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Abstract: When radiation from a background source passes through a cloud of cold plasma,
diverging lensing occurs if the source and observer are well-aligned. Unlike gravitational
lensing, plasma lensing is dispersive, increasing in strength with wavelength. The Drude
model is a generalization of cold plasma, including absorbing dielectric dust described by a
complex index of refraction. The Drude lens is only dispersive for wavelengths shorter than
the dust characteristic scale (λ ≪ λd). At sufficient photon energy, the dust particles act like
refractive clouds. For longer wavelengths λ ≫ λd, the optical properties of the Drude lens
are constant, unique behavior compared to the predictions of the cold plasma lens. Thus,
cold plasma lenses can be distinguished from Drude lenses using multi-band observations.
The Drude medium extends the applicability of all previous tools, from gravitational and
plasma lensing, to describe scattering phenomena in the X-ray regime.
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1. Introduction
Gravitational lensing is a well-known astronomical phenomenon that affects our view

of the distant Universe [1]. This type of lensing occurs when light rays pass through
the curved spacetime produced by a massive object [2]. It produces images on a variety
of scales [3] and provides awe-inspiring views of distant cosmic vistas as if seen in the
distorted glass of a funhouse mirror [4].

While gravitational lensing is arguably the most well-known optical phenomenon that
distorts our view of the Universe, there are many physical media that are relevant to the
paths along which radiation arrives at our instruments. For example, plasma is the most
common state of matter in the Universe, constituting the ionized material between the stars,
the interstellar medium (ISM).

Plasma lensing occurs independently of gravitational lensing. For example, extreme
scattering events (ESEs) are believed to be caused by small, highly over-pressured structures
on sub-AU scales [5,6]. These structures produce optical effects when they obscure bright
background radio sources. Unlike the strictly converging behavior of gravitational lenses,
plasma is both diverging and dispersive (chromatic). There are many studies that combine
both gravitational and plasma lensing effects [1,7], but these are often complicated by the
need for extremely low-frequency observations [8].

In addition to plasma, dust is also ubiquitous throughout the cosmos, comprising
about 1% of the ISM. There is a strong connection between X-ray scattering and the proper-
ties of dust grains that affect them [9] at all distances, from interstellar [10,11] to intergalactic
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scales [12]. Examples of dust rings from bright X-ray transients are known from galac-
tic sources [13–17], as well as from the afterglow of long-duration gamma-ray bursts
(GRBs; [18]).

Achromatic gravitational lenses, as well as optical events from dispersive astrophysical
processes across the electromagnetic spectrum from the dust scattering of gamma-ray bursts
(GRBs; [19]) to the propagation of fast radio bursts (FRBs; [20]) can be modeled using a
common framework which yields the usual lensing information such as magnification and
image time delays, along with the absorption due to intervening material along the line
of sight.

Wagner and Er [21] compared the formalism for gravitational and plasma lensing. Our
current work now extends the applicability of the gravitational lens thin-lens framework to
X-ray dust-scattering phenomena using the Drude medium. The Drude model includes
absorption, which produces the correct energy dependence of the optical depth in the high
energy range, where the refractive effects are minimal [22]. Despite the scattering nature of
the X-ray phenomena, the lensing formalism reproduces all related formulae from the X-ray
literature. For X-rays the dust particles are like small, refractive clouds, determined by their
dielectric properties. In the X-ray regime, we derive the properties of dust scattering used
in the literature.

We consider a spherically symmetric semi-transparent lens analogous to our previous
work in gravitational lensing with an absorbing medium [22]. We wish to specialize these
earlier results to the case when a compact object is not present and consider only a lossy
medium arranged in a spherically symmetric cloud that acts as a dispersive, diverging
refractive lens in the interstellar medium (ISM). This model extends the Gaussian lens
model originated by Clegg, Fey & Lazio (CFL; [5]), which has been used extensively in the
literature to model the refractive objects responsible for extreme scattering events (ESEs) in
background radio sources.

Consider a complex index of refraction,

n2 = 1 + χR + iχI (1)

where i is the unit imaginary number, χR and χI are the real and imaginary susceptibility.
We seek to describe electromagnetic radiation passing through a spherical region of Drude
medium, an absorbing dielectric that can be thought of as a model for the permittivity of a
“dusty plasma”.

n2(r) = 1 −
ω2

p(r)

ω2 + ω2
d
+ i
(ωd

ω

) ω2
p(r)

ω2 + ω2
d

, (2)

using the frequency of the radiation ω and where ωd = 1/τd is the dust collision fre-
quency [23–27]. The plasma frequency is

ω2
p(r) = 4π

q2np(r)
m

(3)

where np(r) is the plasma density. The classical electron radius is

re =
q2

mc2 (4)

in cgs units, with the charge and mass of the electron q and m, respectively. In the limit
where interactions between radiation and absorbing dust are infrequent, the Drude model
reproduces cold plasma behavior [28–30]. On the other hand, when radiation and dust
interact, absorption often dominates over refraction, producing low-angle deflection similar
to the behavior of X-ray scattering due to interaction with dust [31,32]. For intermediate val-
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ues of λd, the Drude model produces unique and novel results that include both refraction
and absorption.

The purpose of this study is two-fold. First, we wish to examine the implied grain
size for modest amounts of absorption using the set of extreme model configurations
responsible for ESEs since they are a set of observations that have been modeled with
Gaussian Plasma lenses [5]. Since the Drude medium is a generalization of the cold plasma
index of refraction, it is reasonable to evaluate the physical plausibility of absorption
under extreme circumstances. We restrict our study to absorption in the 1% and 5% range,
chosen arbitrarily.

In the weak-field regime where microlensing-type behavior occurs, the Drude medium
attains a constant, asymptotic value that depends on the parameters of the dust present.
Rather than assume a constant grain size, we will fit each observation individually. This
allows us to determine if absorption is at least physically plausible in a given source and
what grain size is required to approximately match the published results to 1% agreement.
This precision limit is chosen arbitrarily to “sufficiently” reproduce the literature results
without introducing other obvious observational effects. If absorption is important, we
assume that its effect has been compensated for in the lens parameter fitting and that
absorption in such systems will not be too strong.

2. Theory
We first establish some basic results from the lensing literature [1,21] and then explore

how those outcomes must be modified to accommodate an absorbing medium.
The gravitational lensing formalism depends on the thin-lens assumption, and the

extent of the scale of the scattering body is small, which is inherited by the deflection angle
and the index of refraction. Thus, generally, this approach requires the frequency of the
propagating radiation to be substantially smaller than both the plasma and dust frequency
scales in the problem. For this work we consider only this limited approach, though the
model can be extended to wider ranges of applicability. We note this also excludes the case
in which both ω and ωd are substantially smaller than the plasma frequency ωp scale.

Let the angular coordinates on the image plane, at a distance Dd from the observer,
be defined in terms of the impact parameter of a ray b = Ddθ, where θ is the angle on
the observer’s sky (the image plane). Following the usual gravitational lens conventions,
we take the distance from the observer to the source as Ds and the distance from the lens
deflector to source Dds. We assume spherical symmetry for simplicity, with β the angular
position of the source and θ the angular position of the resulting image. The thin-lens
equation that translates from source coordinates (β) to image coordinates measured on the
sky (θ) using the deflection angle α(θ) is

β(θ) = θ − α(θ). (5)

The projected plasma density on the lens plane is

Np(θ) =
∫ +∞

−∞
np(Ddθ, z)dz. (6)

The effective plasma lens potential [33] is

ψ(θ) =
Dds

DsDd

1
2π

reλ2Np(θ) (7)

in terms of the wavelength of radiation λ. For a given effective potential, the deflection
angle [3] is



Universe 2025, 11, 40 4 of 16

α(θ) = ∇θψ(θ) (8)

which gives, using Equation (7),

α(θ) =
Dds

DsDd

1
2π

reλ2∇θ Np(θ). (9)

A well-known identity exists [34,35] which solves the deflection angle for power-law type
plasma density np(r) [22]. However, in this work, we seek the deflection angle in terms of
projected density Np, following [5].

Absorbing media are dusty plasmas that are described by the Drude [36] index of
refraction given in Equation (2). We note that the real part of the index of refraction is
the cold plasma index of refraction modified by adding the collision frequency to the
wave frequency. In the weak-deflection limit, it has been shown [22] the Drude medium
deflection angle reproduces the cold plasma results found in the literature [28–30] provided
ω2 → ω2 + ω2

d. Given the wavelength λ = 2πc/ω and the average collision distance
between photons and dust particles, λd = 2πc/ωd leads to a substitution for the modified
effective lens potential (Equation (7)) and modified deflection angle (Equation (9)),

λ2 →
(

1
λ2 +

1
λ2

d

)−1

=
λ2λ2

d
(λ2 + λ2

d)
. (10)

We note that the first expression on the right-hand side allows for easy visual evaluation of
the limit in which the mean collision distance λd grows large. In this case, the Drude model
reproduces the cold plasma index of refraction [22,36]. The limiting behavior of the second
expression on the right-hand side requires L’Hopital’s rule. Let us define shorthand for the
Drude effective wavelength,

Λ2
D =

λ2λ2
d

(λ2 + λ2
d)

. (11)

In terms of frequency dependence, it is ΛD that distinguishes between cold plasma
Λ2

CP(λ) = λ2 and Drude medium ΛD(λ, λd) by Equation (11). We note that the aver-
age collision distance λd is chosen to be constant. While the constant density of dust is an
artificial feature of the model, particularly in view of the changing plasma density, it allows
us to obtain an upper limit on the dust grain size for a given choice of collision scale. A
more realistic and physical choice, left for future work, is to consider the variation in both
plasma and dust density separately, perhaps using independent Gaussian distributions.

For completeness, the modified deflection angle is explicitly stated,

α(θ) =
Dds

DsDd

1
2π

reΛ2
D∇θ Np(θ) = A∇θ Np(θ). (12)

with
A(ΛD) =

Dds
DsDd

1
2π

reΛ2
D. (13)

This expression depends on the gradient of the projected plasma density. For a spherically
symmetric lens, we expect the density to generally decrease radially from the lens center,
which provides the negative sign that flips the deflection angle from converging to diverging
orientation. In the limit of vanishing dust density, i.e., when the average distance between
collisions between photons and dust particles becomes infinite λd → ∞ Equation (12)
reproduces Equation (9).
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Now that we have established the deflection angle, let us turn to the time delay.

t(θ) =
(1 + zd)

c
DdDs

Dds

[
1
2
(θ − β)2 − ψ(θ)

]
(14)

The first term in this expression is the geometric term, which is the delay due to the physical
path length. The second term, which depends on the lens potential, is the gravitational
term that is due to moving in a potential, called the Shapiro delay [2,3]

tShapiro(θ) = − (1 + zd)

c
DdDs

Dds
ψ(θ), (15)

where the negative sign shows that this is a delay. In plasma lensing, this extra delay is due
to the charged matter distribution along the line of sight.

tDrude(θ) = − (1 + zd)

c
1

2π
reΛ2

D Np(θ). (16)

This is the same in form as the plasma lens time delay [37,38], except with the wavelength
λ2 replaced by the Drude frequency function Λ2

D.
In addition to the usual lensing properties, We now calculate the absorption profile

associated with the Drude medium. As shown in [22], the optical depth is

τDrude =
∫ +∞

−∞
χI

ω

c
dz (17)

using the definition from the Drude medium, Equation (2), we find

τDrude(θ) = 4πcre
ωd

ω2 + ω2
d

Np(θ) (18)

or, in terms of the wavelength,

τDrude(θ) = 2re
Λ2

D
λd

Np(θ) = BNp(θ) (19)

with

B(ΛD) = 2re
Λ2

D
λd

(20)

In the limit of infinite mean collision distance, the optical depth vanishes since the cold
plasma index of refraction is purely real and hence χI = 0 for that case.

The optical properties of the Drude medium are summarized by the pair of quantities,
the deflection angle (Equation (12)) and the optical depth (Equation (19)).

2.1. Implications: The Magnification of the Drude Lens

The magnification of an absorbing lens is given by a combination of the usual Jacobian
determinant of the thin-lens transformation and the optical depth of the lens plane itself.
The total magnification is

µT(θ) =
N

∑
a=1

exp(−τa)|µa|. (21)

with the images indexed by the subscript a. Since the lens is spherically symmetric, the
refractive magnification is comprised of two factors,

µ(θ) =
θ

β

dθ

dβ
. (22)
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The images have tangential magnification

µ−1
t,a (θa) =

βa

θa
= 1 − A

θa

dNp

dθ

∣∣∣∣
θ=θa

(23)

and radial magnification

µ−1
r,a (θa) =

dβa

dθ

∣∣∣∣
θ=θa

= 1 − A
d2Np

dθ2

∣∣∣∣∣
θ=θa

. (24)

Putting these two expressions together gives the total magnification for a given image

µT,a(θa) =
[
1 − A(ΛD)

θa

dNp
dθ

∣∣∣
θ=θa

− A(ΛD)
d2 Np
dθ2

∣∣∣∣
θ=θa

+ A2(ΛD)
θa

(
dNp
dθ

∣∣∣
θ=θa

)(
d2 Np
dθ2

∣∣∣∣
θ=θa

)]−1

.
(25)

with A(ΛD) the scaling factor given in Equation (13). However, other than the difference in
frequency dependence due to A = A(ΛD), the critical and caustic networks of the absorbed
Drude material and plasma are identical in form. Despite this apparent similarity, the
presence of absorbing material further complicates the calculation of the total magnification,
as the optical density

τa = B(ΛD)Np
∣∣
θ=θa

(26)

alters the individual intensity of each independent image by the exponential coefficient in
Equation (21).

2.2. Observational Signature of the Drude Lens

The Drude medium produces a lens magnification given by Equation (25). In this
expression, all terms beyond unity are dependent on a power of the coefficient A, which is
itself directly linearly proportional to Λ2

D(λ). Similarly, the lens optical depth is directly
proportional to Λ2

D(λ)/λd. Therefore, the effective wavelength directly controls how both
of these quantities evolve across the electromagnetic spectrum.

We plot both the square of the effective wavelength Λ2
D(λ), as well as the coefficient

that appears in the optical depth, Λ2
D(λ)/λd, in Figure 1 as a function of wavelength. We

define the dimensionless size parameter as

x = 2π
a
λ
=

λd
λ

(27)

where a is the radius of a spherical dust grain. When x ≪ 1, we are in the Rayleigh regime,
in which the grain size is much smaller than the incident radiation. In the Rayleigh limit,
the absorption cross-section for dust is much larger than the scattering cross-section, so
absorption processes dominate [39].

As seen in the left-hand panel of Figure 1, the effective wavelength approaches a
constant asymptotic value in the Rayleigh region when the wavelength of radiation is
much greater than the characteristic wavelength of dust λ ≫ λd (x ≪ 1). In the Rayleigh
regime, the magnification and optical properties of the Drude lens lose their wavelength
dependence and approach an asymptotic value. In the opposite limit, outside the Rayleigh
regime, we see the effective wavelength evolve as λ2. The optical behavior of the Drude
lens is only chromatic for wavelengths below the dust characteristic scale (i.e., λ < λd

or x > 1). This is dramatically different than the behavior of cold plasma, shown as
the dashed line in Figure 1, in which the optical properties of a plasma lens evolve with
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wavelength. Therefore, the key to distinguishing these models is through multi-band
observations, which would be capable of determining how the lens scale evolves with
wavelength. If an estimate of the turning point of Λ2

D could be measured (essentially
determining the wavelength after which the magnification becomes constant), this would
give the characteristic dust scale and the grain radius of the dust present in the lens.

When x ≫ 1, we are considering the low-wavelength, high-frequency part of the
electromagnetic spectrum. Similar to cold plasma, when the wavelength of radiation is
sufficiently small, the refractive effects of the lens become weak. This describes an optical
effect similar to low-angle X-ray scattering [40]. Thus, the Drude medium extends the usual
applicability of gravitational and plasma lensing formalism to describe geometric optics in
the X-ray regime.

100 105

Wavelength  (cm)

10-5

100

105

1010

D2
(

)

Drude Effective Wavelength

d
=100

d
=10

d
=1

d
=1/10

d
=1/100

D

2
=

2

100 105

Wavelength  (cm)

10-5

100

105

1010

D2
(

)/
d

Drude Absorption Coefficient

Figure 1. (Left): The Drude effective wavelength Λ2
D(λ) is plotted as a function of wavelength

for four separate instances of the dust characteristic wavelength. The heavy curves represent the
Rayleigh regime. The diagonal dashed line is the cold plasma case with Λ2

D = λ2. (Right): The
Drude absorption coefficient Λ2

D/λd is plotted as a function of wavelength for the dust characteristic
wavelength cases given in the left panel. The diagonal dashed line is Λ2

D = λ2. Both plots are on
log-log scales.

3. Radio Application: Extreme Scattering Events: The Diverging
Gaussian-Drude Lens

The arguments presented so far have been totally general, depending only on the
projected density Np. These results extend the work of [22] in the absence of gravitational
effects and consider the lensing properties of a projected Drude medium only.

The goal of this work is to estimate the feasibility of absorbing material in structures
typically considered for plasma lensing. Arguably, the most enigmatic plasma lens struc-
tures are responsible for ESEs. Let us assume a modest absorption on the order of 1% to 5%.
We are interested if such extreme lens structures predict realistic physical properties for the
absorbing granular material. This feasibility study is intended as a hypothetical exercise
with respect to ESEs; however, it is possible that absorbing Drude material may contribute
toward some astrophysical lensing phenomenon. The lens column density depends on
the projected plasma density Np and its magnification depends on the first and second
derivatives of the projected density on the plane of the sky.

Let us follow Clegg, Fey, and Lazio [5] and assume the projected density has a spheri-
cally symmetric Gaussian form,

Np(θ) = N0 exp
(
− θ2

2σ2

)
. (28)
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The CFL lens is the most widely applied model for describing ESEs [41–48]. We briefly
summarize the properties of the Gaussian lens in detail. Using the definition of the
characteristic radius,

θ2
0(ΛD) = A(ΛD)N0 (29)

we have

α(θ) = −
θ2

0
σ2 θe−

θ2

2σ2 (30)

giving the lens magnification

µT =

[
1 + 2

θ2
0

σ2

(
1 − θ2

2σ2

)
e−

θ2

2σ2 +
θ4

0
σ4

(
1 − θ2

σ2

)
e−

θ2

σ2

]−1

(31)

which agrees with the formula in [49]; (Equation (51) in that paper), provided the substitu-
tion from Equation (10) is made. The optical depth is

τDrude(θ) = 2
Λ2

D
λd

reN0e−
θ2

2σ2 (32)

and leads to the extinction factor

CA(θ) = e−τDrude(θ), (33)

matching the expression in [22].
Let the radial extent of the lens be aL cm, and the projected lens number density is

N0 = aLne cm−2. The scattering time Td = ad/c depends on the radius of a dust grain ad

along with the speed of light. The dust collision frequency is then ωd = 1/Td, and gives
λd = 2πad. This leads to the collision wavelength and allows the calculation of ΛD, lens
optical depth, deflection angle, and magnification.

While it is most likely that plasma is sufficient to describe the ESE phenomena, the
Drude medium shows that a small amount of absorption may still be physically accommo-
dated even by the over-dense structures typically associated with ESEs. The lens parameters
of the ESEs previously modeled in the literature are given in Table 1, summarizing the
results of [6]. We use the Gaussian lens parameters from the modeled systems to evaluate
the optical depth for each system at the lens width θcrit = σ on the lens plane.

Table 1. For each source, the estimated lens radius is R, the number density ne, projected density N0,
and ad is the dust grain radius in nm. Two grain radii are provided, the first of which is given for
1% and 5% absorption factors, respectively. The assumed radiation frequency used to generate table
values was 1 GHz. References for ESE observations: 1 and 2: [5], 3: [42], 4: [43], 5: [44], 6 and 7: [45],
8: [46], 9: [47], 10 and 11: [48].

Source R (AU) ne (cm−3) N0 (cm−2) ad (nm, 1%) ad (nm, 5%)

1 0954+658 0.4 1e5 6e17 0.078 0.399
2 1741-038 0.065 300 3e14 160.408 818.665
3 2023+335 0.4 4e4 2.4e17 0.196 0.998
4 PKS 1939-315 0.7 1e3 1e16 4.469 22.806
5 PSR J1643-1224 56 130 1e17 0.859 4.386
6 PSR B1937+21 0.094 25 3e13 1331.046 6793.177
7 PSR B1937+21 0.05 220 2e14 284.360 1451.270
8 PSR B1937+21 0.6 200 2e15 26.066 133.033
9 PSR B1800-21 220 1.5e4 5e19 9.479e − 4 0.005

10 PSR J1603-7202 4.9 3.4 2e14 187.753 958.221
11 PSR J1017-7156 13.9 3.7 8e14 60.820 310.402
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Table 1 collects data on the observed properties of ESEs. The estimated radius R,
number density ne, and projected density N0, as well as an estimate of the grain size ad

required for a 1% intensity drop from the literature model, as well as the grain size required
for a corresponding 5% intensity drop.

4. X-Ray Application: Rings from Echoes and Haloes: The Converging
Gaussian-Drude Lens

The formation of X-ray haloes requires a change in intensity in an X-ray bright source
obscured by a plane of dusty material in the intervening ISM. An observer looks through
the dusty plane and observes an X-ray bright ring, which demonstrates a time delay [50]
based on the evolution of the source [51]. Multiple rings have been observed around a
single source, with the radius of a given ring directly related to the distance of the dust
plane from the observer [19]. The time delay for X-ray dust echoes is typically on the order
of days. Generally, the longer a flare lasts, the thicker an X-ray ring appears in the sky. If
the source is shining continuously, the entire cloud is illuminated, and instead of a ring, the
presence of the dust manifests as a diffuse cloud surrounding bright X-ray sources. Such
clouds are known as dust-scattering haloes and are much more common than X-ray ring
echoes. However, the cloud-like form of the halo makes interpreting the exact location of
the dust cloud more difficult.

The production of X-ray ring echoes can be described by several optical effects operat-
ing in tandem. First, as X-rays pass through a dusty plane, they impinge on dust particles
and are deflected by scattering, which produces a ring image from a bright source. Given a
deflection angle that varies with distance from the X-ray source, the required geometry is
provided by the thin-lens equation, which exactly reproduces the results from the X-ray
literature. The magnification corresponding to the deflection angle is simply the change in
solid angle between the true source and the resulting ring image. It is a purely geometric
effect given by the inverse Jacobian of the lens transformation. Second, scattering affects
image formation, which spreads out the deflected light into a disk in the sky, broadening
the apparent angle that the source spans in the sky. As we shall see, this optical behavior
can be reproduced considering the Drude medium. In the high-frequency regime, the
Drude medium essentially describes an absorbing dielectric dust. The dust grains cause
both scattering and absorptive refraction within them.

4.1. The Planar-Drude Lens

X-ray dust-scattering echoes are produced by a deflection angle that depends linearly
on the distance from the source [52]. The transformation from source into ring is found by
considering deflection from the electron density in a disk situated on the line of sight. This
deflection is caused by individual dust grains, which act like small gas clouds to X-rays.
The area of a disk scales proportional to the square of the distance from the origin. The
normalized density is

Np(θ) = N0

(
θ2

2σ2

)
(34)

with the first derivative given by
dNp

dθ
=

N0

σ2 θ (35)

and second derivative
d2Np

dθ2 =
N0

σ2 . (36)
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Consider the gradient of the density producing the deflection, similar to the case in
refractive lensing. We find the linear deflection angle required to produce an X-ray
dust-scattering halo,

α =
θ2

0
σ2 θ, (37)

using the definition θ2
0 = A(ΛD)N0. With the thin-lens equation, we obtain

β = θ

(
1 −

θ2
0

σ2

)
(38)

or, replacing y = θ2
0/σ2, we find

β = θ(1 − y). (39)

In this case, y describes the focusing power of the lens, where the linear dimensions of a
source are increased by a factor (1 − y)−1, producing a ring by symmetry. Many studies,
for example [51], begin by taking Equation (39) as given.

The magnification for the planar-Drude lens is a constant, with the image coordinates
dropping out,

µT = (1 − y)−2 =
(

1 − 2y + y2
)−1

. (40)

This amplification occurs because the observer receives more flux than they would if the
lens were not present. This occurs for X-ray echoes because of the dust-scattering X-rays
toward an observer that would ordinarily not be detectable.

X-ray rings are sensitive to changes in source brightness, displaying delays between
direct and scattered components. Therefore, to connect these lens models to observations,
we must calculate the time delay due to the geometric path length from scattering. Let
us return once again to the lensing formalism. In the X-ray regime, the wavelength of
radiation is small x ≫ 1, and the refractive portion of the time delay, tDrude (Equation (16))
vanishes. Moreover, by assuming the ring angle is large compared to the source, the time
delay (Equation (14)) becomes

t(θ) =
(1 + zd)

c
DdDs

Dds

θ2

2
. (41)

This is the usual time delay associated with dust-scattering haloes [51]. To connect with
the usual notation, we will assume Euclidean distances and place the deflector at some
position y from the source. This is the same parameter defined by the ratio of characteristic
length θ2

0 to Gaussian width σ2. We will assume all distances to be Euclidean, in terms of
the distance to the source Ds. Suppose that the distance to the lens (deflector) is Dd = yDs

and the distance between deflector and source is Dds = (1 − y)Ds. The time delay is then

t(θ) =
(1 + zd)

c
yDs

(1 − y)
θ2

2
. (42)

which is the usual expression in the X-ray literature [50,51]. As noted by [53], this time delay
is derived in the literature using the conventional methods of gravitational lensing [54]. So
far, the lensing description given here identically matches the standard approach used in
the literature regarding studies of X-ray haloes.
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The corresponding optical depth from the Drude plane is

τDrude(θ) = BN0

(
θ2

2σ2

)
. (43)

We will return to this expression in the next section.
In this work, we have made use of the Drude form for dielectric dust. This is an

effective approach in that the dust is assumed to be non-conducting. Rather than dielectric
dust, conducting dust is written in terms of the optical conductivity as

χI = ε I =
σc

ω
(44)

where non-conducting dust has σc = 0. It has been shown [11] that the total cross-section
for scattering is

σscat = 2πa2
(

2πa
λ

)
|n − 1|2 (45)

and the total cross-section for extinction is

σext =
8π

3
a2
(

2πa
λ

)
Im(n − 1). (46)

Using Equation (44) in place of the Drude dielectric expression reproduces Hayakawa’s
results [11]. Figures 2 and 3 show the effect of scattering in the thin lens geometry.

Source Area

Effective Area

Scattering screen

Source

Figure 2. An example of scattering. The source is seen through a scattering screen, which produces a
scatter-broadened image. The apparent dimensions of the source are symmetrically stretched by a
factor of (1 + θS).
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SourceSource

Refractive Screen Scattering & Refractive Screen

Figure 3. Imaging examples for (Left), the usual lensing geometry in the case of a refractive screen,
and (Right), including both refraction and scattering. Similar to Figure 2, scattering broadens the
apparent dimensions of the source.

4.2. The Converging Gaussian-Drude Lens

A similar optical effect can be achieved by considering an under-dense Gaussian-
Drude lens, which behaves like a converging lens [55]. The shape of a Gaussian and the
quadratic area of the uniform disk closely approximate one another near the line of sight.

To generate converging lens behavior, we begin with a Gaussian-shaped depression in
an otherwise uniform background,

Np(θ) = N0

(
1 − e−

θ2

2σ2

)
. (47)

With the definitions of the deflection angle and magnification from Equation (12) and (25),
respectively, we find

α(θ) =
θ2

0
σ2 θe

θ2

2σ2 (48)

and

µT =

[
1 − 2

θ2
0

σ2

(
1 − θ2

2σ2

)
e−

θ2

2σ2 +
θ4

0
σ4

(
1 − θ2

σ2

)
e−

θ2

σ2

]−1

(49)

Compared to Equation (31), we see the second term in the magnification has the sign
reversed from the diverging case. Using the definition of y, we can rewrite this expression
to be more similar to the planar case,

µT =

(
1 − 2y + y2 + y

θ2

σ2 e−
θ2

2σ2 − y2 θ2

σ2 e−
θ2

σ2

)−1

(50)

The extra terms introduce position-dependence to the magnification, which is no longer
purely constant. The magnification of the planar lens Equation (40) is contained in the
constant terms.

The optical depth from the Gaussian-Drude lens is

τDrude(θ) = BN0

(
1 − e−

θ2

2σ2

)
. (51)
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Taylor expanding the exponential in the case of small θ, we recover the optical depth of the
planar-Drude lens.

5. Conclusions
If absorbing material is present within a lens but not accounted for within the model

used to describe it, the fitting procedure will bias the resulting parameter estimates. Our
approach is to estimate the dust grain size necessary for a 1% and 5% drop in intensity at
the specific location θc = σ for the model parameters given in the literature. Dust in the
ISM is comprised of amorphous carbon and silicon, and the radii generally range from
nm to µm scales [56]. We estimate grain sizes necessary for the required absorption and
compare them with the expected scale. Systems that predict grains far too small to be
realistic are essentially unaffected by absorption. This method for estimating plausibility is
approximate, and detailed modeling is required to determine the exact drop in intensity that
would be caused by this granular material along the line of sight. Our model assumes mono-
disperse grains, but in reality the grain radius is given by a distribution over sizes. For all
but two ESE observations given in Table 1, the predicted grain radii appear plausible for
the observed lens parameters on the order of both 1% and 5% adjustment of the magnified
image intensity. In principle, this suggests plausible absorption may be compatible with
current observations and models, depending on the uncertainty in the fits. The observations
correspond to ESEs in the systems 1741+038, 2023+335, PKS 1939-315, PSR B1937+21, PSR
J1603-7202, and PSR J1017-7156. If absorption is important in these lens structures, perhaps
some evidence of their existence could be revealed through multi-band observations,
probing the lens at many frequencies as the ESE is ongoing. The wavelength evolution
of the models separates cold plasma from absorbing Drude material, which is fixed by
observation. We do not suggest the observed ESEs are Drude lenses due to the observed
wavelength behavior. However, our study does show that, in principle, absorbing material
within ESE scale lenses is plausible at observable scales and that achromatic ESE-like events
would provide evidence toward the existence of such dusty, absorbing lenses.

Dust grains in the ISM obey a power-law [56], and there is uncertainty in both ends of
the size range, such that 0.1 nm grains may be physically plausible. Only one of the eleven
observations predicts grain sizes that are unphysically small. The system PSR B1800-21
is strictly incompatible with observations, predicting grain size that potentially ranges
between ∼0.001–0.005 nm, which is more than two orders of magnitude outside the 0.1 nm
range. The system 0954+658 is on the edge of this limit at both 1% and 5% intensity, with a
predicted grain size between 0.078–0.399 nm.

Given that the majority of ESEs considered in Table 1 could support absorbing material
with a slight modification to observed models, we conclude tentatively that absorption
due to dielectric dust or other materials within the lenses responsible for ESEs is plausible;
however, further study with a more realistic model in which the dust density varies
are required.

Additionally, we studied the thin-lens formalism to describe the geometry necessary
for the formation of X-ray haloes by dust scattering. In this limit, the model predicts only
weak lensing effects (equivalent to low-angle scattering).
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