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Abstract: In the present work, we investigate anisotropic compact stars under the general
relativistic platform. Following a novel technique, we found an exact self-bound analytical
stellar solution. The obtained solution was matched on the spherical surface of the boundary
to the Schwarzschild metric in order to find the expressions of the constants involved in
the neutral system. We conducted various critical investigations such as on the variations
in pressures, density, energy conditions, pressure-density ratios, the velocity of sounds,
and gravitational potentials within stellar objects. We also conducted a stability analysis
of the models using the cracking concepts and the adiabatic index. The values of the
constant parameters were taken corresponding to the secondary components of GW190814
to validate the physical viability of our solution. This study provides fruitful results that
are physically viable and, hence, satisfactory.

Keywords: general relativity; compact star; anisotropic system; exact solution

1. Introduction

The breakthrough paper of 1915 by Einstein [1] introduces general relativity (GR)
but does not prove a unique description about space and time with a geometry based
on a metric-tensor. According to GR, the spacetime is nothing but a four-dimensional
fabric which is under the control of a set of specific field equations and, thus, can explain
physical activities. As ]J.A. Wheeler states in the dramatic fashion, “spacetime tells matter
how to move; matter tells spacetime how to curve” [2]. Thus, the Newtonian “force”
takes place in GR as a “field” which facilitates the understanding pf astrophysical [3] and
cosmological [4] phenomena, as was initially attempted by Schwarzschild in 1916 and
Einstein in 1917. This gravitational theory remained successful in the sense that at the large
scale (i.e., in the non-quantum realm), all the experimental tests (e.g., geodetic deviation,
frame dragging, gravitational lensing, gravitational redshift, gravity waves, and black
holes) have passed smoothly.

Under the framework of GR, normal stars may come to their endpoint and, thus, form
white dwarfs, neutron stars, and black holes, which are collectively known as compact stars.
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They have a few common features, such as (i) a high density, though black holes have an
exceptional structure, (ii) strong gravity, (iii) endpoints of stellar evolution, and (iv) stellar
remnants that are generally non-radiating in the classical sense [5]. However, nowadays,
the source of fast radio bursts (FRBs), i.e., compact object mergers and magnetars, are also
being included in the above-mentioned group [6,7]. In the context of the formation scenario,
an active star may eventually take shape either into a compact star (when the inward
gravitational attraction is greater than the outward radiative pressure) or a supernova
(when the outward radiative pressure is greater than the inward gravitational attraction).
However, in the theoretical context, a few hypothetical compact stars, e.g., quark stars,
Boson stars, etc., may be formed via phase transition and some other processes. There
is interesting research that suggests that compact stars could also form during the phase
separations of the early universe following the Big Bang [8].

To avoid mathematical complexity, a compact star in astrophysics is normally assumed
to be filled with isotropic fluid, which means that the radial component of the pressure
(P,(r)) is the same as that with the angular component (P;(r)). However, this assumption
represents a highly specialized case; rather, an anisotropic property is a general feature
of the internal fluid so that the pressure components become unequal, which means that
Pi(r) # Pi(r)(= Py(r) = Py(r)). This situation gives rise to anisotropy at each interior
point of the fluid configuration, which can be attributed to the non-zero spatial gradient of
the scalar field. As a result, the hydrostatic Tolman-Oppenheimer-Volkoff (TOV) equation
for an anisotropic stellar configuration has been discussed in the works of Tolman and
Oppenheimer—Volkoff [9,10]. The anisotropy factor, represented by the symbol A, is the
quantitative measure of the difference between P; and P, i.e.,, A = P, — P,. Regarding
anisotropic stars in the GR framework, Mak and Harko [11] discussed a lot at a basic level
of astrophysical platform. In connection to this work [11], one may also note the following
from the exact solutions that”All the solutions we have obtained are non-singular inside the
anisotropic sphere, with finite values of the density and pressure at the center of the star”.
Interested readers are requested to consult a few more exact solutions that are available in
the literature [12-14]. However, long ago, the effect of anisotropy on a relativistic stellar
system was studied by Ruderman [15] based on the argument that in the high density
(ie,p > 10% gm/ cm3), the relativistic interaction occurs within nuclear matter, and this
process produces anisotropy as an inherent property of the system. Later on, several other
scientists also investigated this issue of anisotropy [16-19].

The above-mentioned studies have revealed that the sources giving rise to pressure
anisotropy in any self-gravitating stellar system may mainly be of the following kinds:
(i) the existence of superfluidity in the core, (ii) phase transitions, (iii) the presence of
a magnetic field, (iv) rotational motion, (v) the presence of mix fluids, (vi) tidal effects,
and several other reasons. According to Bowers and Liang [16], in the presence of com-
plex strong interactions, both superfluidity and superconductivity provide causal effect
for anisotropy. On the other hand, the origin of local anisotropy in stellar systems was
extensively reviewed in Ref. [17]. In another work, Herrera showed that even if a stellar
system is initially considered with an isotropic matter distribution, due to the internal
physical processes within the system, it always tends to produce pressure anisotropy [20].
Some other interesting works in the context of pressure anisotropy are available in the
following works: [11,21-37].

The scheme of the present work is as follows: In Section 2, we provide Einstein’s
general relativistic field equations for compact stars. In Section 3, a novel analytical
solution for the anisotropic spherical model is presented for a stellar system. In Section 4,
we discuss the necessary junction conditions at the boundary of the object to find the
constants involved in the solution. We conduct several critical tests to understand the
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physical features of the stellar object, as discussed in Section 5. Lastly, in Section 6, we
present relevant discussion and comments regarding the results of the present investigation.

2. General Relativistic Field Equations for the Stellar Configuration

The Einstein field equations can be formulated in the following manner:
Ri— 1o = _yri (1)
j &= Tk

wherex =8mandc =G = 1.
we consider a static and spherically symmetric spacetime that defines the internal
structure of the object as

ds?> = F2(r) dt* — H3(r)dr?* — r*(d6? + sin 0 d¢?). 2)

The functions Fy(r) and Hy(r) are gravitational potentials solely determined by the ra-
dial coordinate r. The stellar object is believed to contain an anisotropic matter distribution.
As aresult, T]l represents the energy-momentum tensor of the fluid distribution given by

T; = (p—i—Pt)LliMj — DB 51]—1— (P)/ —Pt)./\/i./\/;'. (3)

In the above, the formula for u' is Foui = 53, where u! denotes the four-velocity.
The symbol N denotes a unit vector in the direction of the radial motion, expressed as
HoN' = §'1, whereas p denotes the energy density. The form of P, is referred to as the
radial pressure and the variable P; denotes the pressure that is perpendicular to MV, often
referred to as the transverse or tangential pressure. In addition, T} is equivalent to —P;.
The values of T? and T3 are both equivalent to —P;. The expression Tj = p denotes the
fourth element of the matter distribution.

Within the context of the spherically symmetric metric (2), the Einstein field equations
may be written as the system of ordinary differential equations:

Fy + 2F}
11ho+2Fr 1| = «P, @)
r2 F()Hg
—Hy(Fo+ Fyr) + Ho(Fyg+ Fy'r) <D, )
FoH3r
H3 — Ho +2H))r
0 = xp (6)

3.2
Hyr

where the prime symbol denotes differentiation with respect to r.
The metric expression might be utilized to determine the mass function of a fluid
sphere, denoted as m(r) and Hy(r), given by

1 2m(r
Lo-1 20 )
Hj r

Equations (6) and (7) allow us to describe their mass m(r) with respect to the energy
density

m(r) = g/przdr, 8)

which essentially follows from the definition of the Misner-Sharp mass function [38] in the
case of spherically symmetric physical configuration.
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By using Equations (4) and (7), we may derive the following:

2F 2m 2m

T0(1—7)_Krp,+r7. )
The gradient of pressure can be quantified by employing Equations (4)—(7) which

include mass, energy density, and pressures along with Equation (9) as follows:

dP, 2m 2my —1 2A

=) (1-TF) @+ T 10
where Equation (10) denotes a hydrostatic TOV equation for an anisotropic stellar configu-
ration.

3. A Novel Analytical Solution for the Anisotropic Spherical Model

In this section, we focus on finding a new exact anisotropic solution to the field
Equations (4)—(6) for the compact star model. Therefore, we use the pressure anisotropy
condition obtained by subtracting the Equations (4) and (5) as follows:

1

=~ |y(HoF'r — HyF. — E\HAr) — F(Hy — H2 + Hhr)|. 11
87'(F0H8r2[(00 040 oHor) (0 0 0)} (11)

Now, the master Equation (11) contains three unknowns: Fy, Hy, and A. Therefore,
to solve this master Equation (11), we consider the ansatz for the metric Hy(r) correspond-
ing to Buchdahl solution [39], as follows:

2 Yi(1+Yor?)

Hj5 = 12
0 Yq +Y21’2 ( )

where Y; and Y; are two factors that define the geometry of the objects.

The fact that the interior Schwarzschild solution may be recovered for Y; = 0 and
that the hypersurfaces {t = constant} become flat for Y; = 1 is a fascinating characteristic
of the Buchdahl solution. Additionally, it is to be noted that assumption Y, = —Y;/R?
allows one to recover the Vaidya and Tikekar [40] solution, whereas for Y; = —2, one can
obtain the Durgapal and Bannerji [41] solution. The most general exact isotropic solution
was investigated by Gupta—Jasim [42], where they showed that the solution for 0 < Y1 <1
does not exhibit a negative gradient of energy density, i.e., the density is either increasing
in nature or non-positive within the stellar model. As a consequence, we must neglect this
region.

By substituting Equation (10) into Equation (12), we obtain

F) B (r*Y3+Y1(2r2Y2+1))  AYq(rPY2+1) 21— Y)Y3

-0 _ — = . 13
Fo  Fr(r*Y2+1)(r*Y2 + Y1) (r* Y2 + Y1) (r¥Y2 +1)(r¥Y2 + Y1) (13)

For the stable celestial configurations, anisotropy should vanish at the core, meaning
2(P—Py)
r

that pressures P, and P; are equal at the center. Furthermore, the anisotropic force
generated by anisotropy must be positive, i.e., it should be repulsive.
Under such constraints, we consider the anisotropy
_ P -1)Y3

A= ——7"""5. 14
Y1(7’2Y2+1)2 ( )
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The above expression for A vanishes at r = 0, while it is positive throughout the stellar
object. After plugging this expression of A into Equation (14), we find the final form of the
master equation:

F  F(r*Y3+Y1(2r*Y,+1)) 0 (15)
Fo  Fr(rY,+1)(r2Ya+Y1)

Now, we compute the final form of the metric function Fy after integrating the above
Equation (15) as follows:

B 1 r2(r*Y2 + Y1) Y, + Y
24/ 7’2Y2+Y1 V 72Y2+1 Yz\/rzYz-l—l
PR Y Y

- v )] + Dy, (16)

(Y1 =1)Y2)%2

where Cy and Dy are integration constants.
We are now in a position to determine the precise expression for the pressures and
density as follows:

_ (Y1 —1)Y, (TZYz + 3)

- 17
87p (7Y, 1) (17)
8P, = [4COY§/ 2 (rZYz + Yl)} Y, <c0r4Y§/ 24 Cor?YY/? 4+ Cor?Y1Y52 — Co((Y1 — 1)Y2)¥2/12Y, + 1
-1
2 / /2
w2t gt (Y Y2VrYa £ 1 CoY1Y5/2 +2Dg Y5 2V 12X + 1V12Y, + Y,
Y -1 Y1 -1)Y2
(Y1 —1Y»
Lz 1
Yl(TZYQ + 1), (18)
8P, = [4CoY3 (Y2 + 1) | Y1 (corwg/ 2 4 CorYY/? 4 Cor?Y1 Y32 = Co((Y1 — 1)Y2)3/2V/P2Y, + 1
-1
2 / /2
w2t gt (VY2 Y2 £ 1 CoY1Y5/2 +2Dg Y5/ 2\/12Y, + 1125 + Y,
Y -1 Y1 -1)Y2
— 2(Y1 —1)Y3
(Yl 1)Y2 r ( 1 ) 2 (19)

Yl(T’2Y2 + 1) Yl(T’ZYZ + 1)2 ’

4. Junction Conditions at the Boundary of the Object

For simplicity, we assume that the star is motionless and does not emit any radiation,
and the outer part of the star is expected to be free of normal matter. Hence, the outside
region of spacetime is characterized by the Schwarzschild metric:

-1
ds? = (1 2M g2 — 2(d6? + sin® 0d¢?) — (1 — M dr?, (20)
r r

where r is greater than 2M, with M being the entire mass of the stellar object.
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Under this situation, the relevant criteria that need to be taken into account are

(grr)ijaterior = (g"r);;(terior’ (21)
(gtt>i71terior = (gtt);cterior‘ (22)
P,(R) =0. (23)

The continuity of the metric potential across the surface, r = R, provides

F}(R)=1- % (24)
-1
H3(R) = (1 - %) . (25)

Therefore, the junction conditions (24), (25), and (23) create a facility to calculate the
following expressions for the constants:

R3Y,
Y, = 26
17 R2Y,(R—2M) —2M’ &
R2Y,(2M — R
Do = |{/1- % <R4Y§/2(10M2 — 9MR +2R?) + 2M*\/REY; + 1\/—2(1\1/}4)
e MY>(R?Y, +1) sinh—1 VY2/R?Y; 41 4 5MR2Y3/2
R2Y,(2M — R) + 2M Y, 2
Yo (RZYZ(R72M)72M -1
x (2M — R))] / 2R2Y3/2 (RZYQ(R —2M) — 2M) (R — 2M)] ) 27)
R2Y,(2M — R)(R2Y, + 1)
= Dy |2MY3/? 2 R2Y,(R — 2M) — 2 VR2Y, +1
Co = Do | 2MY; \/ R2Y,(2M — R) + 2M ( 2(R=2M) M) 2
R2Y,(2M — R) MY, (R2Y, +1)
X <R4Y§/2 (10M2 —9MR+2R2) +2M2\/R2Y2+1\/— A ~ RN, (M — R) + 2M
i VY2 /R2Y, + 1
R3Y.
\/Y2 (RZYZ(R—ZJ%/I)—ZM - 1)
+5MR*Y3/2(2M — R)) : (28)

5. Critical Investigations on Physical Characteristics of the Stellar Object

In this section, we would like to critically investigate a few physical characteristics of
our model on the stellar object, which are as follows:

1.  Regularity of the gravitational potentials: In order to remain a well-behaved solution,
it is necessary for the derived gravitational potentials for the model to be finite at the
core of the object. Here, the potential H(0) = 1, while the central value of F3(r) is
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given by
[ Y1/
B0 = [ (- Y 2 R Y G O
Ya o (Y1 —1)Y,)*? (Y1 -1)Y,
Co(Y1 —1)° ?
X 0(17) + Dp| = constant and non-singular. (29)
2./Y1

Furthermore, it can be easily verified that F[(0) = 0 and Fj(0) > 0. Equations (12)
and (16), along with Equation (29), clearly indicate that the gravitational potentials
within the star are finite as well as positive. These statements suggest that the metric
is smooth at the center and has excellent characteristics across the celestial body, as
evident from Figure 1. We note from Figure 1 that the metric potential F5(r) is roughly
steady and keeps its behavior as it is along the radial coordinate r, whereas the H3 (r)
is gradually increasing with r, which is inversely related to F3(r). Now, one may
look at Figure 2, where the expected features are available as the mentioned two
gravitational potentials are inversely proportional. However, those do not exactly
match on the boundary; rather, they meet at the radius R ~ 10.8 km of the star
under consideration, and this radius, therefore, provides us the physical configuration
of the star, i.e., the radius of the compact star. From the figure, it is clear that the
intrinsic metric remains well behaved, i.e., free from the central singularity, smoothly
connected and without any discontinuity at the stellar boundary r > R. It is also
notable that below R ~ 10.8 km, where r = 2M, a coordinate singularity occurs
and, thus, one obtains there the Schwarzschild sphere with the radius Rg = 7.88 km.
Beyond the region, where R ~ 10.8 km, we obtain an unusual and extra feature due
to the ergospheric effect, with an indication that the pressures do not vanish on the
boundary of the compact star (see Figure 2, upper right panel).

=)
-

=
o)

=
N
T

=
=
T

=
o
T

Gravitational Potentials

Interior and exterior geometries

=
=

r [km] r [km)

Figure 1. The gravitational potentials F2(r) and H3(r) (left panel), and (right panel) interior and
exterior geometries along the radial distance r for the values of the physical parameters and constants
R =108 km, M = 2.67 M, Y; = —1.95, Y, = 0.008 km 2, and Ry, = 7.88 km.
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Figure 2. (i) Energy density p(r) (upper left panel) and (ii) the radial and tangential pressures
P, and P (upper right panel), (iii) density and pressures gradients (Z—f, %, and %) (lower left
panel), and (ii) anisotropy (A) (lower right panel) along the radial distance r for the values of the
physical parameters and constants R = 10.8 km, M = 2.67 M, Y; = —1.95, Y, = 0.008 km ™2,

and Ry, = 7.88 km.

2. Pressure and Density Profiles at the Core of the Star:
For a realistic model of a compact star, it is essential for the physical quantities p, Py,
and P; to have positive values and consistently decline, i.e., do/dr, dP, /dr, and dP; /dr
must be negative for r > 0. In our given situation, to verify these criteria, we first
calculate the gradients of these variables by using the following specific procedure:

dp _ 2r(Y1 —1)Y3(r’Y> +5)

S = Yi(r?Y, +1)3 7 0
gl _ 8CrY3  Wa(r) | 2r(Ya = 1D)Y3 (31)
dr — Ya(r)  ¥a(r)  Yi(r2Y2+1)%
2
4P _ D[ + 90
dr W2(r)Y1(r2Y, + 1)
X ¥e(r) (r2Y2 + 1) —¥4(r)¥s(r) (TZYZ + 1)} (32)

where the explicit expressions for all the components used in the above equations are
given in Appendix A.

Moreover, there must be a finite and non-negative value for the central density and
central radial as well as tangential pressures inside the system. In the current model,
the central values of these quantities are
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3(Y1 —1)Ys
_ 33
87TY1 ( )
P (0) = Pi(0) = [4CoYy2(PYa+ Y1) /| Y (corwg/ 24 Cor?Y3/? + Cor?Y, Y52
2 / /42
—Co((Yq — 1)\(2)3/21 /12Y5 + 1 M sinh~! M
Yl -1 (Yl - 1)Y2
- Y, —1)Y,
Y1Y32 +2DgY3 2/ 12Y, + 172, + Y ~ M -DYs 4
+CoY1Y5 2 +2D0Y5 2V Y, + 1V Y + Yy Y107, + 1) (34)

To ensure the feature of the positive density and pressure at the center, the parameters
Y, must be positive, while Y; must be either Y; > 1 orY; < 0, ie, Y] ¢ [0,1].
Therefore, the positivity of Equation (34) gives

v v3/2 A Y _ 3/2ginh [ Y2
Bt A

<
Co 2vY1Y5?

(35)

Since the pressure-density ratio must be less than unity everywhere within the star,

-, P(0) _ P(0)
Le, Sy = p’(o) < 1, we have

4(4 - YA)YQ/Z —Y1Y3 2+ /21 (Y1 — 1)Y2)>? sinh ™ (Wz )
! 1 (Y1-1)Y2 (36)

Do
Co 2vY1Y5'?

Using the inequalities (35) and (36), we obtain

4(4—%)\(3/2—\(1\{3/% YlYll((Yl—1)Y2)3/2smh1<¢TZ ) Dy

(Y1-1)Y2 < Do
2vY1Y5? Co
3/2 , 4Y37? Y 1 Y
-Y;Y3 +1_2Y%—|—«/?11((Y1—1)Y2)3/25mh \/ﬁ -
< .
2vY1Y5'?

Furthermore, the P,(0) = P%(0) condition indicates that the anisotropy disappears at
the center. Overall, the behaviors of the pressure and density profiles are satisfactory
under our stellar model, as can be observed from Figure 2.

Now, we will establish the relation between the parameters R, Y1, and Y3 through the
following condition:

2r(Y1 — 1)Y5(r*Y2 — 1
dA - _ 7"( 1 ) 2(1’ 2 ) =0. (38)
dr Yl(r2Y2 + 1)3

After solving Equation (38) we obtain the following relation:

r=4/—. (39)

From Equation (39) and Figure 3, it is clear how the parameter Y, affects the radius of
the star. However, it is observed that Y; has no impact on r, but if Y, decreases, then
the value of r increases.
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Figure 3. Density plot of r over the parameters Y; and Y.

3.

w, & w,

035F
030}
025}

0.20f

Equation of state parameter: The equation of state (EOS) parameter is defined as the
quotient of the pressure divided by the density, which provides important information
on the composition of the star’s substance and the characteristics of maximum mass for
a compact star [43]. Furthermore, the parameter P;/p must not exceed 1 throughout
the entire stellar configuration. Therefore, we consider to examine our model via the
equation of state parameters, defined by
Dy by
wy = —, wt = —.

P p

(40)

In order to obtain a non-exotic w; where i = {r,t}, its value must fall between 0
and 1, and one can note that the criteria are shown to be satisfied by our model,
ie,0 <wy <land0 < w; < 1, taking place in the first quadrant of the graphical plot
(see Figure 4). In this context, it will be worthwhile to mention that w = 1 represents
a case of stiff fluid, as envisioned by Zel’dovich [44], where the pressure P is equal to
the energy density p, which means that the speed of sound in the fluid is equal to the
speed of light. On the other hand, w = 1/3 is the EOS parameter for photons, and to
achieve this phase we need p = 3P such that w needs to exceed 2/3 from the stiff fluid
EOS parameter. We draw a line to highlight the situation for w = 1/3 in Figure 3.

0 2 4 6 8 10
r [km]

Figure 4. Equation of state parameter w, and w; along the radial distance r for the values of the
physical parameters and constants R = 10.8 km, M = 2.67 My, Y; = —1.95, Y, = 0.008 km’z,
and R, = 7.88 km.
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Sound speed and Stability
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Causality condition: The radial and transverse speed of sound (c = 1) can be obtained
as follows:
dp, dp;

where the expressions for v2 and v2 can be directly determined from Equations (30)—(32).
In order to make a relativistic anisotropic star physically acceptable, the quantities v?
and v? inside the star must be less than 1. This means that the rate of change of P, and
P; with respect to p (dP,/dp and dP,/dp) must be between 0 and 1. This condition is
referred to as the causality condition, which is depicted in Figure 5. It can be noted
from this figure that the sound speeds are increasing with the radial distance, while a

contrary feature is exhibited by the stability factor.

r [km]
2 2)

Figure 5. Radial and transverse speed of sounds (v2 & v?) as well as stability factor (vZ — v?
along the radial distance r for the values of the physical parameters and constants R = 10.8 km,
M =267 M, Y1 = —1.95, Y, = 0.008 km 2, and Ry, = 7.88 km.

5.

Energy conditions: The classical energy requirements are useful for forecasting the
characteristics of the matter within the dense star. In general, the energy conditions
may be summarized as follows:

(1) Null energy condition (NEC): p + P; > 0.

(ii) Weak energy condition (WEC): p+P; > 0,p > 0.

(iif) ~ Strong energy condition (SEC):p+P; > 0,p+ ). P; > 0.

(iv)  Dominant energy condition (DEC): p — P; > 0.

V) Trace energy condition (TEC): p — Pr — 2P > 0.

It should be noted that the energy conditions are satisfied by all normal or Newtonian
matter. To examine the status of the linear barotropic equation, we write

Y P =wp, (42)

where the strong energy condition necessitates w > —1. Figure 6 shows that our
model is satisfying all the energy conditions; therefore, it provides regular matter that
may represent the quadratic equation of state.
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Figure 6. Energy conditions along the radial distance r for the values of the physical parameters and
constants R = 10.8 km, M = 2.67 M, Y1 = —1.95, Y, = 0.008 kmfz, and R, = 7.88 km.

6.

Stability via Harrison—-Zel’dovich—-Novikov (HZN) criteria: When determining
stability, we make use of the criteria of Harrison—Zel’dovich-Novikov (HZN) [45,46].
For the purpose of determining the scientific reliability of the HZN stability criterion,
the following inequality is utilized:

. 5% >0 — Stable stellar structure.
. dd% <0 — Unstable stellar structure.

Here, pg denotes a central density.
In order to verify the above condition for an anisotropic solution, we determine the
subsequent expressions:

_ dmperd(Y—1)
"~ Y1(87por? +3) — 3’
dM 1273 (Y, — 1)?

doo — (Y1 (8mpor? +3) —3)2° (44)

(43)

From Figure 7, one can observe that fi%/[o > (0 and, thus, provides a stable stellar structure.

Mass(M )
— NN W
wn () wn [

—_
(=}
T
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Figure 7. (i) Mass (M /Mg) in the (left) panel and (ii) mass gradient (IM/dpg) in the (right) panel
along the central density pg for the values of the physical parameters and constants R = 10.8 km,
M =267 Mg, Y1 = —1.95, Y, = 0.008 km 2, and Ry, = 7.88 km.



Universe 2025, 11, 33 13 of 18
7.  Stability via adiabatic index: The definition of the adiabatic index
P+ Y dp,
r, =P <7) 45
=5 (% (45)
is a factor that determines the stability of a relativistic anisotropic star structure.
According to the notion of Heintzmann and Hillebrandt [47], a Newtonian isotropic
sphere is considered to be in stable equilibrium if the adiabatic index I'; becomes
greater than 4/3, whereas if it is equal to 4/3, the isotropic sphere will be in neutral
equilibrium. However, according to the recent research by Chan et al. [48], the stability
of a relativistic anisotropic sphere may be determined by the following condition:
4 4P D)
>z —|\— . 46
"3 [ 37| P/| (46)
ax
Figure 8 features the stability under the adiabatic index, which starts from a numerical
value that is greater than 4/3 = 1.33 and increases gradually with respect to the
radial coordinate.
5.0F 1
~ 45F 1
e
% 4.0F ]
Q
o
&350 1
.2
E 3.0¢ ]
=
2 25¢ 1
2.0F 1
1 5 CL L L L L L 1 |
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Figure 8. Adiabatic index (I') along the radial distance r for the values of the physical parameters and
constants R = 10.8 km, M = 2.67 M, Y1 = —1.95, and R, = 7.88 km.

8.

Hydrostatic equilibrium via TOV criterion: A stellar object remains in a state of
static equilibrium due to the forces acting on it, specifically the gravitational force (Fy),
hydrostatic force (Fy), and anisotropic force (F,;). The mathematical formulation of
this condition is known as the Tolman—Oppenheimer—Volkoff (TOV) equation and
can be given by

dP,  F| 2(P—Py)

_7_*(Pr+P)+

dr K r =0 47

The above equation can be divided into three mentioned forces, viz., Fg, F;, and F,
such that

—Fg+Fh+Pﬂ:OI (48)
where F, = —%,Fg = —%(Pr +p),and F, = M

We note from Figure 9 that the gravitational force is much higher than the combined

forces of the hydrostatic and anisotropy. However, the stability is maintained in the stellar

system due to mutual balancing between the forces.
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Figure 9. Different forces F;, F,, and F, along the radial distance r for the values of the physical

parameters and constants R = 10.8 km, M = 2.67 My, Y1 = —1.95, Y, = 0.008 km~2, and Reen =
7.88 km.

6. Discussion and Conclusions

In the presented research article, our aim was to investigate anisotropic compact
stars in the framework of general relativity. We employed a novel technique to obtain an
exact self-bound analytical solution to the stellar configuration. As usual, we matched
inner solutions to the external Schwarzschild metric on the bounding surface to obtain
relationships for the constants.

It is interesting to note that the physical characteristics of our stellar model are satis-
factory as far as the nature of the plots are concerned. Let us, therefore, have some salient
features of the presented model, via the graphical plots, which can be exhibited as follows:

(i) Inorder to obtain an idea regarding the nature of the proposed solution and whether
it remains well behaved, we draw Figure 1 for the derived gravitational potentials
for the model to be finite at the core of the object. It can be noted that the functions
Fo(r) and H2(r) are unconstrained and solely determined by the radial coordinate
r. Figure 1 clearly indicates that the gravitational potentials within the star are both
finite and positive, which readily suggests that the metric is smooth at the center and
has excellent characteristics across the celestial body.

(ii) For a stellar model to be physically acceptable, there must be a finite and non-negative
value for the central density, central radial, and tangential pressure inside the config-
uration. For the current stellar model, all the central values of these quantities are
satisfactory, as evident from Figure 2. Moreover, Figure 3 shows the variation of radial
distance r over the parameters Y; and Y5.

(iii) The equation of state parameter provides important information regarding the com-
position of the internal stellar substance and the characteristics of maximum mass for
a compact star, as can be observed from Figure 4.

(iv) The features of the radial and transverse speed of sound can be obtained from Figure 5,
which essentially ensures the causality condition. In order to make a relativistic
anisotropic star physically acceptable, the quantities v2 and v? inside the star must
be less than 1. This can be understood in the following way: the rate of change of P,
and P; with respect to p (dP,/dp and dP, /dp) must remain in between 0 and 1. Thus,
from this figure, one can observe that the condition has been maintained appreciably.

(v)  As the classical energy conditions are useful in the context of forecasting the attributes of
the matter within the dense stellar configuration, we exhibit the energy budgeting in
Figure 6. This figure shows the usual features as per physical requirements.
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(vi) The stability of the stellar configuration via the HZN criteria is demonstrated in
Figure 7

(vii) Stability via the adiabatic index is shown in Figure 8, and determines the stability of a
relativistic anisotropic star structure in a satisfactory manner.

(viii) Furthermore, the hydrostatic equilibrium via the Tolman-Oppenheimer—Volkoff
(TOV) criterion, where a stellar object remains in a state of static equilibrium due to
the forces acting on it, can be visualized in Figure 9.

Based on the above graphically visual scenario (i.e., Figures 1-9), we would like to con-
clude that the current study represents a physically consistent and interesting anisotropic
model of stellar systems under the framework of general relativity. In this context, one may
look into Tables 1 and 2 for comparative studies for the presented model and other exact
solutions, as available in the literature [14,33,49-51].

Table 1. Values of physical parameters of the secondary component of GW190814 (2.67 M) with
radius R = 10.8 km, Y; = —1.95, Y, = 0.008 km 2 where Pjy = P,(r = 0) = Pi(r = 0), pgp = p(r = 0),
ps = p(r =R), Ps = P(r =R).

Central Pressure Surface Pressure Central Density Surface Density
P;y (dyne/cm?) Pys (dyne/cm?) po (gm/cm3) ps (gm/cm?)
5.72149 x 10% 1.46084 x 10%° 1.94972 x 10%° 6.84024 x 104

Table 2. Values of physical parameters of the secondary component of GW190814 (2.67 M) with
radius R = 10.8 km, Y1 = —1.95, Y, = 0.008 km 2 where Pjy = P,(r = 0) = P;(r = 0), po = p(r = 0),
ps = p(r =R), Ps = Pi(r = R).

M — R Ratio Adiabatic Index Surface Redshift
(M/R) (1) (Z)
0.36512 1.60737 0.92536
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Appendix A
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