
Academic Editor: Douglas Singleton

Received: 8 January 2025

Revised: 17 January 2025

Accepted: 24 January 2025

Published: 1 February 2025

Citation: Gao, C. A Small

Cosmological Constant from a Large

Number of Extra Dimensions. Universe

2025, 11, 46. https://doi.org/10.3390/

universe11020046

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

universe

Article

A Small Cosmological Constant from a Large Number of
Extra Dimensions
Changjun Gao 1,2

1 National Astronomical Observatories, Chinese Academy of Sciences, 20A Datun Road, Beijing 100101, China;
gaocj@nao.cas.cn

2 School of Astronomy and Space Sciences, University of Chinese Academy of Sciences, 19A Yuquan Road,
Beijing 100049, China

Abstract: In this article, we consider the 4 + n dimensional spacetimes among which one
is the four dimensional physical Universe and the other is an n-dimensional sphere with
constant radius in the framework of Lanczos-Lovelock gravity. We find that the curvature
of extra dimensional sphere contributes a huge but negative energy density provided that
its radius is sufficiently small, such as the scale of Planck length. Therefore, the huge
positive vacuum energy, i.e., the large positive cosmological constant is exactly cancelled
out by the curvature of extra sphere. In the mean time the higher order of Lanczos-Lovelock
term contributes an observations-allowed small cosmological constant if the number of
extra dimensions is sufficiently large, such as n ≈ 69.
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1. Introduction
The first ideas of existence for new spatial dimensions beyond our four dimensional

sapcetime can be dated back to the early works of Kaluza and Klein [1,2]. They tried to
unify Maxwell theory with Einstein gravity by proposing a model with a compact fifth
dimension where the Maxwell theory was originated. However, this theory is mired with
problems, some of which are explored by Wesson in [3]. On the other hand, as one of the
most important and fascinating theory in modern theoretical physics, string theory [4,5]
suggests that our universe must be higher dimensional and the compact extra dimensions
may be as small as the Planck length and therefore nearly impossible to detect. To this day,
the idea of extra dimensions has lodged itself in the scientific theories [6].

Lanczos-Lovelock (Thereafter, we use LL to represent it) gravity [7–10] represents a
natural and elegant generalization of Einstein’s theory of gravity from four dimensions to
higher dimensions. It is characterized by the fact that the field equations always contain up
to second derivatives of the metric even though the action functional can be a quadratic or
very higher degree polynomial in the Riemann curvature tensor. This is very different from
the Einstein gravity where only a linear term of Riemann curvature is in the presence. It
is found the resulting LL tensor (generalized Einstein tensor) contains the Einstein tensor
as a particular case, and it reduces to the latter when the spacetime goes back to four
dimensions. The subtlety of second-order differential equations of motion lies in that the
linearized LL gravity (around Minkowski space) is ghost-free [11,12]. Furthermore, the
number of gravitational degrees of freedom in LL gravity turns out to be exactly that in
Einstein gravity [13]. In higher dimensions than four, the LL gravity differs from Einstein
gravity and brings us an even richer physical landscapes [14–17].
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For cosmology, Deruelle and Fariña-Busto constructed systematic cosmological solu-
tions in the LL gravity. These solutions cover the maximally symmetric space-times, the
Robertson-Walker universes and the product manifolds of symmetric subspaces [18]. Mena
Marugan [19] considered a class of higher dimensional LL gravity in the presence of a posi-
tive cosmological constant whose metric is given by the product of the four-dimensional
physical universe and an n-dimensional maximally symmetric space. It was shown that
when all the LL coefficients are non-negative, the theory admits classical solutions with a
constant scale extra space, and a four-dimensional Einstein gravity with a non-negative
cosmological constant. Kirnos and Makarenko [20] studied the accelerating cosmologies
in LL gravity with dilaton field. The metric is also assumed to be the product of a four-
dimensional universe plus an n-dimensional maximally symmetric extra space. It is found
that there are stationary, power-law, exponential and exponent-of-exponent forms of cos-
mological solutions. Paul and Mukherjee [21] investigated a 10-dimensional cosmology
with the Gauss-Bonnet term. By this way, they proposed a scenario which includes a
spontaneous compactification of extra space and an inflationary four-dimensional uni-
verse followed by a radiation-dominated epoch. Furthermore, the cosmological constant
problem is argued to be solved by the dynamics of compact space. Mena Marugan [22]
developed the perturbative formalism for the LL gravity in higher dimensional spacetime
with the induced metric given by the product of two maximally symmetric spaces. A
good feature of this formalism is that it admits the study of multidimensional cosmological
models of physical interest, in which all except four dimensions could become compactified.
Pavluchenko [23] derived the equations of motion for Bianchi-I cosmological models in
the LL gravity. The equations derived apply to any number of spatial dimensions and any
order of the LL corrections. Müller-Hoissen [24] studied the LL gravity up to the third order
in the Riemann curvature. The equations of motion are elaborated in the Kaluza-Klein
cosmology ansatz and solved in the special case where the extra dimensions appear as an
n-dimensional sphere with constant radius.

The paper is also devoted to the study of higher dimensional cosmologies in the
framework of LL gravity. Staring from the metric of four dimensional Robertson-Walker
Universe plus an n-dimensional sphere with constant radius, we derive the equations of
motion in LL gravity. Here we take into account three terms, a large cosmological constant,
the Einstein-Hilbert term and a higher order LL term except for the matter one in the action.
We find that the curvature of extra space plays an important role because it brings us a
huge but negative energy density if its radius is in the order of Planck length. Therefore,
the large cosmological constant can be exactly balanced. In other words, the huge vacuum
energy bends the extra dimensional space into a Planck-length sized sphere while leaving
the four dimensional physical spacetime flat. On the other hand, the higher order LL term
results in a small cosmological constant which is consistent with the cosmic observations.
In order that the resulting cosmological constant is small enough to explain the cosmic
speed-up, the number of extra dimensions should be very large, such as n ≈ 69.

We point out that the effect of extra spatial curvature in the evolution of universe has
been explored in the many references. We briefly describe as follows. Wetterich [25] showed
that in order to obtain a zero four-dimensional cosmological constant, one must require
the existence of compact extra space. In the presence of non-compact extra space, one can
envisage dynamical mechanisms leading to a vanishing or extremely small cosmological
constant. Rubakov and Shaposhniko [26] discussed the possibility that the cosmological
constant problem is solved by raising the number of spatial dimensions in Einstein gravity
but with the Kaluza-Klein metric ansatz. In 6-dimensional spacetime, it is found that
Einstein gravity with the cosmological constant admits classical solutions with vanishing
cosmological constant and the two extra dimensions are compacted. However, there also
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exist solutions with the non-vanishing cosmological constant. A vanishing cosmological
constant is not preferred at the classical level. Canfora et al. studied the cosmological
dynamics in LL gravity (with the Gauss-Bonnet term) in arbitrary dimensions [27]. It is
shown that the four dimensional Einstein gravity with small cosmological constant and
small extra space can be obtained by spontaneous compactification of Lovelock gravity in
vacuum. On the other hand, Chirkov and Toporensky [28] studied the stability problem
of extra dimensions with the cubic term of LL term. They showed that the extra space
is always stable in the case of negative spatial curvature. On the contrary, for positive
spatial curvature, the stability depends on the coupling constants of LL terms. In [29],
they numerically checked the stabilization of extra space for negative spatial curvature
in the presence of 3-d LL term. Finally, Pavluchenko [30] performed a stability analysis
for exponential solutions in LL gravity with the Gauss-Bonnet term and the cubic term,
respectively. It is found that the isotropic universe is always stable provided that the
Hubble parameter is positive. Other studies on the stability of compactified extra space
with both negative and positive curvature are included in [31–33].

Throughout this paper, we adopt the system of units in which G = c = h̄ = 1 and the
metric signature (−,+,+,+).

2. The Large and Small Cosmological Constants: Cancellation
and Generation

Following Deruelle and Fariña-Busto’s research work [18], we consider the line element

ds2 = −dt2 + a(t)2dσ2
3 + b2dσ2

n , (1)

where dσ2
3 denotes our three dimensional Euclid space and dσ2

n the n-dimensional sphere for
extra space. The scale factor b of extra space is a constant because it has been compactified.
The size of b is commonly assumed to be several orders of magnitude of Planck length, lp,

lp =

√
h̄G
c3 ≈ 1.6 · 10−35 m , (2)

in order that it is consistent with gravitational and astronomical observations. a(t) is the
scale factor of our four dimensional Universe. We note that the scale factor b is in general
also the function of cosmic time t. However, there are no problems with the assumption
that it has been compactified as a constant which is frequently adopted in literature, for
example, in Refs. [24,34,35]. Our model has the following action

S =
∫

d4+nx
√
−g

[
1

16π

(
−2α0

l2
p

+ α1L1 +
αN l2N−2

p

n2N−1
LN

)
+ Lm

]
. (3)

Here L1 and LN are defined by

L1 = R , LN = 2−Nδi1i2···i2N
j1 j2···j2N

Rj1 j2
i1i2

· · · Rj2N−1 j2N
i2N−1i2N

. (4)

We see L1 and LN represent the Ricci scalar and the N order LL invariant, respectively. They
have the dimension of L−2 and L−2N , respectively, because the Riemann curvature has the
dimension of L−2 (L denotes the length). δi1i2···i2N

j1 j2···j2N
is the Kronecker symbol of order 2N and

Rij
e f is the (n + 4)-dimensional Riemann tensor. n is the dimension of extra space and αi

are dimensionless constants. The term −α0/l2
p corresponds to the Einstein cosmological

constant and it has the dimension of l−2
p . L1 term is the contribution of Einstein-Hilbert

term and the LN term comes from the higher order LL term. Lm is the Lagrangian of matters.
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We note that different from the convention of Deruelle and Fariña-Busto in reference [18],
a quotient coefficient of n2N−1 arises in the front of LN . Its subtlety lies in the fact that it
helps create an effective small cosmological constant. General Relativity predicts α1 = 1. N
is a positive integer and is constrained by the dimension of spacetime as follows

2 < N ≤ 4 + n
2

, (5)

when n is an even number, and

2 < N ≤ 3 + n
2

, (6)

when is odd. According to the convention of Deruelle and Fariña-Busto in reference [18],
n1 and n2N−1 are defined by

n1 ≡ n(n − 1) , n2N−1 ≡ n(n − 1)(n − 2) · · · [n − (2N − 1)] . (7)

Variation of action, Equation (3), with respect to the metric, one obtain the LL gravitational
equations

−α0

l2
p

gµν + α1Gµν +
αN l2N−2

p

n2N−1
G(N)

µν = 8πTµν , (8)

with

G(N)
µν = −2−N−1gµρδ

ρi1i2···i2p
νj1 j2···j2p

Rj1 j2
i1i2

· · · R
j2p−1 j2p
i2p−1i2p

. (9)

Tµν is the energy-momentum tensor in n + 4 dimensional spacetime. For the cosmic fluid,
it can be written as

Tµν =
[
ρ , −pgij , −qgmn

]
, (10)

where ρ and p are the energy density and pressure in 3-dimensional physical space and q is
the pressure in n-dimensional extra space. gij and gmn denote the metric of physical space
and extra space, respectively.

Ref. [18] gives the equations of motion

−2α0

l2
p

+ α1

(
6H2 +

n1

b2

)
+ αN

[(
lp

b

)2N

· 1
l2
p
+

6Nn2N−3

n2N−1
· H2 ·

(
lp

b

)2N−2
]
= 16πρ , (11)

−2α0

l2
p

+ α1

(
2H2 +

n1

b2

)
+ αN

[(
lp

b

)2N

· 1
l2
p
+

2Nn2N−3

n2N−1
· H2 ·

(
lp

b

)2N−2
]

+4
ä
a

[
α1 +

NαNn2N−3

n2N−1
·
(

lp

b

)2N−2
]
= −16πp , (12)
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6
ä
a

{
α1 + NαN

[
(n − 1)2N−2

n2N−1
·
(

lp

b

)2N−2

+
2(N − 1)(n − 1)2N−4H2l2

p

n2N−1
·
(

lp

b

)2N−4
]}

−2α0

l2
p

+ αN

[
(n − 1)2N

n2N−1
·
(

lp

b

)2N

· 1
l2
p
+

6N(n − 1)2N−2
n2N−1

· H2N−2 ·
(

lp

b

)2
]

+α1

[
6H2 +

(n − 1)2
b2

]
= −16πq , (13)

where the dot denotes the derivative with respect to cosmic time, t. H is the Hubble
parameter which has the dimension of L−1. Now we have four variables, a, ρ, p and q,
but three in-dependant equations. The fourth in-dependent equation is needed. It is the
equation of state for matters,

p = F(ρ , q) . (14)

If the scale factor b of extra space is also time-dependant, the energy conservation equation

Tµν
;ν = 0 , (15)

turns out to be

dρ

dt
+ 3

ȧ
a
(ρ + p) + n

ḃ
b
(ρ + q) = 0 . (16)

Now the scale factor b is a constant, we have

dρ

dt
+ 3

ȧ
a
(ρ + p) = 0 . (17)

In this case, Equation (12) can be replaced with Equation (17). As a result, Equations (11), (13)
and (17) plus the equation of state

p = F(ρ) , (18)

constitute the closed system of equations of motion.
Now let’s turn to the Friedmann equation Equation (11) which can be rewritten as

α13H2 = 8πρ +
α0

l2
p
− α1

n1

2b2 − 1
2

αN

[(
lp

b

)2N

· 1
l2
p
+

6Nn2N−3H2

n2N−1
·
(

lp

b

)2N−2
]

. (19)

In order that it restores to the Friedmann equation in General Relativity, we must require

α1 = 1 . (20)

Now let’s make an analysis of the terms on the right hand side of the equation. The first
term is cosmic energy density (or mass density) contributed mainly by dark matter and
relativistic matter. For the present-day Universe, it is roughly

ρ −→ ρ

ρp
· 1

l2
p
= 10−124 · 1

l2
p

, (21)

in the unit of inverse of length squared. ρp is called the Planck mass density. If the
dimensionless constant α0 is in the order of unit one α0 ≈ 1, we find the ratio of first term
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to second term is about 10−124, an extremely small number. It is also the case for the third
term if we assume α1 is in the order of unit one, n1 not a large number and b a few order of
Planck length. The second term and the third term have different signs. This inspires us the
second term contributes the huge vacuum energy and the third term is used to counteract
it. As for the fourth and fifth term in square bracket, they can be in the order of 10−124

provided that N is sufficiently large. This allows us to interpret the two terms as dark
energy. We shall explain it in the following manner.

If the cosmological constant is understood as the mass density of vacuum, the estima-
tion of quantum field theory gives the following magnitude for dimensionless constant α0

α0(theory) ≈ 1 . (22)

When the second term is transformed to the unit of mass density, we find

α0(theory)
l2
p

=
1
l2
p
→

l2
p

l2
p
· ρp =

c5

h̄G2 ≈ 5.2 · 1096 kg · m−3 . (23)

Apart from numerical factors this density is the sum of zero-point energies of oscillation
from the electromagnetic field. However, assuming that dark energy in the present-day
Universe is contributed by the cosmological constant, we are led to the following value

α0(observations) ≈ 10−124 , (24)

by various observations. In the unit of mass density, it is

α0(observations)
l2
p

=
10−124

l2
p

→ ρX = 10−124 ·
l2
p

l2
p
· ρp = 10−124 c5

h̄G2 ≈ 5.2 · 10−28 kg · ˙m−3 . (25)

Thus we see that the theoretical result α0 ≈ 1 is the order of 10124 of the observational value
α0 ≈ 10−124. This is the famous cosmological constant problem. We note that the term n1

has the dimension of L−2 . If the scale of extra space is in the order of Planck length, the n1

term would contribute a huge but negative energy density, i.e.,

−α1
n1

2b2 = − n1

2l2
p
→ −n1

2
·

l2
p

l2
p
· ρp = −n1

2
ρp . (26)

This tells us the huge vacuum energy can be interacted by the curvature of extra sphere. If
we let

α0(theory)
l2
p

− n1

2b2 → 10−124 · 1
l2
p

, (27)

this means that we are required to adjust the counter term of n1
2b2 to at least one part in 10124.

This amounts to the accuracy that we require a weight difference of 10−114 kg between two
mountains. Thus an extremely fine-tuning problem appears. Therefore, we demand

α0(theory)
l2
p

− n1

2b2 = 0 . (28)

Now the huge positive cosmological constant is exactly neutralized by negative energy of
curvature of extra space. We then obtain
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b =

√
n1

2α0(theory)
lp . (29)

This reveals that in order to counteract the huge vacuum energy by the curvature of extra
space, the size of extra space could be several orders of Planck length. The scale of extra
space b is proportional to

√
n1. This means the radius b increases with the increasing of

dimension n. If we assume the scale of extra space is in the order of from current accelerator
experiments on Kaluza-Klein theories given by

b < 10−9 m , (30)

we find
n < 1027 . (31)

Namely, the dimension of extra space can not be arbitrarily large. In Table 1 we list some
values of dimension and scale for extra space. The minimum of dimension and scale for
extra space is two and one Planck length, respectively. String theory predicts the extra
space is seven dimensional. If this is the case, the corresponding scale for extra space is in
the order of five Planck length.

Table 1. The dimension and scale of extra space.

n 2 4 6 7 1010 1020 1027

b(lp) 1 2.4 3.9 4.6 1010 1020 1027

Substituting the scale of extra space, Equation (29) into Equation (19), we obtain the
density of dark energy

ρX = − 1
16π

αN

[(
2α0

n1

)N
· ρp +

6Nn2N−3H2

n2N−1
·
(

2α0

n1

)N−1
]

. (32)

Since α0(theory) ≈ 1, we conjecture the dimensionless constant αN is also in the order of
unit one, i.e., αN ≈ −1 and we let

1
16π

(
2
n1

)N
= 10−124 . (33)

As indicated earlier, the maximum of N is n+4
2 or n+3

2 . Considering this situation, we have

1
16π

[
2

n(n − 1)

] n+4
2

= 10−124 , or
1

16π

[
2

n(n − 1)

] n+3
2

= 10−124 . (34)

Therefore, we conclude the number of extra spatial dimensions is

n ≈ 69 , (35)

in order that the density of dark energy is in the order

ρX ≈ 10−124ρp . (36)

For convenience, the symbol α0(theory) would be be abbreviated to α0 in the following.
One can check that in the present-day Universe, the second term is very much smaller than
the first one by making an examination on their ratio
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R ≡
6Nn2N−3 H2

0
n2N−1

·
(

2α0
n1

)N−1

(
2α0
n1

)N
· ρp

=
8πNn(n − 1)

α0(n − 2N + 1)(n − 2N + 2)
· ρ0

ρp
, (37)

where

ρ0 =
8πH2

0
3

, (38)

is the present-day cosmic mass density. H0 is the Hubble parameter today. Substituting

n = 69 , N = 36 (or 36.5) , α0 = 1 , ρ0 = 10−28kg · ˙m−3 , (39)

into above equation, we obtain

R = 10−119 ≪ 1 . (40)

Therefore, the second term can be safely neglected. Eventually, we obtain the expression
for a small cosmological constant

ρX = − 1
16π

αN

(
2α0

n1

)N
ρp . (41)

It is apparent αn is required to be negative in order for the energy density to be positive.
We expect αN is the order of unit one. We note that, in order to get an observations allowed
dark energy density, we may not select the maximum of N if the dimension of extra space
is sufficiently large, for example, the pairs of n = 107 with N = 9, n = 109 with N = 7,
n = 1012 with N = 5, and so on.

3. Conclusions and Discussion
To sum up, we have proposed a mechanism that cancels out the huge cosmological

constant and a small cosmological constant is produced. Our strategy is to bend the extra
space into an n-dimensional sphere with a constant radius of order of Planck length. To
achieve this, a huge positive energy density is needed. This is precisely the role of vacuum
energy. To put it in another way, the n-dimensional sphere contains huge but negative
energy density and it exactly neutralize the huge and positive vacuum energy. In the mean
time an observational allowed small cosmological constant is produced. In this instance, a
higher order LL term is needed. If the number of extra dimensions is sufficiently large, such
as n ≈ 69, the scale of extra space would be approximately 6lp. Up to this point our limit
on the number of extra dimensions is based on the LL gravity. In contrast, Lin et al. [36], in
the framework of Einstein gravity, provide another novel way to limit the number of extra
dimensions in the braneworld model by using the observations of gravitational waves.

Why can the huge vacuum energy density be cancelled out by extra space? From the
perspective of dimensional analysis, we see the vacuum energy density is proportional to
l−2
p . It is subtly that the extra sphere contains a minus energy tensity which is similarly pro-

portional to b−2. If the scale of extra space, b, is the order of Planck length, the two energy
densities can be precisely offset. On the other hand, why can a small cosmological constant
be produced by a large number of extra dimensions? Also from the perspective of dimen-
sional analysis, we see the density of dark energy is proportional to (

lp
b )

2N or b−2N from
Equation (19). This is exactly the dimension of N − th order LL invariant. Since b > lp, we
see the larger magnitude the index N, the smaller magnitude the energy density. Only with
a sufficiently large number of extra dimensions can we obtain a sufficiently large N. So a
large number of extra dimensions are required in order to get a small cosmological constant.
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As mentioned earlier, the scale factor b is generally the function of cosmic time t. Its
asymptotic value after compactification is not arbitrary, but determined by the coupling
constants of the theory. How to get a desirable asymptotic value for b? This is a fundamental
problem. In this situation, we would have three Einstein equations but five unknown
functions which include two scale factors a and b, the energy density ρ, two pressures p
and q. Therefore, the other two equations of state for ρ, p and q are needed in order that the
equations of motion are closed. In this sense, the stability and asymptotic value of b are
determined by the two equations of state that were chosen. This was a practice sanctified
by tradition. However, it is found that, without any simplifying assumptions on b(t), the
system of differential equations is extremely difficult to solve.

Therefore, the simplifying hypothesis which is frequently adopted in this type of
problem, is to assume that the scale factor of internal space is a constant, namely, its
asymptotic value. The assumption has not any problem in theory. How to obtain this
value? This is a much deeper issue. Assuming b being a constant is the first step of research.
As the second step, we could presume the behavior of b, for example, b = b0

sinh t/t0
cosh t/t0

with
the desirable asymptotic value b0, instead of assuming one of the equation of state for ρ,
p and q. Then the system of equations are also closed. This is another option which is
different from the traditional one for pursuing a consistent asymptotic value.
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