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Abstract: This note aims to offer a non-technical and self-contained introduction to grav-
itational algebras and their applications in the nonequilibrium physics of gravitational
systems. We begin by presenting foundational concepts from operator algebra theory and
exploring their relevance to perturbative quantum gravity. Additionally, we provide a
brief overview of the theory of nonequilibrium dynamical systems in finite dimensions
and discuss its generalization to gravitational algebras. Specifically, we focus on entropy
production in black hole backgrounds and fluctuation theorems in de Sitter spacetime.
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1. Introduction

Recent years saw remarkable progress in our understanding of quantum gravity. Key
insights, inspired from the AdS/CFT correspondence and careful investigations of the
Euclidean gravity path integral led to a series of novel results, the most striking of which is
perhaps the computation of the Page curve for an evaporating black hole [1-4]. Central
to these developments is the Quantum Extremal Surface paradigm [5], which can be seen
as a statement about how quantum gravity degrees of freedom are organized. These new
insights can potentially lead to an understanding of how gravity and its thermodynamic
aspects emerge from a microscopic description.

Equilibrium statistical mechanics is one of the triumphs of twentieth century physics.
Via an understanding of microscopic degrees of freedom, the study of macroscopic ther-
modynamic quantities opens a window on the quantum world. This theme carries on in
contemporary research on quantum gravity, where thermodynamic quantities, in particular
the entropy, provide a guide to interpreting the theory at a microscopic level. The main
difference with the triumphs of the last century is the lack of experimental inputs. In this
note, we adopt the perspective that in the absence of experimental data, internal consis-
tency and mathematical rigor can serve as valuable tools for guidance and can support
physical intuition.

In ordinary quantum field theory, entropies and density matrices are difficult to de-
fine. This is due to a universal divergence associated with the infinite entanglement of
the vacuum state. By using holography, one can associate operator algebras to certain
backgrounds [6,7]. When perturbative quantum gravity effects are taken into account,
the algebra of observables becomes of a peculiar kind, known as a type II von Neumann
factor [8]. For these algebras, entropies and density matrices, as well as other thermo-
dynamic quantities, can be constructed rigorously. These algebras appear, for example,
when studying quantum fields in a black hole background [9] or in de Sitter space [10],
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and they play a crucial role in discussing thermodynamical properties in the presence
of gravity. Similar results also hold for other backgrounds [11-28]. Furthermore, they
play a role when discussing the quantization of constrained systems or the dynamics
of observers in gravitational backgrounds [29-43]. We shall refer to these algebras as
gravitational algebras.

The purpose of this note was to give a quick overview of some developments concern-
ing gravitational algebras, with a particular regard to out-of-equilibrium physics. There are
by now excellent reviews on this topic, concentrating on equilibrium aspects [44—48]. While
there are several mathematical tools to explore the equilibrium physics of operator alge-
bras, nonequilibrium dynamics is significantly less understood. There are, however, a few
results on finite-dimensional quantum systems, discussed, for example, in the reviews by
D. Ruelle [49] and Jaksi¢ and Pillet [50]. In this review, we explain how these results extend
to the case of gravitational algebras. For a different perspective concerning nonequilibrium
aspects of gravitational algebras, see also [22,33,39].

In this note, we focus more on the general ideas than on the technical details, for which
we refer the reader to [51,52]. The main points we explain are how to induce nonequilibrium
dynamics by coupling the system to reservoirs, as well as fluctuation theorems. In the first
setup, we interpret the gravitational algebra appearing in the eternal black hole in AdS
as a quantum dynamical system and discuss abstractly how this system can be perturbed
by coupling to external reservoirs. This coupling can induce typical out-of-equilibrium
behavior, such as the presence of nonequilibrium steady states and entropy production.
The second example we discuss concerns de Sitter spacetime, where we show how to adapt
the two-times measurement scheme to study dynamical fluctuations. We discuss general
forms of out-of-equilibrium fluctuation theorems and discuss some aspects specific to type
I algebras.

This note is organized as follows: In Section 2, we quickly introduce the main geome-
tries we focus on. Section 3 discusses some aspects of the theory of operator algebras, in
particular focusing on modular theory and quantum dynamical systems. In Section 4, we
introduce gravitational algebras as they appear in the background of the eternal black hole
and in de Sitter. Section 5 reviews the nonequilibrium dynamics of quantum dynamical sys-
tems in finite dimensions, while Section 6 discusses nonequilibrium dynamics in the context
of gravitational algebras. Appendix A contains a few details about the spectral theorem.

2. Gravity and Holography

In this section, we quickly introduce the two main geometries that we focus upon:
the eternal black hole in AdS and de Sitter spacetime. Both geometries have similar
thermodynamic behavior, where they both have horizons and associated entropies.

2.1. Black Holes in AdS

The AdS/CFT correspondence is a conjecture according to which any theory of quan-
tum gravity on a spacetime that asymptotically looks like AdS;,1 X M, for some manifold
M, can be described in terms of a relativistic conformal field theory on R x $9~1. As part
of the correspondence between the two theories, the symmetries match on both sides and
the two Hilbert spaces are identified. Furthermore, the boundary limit of local bulk fields
determine operators in the boundary via the so-called extrapolation dictionary, which refers
to the behavior of bulk fields near the boundary of AdS, where their scaling is determined
by the conformal dimension of the corresponding boundary operator. There are by now
several excellent reviews on this topic; we refer the reader to [53] for a review closer to the
scope of this note.
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According to the rules of the duality, when the rank of the CFT N is large, the bulk has
a geometrical description in terms of Einstein gravity coupled to matter. An important class
of operators in the CFT are the single-trace primary operators W;. Their k-point functions
scale like N2,

We are interested in the situation where a black hole is present in the bulk AdS space.
If we impose reflecting boundary conditions at infinity and the black hole is big enough,
then Hawking radiation is reflected back into the bulk. As a result, the black hole reaches
thermal equilibrium with its surroundings and will never evaporate completely. This is the
so-called eternal (AdS-Schwarzschild) black hole:

ds? = —f(r)dt* + f(lr)er +72dQ, (1)
where f(r) is a certain function that vanishes linearly at the black hole horizon. The full
geometry has the form of a (non-traversable) wormhole (the black hole interior) connecting
two asymptotic regions, labelled L for “left” and R for “right”, as well as past and future
singularities. This has to be contrasted with a black hole formed by gravitational collapse,
which only has a future singularity.

This black hole is dual to two copies of the CFT entangled in the thermofield double
(or Hartle-Hawking) state

fze PR/ IE)L |Ei)g - @)
The thermofield double state is a purification of the original thermal state in the sense that
taking a partial trace of the density matrix |'¥) (¥| over one of the two copies of the doubled
system gives the density matrix of a thermal state. See [54] for a detailed discussion.

The Hamiltonian acting on the full system is the difference between the Hamiltonians
of the left and right copies of the CFT, H = Hr — H}, which is dual to the bulk Hamiltonian.
The latter generates time evolution via the isometry d;, where the time coordinate ¢ runs
forward on the right boundary and backward on the left.

The black hole’s Bekenstein-Hawking entropy is proportional to the area of the hori-

zon [55,56]:
A

S = ic 3)
The asymptotic observer sees the vacuum in the near horizon region like a thermal state
at finite temperature. This is because the asymptotic Hamiltonian, which generates time
translations, looks like a boost near the horizon, basically due to outgoing geodesics
diverging exponentially near the horizon (a manifestation of the redshift effect). Since
any state in QFT looks like a vacuum at short distances, the state of the quantum fields
immediately outside the horizon looks thermal. We refer the reader to [57] for a more
detailed review of black hole thermodynamics.

Physically it is natural to interpret the Bekenstein-Hawking entropy as the logarithm
of the number of states of a Hilbert space. But which Hilbert space? The key idea, sometimes
called the central dogma [58] of black hole physics, is that this is the Hilbert space needed
to describe the black hole by an observer who is outside the horizon. In other words, an
observer that remains outside the black hole sees it as a quantum system with as many
as (3) degrees of freedom.



Universe 2025, 11, 24

4 of 34

2.2. De Sitter

The other geometry we consider is de Sitter spacetime, the maximally symmetric
solution of Einstein equations with a positive cosmological constant. In global coordinates,

its metric is
T

14

which describe a sphere S?~! that has a minimum radius £ at T = 0 and expands both

ds? = —dr2 + 2 cosh( )dag_l, @)

toward the future and backward into the past. The cosmological constant is related to the
radius by A = d(d — 1) /202

An inertial observer sits on a point of S9!, say the north pole, and travels along
a geodesic. The static patch is the intersection of the region that can causally affect the
observer with the region that can be causally affected by the observer. In the static patch,
the observer is surrounded at all times by a null surface: the cosmological event horizon.

As in the black hole case, to this horizon we can associate a temperature: the observer
sees Hawking radiation emanating from the cosmological horizon [59]. This can be shown,
for example, by Wick rotating to imaginary time. The condition that the resulting metric
is smooth requires the Euclidean time coordinate to be periodic. From its period, one can
read a temperature of T = ﬁ, where / is the de Sitter radius. Note that this temperature
is fixed by the de Sitter geometry. By computing the Euclidean path integral as a sum
over all compact smooth geometries but in the leading saddle-point approximation, and
by interpreting the Euclidean action as proportional to a free energy, one can identify the
Gibbons-Hawking entropy of de Sitter space. The resultis S = %, where A is the area of
the cosmological horizon.

As in the case of black holes, this entropy has the physical interpretation of measuring
the logarithm of a certain Hilbert space. In this case, this is presumably the Hilbert space
that an observer in the static patch needs to account for all those degrees of freedom that lie
behind the cosmological horizon and are therefore lost to them.

2.3. Generalized Entropy

The interpretation of (3), as well as its de Sitter counterpart, as an entropy follows
from an analogy with classical thermodynamics. This is, however, somewhat puzzling
since classically, a black hole has very few degrees of freedom, such as its mass or its
spin. What is lacking in the discussion is the microscopic/statistical interpretation of the
Bekenstein-Hawking result as an entropy.

If there is matter outside the black hole, then its entropy should be properly taken into
account and the relevant quantity is the generalized entropy

A
Sgen = E + Sout (5)

where Sqyt is the von Neumann entropy of the quantum fields outside of the black hole
horizon. The latter contains the quantum excitations that constitute the Hawking radiation.
The concept of generalized entropy was introduced by Bekenstein to account for the
fact that one can reduce the outside entropy by letting matter fall inside the black hole.
The generalized entropy (5) obeys a generalized second law of thermodynamics, as it
cannot decrease under time evolution [55]. The entropy term Syt is UV-divergent due
to the infinite entanglement of the quantum vacuum, as discussed, for example, in [44].
Remarkably, this divergence is proportional to the black hole area and can be absorbed in
the first term, making the generalized entropy a UV-finite quantity at the leading order.
A finite quantity that is cutoff-independent is expected to give us information about
quantum gravity.
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3. Operator Algebras and Modular Theory

In this section, we review some aspects of operator algebras with a particular view
toward modular theory and quantum dynamical systems. Some standard textbooks close
to the spirit of this review are [60,61], as well as the reviews [44,46,49].

3.1. Some Background Material

Here, we collect some useful background results. We are mostly concerned with
operators acting on Hilbert spaces. Recall that a Hilbert space (#, (| )), or H for short,
is a linear space equipped with an inner product ( | ) : H x #H — C, which is linear in

the first argument and obeys (x|y) = (y|x) and (x|x) > 0 for every x,y € H. The inner
1/2

product naturally defines a norm on the Hilbert space given by ||x|| = (x|x)
An orthonormal basis of # is a sequence of elements (v;);c; such that (v;[v;) = ¢;; and
such that linear combinations of its elements are dense. For a separable Hilbert space, the
index set I is countable and its cardinality is the dimension of the Hilbert space.
An operator a is bounded if

ax
lal) = sup 1221 < o, ©®)
x#0 HxH

where the operator norm ||a|| is determined by the Hilbert space norm ||ax||; we denote it
with the same symbol by abuse of notation. We denote by B(#) the space of all bounded
operators acting on . For any bounded operator, we define its adjoint a' by (atx|y) =
(x|ay). Finally, an operator U is unitary if UUt = UTU = 1.

The space B(H) can be endowed with several topologies, which allow us to say that
an operator a converges to another operator b. We mention here some of the most common
topologies for completeness:

e Norm topology: ||a — b|| — 0.
e  Strong operator topology: ||(a — b) x|| — 0 for every x € H.
e Weak operator topology: | (x|ay) — (x|by) | — 0 for every x,y € H.

These topologies are oriented from the strongest to the weakest so that an operator conver-
gence in the norm topology implies convergence in the strong operator topology and in the
weak operator topology.

An operator a € B(H) is self-adjoint if a = a and a projection if a> = a = a'.
Furthermore, an operator a is positive, denoted by a > 0, if (x|ax) > 0 for every x € H.

An antilinear operator a is defined by a(x +y) = ax +ay and a(Ax) = Aax for A € C.
An important example of an antilinear operator is the operator of complex conjugation J.
Indeed, every antilinear operator is of the form Ja for some linear operator a.

In the study of operator algebras, one often encounters unbounded operators. In
this case, a useful notion is the one of a closed operator. If we denote with D(a) C H the
domain of the operator a, then we say that the operator a is closed if for every sequence
{xy} such that both x; — x and ax; — v, we have that v € D(a) and that ax = v (such
that ax; — ax). An equivalent characterization is via the graph of the operator. The latter
is defined as

I'={(x,ax) : xeD(@)} CHxH. (7)

Then, one can show that an operator is closed if and only if its graph is a closed subspace
of H x H. We say that an operator is closable if it can be extended to a closed operator on a
larger domain.

If we have a self-adjoint operator a, we can define the one-parameter group of unitary
operators given by U(t) = e 12! The converse also holds: given a (strongly continuous)
iat

one-parameter group of unitary operators U(f), then U(t) = e '?’, with a being self-adjoint.



Universe 2025, 11, 24

6 of 34

A fundamental result in the theory of operator algebras is the spectral theorem. To
begin with, consider the case of a self-adjoint operator with a discrete spectrum. Let a be
a self-adjoint operator. We define its spectrum as the set of all A € R so that the operator
a — Alis not an invertible operator in B( ), or it or its inverse fail to be bounded. If the
operator is also positive, then its spectrum lies in [0, o). The spectral theorem states that
the operator can be written as a = Y, A,, P,, where {A, } is the discrete spectrum and P, is
a family of projections.

In the more general case, denote by (a) the spectrum of a. Then, the spectral theorem
states that for any self-adjoint operator a € B(H), there exist spectral projections P(A)
such that

a— /O(a)AdP(A). ®8)

A more intuitive way of stating this theorem is as
(lag) = [ AdIP()E) . ©)
o(a)

The main consequence of this theorem is that given a reasonable (technically Borel-
measurable) function f on o(a), we have that

f)= [ f PO (10)

is also in B(#). This theorem allows us to define and use functions of operators in
computations. The interested reader can find a more detailed discussion of the spectral
theorem in Appendix A.

3.2. States, Operator Algebras, and Representations

The algebra of observables plays a prominent role in quantum physics. Here, we
only review the aspects that are relevant to us. In modern language, such algebras capture
the information-theoretic aspects of quantum systems and their subsystems in a sort of
model-independent way. They can always be thought of as algebras of operators acting on
some Hilbert space.

Consider an algebra .A of bounded operators acting on a Hilbert space H. We always
assume that our algebras have an identity element. The algebra A is called a C*-algebra if
A = AT (it is closed under taking the adjoint) and it is closed in the operator norm topology.
For example, a concrete model for an abelian C*-algebra is the algebra of continuous
functions over a locally compact space.

The algebra A is called a von Neumann algebra if A = A (it is self-adjoint) and it
is closed in the weak operator topology. This implies that a von Neumann algebra is a
C*-algebra, albeit the converse is not true.

An alternative characterization of von Neumann algebras is as follows. Consider the
algebra of bounded operators acting on a Hilbert space B(# ). Consider a set M C B(H).
We define its commutant as

M ={aeB(H) : [ab=0Vbe M}. (11)

The bicommutant theorem states that a self-adjoint subalgebra .4 of B(H) is a von Neumann
algebra if it is equal to its bicommutant: A = A" = (A’)".

In the case where M is a subset of B(H) consisting of self-adjoint operators, then M’
is a von Neumann algebra and M" is the smallest von Neumann algebra containing the

set M.



Universe 2025, 11, 24

7 of 34

A factor is a von Neumann algebra with AN A’ = z1, with z € C. In other words, a
factor is a von Neumann algebra whose center consists of scalar multiples of the identity
operator. Factors are the building blocks for the classification of von Neumann algebras.
For example, in finite dimensions, factors are always isomorphic to the algebra of n x n
matrices M, (C).

A von Neumann algebra A is hyperfinite if it is generated (as a von Neumann algebra)
by an increasing sequence of finite-dimensional subalgebras, for example, matrix algebras
M, (C). This means that A = (U, M, (C))". Hyperfinite algebras can be approximated by
matrix algebras and are the ones of interest in quantum physics.

On a C*-algebra, we can define states. A state w on a C*-algebra A is a continuous
linear functional on A that is positive and normalized to one: w(1) = 1. The set of states
is convex such that if w; and w; are states on an algebra, Aw; + (1 — A)w; is also a state
for all A € (0,1). The extremal elements of this set, those which cannot be expressed as
weighted sums of other states, are called pure states.

A state on a C*-algebra A is called faithful if w(ata) = 0 if and only if a = 0. Tt is
called normal if there is a density matrix, a positive trace-class operator on ‘H with Trp =1,
such that

w(a) =Trypa. (12)

Here, Try is the trace on the Hilbert space and a trace-class operator is an operator for
which this trace is finite.

A representation of a C*-algebra is a pair (#, 7r) of a Hilbert space and a morphism
m : A — B(H), which preserves the C*-algebra structure (that is, it preserves the algebra
structure and 71(a)™ = 7r(a")). The representation is called faithful if 7r(a) = 0 impliesa = 0,
and it is called irreducible if it cannot be decomposed into the direct sum of representations.
Furthermore, a representation is called cyclic, and is denoted by the triple (#, 7, Q), if
there exists a vector Q) € H such that | Q| = 1, (#H, ) is a representation, and 77(.A)Q) is
dense in H. In this case, the vector () is called a cyclic vector.

Any state w on the algebra induces a canonical representation, the Gelfand-Naimark-
Segal (GNS) representation, which is unique up to unitary equivalence. The GNS represen-
tation (H, 7w, Q) is a cyclic representation such that

w(a) = (Qw[7tw(a)[Qw) (13)

for every a € A. The converse is also true: any cyclic representation (7, 7, ()) defines a
state w on the algebra A by (13).

3.3. von Neumann Algebras, Traces, and Projections

The classification of factors is one of the main results of the theory. Such a classification
is obtained by studying the traces that one can define on the algebras. A trace is a positive
linear functional Tr : A — C such that

Tr(ab) = Tr(ba). (14)

For example, in finite dimensions, Tra = }; (i|a|i) is the standard trace. In general, a trace
has the following properties. It is faithful: given a positive operator a € A, then Trata = 0
implies a = 0. The trace is semi-finite: for every nonzero a € A7, there is a nonzero b
with b < a and a finite trace. Finally, the trace is normal: Tr(sup a,) = sup Tr(a,,) for any
sequence {a, }. One can show that a trace that is faithful, semi-finite, and normal is unique
up to rescaling. Therefore, one can classify factors by classifying the possible values of
traces on the algebra.
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A way to do so is to study the possible values of the trace on projections. Recall that
a projection is an operator for which p?2 = pand p' = p. If p and q are projections in a
von Neumann algebra A, we say that p < q if there is a partial isometry v € A such that
p = vot and vtv < q'. The relation < is a partial order on (the equivalence classes of)
projections. In particular, if the partial isometry is such that p = vo and uu = q, we say
that p ~ q, which is an equivalence relation. We say that a projection p is infinite if p ~ q,
where q < p, and finite otherwise. A von Neumann factor is called infinite if the identity is
infinite, and finite otherwise. Finally, a projection p # 0 is minimal if for every projection
q € A, q < pimplies thatq = porq = 0.

With these definitions in place, we can state the classification of von Neumann factors
as follows. Consider a factor .A. Then, the following is true:

e Ais of type L if there is a minimal projection. Type I factors are of the form B(H)
for some H and are therefore classified by the dimension of the Hilbert space. If
dimH = n, withn € {1,2,...,00}, we have a type I, factor. These algebras are the
algebras of observables that appear in finite- and infinite-dimensional nonrelativistic
quantum mechanics.

e Aisof type Il if there is a finite projection but no minimal projections. In particular, we
say that it is of type II; if the identity is finite, and Il otherwise. In the type II; case,
the trace of projections can assume every value in [0, 1], and in the case of Il factors, it
can take any value in [0, o]. A type Il factor is always of the form M ® B(H ), where
M is all; factor and dim H = co. Type II; factors are not classified. These algebras
play a role in quantum gravity and are the main subject of this review.

e Ais of type Il if there is a no finite projection. In particular, the trace of projections
is infinity (or zero). In practice this means that one cannot define a trace, and in
particular, one cannot define density matrices. These algebras arise in every quantum
field theory when studying local operators.

All these algebras have a qubit construction, which is obtained by multiplying
an infinite number of appropriate low-dimensional quantum systems. See [44] for
detailed examples.

3.4. Quantum Dynamical Systems and KMS States

Operator algebras are particularly useful when studying the thermodynamic limit
of quantum systems. Abstractly, one defines a quantum dynamical system as a pair
(A, a), where A is a von Neumann algebra and R > t — a' is a one-parameter group
of ¥-automorphisms of A. This group represents the dynamics and determines the time
evolution. It is defined via the formal series

(e ) tm
al(a) = mZ::O Méma = el; (15)
where ¢ is the infinitesimal generator of « and a € A. The generator enjoys the following
two properties: 6(ab) = &(a) b+ ad(b) (derivation) and 6(a*) = 4(a).

We can find a concrete example in the case of a finite-dimensional quantum system

with Hamiltonian H, where the time evolution is given by

al(a) = eltH g e ~itH, (16)

In this case, the infinitesimal generator is 6(a) = i[H, a].
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In many applications, one has simple dynamics (for example, free dynamics) that can
be studied exactly and one is interested in adding a perturbation. The system now evolves
according to the perturbed dynamics generated by

Sy =6+ilV, -] (17)

where V € A is the perturbation operator. If we set a}, = e?, then we can control the
perturbed evolution via the Dyson expansion

@) =a'(e)+ 1 [rdn [t [T W)L i )00 ) (19

An important class of states in quantum dynamical systems is thermal equilibrium
states. These are characterized by the KMS condition, named after Kubo, Martin, and
Schwinger. Before stating this condition, we consider a finite-dimensional system. The
Gibbs state is defined by

1
= — _IBH
w(a) ZTr(e a) (19)
with Z = Tr(e ~PH), and we assume B > 0. Introduce the correlation function
Fp(a,bit) = w(a af(b)). (20)
By using the properties of the trace, we find
1 o .
t _ - —i(t—ip)H, , itH
w(aa'(b)) ZTr(e ae b) . (21)
Now, by analytically continuing t — t + if:

1 CitH (R iB)HR) (ot
zTr(e ae b) = w(a’(b)a). (22)

We conclude that the function (20) for f > 0 is analytic within the strip defined by
Sg={z € C|0<Im(z) < B}, (23)

where these correlators are convergent if H is only bounded from below; furthermore, it
takes the following values on its boundary:

o Fplabit) = w(aa'(b));

o Fglabit+ip) =w(a'(b)a).

This is the KMS condition and characterizes thermal equilibrium states, even if they are not
of the Gibbs form or even if the density matrix does not exist.

3.5. Modular Theory and Entropies

Modular theory is a deep formalism that allows us to study von Neumann algebras
without ever making reference to density matrices. Consider a von Neumann algebra A.
Assume |¥) is a vector in the Hilbert space on which the algebra is acting. We assume it is
cyclic (which means that a |'¥) is dense, and therefore, we can generate the whole Hilbert
space by acting on it) and separating (which means that a [¥) = 0 implies a = 0). A vector
that is both cyclic and separating is referred to as modular in the literature.

It is convenient to have in mind the finite-dimensional case to unpack these definitions.
In this case, a cyclic and separating vector can be described by a density matrix that has full
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rank for the algebra and its commutant. Physically, the vector has enough entanglement to
be able to represent the whole algebra.
We define the Tomita operator

Syal¥) =a'[¥), (24)

which is antilinear (Syc |®) = ¢Sy |®)) and unbounded. This operator admits the polar
decomposition
Sy = JyAy? (25)

in an antiunitary Jy and a Ay-positive part. Jy is called the modular conjugation. In
particular, S, Sy = Ay plays the role of the modulus of the operator.

In the case of finite-dimensional factors, the positive part can be written in terms
of the density matrix of the state ¥ as Ay = py(p%) !, where p’ is in the commutant
algebra. In general, this is not true but we can still define the modular operator. Since this
operator is positive, we can take its logarithm. We set Ay = e ~"¥, where hy is called the
modular Hamiltonian.

The fundamental result is that for a € A, a; = e 1¥"¥ae ~15"¥ remains an element of
the algebra .A. The modular conjugation JyaJy sends it to an element of the commutant .A4’.
In particular, Ay |¥) = 0and Jy |¥) = |¥).

Another fundamental property of modular theory is that correlation functions are
thermal with respect to the modular Hamiltonian. We can see this via the KMS condition:

(P|a®(a) b|¥) = (‘Y|bas+i(a)|‘I’> . (26)
Equivalently, we can write
(Ylabl¥) = (¥Y[bAyalt), (27)

which one can check by writing a°*! (a) in terms of the modular operator and using the
fact that hy annihilates the state ¥.

All of the above definitions can be generalized to define the relative modular operators.
The relative Tomita operator is defined as

Spya¥) =a' @) . (28)
1/2

oY
In the example of finite-dimensional systems, we have Agy = po(p%) 1. As before,

Also, this operator has a polar decomposition Sgy = Jo|yA

one can take the logarithm since the operator is positive and set log Agy = —logpe +
log p%. The relative modular operator has the fundamental property that

(@lab|®@) = (¥[bAgyalT) , (29)

which follows from its definition Ag|y = S;\‘I’S‘P\‘Y' From the relative modular operator,
one can define the relative entropy

Sret (P[Y) = (@|hy||P) = — (P|log Ay || D) - (30)

The relative entropy can be understood as a measure of how much the two states can be
distinguished. One can see that S,.;(P||'¥) > 0, and it is zero iff ® and ¥ describe the same
state. It follows directly from the definition that the relative entropy is not symmetric. The
relative entropy is also monotonic under algebra inclusions: it decreases as we restrict it
to subalgebras because we have fewer operators to detect how the operators are different.



Universe 2025, 11, 24

11 of 34

We stress that since no reference is made to traces of density matrices, the relative entropy
is also well defined for type III algebras, as is the case for local operators in quantum
field theory.

If the type of algebra allows for the definition of density matrices, we can rewrite the
relative entropy in a form that is more familiar. By using (®|he|P) = 0, we can write

Sret (P[Y) = (@lhy | — ha|P)
= (@] — log py +log o, + log pe — log 0| P)
= Trpe (log po — log pw) (31)

3.6. Type 111 Algebras in Quantum Field Theory

Let us briefly comment on the structure of local algebras in quantum field theory.
As this is not the main topic of this note, we refer the reader to [44,62] for a more in-
depth discussion. In the case of quantum field theory, we define the local operator ¢(x) at
spacetime point x. It turns out that this is not really an operator but an operator-valued
distribution. To obtain an operator, we need to smear the field as

o = [ dixfp(), 2)

where the test function f(x) is typically chosen from the space of smooth functions with
compact support and is supported on some region I/. Now, we take bounded functions of
this operator (such as e 15¢1) since bounded operators naturally form an algebra (they can
be multiplied without worrying about their domain). Finally, by taking the weak closure,
we define the von Neumann algebra A(U/). The latter procedure can be neatly justified
since if we have a collection of operators a,, whose matrix elements converge to the matrix
element of some operator a, then when # is large enough, no experiment can distinguish
between a, and a, as discussed in [62].

In the algebraic approach, the full information about the theory is contained in the
vacuum correlation functions:

W (x1,...x0) = (Qp(x1) ... p(x) Q) . (33)

Similarly, we can define correlations of smeared operators:

<Q|¢f1 o (an|Q> = /dxl o 'dx”f(xl) o 'f(xn)w(n)(xl/' o ,Xn) . (34)

We are glossing over several details here, but in general, one has to impose certain analytical
conditions [44,62].

An important condition is that operators supported in smaller regions give rise to
smaller algebras in the sense that U; C U, implies A(U;) C A(U,). Furthermore, causality
implies that operators supported in spatially separated regions should commute (and an
analog statement is true for fermions): if U’ is the causal complement of U, then V C U’
implies that A(V) C A(U)’". Another important result is Haag duality. For a region U,
we form the causal complement U’. Then, the full causal diamond including U is U”,
the causal completion of U/. Then, we have that A(U{) = A(U"). Haag duality states
that A(U’) = A(U)’, meaning the commutant algebra of U is the algebra of its causal
complement I{". This relation is believed to hold in many physical cases; see [44,62]. An
implication of this duality is that the vacuum state in quantum field theory is both cyclic
and separating.

Another important result in the theory is the Reeh—Schlieder theorem, which states
that the vectors ¢y, - - - ¢5, |Q)) are dense in the Hilbert space. This implies that the vector
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Q is cyclic for A(U). In other words, by acting with local operators in a local region
of spacetime, we can approximate an arbitrary state, even if its support is outside of /.
However, this construction is not implemented by a unitary operator.

As an important application, let us consider Rindler space. Consider W = {x*| —
(x2)2 + x% > 0}, the so-called Rindler wedge. According to the Bisognano-Wichmann
theorem, the Minkowski vacuum () restricted to the Rindler wedge W appears thermal
with respect to Lorentz boosts. The modular Hamiltonian for this region is the generator of
boosts leading to the thermal behavior, which is closely related to the Unruh effect.

For the Rindler wedge, the modular operator is e ~2K

, where K is the boost generator.
Here, K has a continuum spectrum, equal to all of R, since it is a non-compact generator
in the Lorentz group. It is a non-trivial fact that a continuous spectrum for the modular
operator of the vacuum state is a property that characterizes type III algebras. Note that we
expect every physical state to resemble the vacuum in the UV. This means that the leading
short distance contribution to any correlator in any quantum state is given by the operator
product expansion and is independent of the particular state we are considering. More
specifically, the so-called hyperfinite III; factor is believed to universally describe the local

operator algebras in all quantum field theories.

3.7. Type 11y Factors and Their Subfactors

We have seen that a type II; factor is characterized by the fact that every projection is
finite but there is no minimal projection. It has a unique trace, up to rescaling. To obtain a
handle on type II; factors, we now discuss an example.

Let I be a discrete group. Recall that its group algebra is defined as

Cr = {Zag(sg

ger

ag € Cand ag # 0 for finitely many g} , (35)

where J, is another notation for ¢, which is more convenient for defining left and right rep-
resentations. In infinite dimensions, the group algebra can be completed to a Hilbert space:

A(T) = { Y agd,

gerl

Y lagl? < oo}, (36)

gerl

where the inner product (dg, &) is 1 if ¢ = h, and zero otherwise.
By setting A(g)d, = J¢i, we can define the left regular representation A : CI' —
B(I12(T)) as
) agdg — ) agh(g) (37)

on finite sums. Similarly, for p(g)d), = J,, ¢-1, we define the right regular representation by

Y agdy — Y agp(g) (38)

again on finite sums. We can now define the group of von Neumann algebras L(I') and
R(T) as the completions of A(CI') and p(CT'), respectively, in the strong operator topology.
One can see that they are the commutant of each other: L(T)" = R(T) and R(T)’ = L(T).

Moreover, L(T') and R(T') are factors iff for every h € I not equal to the identity, each
conjugacy class {ghg~!|g € T'} of I is infinite (a condition that ensures that the center
is trivial).

A notable example is when I' = Seo = U, en Sn, where S, is the permutation group of
n elements. In this case, R = L(Sc) is called the hyperfinite II; factor. This is the unique
hyperfinite type II; factor up to isomorphisms in the sense that every hyperfinite II; factor
is isomorphic to R.
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To any type II; factor A with trace T : A — C, we can associate the standard
representation, which is the GNS representation where the Hilbert space is L?(.A) (the
completion of A with respect to the inner product (x,y) = 7(y'x)). In general, we can
have more complicated representations. We call a representation of A an A-module. We
can form different representations, larger or smaller than the standard representation. For
example, we can pick a projection p € A’ and take H = pL?(.A) to obtain a smaller module,
or to produce a larger module, we can take the tensor product # = I>(N) @ L?(A).

In these constructions, it is important to realize that the sizes of A and A’ depend on the
particular module they are acting upon. In particular, we are interested in understanding
whether there is a vector () that is both cyclic and separating. Heuristically, having a cyclic
vector tells us that A is rather large, while a separating vector tells us that A’ is rather large.
Interesting representations are those where both A and A’ are big enough to provide a
vector that is both cyclic and separating.

A way to compare the relative sizes of A and A’ is the coupling constant introduced by
Murray and von Neumann as follows. One takes an arbitrary vector # € H and considers
the projections p onto the completion of Az and q onto the completion of A’z. Then, the
coupling constant, or .A-dimension of #, is

. . tr4q
dimy H = e (39)
In particular, one can see that dim 4 H = 1 iff A has a cyclic and separating vector.
Consider now both type II; factors when B C .A. We define the Jones index of B in
Aas
[A:B] =dimg L2(A). (40)

In general, [A: B] > 1with [A: B] =1iff A= 5.

If [A: B] < 4, then B'N A = C1, and in this case, we call the subfactor B irreducible.
A striking result by Jones states that the possible values for the index are as follows:

e [A:B]>4
o [A:B]=4cos?(Z) forn=34,5,...

Therefore, the index assumes a series of discrete values accumulating up to four, and
after that, assumes continuous values. These results are of fundamental importance in the
theory of von Neumann algebras and were instrumental in the definition of topological
invariants of knots [63,64].

A way to characterize a subfactor is via the conditional expectation. As before, given
B C A, both unital, we define the map E : A — B to be a projection onto B3:

E(x) =x, Vx e B 41)
which is also B-linear:
E(xay) =xE(a)y, Vx,y € BandVa € A. 42)

In particular, the conditional expectation is a completely positive and trace-preserving map.
A famous result by Umegaki [65] states that there exists a unique conditional expectation
compatible with a faithful normal trace 7, thatis, To E = 7.
For every x € A, we have
E(X) e = epXen (43)

where eg : L2(A) — L?(B) is the orthogonal projection in B(L?(.A)). In other words, the
orthogonal projection e completely determines the conditional expectation.
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The subfactor B can be characterized by its basic construction. Let us assume that
[A : B] < co. To begin with, we define

Ar = {AU{eg)) B(LZ(A)) : (44)

The algebra A is called the basic construction for B. It is usually denoted by (A, ez) and is
the algebra generated by .4 and the projection e.
We can repeat the basic construction and find

BCACA C A, (45)

where now A; = (A, eg) and A; = (Aj,e4). One can check that

EAEBEA:/\EA,
egeqep = Aeg, (46)

with A = [A: B] .
The iteration of this construction defines the Jones’ tower of subfactors:

5] 5] €3
BcACA C A C Az--- (47)
In the tower, each factor is defined by induction as A; 1 = (A;, e;11), where we have set

eiy1 = eAi+1 : Lz(.AH_l) — Lz(Ai).
Remarkably, these projections satisfy the relations of the Temperley-Lieb algebra:

ejej =eje;, if |l—]|>2
eieir16 = Ae (43)

where again, A = [A : B] "', In particular, for any word w in the letters {e, - - - ,e,}, we
have that T(we; ;1) = At(w).

This is the origin of the famous relation between type II; factors and knots. A knot b
can be realized as the closure of a braid b. The braid group B, is the group generated by
the elements {7, - - - ,0,,_1} with relations

0j0; = 0j0;, if [i—j|>2
0i410i 0it1 = 0 041 0; . (49)

If we denote the Temperley-Lieb algebra generated by {e1, - - -, e, } by TL,(A), then we can
define the representation p; : B, — TL,(A) by

pr(1) =1
pi(0i) =1—(1+1)e

oo ) =1-(1+ e (50)

with A~ =24¢+ 1

Consider now a link b obtained from the closure of a braid b. We can apply the map
o to b to obtain an element of the Temperley-Lieb algebra. The Jones polynomial of b is
proportional to the trace T(p¢(b)) taken in the type II; factor [64].
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3.8. The Crossed Product

The crossed product is a key construction in the theory of operator algebras, which in
particular turns a type IIl; algebra into a type II algebra [66]. This construction was first
applied to quantum gravity in [8]. A modern introduction to the topic can be found in [48]
or in the appendix of [22].

Consider a type III; algebra A with ¥, a cyclic and separating vector. Let Ay be the
associated modular operator and hy the modular Hamiltonian. To define the crossed
product, one introduces an auxiliary Hilbert space L?(R) and the associated algebra of
bounded operators. Consider two operators, p and x, acting on L2(IR), which we can think
of as momentum and position.

The crossed product is then defined as the von Neumann algebra generated by

ANR:<a®1,eihws®eips\a€A,S€R>- (51)

One of the main results of [66] is that if A is of type III;, then A x R is of type Ile. In this
case, the automorphism generated by the modular Hamiltonian becomes inner.

An equivalent expression for the crossed product can be obtained by using the com-
mutation theorem [67], which gives

AxR={3c A2 B(L*(R))|[hy —x,3] =0.} (52)

When expressed in this fashion, the crossed product selects elements of the extended
algebra A ® B(L?(R)), which commute with the constraint ry — x.

Note that the forms (51) and (52) of the crossed product appear to depend explicitly
on the vector ¥, which is used to construct the modular Hamiltonian. However, this is not
the case, and different vectors give rise to isomorphic algebras (see, for example, [8]).

4. Gravitational Algebras

In this section, we introduce gravitational algebras, namely, von Neumann algebras of
type II, which enter in the study of perturbative quantum gravity in certain backgrounds.

4.1. A Type 111 Algebra

To begin with, we consider the eternal black hole in AdS. The authors of [6,7] used
the boundary theory to define an operator algebra from the large N limit of thermal
correlators above the Hawking—Page temperature. In this limit, operators of the form
W = TrW — (TrW), that is, single-trace operators with their thermal expectation value
removed, have non-trivial two-point functions. All the other correlators vanish. Such
operators correspond to generalized free fields in the bulk. This operator algebra on the
right boundary is a von Neumann algebra Ao r of type IIl. From this algebra, one can
construct via the GNS construction a Hilbert space that is well defined in the large N limit,
starting from the thermofield double state ¥. Its commutant Ag; = AG,R is a copy of
the same algebra, this time constructed starting from the left boundary. The holographic
duality identifies these two algebras, with the bulk algebras A, o and A [6,7] governing
the dynamics of the quantum fields in the two exteriors of the eternal black hole.

The two algebras Agr g and Aj o have trivial centers; they are so-called factors. In
particular, they do not contain the boundary Hamiltonians Hg and Hj. These operators are
conserved charges that correspond to the black hole mass by holography. Note that these
operators do not have a large N limit but only their difference H = Hg — H; does. This
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operator is related to the bulk operator h, which generates time translations in the bulk as
h = BH. To obtain operators that have a large N limit, one can define the operators

Hp — (HL)g ~ Hg — (Hr)p

u, = — N R = N (53)

Note that the two operators Uj and U coincide in the strict N = co limit; therefore, in this
limit, we can simply call them U. This operator is central and we can add it to the algebras
Ag,r and A 1, by simply tensoring them with the algebras of bounded functions of U.

4.2. The Crossed Product

It was shown in [8] that including 1/N corrections amounts to the crossed product
construction. Due to the relation Ug = Uj + /31?1 /N, when we include 1/N corrections,
the operators U and Ugr become distinct. Therefore, Ug is now given by the sum of
U, which commutes with A g, and the modular Hamiltonian, which generates a one-
parameter group of automorphisms: the modular flow. Since the algebra is of type III,
these automorphisms are outer. We now take X = BNU;. The crossed product algebra
Ag = Agr xR now acts on H = H @ L2(R) and is of type Ilw. In particular, since the
algebra is of type Il.,, we can define a trace and, therefore, density matrices and entropies.

We consider a particular class of states that take the form ¥ = ¥ ® g(X)/2, where g
is a Gaussian function. We refer to these states as classical-quantum. For these states, it is
easy to see that the modular operator has the explicit form [8]

Ay = Ay g(BH + X) g(X) ' =KK, (54)
where K € Ag x Rand K € (Ag x R)’ are given by

K= e~ (BA+X) g (81 4 X), (55)
K= eXg(x)!. (56)

This factorization can be used explicitly to define a trace on the algebra. Fora € Ag,
we have o
tra = (Y[aK~1[¥) :/ dX eX (¥[a(X)[¥) . (57)

Note that this trace is only defined up to a rescaling of K. Also, the trace is not defined on
all elements of the algebra; for example, it gives infinity on the identity.

Due to the presence of a factor of N in the exponent, inside the operator X, this trace
is only a formal function of N. However, this does not affect the computation of the
entropies [9]. We keep using the expression (57) as a formal expression.

Now, we can use (57) to define density matrices and entropies. Given a state ®, we
call the operator pg € Ag a density matrix if we have that

trapg = (Plad) , (58)
for every operator a € Ag. The associated von Neumann entropy in the algebra Ay is then
S(®) 4, = — (D] logpg|P) - (59)

Note that the entropy defined in such a fashion has an additive ambiguity, much like
entropy in classical statistical mechanics.
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For example, if we consider the classical-quantum state Y=¥o g(X)1/2, it follows
from (57) that pg = K and we can write the entropy as

S(¥) 4, = /o; dX(X g(X) — g(X) log X). (60)

1/2

For more general classical-quantum states D =D f(X)2, the entropy can be computed

by taking the expectation value of the formal operator [9]:
1
hg = —Nlogpé. (61)
The result is that
S(®).ax = NP (Ur) + NSo — S(®|¥) — {log | (Ur)]) + («(Ur)) - (62)

Here, one can fix the function & by computing the next correction in the 1/ N expansion:

N2 U3
a(Ug) = ——————R 4 const. 63

The parameter Cpy is called the black hole heat capacity. Note that while the entropy (62)
depends explicitly on NSy and (a(Ug)), these quantities are state-independent and, there-
fore, cancel when one computes the entropy differences.

There is an alternative construction based on the microcanonical ensemble where one
does not need to use formal arguments [9]. However, the canonical ensemble is more suited
to the study of nonequilibrium dynamics.

4.3. De Sitter and the Hyperfinite 11, Factor

The second example that we consider is de Sitter spacetime. Let us consider quantum
fields in a fixed de Sitter background. Such a spacetime has a natural vacuum state for
the quantum fields, the Bunch—Davies state ¥ 45, defined via analytical continuation from
the Euclidean theory. Without dynamical gravity, correlation functions of quantum fields
have a thermal interpretation in an ensemble with inverse temperature S4s. This picture is
altered when including perturbative dynamical gravity.

In a spacetime with closed spatial slices, it is problematic to impose the gravitational
constraint. A possible way out is to add an external observer that can be used to opera-
tionally define the algebra of observables [10]. For a different take based on redefining the
Hilbert space inner product, see [68,69].

Let us consider the static patch. The combined Hamiltonian of the system is now

H=H+gq (64)

where H is the Hamiltonian that generates time translations in the static patch, while g is
the observer’s Hamiltonian”. We also introduce the conjugate operator p = — i d%' In this
simplest example, an observer is just a clock capable of measuring time. We shall, however,
require that its energy is positive (or, more generally, bounded from below). In the limit
GN — 0, the interactions between the observer and the quantum fields can be neglected.
We denote by Ay the algebra of quantum fields along the worldline of the observer that
acts on a Hilbert space (. For a more detailed discussion of observers and their roles in
dynamical gravity, we refer the reader to [29,31,33,34,36,38,39,42,43].
The full Hilbert space is the tensor product of H( with the observer’s Hilbert space:

H=Ho® L*(R,), (65)



Universe 2025, 11, 24

18 of 34

and the algebra of observables is obtained by imposing the Hamiltonian constraint:

A= (Ao ® B(LZ(R+))H. (66)

As explained in Section 3.8, this is precisely a crossed product. To understand this better, let
us forget for the moment about the positivity of the energy of the observer. We claim that the
algebra of operators that commute with the constraint H is generated by { e '?"ae ~1PH g}.

To check this claim, we only have to check that operators of the form e iPHae ~irH
commute with H + 4. Indeed,

H+g,e i7"Hae7”’ﬂ = e'PH[H,a]e ~1PH 4 {q, e i7"Hae*ipH} . (67)
To compute the second term, we use the fact that since p = —i d% generates translations,
elPHge 1PH — g1 H. (68)

Therefore, we must have
[q,eiipH} = FHe'PH, (69)

Finally, [g, a] = 0 since they are elements of different algebras:
{q, e i’”Hae_i”H} = {q, eipH}ae_ipH+ e Pty [q, e_i”H} = ePH[3, Hle " 1PH  (70)

and comparing with (67), we obtain the desired result.

One can obtain an equivalent description by conjugating with e ~17H. This has the
effect of removing the “dressing” of the operators a and shifting 4. Now, the algebra is
generated by operators of the form {a, g — H}, where now ¢ — H > 0. A more convenient
form is {a, H 4+ x} with x = —g, for which the constraint becomes H + x < 0. We call
this algebra A,. The physical algebra is obtained from 4., by imposing the constraint
H 4+ x < 0. Since A, is obtained from the crossed product of a type III algebra, it is a type
Il algebra.

Since A, is constructed from the tensor product Ay ® 12 (R), an operator a € A, can
be understood as an .A-valued function of H + x. When evaluating the matrix elements,
we use the fact that H [¥4g5) = 0. This leads us to define a trace as

Tra= [ Pasdrelss™ (¥ysla(x)¥as) 71)

Again, this trace is not finite on all the elements of the algebra, but when it is well defined,
it is positive and cyclic.

Finally, to impose the constraint that 4 > 0, one introduces the projector IT = ©(g).
With this projection, one obtains the physical algebra A= ITA.IT, which acts on the Hilbert
space IT(H ® L2(R)) = H ® L?>(R ). The trace is the same trace but is now restricted to
operators of the form ITaTI.

It is then easy to check that applying this projection has turned this algebra from a
type Il algebra into a type II; algebra by computing the trace of the identity:

+o0
Trgl= /m, Basdx e Pas™ (¥yg|@(—H — x)[¥as) =1, (72)

where we have used the fact that H |[¥4s5) = 0 so that the effect of the step function is to
reduce the integration domain to [—co,0].
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In this algebra, there is a maximum entropy state p = 1. This state can be purified as

Ymax = 1~Fd5 X V ﬁdseﬁdSX/z (73)

which physically represents the de Sitter state tensored with a thermal energy distribution
(in the sense that |‘I’max|2 ~ ePas¥ ) associated with the observer.

We can compute entropies, at least for a special class of density matrices associated
with semiclassical states of the form

=D f(x) (74)

with f(x) = eg(xe) and € << Bgs. These conditions ensure that this function varies
slowly, allowing the observer to measure events with a time uncertainty much smaller than
Bds, thus retaining a semiclassical interpretation of spacetime. In this approximation, the
density matrix associated with a semiclassical state of this form is

o= 5T (x + e /B)e P Agyef (x + 1 /B) + O(e), 75)

and the associated entropy is given by

~Trpg log pg = — (D] log pg|P)

— (@l ) + (@l + pel®) + [ axlf(0)P(~log f(I +logh) .76

S(og)

Here, the first term is the relative entropy between the state & and the de Sitter state.
The second term is the expectation value of the energy of the observer. Finally, the last
term represents the entropy in the observer’s energy fluctuations. Putting all these terms
together, one obtains the generalized entropy [10]

A

Sgen = @ + Sout . (77)

5. Nonequilibrium Dynamics of Finite Quantum Dynamical Systems

In this section, we review some aspects of the nonequilibrium dynamics of finite
quantum dynamical systems, i.e., quantum systems governed by a type I algebra. In our
exposition, we found the reviews [49,50,70,71] particularly useful. We see in the next section
how these statements generalize to gravitational algebras.

5.1. Generalities

We start with some general ideas and comments. Classical thermodynamics is charac-
terized by the phenomenological observation that certain states of matter, the equilibrium
states, can be completely described by a handful of functions called state functions. Equi-
librium statistical mechanics, one of the triumphs of modern physics, can under certain
circumstances reproduce these functions and the laws governing their behavior from an
analysis of the microscopic dynamics.

Nonequilibrium physics is, however, not understood, both in classical and quantum
mechanics. Perhaps the main reason is that while there is a certain universality governing
equilibrium physics, there are several physically distinct behaviors pertinent to out-of-
equilibrium dynamics. Because of this, nonequilibrium physics has been traditionally
concerned with systems close to equilibrium, where powerful fluctuation-dissipation
theorems are available.
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However, many interesting phenomena take place far from equilibrium. The last
few decades have seen remarkable progress in our understanding of physics far from
equilibrium, for example, with the introduction of general fluctuation theorems.

A general setup to study the general features of nonequilibrium physics is to consider
a small system and couple it to reservoirs. A reservoir is a large (or infinite) system in
equilibrium at a fixed temperature, typically consisting of free particles. The interaction
with the system is localized at an interface so that the degrees of freedom within the
reservoir that are influenced by the interaction move to infinity in the reservoir and can be
forgotten. In other words, the thermodynamical behavior of the reservoirs is not influenced
by the original system.

The simplest nonequilibrium states engineered in this fashion are called nonequilib-
rium steady states, and we discuss them momentarily. They are stationary states that still
describe a non-trivial transfer of energy or particles. A typical observable for nonequi-
librium steady states is the rate of entropy production. While general thermodynamic
quantities are defined only at equilibrium, entropy production also makes sense far from
equilibrium and is generally used to study nonequilibrium steady states.

Even far from equilibrium, one can obtain exact results. In the past decades, a series
of fluctuation relations holding far from equilibrium were discovered, starting with the
Jarzynski equality [72]. These relations collectively go by the name of fluctuation theorems
and by now form a vast and active research field; see [71] for a review. Essential to fluctu-
ation theorems is the time-reversal invariance of the microscopic dynamics. Fluctuation
theorems, then, are generally relations that relate the probability of a process with the
probability of the time-reversed process. For example, by considering an isolated system
in equilibrium at inverse temperature B, one can compare the probability that a certain
work W is performed on the system by an external time-dependent driving force with
the probability that a work —W is performed by the time-reversed external force. The
Jarzynski equality

(e PNy = o =PAF (78)

relates this work with the difference AF of free energy between the initial equilibrium state
and the final equilibrium state.

5.2. Nonequilibrium Steady States

Equilibrium states in thermodynamics can be operationally defined by specifying
certain state functions, such as the temperature and entropy. There is no explicit refer-
ence to the dynamics, regardless of the fact that the dynamics is needed to specify the
microscopic ensembles.

On the other hand, the dynamics is essential to understand out-of-equilibrium systems.
To this date, we are very far from a comprehensive understanding of the physics out of
equilibrium. The simplest situation is provided by nonequilibrium steady states (NESSs),
which are those steady states where the system settles after imposing a forcing given
by an external field or a steep gradient of thermodynamic parameters. For example,
one can imagine putting into contact two systems at different temperatures, creating a
temperature gradient. As a result, one will create fluxes of the extensive quantities used to
parametrize the system, such as the energy. These fluxes will determine a non-trivial rate
of entropy production.

To be concrete, let us consider a quantum dynamical system (.4, &) and assume that
the system is initially in an a-invariant state «w. We use a self-adjoint operator V € A to
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perturb the system. The resulting perturbed evolution is denoted by a!,. Then, a NESS is
defined via the limit

wy(a) =lim — t wouay(a)dt, (79)

if this exists, with {t; };cz, being a divergent sequence. In other words, this definition
describes a stationary state where the system settles after the perturbation. If this is not an
equilibrium state—which would be the case if the perturbation is sufficiently small—then
it describes a genuine nonequilibrium state.

If the perturbation is small enough, the system will settle into a new stationary state
wy, which is KMS with respect to the perturbed evolution ay. This is a standard statement,
discussed for example in [60,61]. To avoid this situation, one needs a different setup.

A common way to engineer a NESS is to couple the system to external reservoirs. We
introduce a collection of reservoirs {R1,- - -, Ry} collectively denoted by R, modelled
after quantum dynamical systems (Og_,aR,). Every reservoir has its own algebra of
observables Oz, its own evolution operator ag,, and it is assumed to be in thermal
equilibrium at inverse temperature ;. These equilibrium states are described by the
aR,-invariant KMS states w;.

We couple the system to the reservoirs by a perturbation V = Z]-I\il Vi, where V; =
Vj+ cA® OR; describes the interaction between the system and the reservoir R;. If the
perturbation is chosen appropriately, the system will settle in a nonequilibrium state. We
can expect this state to be characterized by non-trivial fluxes describing the exchange of
energy between the system and the reservoir.

Note that the reservoirs are assumed to be infinte systems at fixed temperatures. In
particular, this means that they have internal chaotic dynamics. The latter acts as a source
of randomness for the original system, which also becomes chaotic.

5.3. Entropy Production

Nonequilibrium dynamics is usually associated with entropy production [71]. In the
same setup as above, where the system is coupled to external reservoirs at inverse temper-
ature 3;, we expect a steady flow of heat through the system. In any stationary state, the
entropy flux entering or leaving the system will determine the rate of entropy production.

Consider now a finite-dimensional system and let us denote by Hg its Hamiltonian. If
we consider a stationary state, the energy leaving the reservoirs, represented by the operator

- Br®x, (80)
k

determines the rate of entropy flux into the system.
Let us describe the interaction between the system and the reservoir by the Hamiltonian

H=Hs+V+) Hg,. (81)
k

Then, the Heisenberg equation [50] determines the energy flux as
@, = —i[H, Hg,| = 6(V). (82)

Furthermore, we denote with §; = i [Hg,, - | the generator of the dynamics of the reser-
voirs. We assume that the reservoirs are sufficiently big that their thermal equilibrium is
not altered by the interaction.
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We can rewrite the above expression in the language of quantum dynamical systems
as follows. Consider a state . We define the entropy production in this state as

M
Ep(u) = V(‘l;ﬁkék(v)>- (83)
=1

This expression allows for a straightforward extension to systems with infinite dimension.

To better illustrate this situation, let us consider the case of a finite-dimensional
system, which we imagine divided into subsystems, as in [49]. Then, the observables
in these systems are elements of a type I von Neumann algebra consisting of bounded
operators acting on a finite-dimensional Hilbert space. Let p(t) be the density matrix of
the whole system. This operator may depend on time; however, since the overall system is
isolated, the von Neumann entropy remains constant over time. We can introduce partial
density matrices p, by tracing over degrees of freedom outside the a" subsystem. The
corresponding von Neumann entropies S(p,(t)) can now vary with time. In this setup, [49]
defines the rate of entropy production as

e = i(zswa(t)) s<p<t>>> . (54)

In particular, the subadditivity property of entropy guarantees that the expression in
parentheses is positive. This expression represents the information that we lose about p
when we partition the system into subsystems. The quantity in parentheses represents the
rate of change in the entropy of each subsystem. One can verify by direct computation
that (84) agrees with (83).

6. Quantum Thermodynamics of Gravitational Algebras

In this section, we outline the generalization of the nonequilibrium formalism de-
scribed in Section 5 to the theory of gravitational algebras. We refer the reader to [51,52] for
the technical details.

6.1. Nonequilibrium Dynamics and Entropy Production

We now return to the eternal black hole in AdS, as discussed in Section 2.1. We want
to couple the left and right algebras to a collection of reservoirs and then take the crossed
product to include gravitational corrections.

After introducing an interaction term, the total Hamiltonians are given by

Hiotr = HR + Hy g + VR, (85)
Hior, = Hp + He o + Vi

In this expression, we introduced the two self-adjoint operators Vi and V, which represent
the interaction between the original systems and the reservoirs. Explicitly,

M
VR =Y Vrj, (86)
=1

where Vg ; € Ar ® Obj,R, and similarly for V;. We require that the reservoirs on the left
and right boundaries are conjugate to each other. Furthermore, we require that the algebra
Agr @y Oy is a type II; algebra and we denote by H,, the Hamiltonians of the reservoirs.

To begin with, let us assume that the perturbed state is KMS. Such a state can be
constructed by first considering the decoupled theory and then adding the interaction. It
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is also necessary that all the reservoirs are at the same temperature. A short computation
shows that this state has the form

¥y = e FHIHAV2(y 5.0 ). 87)

In particular, this implies that the vector Yy is both cyclic and separating. We can construct
the associated modular operator as

Ay, = e PLv, (88)

v

where

and ‘7 = VR — VL.
Since we know the modular operator, we can determine the dynamics 7y of the system:

(ay) = e"vaye v, (90)

for any ay € Agr ®v Opr. Here, we employ the notation ®y to stress that now the
two algebras are interacting.

We would now like to incorporate the 1/ N corrections in this construction. To begin
with, we set T = BLy and X = BNU;. One can see that e !’ generates an outer automor-
phism for Ay g ®v O r. We can therefore take the crossed product to obtain the algebra

b
A%)V = (Aor ®v Opr) ¥ R.
Consider the classical-quantum state

Yy =¥y @g(X)"2. (91)
We can find its modular operator by requiring that
(Fvlavby[¥v) = (Fy[byAy,av|Fy) . (92)
Indeed, a short computation gives
By = By g(BLy +X) g(X) " 93)
The modular operator has an important property: it factorizes as
Ay, =Ky Ky, (94)
where

Ky=e _(ﬁLV"'X)g(,BLV +X)=-¢e _ﬁ{LV+%—%logg(ﬁLV+X)}

7

Ry = )
vV=—or- (95
8(X)
Because of this, the x-automorphism
@) = Ay Pav Ay/P = K, Pay kP (96)

is now inner. The reason for this is that Ky is now an element of algebra Al(zb)v This
automorphism can be physically interpreted as the modular time evolution of a certain
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quantum dynamical system that accounts for gravitational corrections in the coupling
between gravitational algebras and reservoirs. Explicitly,

Ty@Ey) =e!Vay e il 97)
where the modular Hamiltonian is given by

Iy = Ly + % — S logg(Ly + X). )
BB
Now that we have constructed the generator of the dynamics of the system, we can use it
to study its dynamics out of equilibrium. Note that this interpretation is a consequence
of the relationship between the equilibrium statistical weights and the evolution operator,
which is familiar from statistical mechanics.
Finally, we can employ this construction to define a trace as in Section 4.2:
. N N e X +00
tray = (Fyv[avCy ' [¥v) = (Fvlav—= [Fv) = / dX eX (Yylay[¥v) . (99)
8(X) oo
This trace is finite for a certain subalgebra, comprising all those operators for which the
integral is convergent. Since we know how to define a trace, we can now define density
matrices and their von Neumann entropies.
By using the definition of the trace, one can also define density matrices, and therefore,
the von Neumann entropy. For example, the density matrix of the classical-quantum state
¥y is Ky itself since

Tray Ky = (v |Kv Ky av|¥y) = (Fv[av[Fv) (100)
Note that
KvlogKy = e PlviXg(BLy 4+ X)(—(BLy + X) +logg(BLy + X)) (101)

By using the definition of the trace (100) and the fact that Ly Yy = 0, we can compute the
von Neumann entropy for ¥y. We find that

S(Fv) 0, = [ AX(Xg(0) - g(X)logg()) 102)

precisely as in (60)! Indeed a weak time-independent perturbation that takes an initial
thermal state into a new thermal state is not associated with any entropy production and
can be thought of as an adiabatic process. Physically, as we perturb the system, the ground
state changes accordingly. However, the situation will be very different in the case of
time-dependent interactions, or if we consider reservoirs with different temperatures.

When the reservoirs have different temperatures, we expect to have a non-trivial
entropy production. To study the entropy production, let us pick a reference state with
respect to which we will define the production of entropy. Let us now consider ¥ =
Y ® Q, ® g(X)'/2, which is a state of the non-interacting system. The generator of its
modular group is

L
b = 1Y i Bl -] + 1BIL ). (103)
k=1

We introduce the operator

logg(BH + X) . (104)
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Now, we couple the boundary theory and the reservoirs and take into account 1/N
corrections. In finite-dimensional systems, the entropy production observable is described
by the action of the generator of the modular group of the reference state on the interaction
term. In this context, things are more complicated due to the presence of gravitational
corrections and due to the explicit form of the operator Ty. In order to sidestep these
problems, it is natural to consider as an interaction the difference between the infinitesimal
generators of the coupled and decoupled theories, respectively, 0z, and Jz.
We can read the form of 7, from (96):

o, = i[ly, -], (105)

where Iy is given in (98). To keep things simple, let us take a time-independent interaction
V. We introduce the interaction term

M
V=1Iy—1-Y Hy, (106)
k=1

and we define the entropy production observable as

oy = —65(V). (107)

~€)

This means that the entropy production rate in a state ¢ can be computed using

Ep(¢) = ¢(ov). (108)

As a particular example, consider the vector ®, which represents a classical-quantum
state. Then,

Ep(§) = ¢(ov) = (@ oy | D) . (109)

Not all states are of this form. In particular, we are interested in the case where the state is
a NESS:

B b N
(a) zliml/k¢o%vf(a)dt :uml/k (¥ 7h(a) | F) dt, (110)
ty tk 0 by tk 0
which is obtained from the thermofield double state ¥. In this case, a short computa-
tion gives
M
Ep(x") = - Bix"(0)). (111)
j=1
We introduce the operators
O = or, (V) = i [Huy, V], (112)

which are formally the analog of (82). We interpret these operators as the energy flux into/out
of the reservoir when gravitational corrections are also present. We see that the formalism
incorporates gravitational corrections in accord with the laws of thermodynamics.

Finally, it is worth noticing that entropy production is related to the relative entropy.
This follows from the following relation proven in [73]:

s(@uu‘?) - S(@H‘T’) — iU s (U)). (113)

In this expression, we define ®U for a unitary operator U by the property that ®U(a) =
®(Utal) for every a € A.
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From (113), one can obtain the identity
s(éo?m\?) = s(@n@) — 1D (T 65/(Th)) . (114)

In this expression, T’ represents the perturbed evolution associated with the interaction.
This identity relates the entropy production with the relative entropy with respect to a
reference state.

Relative entropy is well defined for a purely normal state ®. However, a NESS will
not be normal in general. Assume, however, that we have a NESS X' obtained from Y by a
sequence {7/} },cz. - Then, one can see that

~ ~ fn
lim ls(%ﬁ;fnlf) = lim l/ Yot (oy)ds =Ep(x"). (115)
0

n—oo t, n—oo t,

We reach the conclusion that since the relative entropy is non-decreasing,
Ep(x") >0 (116)

which expresses the physical fact that in the NESS X *, the entropy production is non-negative.
All the expressions discussed so far can be computed more easily in perturbation
theory; see [51] for details.

6.2. Fluctuation Theorems in de Sitter

In ordinary quantum mechanics, an observer can understand static fluctuations of a
system by preparing several identical copies of the same system and performing projective
measurements of an observable. The result is a probability distribution for the eigenvalues
of the observable in a particular state. On the other hand, to access dynamical fluctuations,
one must allow for the system to evolve in time after a first measurement before perform-
ing a second measurement. This two-time measurement scheme is naturally related to
nonequilibrium physics.

We now discuss how this perspective applies to gravitational algebras. To be concrete,
we consider the static patch of de Sitter spacetime, along with an observer capable of doing
measurements. This setup is accurately described by the hyperfinite type II; factor [10]. By
extending the two-time measurement scheme to gravitational algebras, we are able to derive
fluctuation theorems. This construction is already known in the case of finite-dimensional
systems [71].

To begin with, assume that the system is in a semiclassical state pg. The observer
chooses to measure the entropy observable S = —log pg. We use the spectral theorem to
decompose S = Y s I;. For simplicity, we are assuming that we can use a discrete model
since the observer’s instrument has a finite resolution. However, all the results can be easily
extended to the continuous formalism, for example, by using the techniques illustrated in
Appendix A.

The observer performs a measurement at t = 0. If the eigenvalue s is observed, after
the measurement the system is in the state

Hspc’l\)ns

Trilepg (117)

The observer lets the system evolve for a time ¢ and then performs another measurement.
The probability of observing the eigenvalue s’ is given by

p(s',s) = p(s'|s)p(s) = Tr(Hs/e*ith&,Hse itH) . (118)
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A more interesting quantity is the probability of observing an average change in entropy

5= 7 during the time ¢:

Pi(5) =Y 0((s—5') — 15) (¥max|Tly € 05 TTs[¥max) - (119)

s's

Here, we use the fact that the trace can be expressed via ¥ max, the maximum entropy state,
where HY¥ nax = 0, as discussed in Section 2.2.
Recall that the entropy observable is given by S = —log pg. We can use this fact to re-

late the above probability to the correlator Tr (p‘éﬁ> T (pg"‘)) . Indeed, by direct computation,
we see that

(Pq) ) Y e Tr( ith&)HseitHHS/)

s,s!

=Y e ) (P e T p g TTs e T [Finax) - (120)

s,s!

Thus, we can write

Tr(p 5 ) ZPt e tes (121)

Assuming that the theory and in particular the state ® are invariant under time reversal,
we find that

Tr(p8 Tk ™)) = Tr(ph * (0%)) - (122)

From this identity, one can derive the following fluctuation theorem:
Pi(—3) = e BP(3). (123)

Note that this expression also holds out of equilibrium since we never assume thermal equi-
librium in the derivation. Its physical interpretation is that negative entropy fluctuations
are exponentially suppressed with respect to positive entropy fluctuations.

We can now try to generalize the above argument to other observables. We do so
by comparing transition amplitudes for a process and the same process time-reversed.
Consider an observable Y and its spectral decomposition Y = }., y Ay. The observer
implements the two-time measurement protocol: the probability to observe the value y at
time t = 0 and the value y; at time t = T is

Plyr,yo] = Tr (Ayr e Ay, g Ayye iTHAyT) . (124)

We wish to compare this probability with that for the time-reversed process. By a time-

reversed process, we mean the process with an initial state pg = e iTH PG e iTH (the

time-evolved density matrix) and where the evolution is reversed in time, that is, pg (t) =
eitHps e ~ith,

We associate the transition probability

P lyo,ye] = Tr(Ayoe Ay 0 Ay T TTA, ) (125)

with the time-reversed process. In order to quantitatively measure how these two probabil-
ities differ, we introduce the quantity

= Ply~, yo] —tr
Elyz, yol = Ogm = —Z"[yo,y+] - (126)
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which possesses the property (e ~%) = Yyeyo P [yz, yo] e ~Ele¥o) = 1, which, by Jensen’s
inequality (e/) > e!/), implies (E) > 0.
To obtain an abstract fluctuation theorem, we define the two new quantities

p(E) = Y. Plyw,y0] 6(E — E[ye, y0)),
Y. Yo

P7(E) =Y P"lyc,y0) 6(E—E"[yo,y1]), (127)
Y. Yo

which measure the probability of attaining a certain value of & for the forward and back-
ward processes. The fluctuation theorem then reads

p(E) = Y P"[yc, yo] e =0 6(E — E[yr, yo])
Yt Yo

=e= Y P"[ye,y0] 6(E+E"[yo, y<])
Y. Yo
= e%p'"(-8). (128)

To see an application of this result, let us assume that our state pg admits the coarse-grained
spectral decomposition

=Y %Aw (129)

where p, = Trpg Ay, and dy is given by TrA, = d,. The parameter d, € [0, 1] is character-

istic of type II; algebras and corresponds to the continuous dimension of the projection.

In our formalism, it is necessary to ensure the correct normalization of the density matrix.

Physically, we interpret it as corresponding to the number of states associated with the

observer value y. The fact that it is not an integer is a consequence of the renormalization

of the trace, which in type II; algebras is finite because an infinite constant is subtracted.
By using the ansatz (129), we can directly compute

Plyz, yol Trog Ay, dy.
log —————= =log ———— +1lo
&prr [vo, y<] Trog Ay, & dy,
dy.
= [S(py) = S(py.)] — (Trpy, A — Trpy, H') +log dZ (130)
0
In this expression, we introduce # = — log pg and define the normalized density matrix
,%A
€ (131)

Py = Tre Ay’

The terms in (130) have distinct physical interpretations compared with those of standard
quantum thermodynamics. The first term determines which process is thermodynamically
favored since it computes an entropy difference. The second term captures the difference in
the modular Hamiltonian’s expectation values in the two projected states.

Similar to quantum thermodynamics, the nonequilibrium dynamics can be described
in terms of equilibrium quantities. The second term can counterbalance the entropy change
from the first term, potentially increasing the likelihood of a process that would otherwise
be disfavored. The last term is unique to the structure of II; algebras: it is a consequence
of the prescription to implement gravitational constraints by involving an observer. Note
that since the dimension of the projections d, can approach zero, this term may dominate
the first two. Therefore, we find the prediction that some processes, though entropically
suppressed, could still be favored due to this offset.
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7. Conclusions

In this review, we provide a concise overview of the theory of gravitational algebras
and its applications to nonequilibrium physics. The main takeaway is that Lorentzian per-
turbative quantum gravity knows that the Bekenstein—-Hawking entropy, or more accurately
the generalized entropy, has a statistical interpretation. This arises because the structure of
the algebra of observables is fundamentally altered by the inclusion of gravitational effects,
even at the perturbative level. When the algebra of observables is of type II, we can use
the properties of the algebra to define density matrix operators and to compute their von
Neumann entropies. While absolute entropies are still not physical, entropy differences are.

Aspects of gravitational nonequilibrium physics can be studied from the perspective
of the quantum statistical mechanics of type II algebras, a largely unexplored subject. Here,
we focus on two such aspects: the coupling of the theory to external reservoirs to induce
nonequilibrium steady states with non-trivial entropy production and fluctuation theorems.
For other topics not covered here, we refer the reader to [51,52] for further details. For
example, studying quantum channels in de Sitter space is closely related to the theory of
subfactors of the hyperfinite type II; factor, with a similar connection existing in black
hole physics [32,74]. A different perspective on nonequilibrium aspects of gravitational
algebras is discussed in [22,33,39] and it would be interesting to better understand the
relation between the two points of view.

One of the main messages of this review is that the theory of gravitational algebras
should be viewed as akin to quantum stochastic thermodynamics—a quantum statistical
theory that while not fully microscopic, is suited to describing mesoscopic systems. This
aligns with the fact that type II algebras have no irreducible representations, and therefore,
no microstates. Nevertheless, the theory appears to capture the essential thermodynamic
properties of spacetimes with horizons and may offer important insights into the mysteries
of quantum gravity.
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Appendix A. The Spectral Theorem

In this Appendix, we discuss a few more details about the spectral theorem. We refer
the reader to [60] for more details.

Let us begin by considering the finite-dimensional case. Let H be a finite-dimensional
Hilbert space and we consider a self-adjoint operator a = at on #. The operator a can be
represented, upon choosing a basis, by a Hermitian matrix, which for simplicity is denoted
by the same symbol. Such a matrix can be diagonalized by a unitary transformation,
its eigenvalues are real, and its eigenvectors corresponding to distinct eigenvalues are
orthogonal. Recall from elementary algebra that the eigenvalues A are solutions of the

characteristic equation
det(a— A1) =0 (A1)

and the corresponding eigenvectors obey au = Au. The Hilbert space decomposes to
‘H = ®;H;, where
H; = ker(a — A1) (A2)
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which, for simplicity, we can assume to be one-dimensional (simply counting the eigenval-
ues with their multiplicity). Then, every eigenspace H; defines a projection p;. Then, the
spectral theorem states that

a=) Aipi
1
1= Z P;- (A3)
1
An immediate consequence of (A3) is that we can define functions of the operator a as
f@) =LA i (A%)
1

The set of the eigenvalues of a is called the spectrum of the operator. In the finite-
dimensional case, it is a finite discrete set. From (A1), it can also be defined as the set
where the operator a — A1 fails to be invertible. This way of thinking extends more easily
to infinite dimensions.

Let us now consider the case where the Hilbert space is infinite-dimensional and we
have a bounded operator a € B(#). We say that A € C is an element of the resolvent set
p(a) if the operator a — A1 is invertible in B(7). The latter condition requires thata — A1
is injective in H, with the inverse densely defined in # and bounded. The complement
o(a) of p(a) in C is called the spectrum of a. It usually comprises a discrete part 0;;(a) when
a — Al is not injective; a continuous part o¢(a), where a — A1 is densely defined over H
but is not bounded; and a residual part 0;(a), where a — A1 is not densely defined. The
latter part is absent in many cases of interest (for example, for self-adjoint operators) and
we ignore it. A value A € 0y(a) is an eigenvalue of the operator a to which we associate an
eigenvector. On the other hand, A € o, (a) is not an eigenvalue since no eigenvector exists.
To circumvent this problem, it is customary in quantum mechanics to enlarge the space of
functions to include distributions; in this case, one can talk about generalized eigenvectors.

Many operators of interest are not bounded or defined over the whole Hilbert space.
This is the case for the position and momentum operators in quantum mechanics. In this
case, the theory is more difficult and one has to impose certain conditions (for example,
require that the operators are densely defined and closed) to ensure the existence of the
adjoint operator.

We now focus on the bounded operators a € B(#). Within bounded operators, there
is a very simple class, the compact operators, which can be characterized® as bounded
operators with finite rank (that is, dim(Ima) < o).

The spectral theorem for self-adjoint compact operators is very similar to the case of
finite dimensions since there is no continuous part. For a compact self-adjoint operator a,
there exists a complete orthonormal basis made of eigenvectors. This fact can be used to
construct the decomposition (A2), and the spectral theorem has the form (A3). Functional
calculus can also be set up as in (A4).

For more general self-adjoint operators, there is also a continuous spectrum. In this
case, the spectral theorem has the form

a= Y Aipi+ AdP(A). (A5)

74(a) oe(a)

It is notationally convenient to group together the discrete and continuous parts and
simply write

2= )/\dP(/\). (A6)
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Notes

1

To explain the meanings of these expressions, we have to define the measure dP. This is
a measure defined on o (a), which takes values in B(# ), that is, it associates with every
subset A € o(a) a projection P(A).

To explain how to define this measure, let us recall a few basic results of measure
theory. A o-algebra on a set X is a non-empty collection X of subsets of X, which contains
X itself and is closed under complement, countable unions, and countable intersections.
A positive measure is a function y : £ — [0, 0], which is additive on countable unions
w(Uy uta) = Y4 pt(ua), where the u, are disjoint sets. A complex-valued measure can be
constructed from four positive measures.

A spectral measure (or projection-valued measure) is amap P : ¢ — B(H) such that
P(®) =0, P(X) =1, P(u) is an orthogonal projection, and the following two relations hold:

Punu') =P(u)P(u)
Puuu')=Pu)+P), ifunu =0 (A7)
For every x,y € H:
Pay(u) = (P(u) x|y) (A8)

is a complex-valued measure.
Then, the spectral theorem states that every self-adjointa € B(H) uniquely determines
a spectral measure P on ¢(a) such that

a :/ AdP(M). (A9)
o(a)
This expression should be taken to mean
(axly) = [ AdPyy(1) (A10)
o(a)
for every x,y € ‘H. Furthermore,
1 :/ dP(A). (A1)
o(a)
Finally, the functional calculus can be defined by
f@) = [ F)dP(). (a12)
o(a)
for every bounded function f. Equivalently,

(fa)ly) = [ | FO)aPry(d). (A1)

The notation p < q (p < q) means that the range of p is (strictly) contained in the range of q. Equivalently, we can say that

(x|px) < (x|qx) for every vector x € H .

The reader should not confuse the operators p and g introduced in this section and associated with the observer with the general

notation for projections p and q used elsewhere in the text.

compact set.

This is actually a theorem; the original definition of a compact operator is that the closure of the image of every bounded set is a
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