.A [47];
(12) Izvekova, V.A [48]; (%) Johnston, Simon [49]; (14) McSweeney, S.J [50]; (15) Keith, M.J [51]; (16) Kramer, M [52];
(1) Basu, Rahul [53]; (%) Wang, PF [54]; (%) Cai, Yangqing [55]; (3% Manchester, RN [56]; (3!) McCulloch, PM
[57]; (*3) Mitra, Dipanjan [58]; *) Singh, Shubham [59]; (**) Olszanski, Timothy E.E [60]; ) Page, Clive G [61];
(26 Pilia, M [31]; (¥) Chen, J.L [62]; (%) Kijak, J [63]; (¥) Zhao, D [64]; (3°) Basu, Rahul [65]; (*) Kijak, Jaroslaw
[16]; (32) Posselt, B [66]; (33) Stovall, K [32]; (3*) Tsai, Jr-Wei [67]; (°°) van Ommen, T.D [68]; (*®) Vitkevich, V.V [69];
(®7) Zhou, Zu-Rong [70]; (38) Zhao, Ru-Shuang [71]; (®) Zhao, Ru-Shuang [33].

3. Methods for Determination of Emission Altitude

The geometric method involves comparing the measured pulse width with the geo-
metric predictions derived from a dipole model [20]. In the polar cap geometric model of
pulsars, the emission altitude 7 can be simply expressed as

re = (p/1.24°sP709)?, 1)

where P is the pulsar’s spin period, and 7 = r/10° cm is the emission altitude. The
parameter s lying in the range of 0 < s < 1 describes the locus of the field line at the polar
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cap, where s = 0 at the magnetic pole and s = 1 at the edge of the Goldreich-Julian [7]
circular polar cap and the radius of the pulsar. In our work, we assume s = 1. p is the
opening angle of the emission beam, which can be expressed as

p=2 arcsin{ \/sin2 g sinasin(a + B) + sin? [23}, )

where « is the magnetic inclination angle and S is the impact angle of the line of sight, which
can be obtained from some published literature [6,12,34,35,72,73]. W is the width of the
pulse profile, usually denoted by Wsp or Wjg. Due to the presence of multiple components
in the average profiles of many pulsars, at certain frequencies, the amplitude of a particular
emission component may drop below half of the maximum peak height, leading to a
discontinuity in Wsg [74,75]. To mitigate this effect, we use Wy to represent the pulse width
of the average pulse profile, which is measured at the 10% level of the maximum peak
height in the pulse profile. If the utilization of W remains unable to mitigate the impact of
absorption phenomena, we will refrain from utilizing the data from that pulsar.

For the data from EPN and ATNEF, Wy is determined by using multiple Gaussian func-
tions to fit the profile [75-77]. The multiple Gaussian functions are defined by the equation

n

y= ZAiexp [—4ln2<(xwfi)2>1, (©)

i=1 i

where A;, p;, and w; are the amplitude, peak position, and FWHM of the i" Gaussian
component, respectively. The errors of Wy, are estimated with the method provided in
Ref. [78].

To describe the relationship between emission altitude and frequency, we choose to
adopt the form of a power-law function with an added constant, expressed as

re = AV +C, 4)

here, r¢ represents the emission altitude, v denotes the frequency, A and C are constants,
and n is the frequency-dependent index for the emission altitude. The weighted Levenberg—
Marquardt nonlinear least-squares fitting algorithm is employed to determine the best-fit A,
¢, and index 1. Both A and C are constrained to be non-negative. To estimate the parameter
uncertainties at the 95% confidence level, the parameter space that fulfills the condition
x? < x%;, + Ax? is identified. The exploration of the parameter space is conducted within
linearly spaced grids centered around the optimized values of the three parameters. Here,
X2, denotes the minimized chi-square value, and Ax? corresponds to the chi-square
increment for the 95% confidence level, given a degree of freedom of N — 3, where N
is the number of data points for each pulsar and 3 represents the number of free model
parameters [79].

4. Results

By using the least-squares method, we obtained the evolution equations for the emis-
sion altitudes of 104 pulsars as a function of frequency. The fitting parameters and their 95%
confidence intervals are presented in columns 5 to 7 of Table 2. Since no single parameter
from A, n, or C is sufficient to determine the evolution of pulsar emission altitude with
frequency, we chose to classify the pulsars by calculating the rate of change in emission
altitude, denoted as 1 (7= (rags0 MHz — T40MHz) / T40MHz)- Here, r40mp, and 74850 My are the
emission altitude calculated at the corresponding frequencies using the optimal parameters
from the fitting formula (EP (4)). In the left panel of Figure 1, the distribution of # provides



Universe 2025, 11, 17

7 of 21

a clear demonstration of the differences in the frequency evolution of emission altitude
among the three pulsar groups. Based on variations in 77, we classified pulsars into these
three categories: A, B, and C. Pulsars in Group A exhibit negative n-values (Group A,
7 < —0.1), with their emission altitude decreasing significantly as frequency increases. This
group comprises 88 pulsars, accounting for 85% of the total sample. Pulsars in Group B
are more concentrated around 0 (Group B, —0.1 < < 0.1), with their emission altitude
remaining relatively constant as frequency increases. Pulsars in Group C have positive
n-values (Group C, 7 > 0.1), and their emission altitude increases with increasing frequency.
Each of these two groups contains eight pulsars, representing 7.5% of the total sample. We
also plotted a histogram displaying the distribution of the exponent n. In the right panel of
Figure 1, the majority of the best-fit n values are continuously distributed and peak near
—0.5. The plots illustrating the relationship between emission altitude and frequency for
each group are shown in Figures 2-4. Circles represent the results from the published
literature, stars denote the results from ATNEF, and triangles indicate the results from EPN.
The blue solid line represents the weighted fitting curve for the emission altitude. Now, we
will proceed to present a detailed discussion of our results.
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Figure 1. The right panel of the figure shows a histogram of the n-index distribution, while the
left panel displays a histogram of the emission altitude change rate (7). The colors indicate group
membership: black for Group A, blue for Group B, and red for Group C.
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Figure 2. (a) The multifrequency research results of the emission altitudes of the first 44 pulsars

among the 88 pulsars in Group A. (b) The multifrequency research results of the emission altitudes
of the last 44 pulsars among the 88 pulsars in Group A. The vertical axis in the figure represents
the emission altitude, with the unit being km. Circles represent data from the references, stars
represent data from ATNF, and triangles represent data from EPN. The solid black line represents
the formal weighted fit to the data points, and the error bars reflect the uncertainty of the emission
altitude measurements.
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Figure 3. Results of a multiple-frequency study of emission altitudes for Group B in 8 pulsars.
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Figure 4. Results of a multiple-frequency study of emission altitudes for Group C in 8 pulsars.

4.1. Group A

In our study, group A pulsars make up the largest proportion, with the fitting results
shown in Figure 2. The emission altitude of pulsars in this group decreases significantly
with increasing frequency, consistent with the REM model. Previous studies suggested
that the emission height—frequency relationship could be represented by a power-law
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function in the form of r¢ = Av® [16]. However, in our research, we found that for most
pulsars in group A, the emission altitude tends to stabilize at high frequencies, while at
low frequencies, the emission altitude exhibits more dramatic variations, especially below
300 MHz. The evolutionary behavior in such cases is difficult to explain using a single
power-law function. For this type of pulsar, the emission height—frequency relationship
can be better described by a power-law function plus a constant.

There exist some pulsars in Group A within our frequency range that do not demon-
strate the characteristic behavior of stabilizing at high frequencies. A prominent distinction
among these pulsars is that their fitting parameter C approaches zero. This may be due
to the insufficiently broad observational frequency band of these pulsars. For instance,
pulsars such as B0254—53, B0736—40, and B0844—35, based on the general trend observed
in pulsars with broader frequency bands in Group A, may undergo more rapid changes in
their emission intensities at low frequencies. However, this requires further observations
to confirm. The statistical results indicate that for pulsar group A, in frequency bands of
300 MHz-10.55 GHz, the variation in the emission altitude does not exceed 500 km, and the
variation range of the emission altitude for most pulsars is mainly concentrated within
300 km. We also calculated the average value of pulsar parameter C for those pulsars whose
emission altitudes converge at high frequencies, and found that the average asymptotic
emission altitude at high frequencies for pulsar group A is approximately 178 km. This in-
dicates that high-frequency emissions (above 4.85 GHz) originate from regions 100-200 km
above the neutron star. It is noteworthy that for many pulsars belonging to the A class,
regarding the emission altitude calculated using geometric methods at low frequencies
(below 300 MHz), the variation range can also be larger than the previously assumed
500 km.

4.2. Group B

In our sample, there are only eight pulsars in group B, and the results are shown
in Figure 3. The fitting results show that their index n approaches 0, meaning that the
emission altitude remains almost constant over a broad frequency range. The statistical
results indicate that the variation range of emissions for the eight pulsars in Group B
within the known frequency bands is less than 40 km. This indicates that the emission
region is compact, and the radius of the emission beam changes very little or not at all
with frequency.

In group B, some pulsars have narrower data frequency ranges, such as B0450—18,
B0611+22, B0942—13, and B1737—-30. However, for these pulsars, due to the lack of
low-frequency observational data, we cannot confirm whether they exhibit similar rapid
changes in emission altitude at frequencies below 300 MHz, as seen in some pulsars in
group A such as B0138+4-59 and B0751+32. The pulsar B09434-10 is relatively unique.
Although it is classified into Group B, according to [80], B0943+10 exhibits more clear
variations in its radio emission at frequencies below 40 MHz. However, we did not obtain
data for this pulsar at frequencies below 40 MHz here. Further research awaits the release
of more low-frequency data for confirmation.

Furthermore, the majority of pulsars in Group B exhibit relatively low emission
altitudes. We tend to express the phenomenon observed in Group B pulsars as follows:
pulsars with relatively constant emission beam radii across different frequencies tend to
have their emission regions located closer to the pulsar surface compared to those that
conform to the RFM. In Group B, B1737+30 is an exception, as its emission height exceeds
500 km across the currently known frequency range (920 MHz to 8.4 GHz), while the
average emission altitude of the other seven pulsars is less than 160 km. Its emission altitude
is significantly higher than that of the other pulsars. However, it is worth noting that we lack
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observations of this pulsar at lower frequencies, making it difficult to determine whether
its emission altitude would suddenly increase at even lower frequencies, just like in pulsars
from group A. Low-frequency observations might alter the results, but at least within the
frequency range of our current study, its emission altitude remains almost unchanged.

4.3. Group C

Compared to the first two groups of pulsars, the emission altitude of pulsars in
group C increases with frequency, showing an opposite evolution behavior. In other
words, low-frequency emissions originate from an emission zone close to the neutron star’s
surface, while high-frequency emissions come from a zone that is farther from the pulsar’s
surface. This phenomenon is difficult to explain using the traditional RFM model. There
are relatively few pulsars in this group, with only eight pulsars in our statistical sample,
as shown in Figure 4. Although the frequency range we studied is not as broad compared
to the first two groups of pulsars, the opposite evolution behavior of emission altitude is
evident within the frequency range we provided. The evolutionary trend of these pulsars
that contradicts the RFM model may indicate that they possess unique emission beam
structures. The traditional narrowband interpretation based on the RS model struggles
to account for such pulsars. Perhaps this necessitates an alternative narrowband model,
namely the ICS model. This will be discussed in detail in Section 5.

4.4. Statistical Analysis of Emission Altitude Characteristics

We estimated the distribution of emission altitudes for pulsars in different groups at
40, 100, 400, and 4850 MHz, with the results shown in Figure 5. It can be seen that the
emission altitudes of pulsars in Group A are concentrated around 250 km at 4850 MHz.
At 400 MHz, the emission altitudes increase, but most remain within the range of less than
500 km. By 100 MHz, the emission altitudes of the majority of Group A pulsars show a
significant increase, and at 40 MHz, half of the pulsars in Group A have emission altitudes
exceeding 500 km. The emission altitudes of pulsars in Group B remain largely unchanged
across the four frequency bands. In most cases, their emission altitudes are lower than
those of pulsars in Group A. With the exception of pulsar B1737—30, the emission altitudes
of the remaining pulsars in Group B are all below 250 km. In contrast to Group A pulsars,
those in Group C show little overall change in emission altitude from 40 MHz to 400 MHz,
with the emission regions concentrated below 250 km. At 4850 MHz, the emission altitudes
of most pulsars in Group C exceed 250 km, with one pulsar reaching up to 500 km.

40 MHz 100 MHz 400 MHz 4850 MHz
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o o o
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Figure 5. The graph illustrates the probability distribution of the index n for pulsar groups A, B,
and C. The horizontal axis represents the emission altitude, scaled in units of 10 km, while the vertical
axis indicates the probability.
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Table 2. Parameters for 104 Pulsars. Pulsar Jnames and Bnames are listed in columns (1) and (2).
Columns (3)-(12) give the period, frequency range, and least-square fitting scaling coefficients A, n,
and C, along with their 95% confidence intervals and the minimized chi-square value, number of
data points, inclination angle «, and impact angle . The 12th column provides the references for
magnetic inclination and impact angle: TO22: Olszanski, Timothy [35]; RK22: Rankin, Joanna [34];
RK93: Rankin, Joanna M [73]; RK83: Rankin, ].M [11]; LM88: Lyne and Manchester [12]; WHG14:
Wang, H.G [6].

Bname Jname P Bands A n C xlznin N « B Reference
s (GHz) ° °
B0031-07 J0034-0721 0943 0.038-4.85 3.30 x 10*1227X100 1354002 264487075 769 19 60 60 RK22
B0052+51 J0055+5117 2120 0.129-4.85 3.08 x 104712710 _078+00L 235717231 995 7 500 00  RK22
B0105+65 J0108+6608 1280 0.129-14 9.99 x 107+326x107 264 t071  16238%14 01 5 180 3.5 RK22
BO136+57 J0139+5814 0272 023475 9.99x 107719107 _228%03%  11354+113 129 8 420 -73  RK22
BO138+59 J0141+6009 1223 0.04485 7.29 x 10*1229X100 1454002 28366103 2939 10 200 2.2 RK22
B0149-16 J0152-1637 0.833 0.035-3.1 359 x 10*7419X100 _1.49%003 17562708 6731 11 840 19 RK22
B0254-53 J0255-5304 0448 0.434-156 4.24 x 1027591X100 023402 9601 256 5 900 29  RMS8
B0301+19 J0304+1932 1388 0.129-46 596 x 10331210 0544001 163077483 365 9 400 22  TO2
B0331+45 J0335+4555 0269 0.15-15 623 x 1025370%10 0467016 1024671214 113 7 330 78 RK22
B0402+61 J0406+6138 0595 0.15-4.85 9.89 x 1077580107 _199%002  27797+196 6747 9 830 22  RK22
B0410+69 J0415+6954 0391  0.15-1.5  3.07 x 105712010 199701 132977145 306 7 640 57 RK22
BO450+55 J0454+5543 0341 004482 110 x 104742010 136701 151324117 365 7 280 30  RK22
B0450—18 J0452-1759 0549 0.333-4.85 1.06x 102669X10 00122 533413285 206 7 240 4.0 RK22
B0458-+46 J0502+4654 0.639 0.408-4.85 9.78 x 107T507x107 1. 9o+012 120 58+18 171 7 310 42 RK22
B0523+11 J0525+1115 0.354 032746 149 x 103737010 _040%00 18279%1441 788 8 830 —60  TO22
B0525+21 J0528+2200 3.746 0.04-4.82 152 x 103T10x100 _gp3+00l 565 3499 14 210 06 TO22
B0540+23 J0543+2329 0246 023-10.55 8.64 x 1067922x100 920402 2788070 231 17 380 -100 TO22
B0559-05 J0601-0527 0.396 04485 351 x 10*T138x100 0974007 177207398 761 9 518 18 RK22
B0609+37 J0612+3721 0298 0.15-4.85 130 x 1047192100 0861003 94914202 5237 10 500 18  TO22
B0611+22 J0614+2229 0335 0.333-4.85 9.01x1017500x10 _ooot14e 75184878 121 7 350 67 TO22
B0626+24 J0629+2415 0477 0.129-4.85 9.85x 107548x107 _5o7+008  95312+10 3776 9 630 43 TO22
B0628—28 J0630-2834 1244 0.035-1055 1.22x 10*F138x100 1214008 185511072 5027 17 140 -33  RK22
B0656+14 J0659+1414 0385 0.149-62 141 x 1047200100 _090+003  109.82%13 808 14 190 47 TO22
B0727-18 J0729-1836 0510 0333-1.6 5.09 x 1037220X100 057401 2062372185 505 6 700 4.5 RK22
B0736—40 J0738—4042 0375 0.674-8.6 7.69 x 103743010 0697005 7971+350 054 9 170 43 RK93
B0740-28 J0742-2822 0.167 0.333-1055 5.75x 103214100 _gg0*016 134419 106 13 370 99 RK22
BO751+32 J0754+3231 1442 0.102-4.85 9.86 x 107F580x107 _504+001 257401095 4444 9 260 1.0 TO22
B0809-+74 J0814+7429 1292 0.064-1055 3.26 x 1057924100 _241#007 227027067 369 14 90 45 RK22
B0818—13 J0820-1350 1.238 0.059-4.82 9.32 x 10! T313x100 _001#05.  17.89796%¢ 039 9 155 32 RK22
B0820-+02 J0823+0159 0.865 0.135-15 445 x 1057417100 1 4p+002 325587167 1819 8 710 45 RK93
B0823+26 J0826+2637 0531 0.038-10.55 4.28x 104741<10_106+00  4808+08 27721 15 840 3.3 TO22
B0834-+06 J0837+0610 1274 0.035-4.6 124 x 105883x100 1654002 160327077 3418 13 500 26  TO22
B0844-35 J0846-3533 1116 0.315-1.44 298 x 1037128100 0 45+009 (#3466 159 7 190 07  RK22
B0906—17 J0908—1739 0402 0.078-4.85 9.02x 105772x107 _309%18%  5650+082 001 9 90 -45 RK22
B0917+63 J0921+6254 1568 0.04-1.5 118 x 1037416x10 081701 220887236 016 8 135 45 RK22
B0919+06 J0922+0638 0431 0.103-1055 1.83 x 103T60x100 _036+001 10345 1132 16 530 7.6 TO22
B0940-55 J0942-5552 0.664 0.631-3.1 3.57 x 10! T412x100 g 6+011 019%% 404 4 196 55 RMS88
B0942-13 J0944-1354 0570 023485 1.03 x 101417100 _008+008 141055} 027 4 550 52 RK22

—1.03x10!
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Table 2. Cont.

Bname Jname P Bands A
S (GHz) n C % N
min 3 Ref
B0943+10 J0946+0951 1.098 0.04-1.5  2.18 x 102*+130x10° 011 s 8 e
B0950+08  J0953+0755 0.253 0.035-10.55 1750 —0.02+011 303271760 027 7 115 -5
B1039—19 : 55 7.12 x 103+185x10% 1 174007 4 Y : 4 TO22
J1041-1942 1.386 0.4-4.85  9.63 x 102+%3§2§%82 B 461377 193 15 120 85  RK83a
BIIIZAS0 111545030 1656 0.041682 338 10° L5010 —02075% o2 743 7 310 17
B1133+16 ' 38 x 1031126x107 1 96 +013 153391187 0oL RK22
J1136+1551 1.188 0.035-10.55 1 1A To1z 1533977g; 616 6 340 29
B1237+25 . ' 38 x 104112 —0.9210 01 21 +0.88 ’ . RK22
J1239+2453 1.382  0.04-4.82 3+1'%5 x100 =001 4297 )ee 1779 15 460 4.1
B1325—43 04-482 461 x 10°17050%  —0.60505; 104 0 41 RK9
’ 13284357 0533 0435156 108 x 10711200 317018 213747194 885 11 530 —03  RK93
_ . _ — . 110. :
145168  J1456—6843 0263 0.045-8.356 2 4 L0 317018 ofll04l 015 5 550 3.0
B150855 356 291 x 10° 260700, ~045700] 899 0 30  WHGH4
J1509+5531 0.740  0.059—4.82 75790107 45004 569755 2094 7 235 33
B1530+27 059-4.82 984 107179510 5937021 19777108 S RMS88
J1532+2745 1.125  0.103-4.6 Py ciot By 1277274, 249 9 450 27
B1540—06 10346 621 x 1041580 ~1.24100% 2 +128 ' 7 RK22
J1543—0620 0.709  0.04-4.75 Spigag 00 42481128 435 11 300 49
B1556—44 04475 280 x 1035377700 0817004 142384168 0 49 TO2
[I559-4438 0257 0333482 612 x 100810 36007 4238714 891 9 380 50  RK22
B1604-00 J1607—0032 0.422 0.035-4.85 7.58 x 1041%3;%82 0'3610:(%1 043773° 742 7 320 24  RK93
B16124+07 161440737 1207 0.035-4.6 ,L7aan ~1.267000 140.39709¢ 131.84 12 480 5
B1633-+24 03546 207 x 10% 54745 —0.0140% 119883 0 53 TO2
J163542418 0.491  0.04-14  4.05x 101313@%81 e 36.78 3575 168 9 240 51 TO22
B1649-23 ]1652-2404 1704 04485 26 00, 023701 0t762 085 4 190 —48
B1700—32 u 68 % 103340100 _75+023 g7 81587 0 -48  RK9%
J1703—3241 1212 0.05-1.369 510720108 ~0.23 81127 003 6 900 57
B1706—16 o 183 x 105H972X10° 1 19+0.1 979 o3+684 ' ' RM88
J1709—1640 0.650 0.05-10.55 9 o T 00l 19.03t68 019 5 480 18
J1709—4429 0102  0.45-8.6 ot 1 A A 56341038 3494 16 49.0 —4
B1717-29 4586 3.62x 10072500 —1.497003 T1s 0 —48  RK93
B J1720-2933 0620 0333485 22 x 1% 2200 g, o 19640 077 5 381125 WHG14
1718-32  J1722-3207 0477 04-1642 9 J2sae ~03270%  0f2 2113 7 346 47
B1737—30 ' 86 x 107478100 _1.97+017 72.14+286 S RK22
J1740-3015 0.607 0.408-8.356 e 7£017 147286 474 6 390 24
B1738—08 408-8.356  0.00 x 107570510 0705 362 02 RK22
. J1741-0840 2.043  04-4.85 146 x 1031?'§2§%83 o8 511697575 034 6 580 109  RK22
1749-28  J1752—2806 ’ Tlsaxie —0257 0+39.75 :
0. —0.04 — 6.24
160408 563 0.149-86 959 x 107 H471<107 5554074 g 00 6 260 17  RK22
J1807—-0847 0.164 0.4-8.6 7+8'Zg><107 —0.78 68093 1402 8 420 29
B1819—22 o 9.76 x 10" Ty X100 1841006 4 +127 . ‘ RK22
J1822-2256 1.874 0.333-4.85 700107 847006 154931127 2882 8 69.0 3.1
B1826—17 333485 9.88 x 107750500, —1977073 Ry 0 31 RK22
J1829-1751 0307 0.66-8.6 1 o260 T 013 264237162 043 6 160 4.0
B1831—-04 . ' 94 x10 79'12X1O4 —1.157907 5¢ +2.44 ' ’ RK22
J1834—0426 0.290 0.103-4.85 7.5 - 20,07 66724 392 6 396 07
B1839+09 1 85 7.55x 10146810 013+00 834273 6 07  RM88
J184140912 0.381 0.129-4.85 1 1ot —0.05 4200 272 9 100 20
B1839-56 129-485 979 x 107550500, —2.38%0%3 083 0 20  RK2
’ J1840+5640 1.653 0.065-4.85 7.67 x LIS qgron 138397553 867 10 830 30  TO22
— : — . . 23. '
1845-01 J1848—0123 0.659 0.618-1055 9.82 x L7 R0 810&2)3 0B 3059 § 400 30  RK22
B1848-+12 JJ1851+1259 1205 0.129-4.6 901y —1.667003 267857110 6699 10 39.0 4
B1905-+39 129-46 417 x 105715000 —2.017007 126 0 45  RK2
J1907+4002 1236 0.102-4.85 Ciwap 20000y OLMTE 595 6 €30 14
B1911—04 102485 9.86 x 107874X10 o 15+003 50 14055 0L TO22
J1913-0440 0.826 0.333-4.85 i kot A 02217095 502 8 330 21
B1913+167 J1915+1647 1.616 ' : 3.12 x 10 ,3;00§}81 0.14792, 0+gz.1z‘ 516 6 ‘ . RK22
B1914409 1 : 04-14 584x 1033-;;x10§ _0.46+01 01 0 : 640 —19  RK22
J19164+0951 0270 0.143-4.85 6 P Lot #0011 200 38 4 539 18
B1916-+14 ' 92 x 100771100 2237020 150351192 S RM88
J1918+1444 1181 0.327-4.6 1.06 x 1o3+2'?2§%82 0‘ 021 50357105 809 8 520 —65 TO22
B1918+19  J1921+1948 ' : lexipe —030%y 0+2581 ~
0.821 04-1.6 556 x 101 : —0.06 —0.0 467 6 79.0
4-1. . 101+6:66x10 10.19 . 1.2 WHG14
B1919+21 J1921+2153 1.337 0.038-4.6 B 0217019 oH004 45 4 140 09
B1920-+21 03846 1.00 x 10771 80%100  —2.967002  249.9410 8 00 RMS88
J192242110 1.078 0.35-1.642 L TLBex10e 967002 249947007 1133 10 450 -3
B1923+04 o 229 x 101129910 036705 +66.35 : 7 TO22
J1926+0431 1.074 0.135-4.85 4 e oot —009 900 44 5 472 12
B1924+16 ' 39 x 104322500, 1367017 +148 i RM88
’ [1926+1648 0580 032746 996 x 10630410 1047 137497148 017 8 250 40  TO2
1929410  J1932-+1059 ’ o —2.187077 149437177 '
0227 006105 167X PHE oas'lll wsed 14 15 w0 13 702
R10 —001 907420 1445 16 880 105  TO22

Bl
935425 J1937+2544 0201 0.327-492 579 x 103+667x10°0 0 57+0.02 e
—6.67x10? D527y 2554675, 986 8 770 6.2 TO22
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Table 2. Cont.
Bname Jname P Bands A n C anin N o« B Reference
S (GHz) o o
B1952+29 J1954+2923 0427 0102492 144 x103+417X10 247001 of1741 1341 7 430 -10  TO22
B1953+50 J1955+5059 0.519 0.04-4.92 7.07 x 102476310 0477004 1467733 05 8 900 57  RK22
B2003-08 20060807 0581  0.4-14  3.78 x 1051367100 149404 244727006 00 4 130 33  RK22
B2016+28 J2018+2839 0.558 0.065-10.55 231 x 10°+38X100 1767004 279719070 242 13 390 72 TO22
B2020+28 202242854 0343 0.059-10.55 9.67 x 1031398100 _071+001 201774197 2553 11 800 72  TO22
B2021+51 J2022+5154 0.529 0.12-1055 1.60 x 103+23X19° 0587004 128837217 128 13 230 56  RK22
B2044+15 J2046+1540 1138 0.129-15 270 x 103+49X10° 0507004 18496*10%7 227 7 400 34  RK93
B2045-16 ]2048-1616 1962 0.102-10.55 3.66 x 10*+170X100  _094+00L 194147112 1798 13 340 -12  RK22
B2106+44 J2108+4441 0415 035475 1.00x 10741319 506702 14916713 164 6 115 64  RK22
B2110+27 J2113+2754 1203 0.035-4.85 3.50 x 1064302107 2507002 16516706 2145 13 480 39  TO22
B2111+46 J2113+4644 1015 0.151-4.85 9.86 x 106+110X100 929102 o4179+117 5174 7 90 14  RK22
B2148+63 J2149+6329 0380 035-4.85 198 104H42X100 1357038 130717282 004 6 105 70  RK22
B2152-31 J2155-3118 1.030 0.23-156 4.07 x 102723010 _025+024 736077266 017 5 320 34  RK22
B2154+40 ]2157+4017 1525 0.102-4.85 154 x 1067217107 1844003 263741103 1268 9 200 25  RK22
B2306+55 J2308+5547 0475 0.129-4.85 3.71x 1034318100 0547002 2755074%5 1651 8 540 19  RK22
B2310+42 J2313+4253 0349 0.102-10.55 139 x 104+302X100 1047005 193267122 338 10 560 68  TO22
B2315+21 J231742149 1445 0129485 5.12x 102H10210 _00o+004 #1373 433 7 880 34  RK22
B2319+60 J2321+6024 2256 023-1055 1.10x 104+930X10° 0687002 183447263 102 9 180 22  RK22
B2323+63 J2325+6316 1436  04-16  6.06x 102+20X107 107017 30408 014 5 145 29  RK22
B2324+60 J2326+6113 0234 040816 1.65x 1034353107 _3p+012 09208 495 5 290 73  RK22
B2327-20 J2330-2005 0.529 0.065-4.92 597 x 101+397X10 0,03+0% 0t83* 335 9 600 33  RK22
B23514+61 J2337+6151 0945 0.23-1055 6.60 x 102733¥100 _1g+002 #3195 131 8 420 35  RK22

—3.35x10!

Notes: Download link for full table https:/ /github.com/pulsar-man/A-Study-on-the-Evolution-of-Emission-
Altitude-with-Frequency-Among-104-Normal-Pulsars [Github] (accessed on 4 January 2025).

5. Discussion and Conclusions

Using databases from the European Pulsar Network (EPN), the Australia Tele-
scope National Facility (ATNF), and the published literature, we investigated the mul-
tifrequency emission altitude of 104 normal pulsars using the method proposed by
Gil, J.A. and Kijak, J. [20] to estimate their altitude in the emission region. In this study,
we found that the relationship between pulsar emission altitude and frequency follows a
power-law function plus a constant (r = Av" + C). We classified the pulsars into three
groups based on the variation rate of emission altitude (7= (r4g50 MHz — 40 MHz) / 740 MHz)-
The results led to the following observations.

1. In this study, each pulsar exhibits different power-law indices. Most of the best-fit
indices are continuously distributed. The n indices of the sampled pulsars show distinct
clustering regions. Specifically, the n indices of Group A are all less than 0, reaching —0.5;
the n indices of Group B concentrate near 0; and the 7 indices of Group C are all positive.

2. The rate of change in emission serves as the criterion for classifying pulsars. We
categorize pulsars with 7 < —0.1 as Group A, with 88 pulsars (85%); pulsars with # < 0.1
and 1 > —0.1 as Group B, with 8 pulsars (7.5%); and pulsars with 77 > 0.1 as Group C, also
with 8 pulsars (7.5%).

3. Our results indicate that pulsars with relatively constant emission beam radii across
different frequencies tend to have their emission regions located closer to the pulsar surface
compared to those that conform to the REM, especially in the low-frequency band (below
300 MHz).
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The statistical results of this study indicate that the phenomenon in which the emission
altitude decreases as frequency increases (Group A) is more prevalent than the phenomenon
where the emission altitude remains nearly constant across frequencies (Group B) and the
phenomenon where the emission altitude increases as frequency increases (Group C).
This may partly explain why pulsars conforming to the RFM model have been the focal
point of previous research. Note that some of the class B pulsars show an almost constant
frequency dependence of their emission altitude in the frequency range of our investigation,
e.g., B0450—18 and B1737—30, and if they were observed at lower frequencies, they might
show evolutionary behavior similar to B0906—17 and B0950+-08 (i.e., they might belong
to class A). But for the current frequency range, their radiative elevation does tend to be
stabilized, which is validated with the need for more low-frequency observations.

Compared to the grouping in Chen and Wang [29], Group A accounts for a larger
proportion in this study, which may be attributed to the following three reasons: (1) The
classification criterion adopted in this study is not the rate of pulse width change, but the
rate of emission altitude change, potentially making the multifrequency evolution of
pulsars more apparent. (2) This study incorporates low-frequency observational data.
After excluding low-frequency data affected by scintillation, most pulsars in Group A
exhibit rapid changes when the frequency is below 300 MHz. Examples include pulsars
such as B0809+74, B1919+-21, and B2016—28. (3) Since calculating the emission altitude
using the KG method requires the geometric parameters of pulsars, our sample size of
pulsars is smaller compared to Chen and Wang [29], which may also have influenced the
statistical results. In comparison to the study by KG98, the current research boasts a larger
sample size. Furthermore, there is some overlap between the pulsars used in our study and
those in KG98. While the evolutionary trends of these overlapping pulsars are consistent
with those reported in KG98, we find slight discrepancies in the emission altitude values.
These discrepancies may be related to measurement errors in pulse width W and calculation
errors in « and B. The statistical results indicate that for pulsars conforming to the RFM
model (Group A), the evolution rate of emission altitude becomes very slow at higher
frequencies. Therefore, when describing the emission altitude—frequency relationship,
we use a relationship formula that combines a power-law function with a constant. The
authors of Wu, Xin-Ji [81] calculated the emission altitude at 618 MHz and 1408 MHz for
18 pulsars conforming to the REFM model using KG and found that their average emission
altitudes were 290.1 £ 100.06 km, and 236.4 &+ 86.4km. In this study, using the optimal
fitting parameters, the average emission altitudes for Group A pulsars at 618 MHz and
1408 MHz were calculated to be 230.9 km and 201.9 km, respectively. It can be observed that
our calculated emission altitude exhibits a certain degree of consistency within the error
range. It is important to note that in our work, we used this equation solely to describe the
dependence of pulsar emission altitude on frequency. This equation, does not provide any
physical insight.

It is worth mentioning that emission altitude, as a non-observable quantity, often
yields different values when calculated using various methods [82]. Compared to the BCW
method, in principle, the emission altitude calculated by BCW tends to be larger than that
calculated by KG. This is due to the fact that geometric methods assume that the emission
originates from the outermost open field line and that the measured pulse width Wy is
smaller than the actual pulse width, among other reasons. However, there exists a certain
deviation between this statement and the actual research findings [54,83]. For example,
Wang, PF [54] calculated pulsar data at a central frequency of 1250 MHz observed by
the FAST telescope for 108 pulsars using both the BCW and KG methods. They found
that for 75 pulsars, the two emission altitudes were consistent within the uncertainties.
For 26 pulsars, the KG emission altitude was smaller than that of BCW. This demonstrates
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a certain degree of rationality between the emission altitudes calculated by the KG and
BCW methods. Deviations between actual observations and theoretical predictions arise
from various factors, such as underestimating the theoretical width of the open volume
and systematically overestimating the impact angle and dipole inclination.

The GRT method differs notably from the KG and BCW methods. While the KG and
BCW methods provide the average emission source within a frequency band, the GRT
method, based on the core-cone model, calculates emission altitudes for different com-
ponents separately. As a result, the emission altitudes obtained using the GRT method
often differ significantly from those calculated with the KG method. This is the case for
PSR B1839+09, B1916+14, and B2111+46 [84]. In particular, for B2111+46 [85], the multifre-
quency emission altitude of the cone component calculated using the GRT method differs
significantly from the KG method results in this study.

Previous studies have found a certain degree of correlation between the emission
altitude and period of Group A pulsars [24,78,81]. However, Rankin, ] M. [86] argued that
this correlation is not significant. Additionally, some research suggests that the emission
altitude may be related to other pulsar parameters, such as characteristic age, period
derivative, and magnetic field, but these relationships are weaker compared to the one
between period and emission altitude [24,87]. We obtained the connection between the
different physical pulsar parameters and emission altitude at 100 MHz (calculated from the
best-fit result), as shown in Figure 6, to determine if such correlations exist in our sample.
The results indicate that there is no clear correlation between the emission altitude and
characteristic age, period, period derivative, or magnetic field strength for Groups A, B,
and C. Furthermore, the light-cylinder radii (R;¢) show a clear positive correlation with
period, but no direct relationship with emission altitude. Our results are more in line with
Rankin’s conclusion [86]. Note that for Group B and Group C pulsars, due to the limited
sample size in this study, we hope future research with more public data will provide
deeper insights into their relationships.
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Figure 6. The relationship between emission altitude and various pulsar parameters. The horizontal
axis represents the period, and the vertical axis represents the period derivative. The dashed line
indicates the magnetic field, while the dotted line represents the characteristic age. Group A is
represented by circles, Group B by squares, and Group C by triangles. Different colors correspond
to different light-cylinder radii at various heights, and the size of the symbols reflects the relative
emission altitude at this frequency.
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Regarding the underlying physics of the frequency dependence of emission regions,
previous studies have linked the trend of decreasing emission altitude with frequency to the
narrowband emission scenario (RFM, [15]). In the narrowband interpretation, the evolution
of pulse width with frequency is due to changes in the shape of the emission beam,
and these changes in beam shape are caused by the frequency dependence of emission
altitude. Specifically, this is understood through the radius-to-frequency mapping based on
the RS model [4]. In the RS model, the plasma frequency of secondary particles decreases
with increasing altitude because the number density of particles continues to decrease as
the plasma flows out; therefore, this decrease leads to the RFM. However, the mechanism
excludes the possibility of non-RFM and anti-RFM scenarios and can only explain pulsars
in Group A, not those in Group B or C. Mitra and Rankin assumed that a pulsar’s emission
beam is made up of a core and two hollow cones. Based on their statistical research, they
found the following: pulsars with the inner cone component as the main part have a
lower emission altitude compared to those dominated by the outer cone component; the
frequency evolution of the inner cone is more stable, or behaves oppositely to the outer
cone [88]. Therefore, we speculate that pulsars in Group B may be dominated by the
inner cone component in their emission. The following is another explanation based on
broadband: for pulsars in Group B, the nearly constant emission is attributed to the almost
constant pulse width, which is caused by minimal or no spectral variations in the emission
region [29]. However, this does not align with our theoretical methods for calculating
emission altitude, so we will not discuss it in detail.

The emission altitude of pulsars in Group C increases with frequency, exhibiting
evolutionary behavior opposite to that predicted by the RFM. This may indicate that they
possess a distinct emission beam structure, which leads to deviations in the lower limit
of emission altitude calculated using geometric methods from the actual value. Another
narrowband model, the ICS model, may provide an explanation for this phenomenon
and offer a method for calculating the emission altitude [17,89,90]. Qiao et al. [5,14] have
pointed out that in the ICS model, emission is generated through the ICS process between
the low-frequency waves, which are produced in the oscillatory sparking process in the
inner vacuum gap, and the secondary relativistic particles. Due to the combination of the
highly correlated particle Lorentz factor and particle velocity with the angle of incidence
between the low-frequency wave vectors, single-frequency emissions can be generated at
three different altitudes along the magnetic field lines. In this way, the entire magnetosphere
forms a beam composed of cores, inner cones, and outer cones. The core component of the
emission beam does not vary much with frequency, while the emission altitude of the inner
cone increases with frequency, and the emission altitude of the outer cone decreases with
frequency. Therefore, when the outer cone is too weak and only the inner cone (and/or the
core) is visible, the evolutionary phenomenon of pulsars in Group C is observed.

The results above suggest a diversity in the frequency evolution of pulsar emission
altitude. Although pulsar groups exhibit similar evolutionary patterns, their n-indices and
emission altitude change rates (1) differ, indicating variability in the structure of pulsar
emission beams. Existing theoretical models offer valuable insights into certain observed
characteristics, but the exploration of pulsar emission mechanisms remains complex. It
is worth noting that our sample may have a slight bias due to the lack of low-frequency
data for some pulsars, leading to uncertainties in the fitting curves, particularly for PSR
B0450—12, B0940—55, and B1737—30. We aim to obtain more low-frequency observations
in the future. Nonetheless, even with additional data, pulsars that align with the RFM
model will likely remain dominant.
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